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Primary Creep in the Design of

Internal-Pressure Vessels

By L. F. COFFIN, JR.,! P. R. SHEPLER,? anp G. S. CHERNIAK?

The paper evaluates the stresses and the permanent
strains at a particular time, resulting from loading a thick-
walled cylinder under constant internal pressure and ele-
vated temperature when account is taken of the primary
creep characteristics of a given material. The results are
compared with permanent strains obtained by considering
secondary creep as the general basis for pressure-vessel
design. For a thick-walled cylinder of wall ratio of R;/R,
= 2 and of 12 per cent chromium steel, operating under
12,000 psi at 850 F, the permanent strain at the end of 25
hr by the primary-creep analysis was found to be equal to
the strain at the end of 2000 hr, considering only second-
ary creep. The methods formulated are shown to be

suitable for design of pressure vessels intended for short
life.

NOMENCLATURE
The tollowing nomenclature is used in the paper:

a = thermal coefficient of expansion, in./in./deg F
A = inerement
£, £u, £ = prineipal strains, Cartesian co-ordinates, in./in.
&, &, & = principal strain rates, in./in./see
&, &, E. = principal strains, eyvlindrieal co-ordinates, in. /in.
£, £, E. = prinecipal strain rates, in./in. /see
£* = effective strain, in./in.
£* = effective strain rate, in./in. /see
€, = plastic component of strain, in. /in.
f, th, 6, = temperature, deg I, subseript, refers to position
v = Poisson’s ratio
a1, @2, a3 = principal stresses, Cartesian eo-ordinates, psi

o, o, 0, = principal stresses, eylindrical co-ordinates, psi
o* = effeetive stress, psi
w =14+ D
ws = v+ /2

A, b, B, ¢, C*, Cy, Cs, k, m, n’, Ny, N3 = const
D = variable coefficient relating stresses and strains with
plastie flow
k= modulus of elasticity, psi
po = bore pressure, psi

o=

r = radius, in.
Iy, Ity = bore or outside radius, in.
{ = time, hr

! Consultant to Lessells und Associates, Boston, Mass., and As-
sistant Professor of Mechanieal Engineering, Massachusetts Institute
of Technology, Cambridge, Mass. Mem. ASME.

¢ Consulting Engineer, Lessells and Associates.

# Chief Engineer, Lessells and Associates. Jun, ASME,

Contributed by the Applied Mechanics Division and presented at
the Petroleum-Mechanical Engineering Conference, Amarillo, Texas,
October 3-6, 1948, of THE AMERICAN SociETY OoF MECHANICAL ENGI-
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Diseussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until October 10, 1949, for publication at a later date. Discussion
received after the closing date will be returned.

Nore: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48  PET-18,

INTRODUCTION

In the design of thick-walled pressure vessels, Fig. 1, for ele-
vated temperatures in the power, oil, and chemieal ficlds, numer-
ous situations may arisc where factors other than strength con-
siderations impose limitations on useful life.  Among such factors
may be included surface eorrosion, intergranular corrosion, grain
growth, life of fittings, contamination, ete. Under the condition
of short service life imposed by the foregoing factors, a rational
design procedure for internal-pressure vessels should be sueh as
to set the stresses at a level where permissible creep is attained at
this service life. By such a procedure higher pressures and tem-
peratures may be reached, which would greatly facilitate chemical
reaction or power-plant efficiency.
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Fia. 1

To date the commonly accepted basis for design of pressure
vessels at elevated temperatures has been by the use of tensile
secondary-creep data applied to combined steady stress such as
the methods used by Bailey (1),* by Marin (2), and by Soder-
berg (3). In short life, secondary-creep conditions are rarely
attained and primary creep must be the basis for any analysis.
Soderberg (4) pointed out in 1936, that there has been a general
tendeney to ignore the initial period of varying creep rate and to
treat the problem as one of constant rate; it is evident that this
procedure is unsuitable for cases where stresses are influenced
by the plastic deformations themselves. Such is nearly always
the case in practical problems.

The present paper attempts to show how the tensile primary-
creep characteristies may be utilized in the design of thick-walled
pressure vessels. In other words, it attempis to trace the stress-
deformation history of the tube from the time when the pressure
is applied initially until its life expectancy, or to the time when
steady-state conditions corresponding to seccondary creep are
reached.

4 Numbers in parentheses refer to the Bibliography at the end of
the paper.
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[n this paper, for the sake of simplicity, analysis has been
maede for the ease of a thick-walled eylinder under constant tem-
perature throughout the wall.  Any temperature could have been
used for which there were sufficient data in good form. It ap-
peared that the MeVetty data for 12 per cent Cr stecl at 850 F,
as presented by Soderberg (4) fitted this condition rather well.
This is shown in Fig. 2. As will be noted in the following scetion,
inelusion of heat flow does not complicate the problem unduly.
In such a ease of course, tensile ereep data at various stress levels
and at various temperature levels would be necessary for the
maierial in question. The same type of analysis as presented
herein may at some future date be extended to the problem of
ceyelic loading of pressure vessels.
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The analysis as presented with but slight modification may be
applied to other systems of combined stresses in eylindrical prob-
lems such as rotating disks, turbine rotors, ete.

By use of the maximum shear theory of plastic flow and by a
unique trial-and-crror procedure, stresses and strains have been
found that are compatible with a stress versus strain eurve occur-
ring at any instant of time. The method requires the conversion
of conventional tensile ereep data to curves of stress versus strain
with time constant. Iixperimental work is necessary to verify
the validity of using these converted curves for a mechanism of
varying stresses at a point in the material. The trial-and-error
system may be too lengthy to allow solution of the great number
of eases of thick-walled eylinders under internal pressure which
need atiention, and to that end, a computer to handle this pro-
cedure automatically is suggested.

Basic Tueory anp Form oF CALCULATION

Transicnt State.  In the long thick-walled eylinder subjected to
a constant internal pressurc and heat flow with temperature
equilibrium, the transient state is defined as that portion of the
deformation history of the tube when the stresses throughout the
eylinder vary with time. It may be considered to start when the
pressure is first applied, at which point the stress distribution in
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the tube is entirely elastic in nature, and is completed when the
complex creep-relaxation process in the tube has adjusted itself
to the point where the entire stress distribution is constant with
respeet to time. The transient state is a result of primary ercep
of the metal. This state is examined first.

At all instants of time during the life of the tube, certain basic
relationships must be fulfilled throughout the tube. These in-
clade the eondition of radial equilibrium of stresses

and the condition of compatibility of the strains, which can be
expressed in the form
dé,

¥ F e s s ol
The ercep proeess is thought of as a plastic phenomenon to which
the basic laws of plastic flow of a homogeneous duetile metal
apply, namely, the constancy of volume of plastie strains, and the
geometric similarity of Mohr’s three principal strain circles to
Mohr's three prineipal stress eireles.  These laws are quite well
known (5), and have been extended to the creep problem by
Soderberg (4). A generalized stress-strain relationship (6), ean
be formulated applying these laws, together with the well-known
Hooke’s law for elastic behavior; thus

Lg = oo, — wiloy + 0.) |
By =woy —wle. o) povoniiiiinn (3]
Et, = wo. — wlo, + )
where
w=14+D |
P 3 asmenssmmessrmmn [4]
wy = ¥ + Y }
)

It will be scen that Equations [3] satisfy the plastic-flow law of
constaney of volume, since the volume change per unit volume is
-2

ok B BBy 1=

r (o, + oo + @)

where the term in the right-hand side represents only an clastice
bulk-modulus effeet.  Also, from Fquation [3] the seeond plastic
law is fulfilled since

& — gl _ EJ___E,. _ _52 — tEr
Lt St} L B ] o —— 0,

When a temperature gradient exists in the tube, Equations [3]
become

E: = we, —wle, + o) + cxﬁ?
g = woy —wole. +a.) + o ... [3a]
Bt = wo, — wlo, + O‘g) + b

Further conditions to be applied to the tube under load must be
the constaney of axial strain for all radii or

B L i o oL (5]

and the end load condition, namely

Ry
27 j;ﬂ ordr =

The final condition needed for the evaluation of the transient-
creep problem is the formulation of a unique relationship between
stress, strain, temperature, and time for the material, regardless

T!ﬁugpq ............... [(i]
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of the stress condition. Obviously, this is no simple matter and
involves the introduetion of certain assumptions regarding the
mechanism of ereep. Considering for the moment the plastic
behavior of homogencous ductile metals under combined stress
and small time intervals, it has been found possible to establish a
relationship of stress and strain, namely

O =N 17

regardless of the stress ratio imposed on the material.  Equation
[7] usnally is valid for strains less than 10 per cent. The widely
accepted distortion energy theory for plastic flow can be applied
to Equation [7] where

1 ; S ’
= s Ve a) o e + (e — e 18]

and
B =V G B (e 0 9]

However, because of the formidable analytical difficulties intro-
duced by the complexity of Equations [8] and [9] for the present
analysis the maximum shear theory will be adopted where

S A T [11]

Aside from sunplicity in form, it will be shown that for the
thick-walled cylinder the maximum shearing stress is always the
difference between the tangential and radial stresses, the axial
stress always being intermediate.  This makes for simplicity of
analysis. Other experimenters (7, 8) have found no basie viola-
tion to the uniqueness of maximum shearing stress - shearing
strain relationship within the range of variables of their tests.

A further assumption is now made that in creep tests, time,
temperature, and strain may be treated as independent variables
g0 that one may write

P 1 -..

This implics that for a particular temperature, tests such as, for
example, standard tensile ereep tests, as in Fig. 3, may be con-
verted 1o curves of stress versus strain with time as a parameter
as in Fig. 4. Temperature gradients in a thick-walled eylinder
may then be taken into aceount hy determining a family of eurves
similar to Fig. 4 for each temperature level. This procedure has
been applied to various constant total strain relaxation data
found in the literature using the given creep data converted to
the total strain (clastic plus plastic), such as Fig. 3, and deter-
mining the stress and time for a particular constant total strain.
Agreement with observed relaxation tests in the various cases
has been very good.

o=

t=t
t

k

Fic. 4

With this assumption, the formulation of Equation [12], using
tension-creep data, the analysis of transient creep with no heat
flow (constant temperature) in thick-walled cylinders can be
carried out at a particular time as though one is dealing with a
static problem with the material following the arbitrary stress-
strain eurves such as in Fig. 5. If there is a temperature varia-
tion throughout the tube (assumed to be steady with time), then
a family of eurves with temperature as parameter can he used as
in Fig. 6.

e =g
6= 6;
* 8=6p >
0_ r'-‘n 0— e=93

£*
Fra. 5 Fic. 6

Analysis can now be undertaken using the basie relationships
given by Equations [1], [2], [3], or [3a], [5], [6], [10], [11], and
Fig. 5 or Fig. 6, depending upon whether there is heat flow in
the tube or not. First consideration is given to the determina-
tion of Fig. 5 or Fig. 6, from tension-creep data.

Assuming the tension-creep test to be performed in the z-
direction, from these tests experimental curves exist of the form

for a particular time and temperature,  For this test o, = o, = 0.

Hence Equation [3]

Eg = —uwg,
e = —wo,
Lt = wo, = (1 + D)a,
Henee
e
D= ——1
L
Then £* = &, & for a tension test. Thus
LT W SR JNES 4 |
=& w — = & v =
- ‘E 2/ K
or
3 | 7
=g — = — 114
g e (2 ") i t
and
R L R P [14]

Equations [14] and [15] then determine the effective stress and
strain values from tensile stress and strain values on the basis of
the maximum shear theory.

For radial heat flow in thick cylinders, the temperature as a
funetion of radius is given by

0 ~— 00 r
= 8 L Ty NN OO 16
o + ; R_! n R [ 16]
"R,
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Sinee the form of ealeulation to be presented is a numerical one,
values of temperature at five equally spaced radial points, in-
cluding the bore and outside surface, are found from which
curves of the type of Fig. 6 are constructed. Assuming a wall
ratio of /Iy = 2 for the purpose of discussion, each of the five
curves Fig. 6, would then apply at the particular ratio v/l =
1, 1.25, 1.50, 1.75, and 2.

A distribution of the quantity £&* versus r/Ry is now assumed
throughout the tube. If there is no basis for the assumed dis-
tribution, a constant value of K&* may be seleeted.  Using Fig.
6, ¢* is then determined for each r/Ry.  Applying Equation [1]

da,
r

dr

=c—0 =0

or in better form

do, o

- S v iR S [17]
d f ',"'
& @

sinee the right-hand side of Equation [17] is known, numerical
integration using Lagrangian integration cocflieients (9, 10) gives
the quantity A o, for each A(r/Ry). Since o, = —py for inter-
nal pressure when r/fy = 1, the values of o, al r/Ry = 2 can be
found. This value should be equal to zero, but may not, in
which ease the quantity o* /(1 /%) is corrected by the o, at v/Rqy
= 2, and a new integration performed giving o, = 0 at /By = 2.
rom the values of ¢, and o*/(r/f%) after adjustment, o* and o,
can be found as well as the corresponding values of £&* from Fig.
6.

The next step in the ealeulation is to obtain the quantities w,
ws, andd . From Fquation [3a]

j’-’(ft &r) = ((.d] + WJ) (‘7! O".)

or substituting Equations [4}, [10], and [11]
3
Ee* = (1 + v+ 2 !J) i

Henee

2 Le* 2
D= - el | N b PR
3 0 gt
for each value of r/Ry, and w; and w; are found from Iquation [4].

Now applying condition Equation [5], the constaney of axial
strain, together with the last equation in Equations [3a)

B

wy

Oy =

e e gl e [19]
Wy [

The stress o, can be solved for if & were known., This can be
found by trial and error using Iquation [6]. Generally, three
trials for £k (with £k = 0 for one) give the correct value of Ik,
and the distribution of o, versus »/Ry. In the integration in-
volved in Equation [6], Lagrangian integration coeflicients again
are used.

Knowing for the assumed and corrected distribution of E&*,
the quantities oy, 0, o. and k, £t is found from the second of
Equation [3a]. The compatibility Equation [2] has yet to be
used, and this equation is a check and a means of improving the
solution. Writing Equation [2] in the form

_aEE

(2)
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numerical integration is performed giving the increments AKE
for each inerement of A(r/Ko), the right-hand side of INquation
[20] having been computed from the assumed and corrected FE*,
If the correet value of £5* had been used at the beginning of the
calenlation, then the inecrements AKE found from Lquation
[20] should equal the inerements of K% from Equations [3a].
This will probably not be the case in the first trial, and a new
trial is undertaken to improve the solution.

Rapid convergence of the solution is possible by sclecting a
new distribution of the quantity K&* in the following way: The
strain £ will be found to be small in comparison with & and &,
and if the elastic strain components of the total strains are also
small then

E+ 4+ 8 =10
or
& o= &,
Henee
=5 —E5 =+ 2

and thus

ABS* = 4275 . 21

The error in the first trial is measured by the difference in incre-
ments of £, found from Equations [3«], and that of [20]. By
Iiquation [21], doubling this diffcrence gives the error in each
increment of ££*. Henee the increments of #£¢* found from the
first trial ean be correeted by twice the error in AKE,. A new dis-
tribution of £¢* for the second trial is then found keeping the
same KE* at r/Ry = 1.5 as before and determining the remaining
values of F£* by the corrected increments of KE*,

The sceond trial is carried out in an identical fashion and the
errors in the increments of K& observed, A third trial is then
performed if necessary.  Convergenee by this method is more
rapid for those eurves having higher degrees of plastic flow or
creep than for those with low ereep.

Thus for the particular time parameter in Fig. 6, the com-
plete stress-strain distribution in the tube is found. A new time
parameter is then selected leading to new curves for Fig. 6, and
the analysis repeated.  Enough time parameters are selected to
give a clear picture of the stresses and strains throughout the
tube as a function of time from the case when ¢ = 0 (the elastic
solution) to where ¢t approaches steady-state conditions when the
stresses are constant with time.

A particular problem is treated in this paper where there is no
heat flow in the tube, in which case Equations [3] and Fig. 5 are
used in the analysis rather than Equations [3e] and Fig. 6. A wall
ratio of 2 is selected, together with a bore pressure of 12,000 psi,
using a 12 per cent Cr steel at 850 F. The ereep data for these
curves have been taken from reference (4), and are replotted as
Figs. 7, 8, and 9. A sample caleulation sheet, Table 1, has been
included to show the form of caleulation which the foregoing
analysis assumes. Table 5 shows the data for Fig, 9.

Steady State.  After a certain time the ereep-relaxation process
of strain in the thick-walled cylinder under constant internal
pressure reaches a steady state, defined by the condition that the
stresses remain constant with time.  This state is associated with
secondary creep.  The analysis just given and assumptions can
be extended readily to this case, leading to expressions for stresses
and strain rates which appear in closed form. The problem is
first considered from a general point of view and is then applied
to the thick-walled cylinder.

If one is dealing with a homogeneous duetile metal, subjected
to plastic flow or ereep to such an extent that the elastic com-
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ponent of the strains may be neglected, a state of combined — Applying equations of the form of Equations [3a], when the elas-

stress of constant value exists sueh that tie strains are small and differentiating with time
[ 51 > au = o T d[) | :‘
h = 2™ 3 (o2 + o3)
then on the basis of the maximum shear theory di ]
¥ e ; . db 1 :,
’ AR s rmons e oA ‘:-.-=’I'i?[frz-'2(aa+m)] b s e e [24]
P s s R o s R W T (11] I
and . dD 1 i
o B B ras saomes [22] & = 7|3 (o1 + o) i

[t is then assumed that a steady-state ereep law can be formu-

lated (1), namely Noting that

i T (R, [23] b —& =&
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TABLE | SAMPLE CALCULATION SHEET STRESS-STRALN SOLUTION OF THICK-WALLLD CYLINDER BY PRIMARY CRELP
TRIAL H-25| MAT'L: 12% CR STEEL t =25 HR ® = 850°F |R, = 12,000 ps.i|E=30§ -E-:z‘o souagg_gg_?snm
- Eee [ = 2 o T - v
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55140, -12000 |#5768 | 3768 |/ 3238 1.9572 1457/ |.5285 |.3627 | (367 | 1109 |2476 2476 uy|-9524
133780| 5360 |~6640 | /3722 | 7082 |//060 |.2395 |/2393 | 4/96 |.3386 | 2398 | /304 | 3702 4627 , |-2938 |
229803224 | ~3416 | [/ 76/ | 8,345 |/0094 |./427 |//427 |.37/4 |.3250 |27/2 |14/9 |4/26 |6/89 ®| 70 |
(/5590 | 2053 |-4563 | /0/89 | 8826 | 89574 |.0907 |/0907| 3454, .5/67 | 2795 | /482 4277 |7485 S|+29/4
2720|4364 | O 9056| 9056 | 9364 | 0697 |10697 ]| 3394 |.3/3/ | 28355 | 1511 | 4346|8692 323546
numerical integrating constdnts
Eg, |9 -Ee¥ b b-a |Corr :or' d
(e 5 next trio c
-“4‘?“ waq ""n'{“i(o;-'ngl AEet I'?R,; 5( Y difference 2¢ £d|'lff. New Eg* a b
+5033|22976|28009 |  |Ss1q0| | |-50 |-55/90 3486/ -02639|+0/528 |-02639 |
/1254 |/7006|/8 2490 |-9769 27024 9770 | ‘_£_5°'!f-/r‘_f5 53828 89722 148056|-/0278 |+/4722 |
-264 |13959|75,/75 |-5065 |/5320 |-5089 |-24*1""°| 0 |-22,980 X4 |-.36667/:63535|~63335 |-36667 |
-4006 |/[//3 | /16107 |-3068 |-9480 |-3039 +29Ckme | -58 |-/6648 _ |rmr2zlmr0278 [+#8056 ra9r22 |
-1955| 9687| 8252 |-1875 |-6360 |-1907 |32°" | +6 |vo 74 -02639|:0/5281.02639 |+3486/
TABLE 2 COMPARISON OF PRINCIPAL CREEP RATES OF VARIOUS THEORIES WITH COMBINED STRESS-CREEP EXPERIMENTS
A.TESTS OF TAPSELL AND JOHNSON ENGINEERING VOL. 150, 1940
7% CARBON STEEL AT 850°F, CREEP RATES AT IS0Q HOURS
! 'SODERBERG & MARIN'S MAXIMUM SHEAR
EXPERIMENTAL BAILEY THEORY THEORY THEORY
| - IN/IN./HR. X 10-6
g 1”21) | a.(Fs)] a3 || €& I £, 16 ;1 A ‘ & r £ 4 £ £ £ £
/4660 -660 Ol 089 [-080 [-0/9 | 095 [-0.49 |-096 | 096 [-0.50 |-046 | /00 [-0.63 |-047
/2360 | -350 (0 072 |-067 |-0/5 | 068 |-035 |-035 [ 068 -036  -032 | 067 |-a35 |-032 _
/2080 -2080 | 0| /0% | 037 | -191 | 076 | -045 |-03/ | 077 -o04s |-029 | 080 |-049 [-03/
‘ M| OO | el oSt LieTe |0 : 000 | 7099, L
/4080 -26B0.0| (76 |-024 |-152 | l22  -073 j—o.4s 417 | -072 |-045 | L28 |-079 |-049
9720 -3720 © 075 [-02/ |-054 059  -042 -0/7 | 080 -0.44 |-0./6 | 066 |-049 |-0/7 _
§/00 [-3/00 O] 047 [ 0/5 |[-062 | 039 -028 | -0/l | 0490 -030 '-0/0 || 0449 |-035 |-0.1
7630 |-4470 O 052 |-0.30 | -Q22 | 042 | -035 | -007 | 043  -0.36 | 007 | 049 “0%/ |-co8 B
/0240 '-6240 0| /09 [-//3 | 004 | 084 [-070 -0/4 | 086  -075 -0/3 | 087 |-083 -0./4
5900 5900/ 0| 034 -034 o  o36|-036 | o | 037 -037 | 0 | 043 |-0%3 O
7720 \-7720 |0 | 068 |-058 | O T 066 | -Q66 O | o068 | -068 o ] 078 |-o7a | ©
B. TESTS OF NORTON-ASME TRANS. 63, 194|
CARBON-MOLYBDENUM STEEL AT 900° AND I050°F
SODERBERG
TEMERATURE EXPERIMENTAL MAXIMUM DURATION
MARIN'S SHEAR OF
OF TEST THEORY THEORY TEST HOURS
IN/IN./ HR.X 1076
alpsy | ¢ (Psh) | aG(Psi) & & &
s00" 23000 |//500 o _ 0.15 0./04 0. /40 /400
1050° 8200 | 4600 [} o7 0.740 11 2,600




COFFIN, SHEPLER, CHERNIAK—PRIMARY CREEP IN DESIGN OF INTERNAL-PRESSURE VESSELS

one obtains from Equations [24]

: 3 dD 3 db
L S " T Y
g a AT =g g
then from Equation [23]
1D 2
‘ o = 3 A
and lquations [24] become
.2 i 1 J
& = 3 A (gp — o))" " _cru ~% (o2 + aa)_
& = L A (o o)t -‘crn s (o3 + 1) [25]
2 3 1 3 | 7 o (o3 i re
- i 1 ]
L = 3 A (‘TI. 0':1}”_! a3 2 (ﬂ'l -+ 62)

The correlation with the tensile-erecp data is made by assuming
the tensile-ereep results to be of the form

f1= B o, .

Henee rom Equation [26] B = 2,3 .1 and Equations [25] become

. i 1 ]
£ =B (o —a)" | o 5 (o2 -+ GU)] ‘
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a=MMm-MM'm-2m+mﬂf~4m
) B 1 l
£ = Bt (o~ a2)" ' | o 5 (o1 + 62)] !

I3 2 )

Fquations [27] may then be considered as the generalized ercep
laws for constant combined stresses based upon the maximum
shear theory for yielding.  Their validity when applied to prac-
tical engincering problems can be shown only through actual ex-
perimental results in combined stress creep tests. Table 2 has
been prepared to show the ereep rates predicted by these laws, as
comparced with those proposed by Bailey (1), Soderberg (3),
and Murin (2), for some of the rather seanty published experimen-
tal work on this subject.  Agreement in most eases is quite favora-

ble.  For purposes of comparison, the Bailey ereep laws are
Beh?
h="2r llon—ea) + (e —a)? + (@ — o)™
(o0 a)" ™" (o2 —a)" ™™™
&, = {—“jﬁg I 2 2 2] m
= o —a2)? 4+ (o2 —02)? + (02— o) 28]
[(D‘2 —63)1‘ —m (ﬂ'l = Uz)r;—ﬂrt]
Be
§ = 2m" [lov —a)* + (02— )2 + (05 — @)™
(s — )"~ — (o3 — o2 ~™"]

and the Soderberg-Marin ereep laws based on distortion energy
theory arc

235
2 Beb?
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n—1 i
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) Be
b= llo 0 + (02— aa)?
2’ P29
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S — R — 3 (o5 + o)l
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Using the time derivatives of Equations [8] and [9], Equations
[29] ean be redueed to

og*

- _ .* |

L = o0, & .'
* |

éz=2: g | . [29a]
2

b= g

e Om)

Comparing Equations [27] and [20], the ratio of predieted ereep

rates is
e max shear o™ max shear )“ 3
Ep.ET. CrnET.

The steady-state stresses and strain rates may now be found
using the maximum shear ereep laws, Equation [27], when trans-
formed to eylindrical co-ordinates, namely

; 1
& = BM (g, —a)" " |ifn 5 (ot 0-):|

il

: L !
& = B (o) — )" |:or— g ot tr,)] {1270l
|

o,or
|

| |
= B (o, —a)'™! l:cr; " (o, + Ur):‘ i

The assumption is now made that & = 0.
strain rates of Equations [27a]

Adding the three

Hence

Hence

where ¢ is an arbitrary constant.
tions [27a] to zero

Now setting the last of Equa-
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O + oy

= BSR4 O AT 133
. 2 [33]

Thus from Equations [27q]

: 3
L = — Bl {giia It con wvvnnnaen 134]

R

or, using Fquation [32]
1 1

i N7 1 AR
T \s B\ e

From the condition of radial equilibrium, Fquation [1], and re-
arranging

_2tn W
da,. =y " e B gr
where
1
4 c\"
3 B
or
-
o =CSr ® e P A4+ O, 135]
where €y is a constant of integration,  For simplicity Fquation

[ 16] is expressed as

3 . T
6 = N, + Nalog. T
Henee
B A
g e ™ (Rn) ............. [36]
Substituting Equation [36] into [35], and integrating, one obtains
-2
0, = —Ci* '-'"’2 o B s (37)
where (% 18 a new econstant and
W = —--—"—M—,- ................. |38]
2
L s

The constants of Equation [37] are found from the boundary
conditions, namely, o, = — poat »r = Ry, o, = 0atr = Ky, then
Iquation [37] becomes, upon solving for the boundary conditions

a2

({{l)h ¥ .
r

»

o)
Iy

RE

oy = o

from Fguation | 1]
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and from Fquation [33]

1—n' (I}fj)"l
A - e (41)
A
(h":) -
These equations are identical to those evaluated by Bailey (1).

The creep rate £, is found from Equation [34], giving with the
aid of Equations [39] and [40]

2n

3 poe (2) (_f__f_l)" e
1 " r (l_i: );'7 l
Ity

$a=

and
-
£E=0

The tangential ereep rate predicted by Soderberg, liquations
[29], is

n+1 2n

) 3\ 2 2\ Itl)’?" P "
w2 B (2] (* S . A 148
4 (4) ’ (ﬂ') (r 2 o

by
Ity
Comparing quations [42] and [43)

b Eq. [43] _ (3)’
£ Fq. [42] 4

REsuLTs

The resulting stresses based upon elastic conditions and pri-
mary creep are shown in Fig. 10 for ¢ = 0, 25 hr, 100 hr, 1000 hr,
and for steady state. Table 6 indicates elastic data for the
curves.  IHere total stresses are plotted against radial position
for 12 per cent chromium steel at eonstant temperature of 850 I,
in a thick-walled eylinder of 12,/ = 2, under an internal pres-
sure of 12,000 psi. It can be scen from this figure that stress
distributions gradually change from those of pure clasticity, ¢ = 0,
to those of inereasing plasticity, ¢ = 25 hr, 100, and then 1000 hr.
Finally, the purely plastic ease of the steady-state or secondary-
creep condition is attained.  According to the o curves, it ap-
pears that the steady state for the specific conditions of this
problem would fall beyond 10,000 hr, probably in the neighbor-
hood of 100,000 hr.

In Fig. 11 is shown the resulting total strain versus radial
position, based on the primary-creep condition. Tangential
strains are numerically approximately equal to radial strains.
The axial strain iz of very small magnitude and practieally in-
varient with time. As regards the tangential and radial strain,
there is approximately the same inercase for the time interval t =
0 to 25 hr as for the time interval ¢ = 25 hr to 100 hr.  The in-
crease in strains from 100 hr to 1000 hr is roughly double that [or
¢ = 25 to 100 hr. Tangential strains for a particular time are
usually about 4 times as great ab the bore as on the outside.  This
indicates strains to be approximately inversely proportional to
r2.  Table 3 shows the data from which Figs. 10 and 11 were
plotted.

Fig. 12 indicates the residual stress versus radial position re-
sulting from instantaneous elastic unloading. This would be
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the case if the unloading could be sufficiently fast to insure that
it would be elastic in nature. Such is equivalent to subtracting
in Fig. 10 the ¢ = 0 curve from the stress curves at the times indi-
cated. Although the residual axial stresses have been caleulated
as shown in Table 4, these were not included in the figure to avoid
confusion. Roughly, they are about one half of the residual
tangential stresses. It can be scen from Fig. 12 that for the
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case where the load has been left on for a long period of time,
instantaneous unloading would cause high compressive stresses
at the bore and high tensile stresses at the outside.  If the load
were to be rcapplied at a very fast rate, it would be expected that
the stresses would not be far from the particular curve in Fig. 10
from which the eylinder was unloaded.

Fig. 13 shows that during the primary-creep stage, much
greater strains occur throughout the vessel than would be indi-
cated by considerations of secondary creep alone. The solid
curves in this figure are based on primary-ereep analysis and
show the permanent strains in both tangential and radial direc-
tions occurring after 25 hr, 100 hr, and 1000 hr at 850 F, and 12,-
000 psi. By the use of Fig. 14 the permanent strain in the tan-
gential direction for primary creep has been extrapolated to
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175 -1220| 8220 | 4000 8000 |+2780 13220 | -2400 | -8%0 -3,970
20 o 8000 | 4600C | 8ooo |+4000 | 12000 | 24900 |-7200 |-360O
EE.- Eg-t Egy.
R, G3deg & s & el &
L0 ~/19200 |.0006490| 22400 000747 | 4600 |.060053
___125 -/, 7/0 |-O00032D /4!9_1_9_ aoCa497 600 (000053
15 -76%0 |oocoess| /o840 oocos6/ | j600 |[000053
175 -si90 |~000173| 8390 |0oo28C | 1600 |oo0653 -
2o 3600 |-000120| 6800 |coc227 | /600 |0OOCSR

TABLE 5 (left) W TE
IN TE
EFFECTIVE STRAIN
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SION-CREEP DATA
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TABLE 6 (left)
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ELASTIC
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STRESS
TUBE FOR pa =
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TARLE 7 STEADY STATE BY MAXIMUM SHEAR THEORY FOR THICK-WALLED TUBE
n o= 3995 B = 2.008 x 10" Per Cent/1000 Hr p = 12,000 Psi
2 2
(—-}R' L | 2-n {&‘ n |
ﬁ- = - _r—_-_.._.. : a‘ n r ki P
r R o t AL ?
/P - R -
0 Ro
STRESSES
a0 T Tz
_% R, (B 5198 | o 1.5148 ‘&)'SHG — {B{ma 7|, ,G}-e Ty
A I vl -l [219%el Neostllaesf®) 4279720 ) =5
[1=) 20 15497 | 929 | 429 |-12000|.6952 | 3068 | as82 |-4709
/25 16 10508 | 1274 | 274 |-7664 |.8180 |.3820 |r0685 |-15/0
£50 13333 |.0&413/ £159__5__ | J'595 -4,462_ _.5635 4375 | /12238 '3,555_
/75 | /429 |0z2986 | 107/ | o7/ |-/986 |.5/95 | 4805 (/344 |5728
26 170 S o1 o 1 © 13657 | 6/55 13403 |-z202
_ STRAIN RATE
EF=& = 00225 (R)* % /1000 HOURS
& &
2 B
b | # | BF ol
‘o 200 |#0000|.009 |cocoso| . .
/25 160 |2 560000576 |oocose | B
.50 /5383 |/7777 |.00<4/0 |ooo0o%/|
175 f1429 |/306( | co294 .000029| b | -
20 L0 10000 | 00225 | 0oooz2 = i
10,600 strains oceurring in these two ereep stages approach the same
z order of magnitude.
2 For a ease where the maximum permanent strain at any part
& 1000 of the vessel is to be limited to 1 per eent as might occur in tur-
) bine parts, Fig. 13 would indicate a life of about 1000 hr by
< primary ereep and 10,000 hr by sccondary ereep.
= 100 In cases where the over-all life of a vessel is expeeted to be
g small, it appears that primary-creep considerations are essential.
= For those cases where long life in the neighborhood of 5 to 10
z s vears is expeeted, secondary ereep would appear quite adequate.
<
= (CONCLUSIONS
s L= 10 100 1000 10,000 100000 1 In the design of pressure vessels for short life, consideration
TIME 1N HOURS of elastic conditions and primary ereep is cssential.
. 2 In the design of pressure vessels for long life, secondary-
I16. 14  ExrraroraTion CURVE FOR DETERMINING Bore TANGEN- 1 the design of pressure v s £ g ¥

miAL STRAIN TO 10,000 HR 1N A THICK-WALLED CyLinveER (RBi/Ro
2.0) or 12 Penr Cext CR STEEL AT 850 I AnD 12,000 Ps1

10,000 hr. The dashed curves are those calculated by the steady-
state analysis and are plotted for the tangential direction only
(sce Table 7 for data from which the dashed curves were calcu-
lated). Radial strains by such analysis are numerically equal to
and opposite in sign to the tangential strains, but are not shown
in the figure. It is apparent from tangential strain that primary
creep at 25 hr gives aboul the same permanent strain that second-
ary creep produces at 2000 hr. Similarly, primary creep at 100
hr is approximately equal to secondary creep at 5000 hr; primary
ereep at 1000 hr to secondary creep at 10,000 hr and primary creep
at 10,000 hr to secondary creep at 22,000 hr. It thus becomes ap-
parent that secondary-creep analysis is at considerable variance
with primary-creep considerations in the early stages, i.e., up to
1000 hr. As we approach 10,000 to 100,000 hr duration, the

creep analysis is sufficient.

3 For the particular problem conditions of a thick-walled
cylinder of 12 per cent chromium steel, of wall ratio I/l = 2,
at 850 F and 12,000 psi, primary creep should govern up to 10,000
hr.

REcOMMENDED IKXPERIMENTAL PROGRAM

Because of the complexity of the creep-relaxation process in the
transient case where primary creep is involved, this problem
should be investigated experimentally and the results compared
with the conclusions of this paper. Once experimentally veri-
fied, short-cut design procedures may be developed, or a machine
computer constructed for handling the great number of eases of
pressures, temperatures, wall ratios, and materials which are of
practical importance.

A further research that requires more attention is the cheeking
of the various sccondary-creep-strength theories in applyving
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tensile-ereep data to the biaxial condition. Under the maximum
shear theory used in this paper, the tangential-strain rate for the
problem developed is under steady-state conditions 0.000090 in./
in./1000 hr at the bore. Bailey’s (1) ereep equation, based on
distortion energy, indicates this strain rate to be 0.000057 in. /in. /
1000 hr., Soderberg’s (4) and Marin’s (2) analyses, the latter of
which is a modification of Bailey’s, show a strain rate of 0.000059
in./in./1000 hr. It would be well to know how closely experi-
ments fit the maximum shear analysis and what errors are in-
volved in its adoption.

As mentioned in the “Introduetion,” experimental work is
necessary to verify the validity of converting available tensile
creep-time data to stress versus strain at each instant of time and
applying this to a varving stress eondition. If a specimen, as
shown in Fig. 15, were to be placed under a constant load and
temperature, diameter measurements for each instant of time
could be taken at the gaging lines.  Then if a seeond specimen
were to be subjected to one load for a time and then a second load
for a time, history effects could be studied af numerous stress
levels. The same history effeets eould also be studied on stand-
ard tensile-creep specimens;  this would require more speeimens
but would be mueh more aceurate beeause of longer gage length.
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Analysis of a Single Stiffener
on an Infinite Sheet

By S. U. BENSCOTER,! PASADENA, CALIF.

The use of stiffened-sheet construction in aircraft de-
sign has brought about the study of many problems in
mechanics in which concentrated loads are introduced
into stiffeners and transferred to the sheet. In the present
paper a basic problem of this type is considered. A single
stiffener of finite length is assumed to be attached to a
sheet of infinite extent. A concentrated force is applied
to the stiffener at each end. Any given problem may be
divided into symmetrical and antisymmetrical parts.
The physical condition that governs the problem is that
the axial strain in the stiffener must be equal to the nor-
mal strain in the sheet at all points along the stiffener.
In order to formulate the solution, it is necessary to em-
ploy an influence function for the strainin the sheet, This
function is known from the classical theory of elasticity.
The solution is found to be governed by an integral equa-
tion which has the same form as the equation which gov-
erns spanwise air-load distribution on an airplane wing.
Hence a number of mathematical methods are known for
solving the equation. A numerical example is presented.

NOMENCLATURE
The following nomenelature is used in the paper:

= area of stiffener

= half-length of stiffener

= Young’s modulus

= Young's modulus for stiffener
Young’s modulus for sheet

force reduction in stiffener
dimensionless force reduction in stiffener
influence function

external concentrated force

axial force in stiffener

dimensionless axial force in stiffener
shear flow

radial co-ordinate

thickness of sheet

horizontal rectangular co-ordinate
vertical rectangular co-ordinate

= axial strain in stiffener

I

I

LU

A RN e RWIT "th‘-,,‘;qsﬁtqg'ﬁ-
]

¢, = horizontal normal strain in sheet
« = Poisson’s ratio
¢, = horizontal normal stress in sheet

a, = vertical normal stress in sheet
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6 = angle variable
¢ = horizontal rectangular co-ordinate
n = physical parameter

I

INTRODUCTION

The use of semimonocoque, or stiffened-sheet construction in
airplane design has given rise to a class of problems in mechanics
in which concentrated loads are introduced into the stiffeners
in various ways. The stress-analysis problem consists of deter-
mining the variation of axial forces in the stringers, and the stress
distribution in the sheet. In the present paper a solution will be
given for a fundamental problem in this class of problems. It is
assumed that a single stiffener of finite length is attached to a
sheet of infinite extent. The stiffener is acted upon by a concen-
trated force at each end of the stiffener. It is found that the
variation of axial force along the stringer is governed by an in-
tegral equation which is of the same form as Prandtl’s lifting-line
equation for spanwise air-load distribution on an airplane wing.
The problem of a semi-infinite sheet with a single stiffener has
been previously investigated by Ii. Reissner,? who noted the
mathematieal similarity between this type of stress problem and
the aerodynamic-lift problem.

INFLUENCE FuNcTION

In order to determine the stress variation in a stringer attached
to an infinite sheet, it is necessary to have available an influence
function for the normal strain in the sheet at one point on the
z-axis due to a concentrated force acting horizontally at another
point on the z-axis. Such a function may be obtained from the
classieal solution of two-dimensional stresses in an infinite plate
of unit thickness due to a concentrated force at the origin. For
the case of a concentrated force P, acting horizontally at the ori-
gin on a plate of unit thickness, as shown in Fig. 1(a), the normal
stress formulas are due to Timoshenko.?

__ P zlats v

Tz = % f’[ 2 (J-l+1) r:]“J
P z|pu 1

“"_“ﬂr_’[“—é*""(#+l)~;:| ........ 2]

From Hooke’s law the strain in the direction of the z-axis at
an arbitrary point in the sheet is given by

1
i (o, -

€. =

Substituting Equations [1]and [2] gives

P x| (3—u)l+p)
WG == aGl ™ —

_ o B
ol o (14w T,:,-.-[L

The value of €, on the z-axis is given by

? “Note on the Problem of the Distribution of Stress in a Thin
Stiffened Ilastic Sheet,” by I. Reissner, Proceedings of the National
Academy of Seiences, vol. 26, 1940, pp. 300-305.

¥ “Theory of Elasticity,” by 8. Timoshenko, McGraw-Hill Book
Company, Inc., New York, N. Y., 1934, p. 111.
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_ PB—w( + 4w

EJ(I) n) = 4TE£

Referring to Fig. 1(b), the influence function that is needed ex-
presses the strain at station x on the z-axis due to a unit force at

(a) Central Force

(b) Eccentric Force

F16. 1 ConNcENTRATED Force AcTiNG ON AN INFINITE PrLaTE

station & The factor z in Equation [5] must be replaced by

(x — £). For a unit force acting on a sheet of thickness ¢, the
factor I must be replaced by 1/t. The influence function be-
comes
. (B8 — k)1 + p)
K(x e e U i
(z, &) e = (6]

InTEGRAL EquUaTiON

The physieal condition which governs the solution is that the
normal strain e, in the sheet at points along the z-axis from
—ua to +a must be the same as the normal strain in the stiffener.
In order to allow for the use of different materials in the stiff-
ener and the sheet, the value of Young’s modulus for the stiffener
will be indicated by %, and for the sheet by Es.

If a tensile force P is applied at either end of the stiffener, the
axial force p at any point along the stringer will vary as indicated
in Iig. 2. The strain e in the stringer may be expressed in terms
of the stress ¢ or the axial force p

The arca A of the stringer may be variable along its length,

The sheet may be considered to be acted upon by a variable
shear flow g, as shown in Fig. 3. The strain ¢, in the sheet on the
z-axis must be computed by using the influence function given by

243
Equation [6] and integrating over the length of the applied load
. i f_ T R B i s 8]

The shear flow acting on the sheet and the axial foree in the
stringer are related by the equation of equilibrium of a differen-
tial length of the stiffener

Equation [8] becomes

+a
dp
- —_f_a i Kz, EME. . ivaviivsins . [10]

The strain as given by Equation [7] may be equated to the strain
as given by Equation [10]

=l

£o.
a: Kty BME, s ranis v s lonn [11]

AE,

-a +a

FF16.2 Varrarion oF AX1AL FOrcE IN STRINGER WITH SYMMETRICAL
LoapiNg

Fic. 3 SmEAR Frow AcTING ON PLATE
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The influence funetion from Equation (6) may be substituted to

obtain
po__B—w+w '( 1 \dp
AB, 4rEs —a \T— ¢/ dt ot [13]

This equation may be written in the following form

+a
a dp 2
?:P+4r " ;c-—£=0 ............ [13]
where
Iita

= - B Tt sy NPT, eees [14
"~ BAG—n (1 + 0 [
Equation [13] must be solved to obtain the variation of the axial
force. Referring to Fig. 2, it is convenient to represent the re-
duction of force at any point by a symbol f which satisfies the
following relations

p=P—f....... R | I
@ __ 4
&t qp e s [16]

Substituting these formulas into Fquation [13] gives the follow-

ing equation
+a
a df
af + - f s meapEl e [17]
r ) —a z— ¢

It is convenient to introduce dimensionless forces defined by

f=Pf p=Pp =Pl —F............[18]

Substituting this formula into Equation [17] gives

'+5f+ﬂ——di—-— 19
AR T — [19]

This integral equation is seen to bear an accurate correspondence
to Prandtl’s lifting-line equation for spanwise air-load distribu-
tion on airplane wings. The force reduction f corresponds to the
wing eireulation,

Fig. 4 VariaTioN oF AxiaL Force 1N STRINGER WITH ANTISYM-
METRICAL LOADING

METHOD OF SOLUTION

Symmetrical Case. A number of different methods are known
for calculating the lift distribution on an airplane wing. Any of
these methods may be used in the present problem. A conven-
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ient method due to H. Multhopp! will be used in the present paper.
The integral equation which governs the unknown function is
replaced by a system of linear algebraie equations which govern
a finite sel of ordinates to the unknown function.

Since the axial-force distribution is symmetrical about the
origin, it is only necessary to caleulate ordinates at points on the
semispan extending from x = 0 tox = a. The points at which
the ordinates are determined are not equally spaced but are de-
fined by introdueing a new variable @ by the following relation

ol T T T L ||
The angle variable 0 ranges from zero to =/2 and this interval is
divided into equal parts. 1f four ordinates, f, to fi, are to be
computed, the corresponding values of z and 0 are as follows

0 = 225° = 09239 |
0y = 45° n=070711 (21]
0; = 67.5° z; = 0.3827 {
0y = 90° za =0 J

The equations governing the foree reduction values may be
written in the following matrix form

(2.6131 + ») —0.9571 0 -0.0732 || fi
—0.5179 (14141 + 7.) 0.5972 0 I
0 —0.4571  (1.0824 + 7,) —0.4268 || fx
—0.0560 0 0.7886 (1 +qx) || fi
m
=[™]..... [22]
UES
4

The corresponding equations for wing airload distribution
have been developed by simple methods by the author® The
values of 7 for the particular ease to be solved may be substi-
tuted into the equations and a solution immediately obtained.
For the common case of a prismatie stiffener 7 is a constant.

It is of some interest to note that if the variation of stiffener
area is chosen to give a constant value of stress at all points in
the stiffener, the foree reduction will be of elliptieal distribution.
This corresponds to the elliptical distribution of lift on a wing
having minimum induced drag.

Anlisymmetrical Case. Referring to Fig. 4, the stiffener is con-
sidered to be acted upon by a tensile foree 7 at £ = a and a com-
pressive foree —P at 2 = —a. The resultant foree acting on the
stiffener is 2P. This force must be transmitted into the sheet
and carried to infinity where the reaction occurs. If the shear
flow g between the stiffener and the sheet is uniformly distrib-
uted, the variation of axial foree in the stiffener is linear as indi-
eated by the dotted line in Fig. 4. The foree-reduction quantity
f, in this case, may be defined as the differenee between a linear
distribution and the true distribution.

The axial faree and its derivative are related to the foree-redue-
tion quantity by the following equations

4+ “Die Berechnung der Auftriebsverteilung von Tragfligeln,” by
H. Multhopp, Lufifahriforschung, vol. 15, April, 1938, pp. 153-169
(translated by British Ministry of Aircraft Production, Translation
no. 2392.)

5 “Matrix Development of Multhopp's Equations for Spanwise
Air-Load Distribution,” by 8. U. Benscoter, Journul of the Aero-
nautieal Sctences, vol. 15, February, 1948, pp. 113-120.
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dp r df

e e R ST 24
dE a ds (24]
Iquation [13] takes the following form
+a +a
Pz r di a df
ki R e R — =0..[25
a nf+4r‘/:ﬂ z— & 47’[-11 z— & (28]

The first integral in this equation may be evaluated without
difficulty. The principal value must be determined and is given
by the formula

Substituting Equation [26] into Equation [25] gives

“+a
a df P r a—zx
7"f+41r = ®—E @ ---4#!n(a+x)...l27]

Introducing the dimensionless funetion, as defined by Iquation
[18], gives

+a
= a df ne 1 a—z
Wf+4#j:a z—E a 41'_111(“_}_9:)....[28]

[t is convenient to introduce a symbol & to represent the quantity
on the right-hand side of Iiquation [28].

) = % ol — ;11” In (::L':) .......... (20]

This quantity may be expressed in terms of the variable # by sub-
stituting Equation [20]

1 1—cos@
- S0 n|{——).......
k(0) = 7(0) cos L (1 + cos G) P

The system of lincar algebraic equations, which replace Equa-
tion [28], take the following form

(2.6131 + ) —0.9239 0 fi ky
—0.5 (L4141 + )  —05 |l =1k|s1
0 —0.3827  (1.0824 + )| LJs ks

NuMERICAL EXAMPLE

In order to illustrate the application of the theory, a numerical
solution has been made for a sheet and a prismatic stringer hav-
ing the following dimensions and properties

E, .

-El=1 t = 0.1in.

g =103 a = 10 in.
A = 1sqin.

The parameter n is computed to have the following value
1

T @—w(l +a)

The symmetrical case will be considered first. The given

value of 7 may be substituted into Iiquation [22] to obtain the
following

7

28080 —0.9571 0 —0.07327 [T, 0.2849

05179 1.6990 —0.5072 0 7 0.2849
0 —04571 1.3673 04268 || 7 | = | 0.2849 |33

—0.0560 0 —0.7886 1.2849 || f, 0.2849

This equation may be solved to obtain values of f. Subtraction
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of these values from unity gives the values of p The following

values are obtained

fi = 0.2543 o= 0.1457
Jo = 0.4299 P2 = 0.5701
Ji = 0.5254 p1 = 04746
Ji = 0.5553 P o= 04447

This symmetrical solution is illustrated in Fig. 5(a) where the
dimensionless axial force is plotted for the semispan.

The antisymmetrical case may now be considered. The con-
stant terms may be determined from Iiquation [30] and substi-
tuted into Equation [31] to obtain

2.8080 —0.9239 0 fi 0.5202
—0.5 1.6990 —0.5 F| =]03417]..[34]
0 —0.3827 1.3673] L7 0.1732

This equation may be solved for the values of f. From Equation
[23] it is seen that the dimensionless axial force may be computed
from the formula

T s [35]
The values of f and p are found to be as follows
fu=02922 - P = 0.6317
J: = 0.3535 pz = 0.3536
f» = 0.2256 3 = 0.1571

The antisymmetrical solution is illustrated graphieally in Fig

5(b).
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I'té. 5 Variation oF DiMENsIONLESS FORCE IN STRINGER FroM
NuMERICAL EXAMPLE

ConNcLusioNs

The axial-force distribution in a stringer of finite length at-
tached to an infinite sheet may be computed by numerical meth-
ods. An influence funetion is employed which is obtained from
the classical theory of elasticity. The distribution is found to
be governed by an integral equation which has the same form as
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the equation governing spanwise air-load distribution on an air- ACENOWLEDGMENT
plane wing. The integral equation may be replaced by a sys-
tem of linear algebraic equations by any of the methods that are
known to be applicable to the spanwise air-load problem.

The author is indebted to Miss L. B3. Fvans, mathematician,
NACA, for having performed the caleulations required for the
preparation of the paper.



Application of Electric-Analog Computers to
Heat-Transfer and Fluid-Flow Problems

By G. D. McCANN,' JR,, ano C. H. WILTS,2 PASADENA, CALIF.

There are two general classes of mathematical problems
encountered in science and engineering for which high-
speed mechanical computation is required. One of these
embraces those problems of such complexity that it is
impractical to obtain even a few solutions by conventional
analysis. In the other class are problems which may be of
only moderate complexity, but in which it is necessary to
obtain a large number of solutions before the results be-
come of practical value. It is the intent of this paper to
discuss some of the applications that have been made of
the California Institute of Technology ‘‘electric-analog
computer’” to heat-transfer and fluid-flow problems of
both of the classes mentioned.

INTRODUCTION

NE important attribute of the electric-analog computer
O described in this paper is that once the electrie circuits
which specify the mathematical form of the problem
have been set up, it is a simple matter to obtain quickly succes-
sive solutions. A wide range of parameters can be scanned
rapidly, delineating regions of interest. This not only saves
time when a large number of solutions are desired as for the more
general types of studies, but also saves a great deal of time in
preliminary analysis and planning of calculations. This method
also greatly facilitates an understanding of the physies of the
problem through the analogy concept.

Unlike the large-scale digital computers being developed,
the field of application of an analog computer is limited by the
number of each component element it contains. It will be
attempted therefore to indicate here ranges of applications and
techniques for extending those ranges.

Drscriprion or CoMpurTER

[n June, 1947, although then only partially completed, the
Institute’s computer® 4% was placed in active service. Since then
it has been in full-time use for the solution of eommereial engi-

1 Professor of FElectrical Engineering, Cualifornia Institute of
Technology. Mem. ASME.

t Assistant Professor of Applied Mechanics, California Institute of
Technology.

3 “A New Device for the Solution of Transient Vibration Problems
by the Method of Electrical Analogy,” by H. E. Criner, G. D. Mec-
Cann, and P. E. Warren, JourNar oF Aprrriep MecuANICS, Trans,
ASME vol. 67, 1945, p. A-135.

1 “The Mechanical Transients Analyzer,” by G. . Mc¢Cann,
Proceedings of the National Electronies Conference, vol. 2, 1946, p.
372,

5 A Large Scale General Purpose Electric Analog Computer,”
by E. L. Harder and G. D. MeCann, ATEE Technieal Paper 48-112,
1948,

Contributed by the Applied Mechanics Division of THe AMERICAN
Soctery oF MecHANICAL ExciNeERs and presented at the first Heat
Transfer and Fluid Mechanics Institute, Los Angeles, Calif., June 21-
23, 1948,

Discussion of this paper should be addressed to the Secretary,
ASME, 20 West 39th Street. New York, N. Y., and will be ac-
eepted until October 10, 1949, for publication at a later date. Discus-
sion received after the closing date wiil be returned.

Norte: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those of
the Society. Paper No. 48—HFT-1.

neering problems and Institute research. Now that it is almost
completed, it has been possible to apply it to certain of the partial
differential equations of heat transfer and fluid flow and to
evaluate partially its applicability to these general fields.

The computer was designed to handle linear ordinary algebraic
and differential equations of high order of complexity, ordinary
nonlinear equations of moderate complexity, and a limited group
of partial differential equations. A special effort was made so to
design all elements of the computer that additions can readily
be made if sufficiently important problems arise which require
greater facilities.

The computer is best described by referring to Fig. 1 and Table
1, which show its general layout and list the component parts.
Briefly, its design is based around 110 separate sets of precision
inductors, resistors, and eapacitors, and 25 special transformers.
These are used to set up eireuits for solving ordinary or partial
differential equations. There are, at present, 20 separate fore-
ing functions for introducing (as known voltages, currents, or
charges) the known functions of the independent variable. These
may be steady-state variable-frequency sinusoidal functions,
square-wave transient functions, or perfeetly arbitrary functions
of time. As listed in Table 1, amplifiers are used for negative
impedance terms or unilateral terms such as the unsymmetrical
terms of a matrix. For simulating the nonlinear terms of an
equation, multipliers are provided for multiplying any two varia-
bles, and nonlinear funetions elements are provided for forming
arbitrary functions of any dependent variables. The dependent
variables which constitute the desired solutions are simulated as
circuit voltages, currents, or charges. For transient solutions,
they are recorded or viewed on cathode-ray oscilloscopes while
for steady-state or algebraic solutions they are measured with
dynamometer-type meters.

Tmportant clements of the computer are the synchronous
switches used to switch in the foreing functions, remove energy
from the ecireuits to restore them to their proper initial condition,
and to accomplish other sudden changes in circuit conditions.
These switches are required only for transient solutions which
may be obtained in either of two ways. One of these is to apply
the transient only once and record it photographically or on some
other memory deviee such as magnetic tape. The other method
is to apply the transient eyclically (usually 10 times per sec)
so that the solution appears as a steady image on a cathode-ray
oscilloseope for viewing and recording. Other important features
are the plugboard arrangement and metering circuits which en-
able rapid and accurate hook-up of the desired circuits, and rapid
metering of all solutions,

The methods of formulating analogies and converting results
to numerieal values%%5 cannot be treated in a perfectly general
way in this paper. However, detailed discussions of some analo-
gies are given in conneetion with individual examples.

ProeLEMS DESCRIBED BY ORDINARY DIFFERENTIAL EqQuaTiONns

The application of electric-analog techniques to ordinary linear
equations has been apparent for many years. The extension
(in the easec of the Cal Tech computer) to ordinary nonlinear
equations has been discussed in detail.*  Exeept for the example
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[(Abore)  General view of computer (fight) Bloek diagram of
computer. ]
g, 1 Canirorzia Insmirure or TeEcHNOLOGY ELECTRIC-ARALOG
CoMPUTER

TABLE 1 BASIC ELEMENTS OF CALIFORNIA INSTITUTE OF
TECHNOLOGY ELECTRIC-ANALOG COMPUTER

{See schematie diagram, Fig. 1)

(A)  Ten Passive Circuit Elements Cabinels

100 high “Q" induetors
20 high

0 to 1.0 henrys in 0,001-henry steps
0 to 1,50 henrys in 0.01-henry steps
0 to 7000 ohms in 2-ohm steps

0 to 500,000 ohins in 200-0hm steps

0 to 1,0 mid in 0.01-mfd steps

40 capacitors 0 to 4.0 mfd in 0.01-mfd steps

10 e citors 0 to 80 mfd in 10-mfd steps

25 special transformers®

()  Iive Plugboards

1 Plughoards for a!l elements of two-cireuit elements cabinets
2 “fiﬂ‘lirlll)i" pateb board for 500 element conneetions and 25 main
Nnises

“Q" induetors

sistors
G0 eapucitors

01T Tosda L8 BS e

() One Forcing Functions Cabinet?
1 6 sinusoidal variable-frequeney and phase-position voltage sources
(0 to 50 volts, 1 ampere, 1 olim)
2 6 separate square-wave voltage sourees (0 to 12 volts, oy one 72
volt source in 2-volt steps)
3 6 arbitrary voltage sources (maximum 50 volts, 1 ohim)
4 3 arbitrary current sources (controllable from any voltage source)

(D) One Metering Desk?

1 3 dynamometer-type meters for metering sinusoidal eurrent, volt-
age, power, ete.

2 2 eathode-ray oscillographs for transient solution (current, voltage,
or charge)

3 1 three-wire metering cireuit (and selector system) for metering all
passive circuit elements and source foreing functions

4 lmanual metering seleetor eirenit for 16 of 25 main buses

b} (‘-i{(:uits for connecting 8 synehronous switches to any of 16 main
MIBES

(E) Amplifier Cabinets (portable)
1 5 negative gain (0 to 50) d-e amplifiers (15 ohm impedanee), each
_ having an RC time-delay cireuit for servo problems
2 5 positive gain (0 to 100) d-e amplifiers with isolated input and
1 ohm output impedance?

(F)  Multiplier Cabinets (portable)
1 1 multiplier with isolated input and 1 ohmm output impedance®
(five more to be constructed)
(@)  Arbitrary Functions of Dependent Variable (portable)
1 2 voltage limiters

2 2 current limiters
3 2 perfectly arbitrary function devices®

2 Additional elements are contemplated. Table lists only ele-
ments of computer in its present operating form.
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given below, no thermal or fluid-flow problem specified by ordi-
nary equations has been solved as vet with the Cal Tech com-
puter. However, there are many important problems of this
sort which can be treated readily.

Temperalure Rise in Rotating Electric Machines During Varia-
ble-Load Cycles.  Many caleulations of the temperature rise of
machinery involve the solution of ordinary linear equations sinee
each thermal medium can be considered to have equal tempera-
ture throughout. An example of the application of an eleetrie-
analog computer to such a “lumped constant”” thermal system is
in the caleulation of temperature variations in an eleetrie motor
during a complex variable-load cycle. This is typical of numer-
ous problems encountered in the proper application of electrieal
and mechanical equipment.  In this problem it is assumed that
the motor is composed of two materials with high thermal ca-
pacity, the magnetic iron and the copper eonductors. Generated
in each are energy losses.  In theiron these are eddy-current and
hysteresis losses which are a funetion of the applied voltage. In
the copper are IR losses which are a function of the motor load.
ITeat can be transmitted from each into the ambient air and can
also be exchanged between each through the winding insulation.

The following differential equations then apply

I,

W, = f‘ﬂr‘ e + a 8.7, + el (To— T3)ow. .. [1]
I,

W, =G, Lt w4 aue (T — T)......12)
(i

where

W, and W, are copper and iron losses

T, and T'; are temperature rises above ambient air
¢, and ¢; are specific heats of both metals

G, and G; are weights of each metal
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S.oand 8, are surface arcas of each metal in eontaet for direct
transmission of heat to air
a, and a; are heat-transmission coeflicients from metal to air
a; 15 heat-transmission cocflicient through insulation between
copper and iron
Electric Analog.  Several clectrie analogies can be used for
Iiquations [1] and [2].  That of Fig. 2 is used as an illustration:
1t satisfies the voltage equations

di, . ;
B =1, (Trc G+ Ri, + R Ge— 0o e 131
: di; ; ; .
L, = I 7 + R, + Ry (G —t)cniiinnn. [4]
LC RC
LA AVAVAY. L G
[+ cYC
A \' L T C;6
1 Re E a.S.
{ R -
AYAAY R = a8
H—\‘ Rei= a@ciSei
E =W
i i i ET
TH AN\
(o) ANALOGY FOR MOTOR RUNNING CONTINUOUSLY
Ry Rz Le

AVAVAY

ANN—TTT—

/ SYNCHRONOUS SWITCHES

Ryt Rz = R. WHILE MOTOR IS RUNNING
Ry = Rc¢ WHEN MOTOR IS STOPPED

(b) ANALOGY FOR MOTOR STOPPED PART OF CYCLE

Ireerric ANArog rorn TemperaTURE Rise N ErnecTric
MoTor DurinG VAriaBLE-Loap CycLe

Fia, 2

Such a cireuit can be solved rather simply unless the voltages
17, and I; corresponding to the copper and iron losses are complex
functions of time. When set up on the computer, these func-
tions readily ean be made to have any arbitrary form. If the
motor is running continuously with constant applied voltage,
the funetion (I; =2 W;) is eonstant, and only the voltage corres-
ponding to the copper losses (/4, = W,) need be varied. This
condition is illustrated in Fig. 2(a). However, if the motor is
shut down for any part of the load eyele, not only must the iron
losses be varied, but also all of the heat-transfer coefficients.  As
shown in Ilig. 2(b), the proper cireuit conditions for representing
the period that the motor is shut down are obtained by closing
the two switches. The circuit to the right of the switch then
represents the thermal system with no thermal energy being
generated, and the thermal conduectivities reduced beeause of its
lack of air cireulation,

In choosing the proper circuit clements for quantitative simu-
lation and to convert from eleetrical to thermal units, the follow-
ing relationships are applicable as long as consistent sets of units
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arc used in both the thermal system and the analogous electrie
system

a
L=—eF R = 6a8vovivins ga e 8]
n

Where a is an arbitrary impedanee lactor and n determines the
time base ehange made for the computer. Thus ¢ = ni’ where ¢

is actual time and 7’ is time on the computer time base.  To ol-
tain actual temperature values one uses the relations
U S o BEG vy e s [ 6]
E

r

where — is the ratio of thermal energy to analogous computer

voltage

Figs. 3 and 4 present typical analog-computer solutions for the
two conditions of motor operation. In these figurces the effect of
stopping the motor during its no-load period is apparent. The
maximum copper and iron temperatures are both greater than
when the motor runs continuously. A solution of this type re-
quires only about 15 min of setup time, and a few minutes for
each successive sct of solutions. From the analogous ecircuit
it is apparent that simple basie tests on actual machines can be
made readily to determine the thermal coefficients. Routine
computations of this type for complex motor loads would be
quite simple, rapid, and economical, and greatly improve such
motor applications.

PropreEMs SpecIFIED BY Parrian DIFFERENTIAL EQUATIONS

Most of the heat-transfer and fuid-flow problems so far solved
with the analog computer have involved “distributed eonstants.”
Several important types of sueh partial differential equations in
the field of fluid and thermal flow are well-suited to such com-
putation methods. These include both linear and nonlinear
The general applications of electrie circuits to partial
cquations have been treated by Kron.%7 However, many of
the techniques discussed by him are not practicable, in general,
cither because they involve too many cireuit elements for any
hut a special-purpose computer, apply only to limited cases, or
require too much setup and ecomputation time. Nevertheless,
the range of application of electric-analog methods to partial
differential equations is broader than one would at first supposc.

The cleetric analogies and computing techniques so far found
practicable will be presented. Following this are several numeri-
eal solutions which illustrate the methods and give information
on computation time and expected accuracy. The general
methods of determining eleetrie analogies are best deseribed by
first considering some of the simpler specific examples. Since
computers of the type being considered here consist of “lumped-
constant” elements, it is nceessary (exeept in special cases) to
resort to the finite-difference method of representing the space
variables. For this purpose the region of interest is divided
into “cells,” and the differential equation is approximated by a
difference equation involving the values of the dependent varia-
ble at the centers of neighboring cells. The number of cells
required to give results to suitable accuracy is surprisingly
small. Specific data on this matter are meager, although the
numerical examples to be given will give some idea of the re-
quirements in general.

systems.

8 “Numerical Solution of Ordinary and Partial Differential Equa-
tions by Means of Equivalent Circuits,” by G. Kron, Journal of
Applied Physies, vol. 16, March, 1945, p. 172.

7 “Equivalent Cireuits of Clompressible and Incompressible Fluid
Flow Fields,” by Gi. Kron, Journal of Aeronautical Seiences, vol. 12,
1945, p. 221.
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In certain cases it is expedient to treat the time variable in the
same manner, and use a finite-difference equation in time as well
as in space. In the eleetrieal analogy for such a problem, the
time co-ordinate is then treated the same as a space co-ordinate,
and a static network results,  There are also some problems in
which a space co-ordinate in the problem of interest beecomes a
time co-ordinate in the computer solution, although the other
space co-ordinates are still treated by finite-difference methods.

Laplace’s Equalion V* ¢ = 0. In Fig. 5 are shown the more
common analogies for Laplace’s equation in two dimensions.

TemperarTeir Rise ix Ereernie Moror Durine Vaviasne-Loan Cyere

TemperaTvre Rise an Eeporrie Moror Doz Varmarre-Loao Cyope

Motor RusNine CoNTinuonsey

| RUNNING PERIOD

SAME SCALE AS FIG. 3

B2

IRON TEMPERATURE

~Moror Stopeen vor Hae or Losn Cyers

The analogies are obtained by applying Kirehhoff’s law for the
summation of eurrents at a junction point of a mesh. I the
resistance grid is used either direct earrent or steady-state sinu-
soidal eurrents and voltages may be applicd, I aliernating
eurrent is used, induetors or eapacitors may be used also. It is
readily apparent that the method applies to any co-ordinate
system and to the three-dimensional ease,

Transient Heal-Flow Equation Vi =E{0¢/0t) + f(1). The tran-
sient heat-flow equation has two additional terms, one representing
the effect of heat stored in the eondueting medium, and another the
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Fic. 5 Awarocies For Larnace's EquaTtions

effect of heat generated within the medium.  1f time is to he
represented as such in the analog, it is desirable to employ the
resistance grid for the Laplacian. The lincar transient heat-
flow problem ean then be solved using the analogies of Fig. 6.
The finite-differenee equation approximating the differential
equation is still taken as an expression of Kirehhoff’s law for the
summation of currents at a junetion point of a mesh, The
current, proportional to 0¢/0f is obtained with a capacitor, Fig.
Ga, and the current proportional to f(f) is inserted at each point
with a current generator, Fig. 66, The transient boundary
condition and the arbitrary heat-generation funetion f() can be
simulated readily with the electric-analog computer.

Combined Eddy and Thermal Conductivity. In systems involv-
ing steady-state How of fluid, the equation for heat flow ean be
written in terms of the usual thermal and an eddy eonduetivity
coefficient.  When proper symmetry prevails, it is expedient to
represent one of the space variables as the time variable on the
computer. In particular, if the direction of fluid flow can be
taken along one co-ordinate axis, the equations of thermal flow
can be expressed by the equation in Fig. 6(a) with the co-ordinates
perpendicular to the direetion of flow represented as a space grid
and distance along the flow axis represented by time.

Viscous Damping in Small-Diameter Tubes. The analogies in
Iig. 7 represent the damping system employed on a special
testing machine for dynamie loading of material. It is an in-
compressible hydraulie system in which viseous flow is required
hetween two chambers in the system.  This is achieved by con-
necting a large number of very small-diameter tubes in parallel.
Application of a pressure differential between the headers gives
rise to laminar flow which is a function of radial co-ordinate only
and which is deseribed by an equation identieal to that of Fig. 6(b),
but where (i) is now proportional to the pressure differential.

Ezs-Eze _ Ege-Eo1  Exe—Ezp Epz-Eiz ,
Rg Ry Ra Rs
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Thus the same analogy can be used, or if it is preferred to
insert the functions f(f) as voltages instead of currents,
the second analogy in Fig. 7 may be employed.

Nonlinear Thermal System. The nonlinearities arising
in thermal equations may be of two types. Variations in
the coefficients of heat capacity and conduetivity give
rise to equations of the form

o' i
filg) o + fale) o

Unless the system can be represented by a relatively
small number of finite-difference cquations in space
variables, such problems cannot be handled on the Cal
Tech computer without representing time as a space varia-
ble and employing iteration methods. This process will
be discussed later.

The other type of nonlinearity arises from heat soureces
within the thermal medium which are functions of tem-
perature.  This condition is illustrated by the equations
in Figs. 8 and 9. When the problem is one-dimensional
in space it is sometimes practical to represent the non-
linear functions in a direet time analogy as shown in Fig.
8. There the function Iy (t)-Fu(z,)-¢, must be introduced
as a current into cach junetion point of the space mesh.
This is obtained with a multiplier taking the inputs ¢,
and F,(t)-Fs(z,) and producing a current proportional
to the product.

In Fig. 9, this same type of equation is simulated with
a static alternating-current network. Referring to the
equations in Fig. 9 it will be noted that to represent terms
of the form d¢/0t or d¢ /Ox by finite-difference methods, it

m vie 3P
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Fic. 8 Awaroc For NoNLINEAR Partian DirrerenTiAL EQuaTion oF HEAT TRANSFER

is neeessary to have negative impedances. With a very ex- u?\ 0%  2uw 0% vE\ 0%
tensive resistance grid this would be impractical, but with an (1 - _) sl e (1 = —) a’,'z_ =0....18
alternating-current-static network it is accomplished with capaci- :
tive and inductive impedances. However, as will be shown  Wwhere
later, such terms can sometimes be represented in the resist- " o
ance-type grid when combined with higher-order terms which w=—v=— and a®=
make the combined resistors positive. With ecircuits of this 0 oy

sort, functions of the dependent variable are handled by itera-
tive methods.  In this case the function Fi(f,) Fs(z,)¢um
must be inserted as a current at the appropriate junction. To O% 0% % ;
accomplish this, an estimate of ¢ is used, and the eorrect solu- A— Py b;b_,r + ¢ ()T}z =0............ 9
tion is approached by a series of suceessive approximations. ’ )

Analogy for Compressible Fluid Flow. The equations for lami- This equation ean also be solved by an analogous circuit and a
nar nonviscous compressible fluid flow are commonly expressed  series of successive approximations., Referring to Fig. 10, its
in the following form® for which an electric analogy can be de-  terms in finite-difference form ean be written as follows
veloped .

8 “Partial Differential Equations,” by Harry Bateman, Dover % = ol ml- P cp— i 0]
Publications, New York, N. Y., 1944, 0z* Az ATy Antis

ox? a® Ooxy

(a2 w? »)

This equation can be rewritten as follows
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Where Ae without a subseript is the average value for
1wo intervals;  (0%)/(0xdy) can be defined by four re-
lationships which should be averaged over at least two of
them to define the quantity at the same point in space as
used for the terms (9%2¢)/(02%) and (9%)/(@y?). These
terms are the following

@) e o has s (e) dur — Pn 2 ]
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For instance, choosing (¢) and (d), adding and dividing
by 2
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Combining all the terms for Kguation [9]
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This set of difference equations is simulated by the mesh in Fig.
10(a) where the resistors are given by the following equations

1 A B ]
R [A}E Az Are Apn
1 « B
ﬁ;{ - |:-3."|l"3:< Ay A -3:’]2:;]

1 A B ] I B o[
!l’-} - ..3..53; Az Ax-_.;; ..\yn fl's a _\.Tlg A_il,'-_-:;

1 ? B :I I B
By LAwe Ay Az Age Re  Aew Ay

If either w or v is negative so that the term B is negative, then
(0%) / (0r0y) must be formed using terms (a) and (0) instead of (¢)
and (d). This gives rise to the eireuit in Fig. 10(6) where the
resistors have the values just given with obvious change of eer-
tain subseripts, but the absolute value of B is used.

The values of A, B, and € can be computed from the first
derivative of ¢ taken between the appropriate pair of cells,
Sinee the mesh resistors depend upon the potential ¢, which is
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unknown, the solution for the incompressible case is used to
caleulate more nearly correet mesh impedances, and this process
is iterated until the desired precision is obtained.

More General Forms of Partial Differentiul Ilyuations. The
foregoing examples have illustrated two basic types of cireuits
for representing certain thermal and fluid-flow problems. In
one of these, time is actually represented as time in the computer.
In the other, time is represented by finite-difference terms and a
static alternating-current network results.  These examples have
illustrated the methods of obtaining the analogices for such terms
in the finite-difference equations as (0%)/(0z?), (0¢)/(0x), and
(0%p) / (0xdy).

Thus the methods of formulating analogies for the more gen-
eral form of equations given in Fig. 11 now become apparent.
In cases where finite-difference equations for the space funetions
lead to a positive resistance grid and the funetions (f, F') are not
funetions of the dependent variable, the analogy of Fig. 11(a)
may be employed. Otherwise the statie-network method of
Fig. 11(b) must be used. In Fig. 11 only two-dimensional grids
are illustrated. If sufficient elements were available three- or
four-dimensional grids could be formed. Tt is believed to be
generally impracticable to employ the static-network method
for any more than a two-dimensional grid,  Ordinarily, it would
be used for nonlinear problems, and even though time required
for changing parameters and recording solutions can be made
quite small on a properly planned computer, the intervening
numerical computations for each trial ealeulation might require
exeessive time. However, for two-dimensional problems, such
as illustrated here, computations ean be made quite rapidly.

[LLUSTRATIVE NUMERICAL KXAMPLES

Temperature Distribution in Gas-Turbine Rotor. Asa first ex-
ample of a numerieal solution, eonsider the system in Fig. 12(a),

2 2¢ 2
I'.(w)%-i% + 'z(l.)‘,%? + f;lx.y!g—,t +f4{:.y!-g$ + l;l:.ﬁﬁ%=ﬂxmﬂ+l.%¢ +hg®

o

’F{lu)’l”

{o) TRANSIENT PROBLEMS WITH ACTUAL TIME REPRESENTED AS TIME IN

COMPUTER .

2 may be R,juL,or ZL
wt

Fixyd)

(b) STEADY STATE PROBLEMS, OR TRANSIENT PROBLEMS WITH TIME REPRESENTED
AS SPACE VARIABLE, (IF ANY OF FUNGTIONS { ARE DEPENDENT ON ¢,
ITERATIVE METHOD EMPLOYED.)

Fra. 11 ELeEcTricAL ANALOGIES FOrR More GENERAL ForMS oF
ParTiAL DirrerenTIAL EqQUuaTiONs 0oF HeaT TrANSFER OR FLuip
Frow
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in which it is desired to determine the temperature distribution
within a gas-turbine rotor being subjected to hot propellant gas
at its periphery and cooling gases along one surface. The tem-
perature distribution along its cooling surface is not known.
The boundary condition ean be specified only in an integral form
in terms of the amount of heat being extracted by the cooling
gas and the temperature at the location of the propellant gas
and at the point of entry of the cooling gas. This type of prob-
lem ean be solved quite rapidly by trial and error, assuming a
temperature gradient, measuring only the heat flow into the gas;
readjusting and remeasuring until the desired total heat into the
gas is attained.  Only one of these caleulations is illustrated here.

The analogous eireuit used is shown in Fig. 12(h). Under
steady-state conditions, since the temperature is not varying
with time, the heat being stored in each element is constant, and a
resistance mesh results. It should be noted that the eells into
which the medium has been divided are not of constant size.
This will be discussed in more detail later.

The circuit is shown in Fig. 12(h), which consists of 116 re-
sistances, representing 58 volume elements and 9 surface heat-
The time required for caleulating these
constants was approximately 2 hr.  One-half hour was required
to set up and cheek the eirenit on the computer.  As shown in
Fig. 12(b), the assumed relative boundary temperatures were
obtained as voltages from a bleeder circuit conneeted to the
power supply.  Beeause all points on the rim of the disk were as-
sumed to be at the same temperature, the resistors at the top of
Fig. 12(b) ave shorted out.  The resistors near the axis of rotation
were omitted beeause no heat was assumed to fow through them.
This condition is of course necessary at the axis itself from the
svinmetry of the problem.

Tables 2 and 3 list the complete solution to this problem in the
form of the temperatures at the eenters of each volume element
and at the surface from which heat is flowing into the gas. Also
given are the rates of heat flow at the boundary surfaces. The
flow within the body also eould have been measured readily or
can be determined from the known resistances and the measured
voltage gradients.  About 15 min were required for recording the
solution. This type of problem ean be handled readily by one
man. A total of about 23/, hr was required for one man to solve
this one problem completely.,  However, it should he emphasized
that the greatest amount of time was consumed in determining
the analogons cireuit and setting it up. The time required
for each approximation process was only about 20 min.

Although no tests were made with this specific problem to
determine the number of elements required, experience with other
problems indicates that the femperature differences obtained
should be in error less than 5 or 10 per cent.

Potentinl Problem;  Laplace’s Equation. A typical potential
problem, Fig. 13, has been chosen to illustrate this applica-
tion of the eomputer. Solutions for the problem with different
boundary conditions were available, thus offering a convenient
way of assessing the aceuracy of the solution for varying “coarse-
ness” of the equivalent mesh.

As with all potential problems, this problem can be inter-
preted in many ways with slight changes in boundary conditions.
For example, as one involving the flow of heat from a series of
equally spaced cylinders embedded in a conducting medium,
flow of heat from a plate with equally spaced semieireular
eylindrical bosses, flow of liquid past a series of pipes, ete.

By symmetry considerations, this problem reduces to the
one shown in Fig. 14, where in the first problem above, 4 is a
streamline and (' is an equipotential, in the second problem A and
C constitute an equipotential, and in the third problem A is an
equipotential and € is a streamline. Data were taken for the

transfer cocllicients.
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TABLE 2 (a) VOLTAGE DISTRIBUTION IN ELECTRICAL
ANALOG OF TURBINE ROTOR—5A-1660, 24 C UNIT. (b) TEM-
PERATURE DISTRIBUTION IN TURBINE ROTOR

Junetion no. Voltage Temperature, deg I

012 38 044
12 41 086
14 42 1000
16 43.4 1020
18 44.0 1030
20 144.0 1030
022 37 930
22 38 944
24 39 958
26 39.3 a62
28 39.7 68
30 30.8 a70
032 29 815
32 31 844
34 31.8 855
36 31.8 855
38 18.2 660
38 23.3 734
40 24.5 750
042 16.0 650
42 19.6 680
44 21.0 700
46 14.5 608
46 15.0 614
48 16.2 602
50 18.5 604
52 19.0 672
54 19.7 682
156 14 600
56 15 614
58 16 628
60 18 658
62 18.5 664
G4 18,8 670
114 2 400
114 7.4 500
66 0.6 537
68 11.4 565
70 13.4 592
72 15.6 625
74 17.7 653
76 18.0 658
78 18.2 660
o116 2 400
116 7.4 506
80 9.6 537
82 11.5 565
84 13.2 589
86 15.7 624
88 17.2 646
90 17.8 656
92 18.0 558
94 11.8 569
94 13.0 586
06 14.0 GO0
98 17.7 G54
100 17.7 654
102 18.0 658
o104 14.0 600
104 15.5 622
106 17.0 644
108 17.0 644
110 17.2 646
112 17.3 648

Nore: Temperatures given in the table are temperatures at the lubeled
junetions, beginning with outside surface next to ecooling air.
Conversion between temperature in degrees ¥ and volts is given by T =

400 + 14.3 ¥

TABLE 3 HEAT FLOW INTO AND OUT OT /A-1660 24 0 UNIT

(Conversion between heat flow and current is given by 1 milliamp—229
Btu per hr)

~—Heat flow out of surface element—

Element no. Milliamperes tu per hr
12 12 2750
22 13 2900
32 9 2060
38 13 2900
42 5 1150
46 1 230
56 (ag a)
68 (a a)
66 (a) a)
~~Heat flow into surface element—
Element no. Milliamperes Bta per hr
2 14 3200
4 12 2750
6 10 2200
8 10 2200
10 8 1830

Nore: (a) Trace of current noted,



JOURNAL OF APPLIED MECHANICS SEPTEMBIER, 1940

1100° F «—~—PROPELLENT GAS

ELEMENTS SHOWN ARE
CIRCULAR RINGS

COOLING GAS

GAS BOUNDARY 400" F

400°F

L

Fia. 12(a) TeMmperaTURE DistrisurioN IN Gas-Turpine Roror; Cross SeerionN or Turbing Disk

CIRCUIT FOR ESTABLISHING

KNOWN TEMPERATURES
,/’/ GIRCUIT REPRESENTING ROTOR
700°/ 49 VOLTS

[] 4 € & 10

1

I

1
300°| 21 VOLTS o012

. .
1
22
é 1 22 & s 2 x|
]
1
032
1
1
038

1007l 7 WOLTS

—AMN——A; A e
1
E o4z %
--‘VW—?-*—'V\.—— T3 T
]

1
1
axis !

Fra. 12(0) Temperature DistrRisuTtioN IN Gas-TursiNe Roror; AnanLocous Frkcrric CirculT ror TourmiNe Disk



McCANN, WILTS—ELECTRIC-ANALOG COMPUTERS, HEAT-TRANSFER, FLUID-FLOW PROBLIEMS 257

seeond and third eases since these were the only ones for which
solutions were available,

The two meshes used for this problem are shown in Fig. 14.
It should be noted that in rectangular eo-ordinates the mesh size
need not be constant and must be relatively “fine”” only in those
regions where the equipotentials have greatest curvature. This
usually oceurs only near the regions where the boundaries do not
coineide with the eo-ordinate system chosen.

The correet, equipotentials for these problems are shown in Fig,
12, Taking the unit of potential to be the difference between ad-
Jacent equipotentials shown, the maximum deviations observed
between the analog solution and the known solution are as
follows:

Problem 13(a) Problem 13(b)
Fine mesh............ 0. 04 unit 0. 07 unit
Coarse mesh.......... 0.08 0. 10

Sinee the potentials were only known to an aeccuracy of about

B

Fia. 13 PorexTian ProsrLEM

STREAM LINE o
A 1 3 ?5'
i z

. B

* : 3

J N[ @

i ] o |

VA . |

STREAM LINE

140 COARSE MESH

Fia. 14

0.05 unit, this does not indieate the absolute precision of the fine
mesh, but it seems probable that the maximum deviation for the
fine mesh is of the order of 0.04 unit. The coarse mesh yields
definitely poorer results, but even in this case the results are suf-
ficiently accurate for most engineering applications. It should
be remarked that methods are available for improving the ae-
curacy of these solutions, but this was not attempted becanse
of the relatively poor accuracy of the known solutions,

Transient Heat-I'low Problem. The analog circuit can be
adapted readily to transient problems as shown in Fig. 6. As an
example, the application of a sudden constani temperature
rise to the eylindrical surfaces was considered. Solutions for the
temperature as a funetion of time are shown in Fig. 15 for vari-
ous loeations throughout the thermal medium. These points are
marked in Fig. 14.

BBoth problems cited ean be set up and solved in a very short
time, approximately 3 or 4 hr being required for cither of them.

Compressible Fluid Flow. The third interpretation of the
foregoing problem is suitable for examining the extension to
eompressible fluid-flow problems. It was realized that tur-
bulence effeets would arise before those of compressibility, thus
invalidating this particular solution, but not the process for a
practical example. As mentioned before, the solution of the
equation of compressible fluid flow must, in general, be achieved
by successive approximations, sinee the mesh impedances are no
longer funetions only of the eell size, but depend also on the com-
ponents of velocity at each cell. Tt appears that three sueh ap-
proximations will give the velocity components for this particular
problem with an error less than 5 per eent if the Mach number is
not in excess of about 0.75.  As the Mach number inereases to-
ward unity, more approximations are required. Because of the
iterative nature of the solution, such a problem requires 6 to 8
hr for solution.

The solution for this problem, when the maximum velocity
(hetween the tubes) corresponds to a Mach number of 0.73 is
siiown in Fig. 16. The solution for the incompressible fluid
(or low Mach numbers) is also shown for comparison.
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Compliance of Elastic Bodies in Contact

By R. D. MINDLIN,!

A small tangential force and a small torsional couple are
applied across the elliptic contact surface of a pair of elas-
tic bodies which have been pressed together. If there is
no slip at the contact surface, considerations of symmetry
and continuity lead to the conclusion that there is no
change in the normal component of traction across the
surface and, aside from warping of the surface, there is
no relative displacement of points on the contact surface.
The problem is thus reduced to a “problem of the plane”
in which the tangential displacements and normal com-
ponent of traction are given over part of the boundary and
the three components of traction are given over the re-
mainder. In the case of the tangential force it is observed
that, when Poisson’s ratio is zero, the problem is a simple
one, in potential theory, which is then generalized by means
of a special device. An expression for tangential compli-
ance is found as a linear combination of complete elliptic
integrals. In general, the compliance is greater in the
direction of the major axis of the elliptic contact surface
than in the direction of the minor axis. Both components
of tangential compliance increase as Poisson’s ratio de-
creases and become equal when Poisson’s ratio is zero.
Over the practical range of Poisson’s ratio, the tangential
compliance is greater than the normal compliance, but
never more than twice as great as long as there is no slip.
The tangential traction on the contact surface is every-
where parallel to the applied force. Contours of constant
traction are ellipses homothetic with the elliptic boundary.
The magnitude of the traction rises from one half the
average at the center of the contact surface to infinity at
the edge. Due to this infinity, there will be slip, the effect
of which is studied for the circular contact surface. In
the case of the torsional couple, the solution is obtained
by generalizing a solution by H. Neuber pertaining to a
hyperbolic groove in a twisted shaft. The torsional com-
pliance is expressed in terms of complete elliptic integrals
and, for the circular contact area, reduces to that found
by E. Reissner and H. F. Sagoci. The resultant traction
at a point rises from zero at the center to infinity at the
edge of the contact surface, but is constant along and
parallel to homothetic ellipses only in the case of the
circular contact area.

NOTATION

Love’s notation is used for elastic constants and components
of displacement and traction:

modulus of rigidity
Poisson’s ratio
2ua/(1 2q), Lamé’s constant

! Professor of Civil Engineering, Columbia University, and Con-
<ultant, Bell Telephone Laboratories, Ine. Mem. ASME.

Presented at the National Meeting of the Applied Mechanics Divi-
sion, Chicago, Ill., June 17-19, 1948, of THeE AMERICAN SOCIETY OF
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u, v, w =
¥ ol ¥
X, Y, Z

rectangular components of displacement
rectangular components of traction at a point on
planesurface z = Qof hody z s 0.

Additional symbols are defined where they are introduced,

INTRODUCTION

Consider two homogeneous, isotropic, clastic bodies in con-
tact at a point, O, in an unstressed state, as shown in Fig. 1(a).
The surfaces of the bodies have a common tangent plane and a
common normal at 0. Let the tangent plane be the plane of =
and y, and the normal the z-axis of a rectangular co-ordinate
system. Il the bodies are pressed together with a forece P,
parallel to Oz, they will come into contact over a small surface
in the neighborhood of 0, as illustrated in Fig. 1(b). Aeccording

0 - Mz
X T PK
pxlf—\ 11
z (a) B
S
; ~ —20 —sl : *
1 Pz ‘E
e Px! l
X = -
MZ:')
rd (C)

|2 (D)

I'te. 1 (a) Bootes 1w Coxtact 1N UnsTrEsSSED STATE; (b) Bobpies

Pressep Toaeraer WiTH Herrz Force P:; (¢) TANGENTIAL FORCE

P, axp Tonsionan CourLe M: ox Conract SurracE oF Bobpies
Pressen ToceTHER WiTH NorMatL Forer P,

to the Hertz theory,? the boundary of the contact surface is an
ellipse. The theory gives the magnitudes and orientations of
the prineipal axes of the ellipse, the relative approach of the
two bodies and the distribution of the normal component of
traction across the contact surface. The compliance of the two
bodies ean be caleulated from these results.

Suppose, now, that an additional system of forces is applied
to the bodies such that, across the contact surface, one body ex-
orts on the other a small foree perpendicular to Oz and a small
couple with axis Oz, leaving P, unchanged, as shown in Fig. 1(c).
It is required to find the tangential and forsional eompliances
of the two bodies.

HERTZ SOLUTION

T'he results of the Hertz solution are?

3P, (1 oz #f)'/" _______
a? b?

 2ab
t “Treatise on the Mathematieal Theory of Elasticity,” by A. K. H.
Love, Cambridge University Press, fourth edition, 1927, pp. 193-198.

9

P (1]



260
3 @
a = P, + ) '/0' a2 + 2% + D)7~V dr... [2]

A = -‘:'P: (9 + ) f (a? 4 )= (b2 + D7)~ dr. . [3)
: 0

‘

d -]
B 2Pyl -n)f (b + )= [(a? + 7)r]V2dr, . [4]
0

where p is the normal pressure on the contact surface, a and b are
the prineipal semiaxes of the elliptic boundary of the contact
surface, « is the relative approach of the two bodies, A and B
depend only the shapes and relative orientation of the two bodies
in the unstressed state and d; and J. are elastic constants:

M A2 1 —a

e e i s AL L 5]

Nt 2u
drps(Ne + ua)

), =

1 — o

thy = o
where A and g are Lamé’s constants and o is Poisson’s ratio, the
subscripts referring to the two bodies. Liquations [3] and [4] de-
termine a and b, while Equation [2] determines « when a and b
are known,

To obtain the normal compliance

G =g eesmapan wevsvaall
== ap. 17]
in a form suitable for quantitative comparison with the tangential
compliance, let

r = a*tan? ¢

whereby Iquations [2] to [4] are transformed to

2
Zha = 3P,(0, + 0.) f a~ieMide . [8]
1]

z
2a%hA = 3P89, + 82) f a”t e Vreos pde. . [9]
0
L3

2
2088 = 3P, + 02) f a 31 eos? o de. ... [10]
0

where

¢ =a?cos?p + b %sin2e.............[I1]

The integrals in Equations [8] to [10] are complete elliptic
integrals and are functions of a/b only. DBut a/b is a function of
A /B only, as may be seen by dividing Equation [9] by Equation
[10]. Since A/B is independent of P,, each of the integrals is
independent of P,. The calculation of the compliance is now
straightforward (remembering that b in Equation [8] is, accord-
ing to Equation [10], proportional to the cube root of P,) with
the result

L4

3
C.= (9, + 0 a"'b“f L
0

TancunTIAL Force: Bounpary ConprTioxs

We shall consider, first, the effect of the tangential force.
Taking the axes of z and ¥ to coincide with the principal axes of
the elliptic boundary of the contact surface, we resolve the tan-
gential force into components P, and P, parallel to x and p,
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respectively.  Without loss of generality, we may consider
the effect of P, alone.

To simplify the establishment of the boundary conditions we
impose, temporarily, the following restrictions on the shape,
orientation and elastic properties of the unstressed bodies:

1 If Ry, R are, respectively, the maximum and minimum
radii of curvature of the unstressed surface, at 0, of one body
and Ry, Ry’ the corresponding radii of the other, then By = Ky,
Ry' = Ry'. (The radii are positive when the centers of curvature
are inside the respective bodies.)

2 The normal sections of the two surfaces at O, containing the
radii B, and Rs, coincide.

3 The two bodies have the same clastic propertics.

With these restrietions the eontact surface, under the action of
£, alone, is the portion of a plane bounded by an ellipse.  We
shall designate the contact surface by the symbol S; when its
elliptic boundary curve is not ineluded and by Si, when the
boundary curve is included.

The system composed of the two bodies is geometrically and
clastically symmetrical with respect to each of the three co-
ordinate planes. To this system is applied the force system P2,
which is symmetrical with respeet to the z, z-plane and anti-
symmetrical with respect to the z, y, and y, z-planes.

If u, », w are the z, y, 2 components of displacement duc to F,
and if we set (as we may, by Saint Venant’s principle)

i 8 vl = s vasssin i [13]

Yy z—rwx
then, in consequence of the foregoing symmetries, we must have

W, 4, 2) == —lE, ) bl v [14]

v(z, y, 2) = - i, y,

w(zf Y, '3) = w{x, U, "_2).... L

where 8, is a component of rigid-body displacement, the only
one of the six components permissible in view of Equation [13],
the z, z-symmetry and the y, z-antisymmetry.

We now assume that there is no slip between the two bodies;
i.c., wand v are continuous across 8y, Setting z = 0 in Equa-
tions [14] and [15], we find

w=5,/20=0008..............

The third boundary condition on S, is found by examining the
expression, in terms of displacements, of the normal component
of traction, due to P,, exerted on the plane surface of the body
lving in the region z 5 0:

du Ou dw
Zy=-a(—"+—)—0+20) —.. 18]
¥ (();I'- + Oy) N+ 2w) 2z (18]
Using Equation [17], Equation [18] reduces to
ow -
7y = — (k42 o{ 10— 9]

We now suppose that the two bodies remain in contact and in
equilibrium across the contact surface. Then w and Z, are cou-
tinuous across S;. The latter requires Ow/0z to be continuous
across S, by Equation [19]. Since w and dw/dz are continu-
ous across S; and, by Equation [16], w is an even function of z,
it is necessary that ow/dz = Oon §;.  Hence, by Equation [19],

5= DOTL B s s it s [20]

Considering the body lying in the region z 5 0, the part of its
boundary outside and in the neighborhood of 8, is approximated,
as in the Hertz theory, by the plane z = 0. This part of the



MINDLIN—COMPLIANCLE OF ELASTIC BODIES IN CONTACT

boundary, designated as S, is required to be free of traction.
We can now assemble the complete boundary eonditions for the
body zs 0:

w=258/2 v=F,=0on8.............[21]
0o T TR () S— .
lim (u, v, w) =0...0cveninn.o......[23]
2,9, 2=
wherd

It may be seen that the contact surface, as regards displace-
ments in the z, y-plane, shifts uniformly in the z-direction, with-
out change of size or shape. This shift is proportional to P,
since the differential equations of the system are linear.  Henee,
if there is no slip on the contact surface, the tangential compliance
of the two bodies is simply

Coom 8P, 23]

and the problem of finding it is the problem of finding the value
of &, corresponding to a given F,. In the case of slip (see sce-
tion entitled “Influenee of Slip”), the displacement is not simply
proportional to Pz beeause, although the differential equations
are linear, the boundary conditions vary with 2,.

We now remove the restrietions imposed on the shapes, rela-
Elimina-
tion of restrictions 1 and 2 introduces a slight warping of the
Within the limits of the small
strain, small rotation theory, this warping may be ignored, as in
the Hertz theory.,  Removal of restrietion 3 makes the conditions

tive orientation and elastic properties of the bodies.

contact surface under 12, alone.

of continuity of w and vanishing of Z, across 8, incompatible.
In general, to insure continuity of w across the contaet surlace,
there is required o component Z, on S;. This corresponds to the
components X, and V, which are ignored in the lHertz theory in
the ease of bodies of unlike elasticities. We shall adopt the anal-
ogous expedient here by retaining the condition Z, = 0 on S.

When the elastic properties of the two bodies are different, the
relative displacement of 8 with respeet to a distant point in the
body z > 0 is not the same as the relative displacement with
respeet to a distant point in the body z < 0. Designating the
former displacement by 8.°/2 and the latter by §,"/2, the tan-
gential complianees of the two bodies individually are

W 5}' 6 L
C <o = op

METHOD OF SOLUTION

In the case of the tangential foree, we require the solution of
the three equations of equilibrium

i ol e bl Ly o o (2 5 2 e 2
u, v, w —, = = — 4+ —+— ) =
. = * \ox o’ 0z/ \ox oy Oz

satisflving the boundary conditions given in Equations [21] to
[23].
It is convenient to express the components of displacement in
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terms of the potential funetions of Boussinesq and Cerruti in the
following two forms:?

1 0, A a [foF, o7,
u = - + = e
2au 0z dru(X 4 u) Ox \Or oy

_1 . aa_ a_f_‘jl 3 OG : [29]
dap " 0rdz \dx  oy/) '
_ LG o for oG
"7 2en 022 ' dwp(r+p) oy \Oz | Oy
1 or (ol oG
e =8 BN [30]
dmp Oyoz \ Ox oy

1 B (om aG.)
w = —-— — 4 -
4r(N + ) 0z \ Or dy

| o (')F. l)(}‘l
= () 131]
4 0z* \Ox Qy

Fy= S S XA mdidn, Go= J S Y& n)didy. .. [32]

Q=czlog(r+2—r ......o........[33]
P = )20 Ty == F Bl nniwessas 134)
Vif, = 0, ¥23Gy = Q.iv v PR 1 |
1 ol N+ o fol. oM
W= ) a5 ( + -)....!mi]
21 Oz 2r(A + 2u)  Ox \ox Ay
1 oM A o (oL oM
- fa T, ( + ) 137]
2 Oz 27N 4+ 20) Oy \or Qi
o n ol i oM
T 27N + 2u) \Ox Bl
% < o for. oM '
+ o B ( s ) ....... [38]
2w(N + 2w) 0z \Or QY

didy. . . [39)

L= J.f ”“:I. ’?) rf&ti:q.

1
Wil =l WA = s s e

In either form, the equations of equilibrium are satisfied and
five of the nine boundary conditions are satisficd, namely, those
expressed by Fquation [23] and the last of Equations [21] and
[22]. Ifeither X, Y, or u, v were specilied over the whole bound-
ary z = 0, the solution of the problem would reduce to the
evaluation of the integrals in Lguations [32] or [39].  How-
cever, in our case, u, v are specified over part of the boundary
and X, V., over the remainder.

The four houndary conditions which are yet to be satisfied are

expressed in terms of the funetions L and M as follows:
U O L S -
e o Saplit o -
A -
v = — 2:_ a’al;{ =0onS............. 142]
. u 0L DY o foL oM
Xj=— —== ) —— ] = 0on S, .[43
YU 2r 32t 2@ (A 4 2u) 0z (O.r w Dy) an .. [46]
oM A 0 fol. oM
¥y = o ot ~—\— 4+ — ] =00n8:..[44]
2r 0z 27 (N + 2u) oy \ Ox Ay

We note that, if Poisson’s ratio is zero (so that A=0), the bound-
ary conditions reduce to

3 Reference 2, pp. 242 and 244,
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oL g oM, 5 5 45)
= e : =000 8t punmes £
0z TR o ;
oL M,
O_; =0, — =0omf........... [46]
where Lo and My are the values of L and M for A = 0. Henee,

My = 0 and the problem of finding 0/,/0z is the same as that of
finding the velocity potential of the irrotational flow of a per-
feet fluid through a circular or elliptic aperture in an infinite
plane; or, it is same as the problem of finding the distribution
of electric charge on a civeular or elliptic disk whose potential is
held constant. The solutions of these problems are known, so
that we can find L.

To find L and M for
we assume, fentatively,

an arbitrary value of Poisson’s ratio,

oL aM oly
e — = O e s s 4
o t oy ' o (471
oM ol. oly
B el o e R e e 4
or oy oy 8]

where €y and €y are constants which are equal when X and M
are zero, i.c., the ftentative solution reduces to L = Ly when
Poisson's ratio is zero.

From Equations [47] and [48] we find, using V2L =0,

o2 D Ln 0 Lo

o = - (S R | |
o e B [49]
oM 2Ly

- o i T 50
22 ( 2) amay [50]

Substituting Kquations [47] and
sullg,onz =0,

[49] in Equation [43], there re-

Y o (,m(h + w) 0% _(lz_,t._l 0 51
o e\ + 20) Oa® 2w oyt ‘
If we set
2N + p)
Yo = i i 52
O+ 20 e
Fquation [51] reduces (using V:0y = 0) Lo
: Ciu(N + p) 2L
_ Cie(d i (53]

T\ <+ 2up) 02?

whenee, by Equation [46], the boundary condition expressed by
Fquation [13] is satisfied.

Again, substituting Fquations [17] and
[14] and using Bquation [52], we find

[50] in Equation

, Y, vanishes over the entire boundary z = 0.
lu verify the assumed form of solution, it remains to ascertain
that the boundary conditions expressed by FEquations [41] and
[42] are satistied. These become, using Equations [49], [50],

[52], [40], [45],
Lo 0*Lo o%u) ; P
O o R e e
1r(h + 20 EE 2

B _(_'.‘17\ %y
Qxdy

Ci(3N + 4u) Ol

dr(N + 2p) o

2r(h + 2u)

Sinee 8Lo/dz is a constant on 8y, and since the solution must hold
for0 € A € «, we require

SEPTEMBER, 1949

0%y

Oty  Ma) o8

ox? ()y‘s‘ dz = conston Sy ........ (5
o2 B

fg;a:;, D (58]

There is an alternative method of testing the displacement
boundary conditions. In view of the result ¥, = 0 over the
entire plane z = 0, we conelude that, if the assumptions embodied
in Equations [47] and [48] are indeed wvalid, the displacements
must be expressible in terms of the funetion F, alone, i.c., we
should set @, = 0 and I, proportional to

S S

Then, using Equations [29, 30, 35], the displacement boundary
conditions become

BN+ du O, N (()Zﬁ 091-'.)

Bru(h + W) 922 | Bwu(N + w) \Oz? o2
6 r
= ; onsSy......... [60]
X sz"
w0 BT S v nteracs 3%t [6G1]

dru(\ + ) 0xdy

Since the boundary conditions must hold for 0 € X € «, we re-
quire

oI bon § (62]
i i consb on 81 ccoveiwins o i
i NP [63]
—— = 00N S v i !
dxdy '
o IS 64
5 = conston 81 :isepis i eisss [64]

The method outlined in this seetion will be applied, first, to the
special case of the circular contact arca beeause of its simplieity.
TancenTiaL Forcr, Crrevnar Conracr Area, A = 0

Let the boundary of the contact surface be a cirele of radius a
and let p? = 2! 4+ y2  For the case A = 0, we must find the

harmonic function Ly satisfving the boundary conditions (see
Lquations [45, 46])

Ry o i
= —xb,’, s cussariim vasiss cas 08
s P
0y »
st o ) 166]
IFrom the analogous problem in hydrodynamies, we haves
Al “
'_7" = - 2:5".[ e~k Jo(kp)k— ' sin ka dk. . [67]
0z 0
where Jy is the zero order Bessel function of the first kind. Henee
Lo = 28, f e *2 Jolkp)k2sin kadi. ... ... [68]
0

TaxgeNTIAL Force, CircurLar CoNrtacT Arba, A # 0

To remove the restriction X = 0, we apply the first procedure

4 “Hydrodynamies,” by H. Lamb, sixth edition, Cambridge Uni-
versity Press, 1932, p. 137.
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of the section entitled “Mcethod of Solution.”
Ilquation [68],

oo Oa)
or? ot )T

—25," cos 20[ e %2 J, (kp) 1 sin ka dke. ... [69]
1]

0%y i “ E i
—— iz = —3," sin 26 e R Jalkp) Y sin ka df. . [70]
Axdy 0

Now?

We find, from

wheref = tan ! (y/x).

’ i ] 0,02 a, |
A J-_v(fn'p)f.' sin ka ok = | alp? — ”2)1 ‘._.I pg‘ pS a J ok |7]]

Henee Fquations [57] and [58] are satisfied.

To evaluate the constant ¢y, we substitute Equations [63, 69,
71} in Equation [55], with the result
2N + 24)

(3N + 4u)

!t

The tangential traction over the contact surface is found by

inserting the values of ¢ and Ly from Fquations [72] and [68]
into lquation [53]. Noting that

ol “
‘-‘] = 25, f Jolkp) sin ka dk
0zt [,=0 0

[26,(az—p3)~"2% p < a)
S | /]

{@p=a
lnl p>a
we find
e L S
A, = f(3—h ;-:l;‘—)-(a e o IR R G, R—— . ] |

The relation between the tangential foree and the displacement
15 found from

(1 2r
i 8u(N + was,’
B = N, pdpdd = T = s 75
’ ﬁ j)- B 3N + 4u 1l

B,

2ra

so that

i (a® — p%) "-"", § L Wovowanmawas |76]
We see that, in the ease of a tangential foree across a eireular con-
tact area, the tangential traction is everywhere parallel to the
direetion of the applied force.  Contours of constant tangential
traction are concentrie cireles.  The magnitude of the traetion
rizes from one-half the average at the center to infinity at the
edge.
The tangential complianee of one body is

gﬁa
8ua

e o B 3\ + 4u

c e,

16u(n + wa

SpadtosmliT]

The tangential compliance of two bodies, with unlike elastie

constants, is
1 2 — 2 — az
Oy = (—---- : i ) ...........
Ba \ m 2

[t is interesting to notice that all of the results of this section

s “Treatise on the Theory of Bessel Functions,” by G. N. Watson,
Cambridge University Press, 1922, p. 405,
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can be extracted from a solution by II. Neuber® for the stress con-
centration at a hyperbolic notch.

INFLUENCE OF SLip

A practical feature of the foregoing solution which requires
additional study is the infinite traction at the edge of the con-
tact surface. Presumably, the tangential component of trac-
tion cannot exceed the product of the coefficient of friction f
and the normal component of traction p. Thus, for the cireu-
lar contact area, we should have, from Equation [1],

2\ /2
X,,:i{:; (1—2—2) A EPE M., [79]
3/P, 2\ !/
X, < L (1 ﬁfﬁ) , o a - 180]
. 181]

where we have assumed that slip has penetrated from the outer
radius a to an inner radius a’ and that, in the included annulus,
the tangential traction remains at its greatest possible value fp.

If slip has just progressed over the entire contact surface, so
that Equation [79] holds throughout, we may caleulate the cor-
responding tangential displacements by substituting Iiquation
[79] into Equation [32], and the combination into llquations
[29] and [30], with the results

wa 2x
Sxfuatu = 3P, f f (2 0 + o cos 2e)A dwde. .
0 0
wa 2x
8rluatv = 3afP, f f Ao sin 2¢ dwde. . ..., 83]
0 0

where Ap = (—dpw? — 2Ww — I')"? and

82]

w=[E—2+ (— = —Qy.......[84]
¢ = tan—1 — SR [85]
=

@ = a~? [86]
Vo =(recose +ysinga 2 .. ... ... 187]
To = (p2— a0 tiei s vuvvnminn s 188]

and w, is the distanee from the point (z, y) to the cirele, ie.,
oo = (— W + VU2 —BTo) dy~1........ [89]

Considering the surface integral in Fquation [83], and integrat-
ing with respeet to w, we arrive at.

2r
(W2 — &y I'g)w
— sin 2¢ d
ﬁ sos 2 de
~ 2w \]’u(f_l‘ldl‘f? i .
3 20, sin 2¢ de

3= W —dy Iy, = Wy iy
— — g 8N e | sin 2 dyp
0 200/t V¥ — 4Ty

We note that the algebraic signs of the quantities in brackets
change if we substitute ¢-r for ¢. Hence, the integrals of the
bracketed terms, over the interval 2x, vanish. The same terms
oceur in Equation [82]. The remaining integrations in Fqua-
tions [82] and [83] are straightforward, and we find

¢ “Kerbspannungslehre,” by H. Neuber, Julius Springer, Berlin,
Germany, 1937, pp. 85-90.
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64 patu = 3fP,[2(2 —)(2a%* —p?) + ap® cos 26]....[90]

64 pa® = 3fP, op®sin26.............[91]
If we now consider a distribution of traction
YP,Q 2 ,
X,,=-—21ra’2 (1—a72 ,pzﬂ,‘.‘....[g2]
Y= Wi e S B B [93]

where @ is a constant, we find corresponding displacements u’ and
’
v’

64pa’ ' = —3QfP,[2(2 — o)(2a" — p?) + ap? cos 20]. . [94]
64 pa'%’ = —3QFP,op%sin20........... [95]

If, now, we set @ = a'/a® and add the two sets of displacements
we have

3/P,(2 — a'?
w4+ ' = i ]({i - 2 (1 === '(;2*), B s [96]
0" = 0 pd Bliarnmmawis s [97]

Henee, the system of surface tractions?

. 3fP, 2\ 1/2
X, = 2{ﬂ_" (1 = 22) A . (98]
ra?
o 3"”)1 pt 1/4 3','1)‘(!/ Pi 1/y o i
T 2mwa? b== a? B 2_;“';— 1= a’? y PE Q.. l- <]

produces displacements which satisfv the conditions of no slip

within the eirele of radius a’.  To find a’ we caleulate

a 2
P, = f f X.pdpdo
1] 0
a'?
— 2 T -
_ﬂ,(l jirg) IRRERRRES

I 1/y
" =mgll— =) iiieoin i
i)

The distribution of traction, represented by Equations [98]
and [99], is illustrated in Fig. 2 for the case P, /fP, = 0.3.

To find the compliance, first eliminate a’ between Equations
[101] and [96] and obtain

=SBl BN e
= 6 5257 N

Then the tangential compliance of one body is
d(u + o’ 2 — PN\
c, = o ) -—(1—===] ... [103]
aP; Sua P,

This is to be compared the with eomplianee without slip given in
Equation [77]. The ratio

s MO

whenee

is plotted in Fig. 3, which shows the range over which the com-

7 Dr. Stewart Way has called the author’'s attention to a paper
by C. Cattaneo, “‘Sul eontatto di due corpi elastici: distribuzione
locale degli sforzi,”” Accademia dei Lincei, Rendiconti, series 6, vol.
XXVII, 1938 pp. 342-348, 434-436, 474—478, in which formulas, cor-
responding to Iiquations [98] and [99], are derived for the elliptic
contact surface.
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pliance caleulated on the assumption of no slip is useful. For
small ratios of P2, to fP, the error is small.  The remainder of this
paper is confined to the ease of no slip.

TaxcextiaL Force, ELvieriec CoNtacT ArREa
As observed in the seetion entitled “Method of Solution,” when
A = 0 and the contact area is bounded by an ellipse, the problem
of finding 0/,/0z is identical with that of linding the velocity po-
tential of the irrotational flow of a perfeet fluid through an elliptie
aperture in an infinite plane.  From the solution® of that prob-
lem we need only the result that 021,/02? is proportional to

(1—na-22— by~ ... ... .[105]

on S; and vanishes on S..
Applying the alternative procedure for x # 0, described at the

¥ Reference 4, p. 151.
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end of the section entitled “Method of Solution,” we take

X, =Dl —a 2 —b%")-"1 ¥, =0,0onS...[108)
Xip= V=0, O08as sowvsnpunge au [107]
where D is a constant, determined by the condition
o= fslx,rzx Hisssnssiningn [108]
To evaluate the integral in Equation [108] let
T =pcosl y=psin€.............. [109]
Then
o [ 2m
= nju- [ T idf,%%v_- _________ (110]
where
O =a"2cos?20 +072sin?20............ [111]

and p, is the distance from the origin of 2 and y to a point on the
ellipse, i.e.,

Pi S s s s [112]
The integration then proceeds without difficulty, with the re-

sult
1)

22abD, 0o vanievnnnanss oy [113]

Subject to verification of the displacement boundary condi-
tions, we conclude that the tangential traction on the contact
surface is everywhere parallel to the applied tangential force.
Contours of constant tangential traction are homothetic ellipses,
i.e.,, geometrically similar, and with principal axes parallel
to the elliptic boundary. The magnitude of the traction rises
from one half the average at the center to infinity at the edge.

It remains to test the displacement boundary conditions, as
given in Equations [62] to [64], and to determine 8,”. To do
this we have to find the values of the second derivatives of

= LS5 X, & Qdidy..oo....... [114]
on ;.
As before, let
=l =2+ (2 — "2 = YGumy...... (115]
E—E = 0008 Pl [116]
N = W BN @i s [117]
Then
X, =D (—bo?—2%0—T)""2 ..., [118]
where
d =g 2cose+ b 2s5in? o........... . [119)
v =a2cose+ b ysineg........... (120]
I'= a2+ b2yt —1...... .[121]
Accordingly, on Sy,
o2F, bzl' cos 2rp dwde
i .. (122
r? f f —dw? — 2%a— 1)/ [zl
a!!«'l _ ! "f ] sin 2¢ dwde (123]
Qzdy (—bw? — 2¥w -~ T)1"
27
oy dewd
i . [124)
022 (—@w? — 20w — I) 72
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where w; is the distance from the point (z, ) to a point on the
ellipse. This distance is expressed in terms of ¢ by noting that,
on the ellipse,

a2 4 bip? —
or

Pw? + 2¥%w + T =
The significant root. of Equation [126] is
wop s i R — DD s .. 127)

Returning to Fquation [122] and perforining the inlegration
with respect to w, we find

22F ot 2x b, W =
;*: - “; =D =1 5in"t et cos 2¢ dy
oz oy 0 Vi —arly

) 27

= Lf D=1 008 2¢ de
2 Jo
2x
_Df 4='/2 008 2 psin~! —
0

v — T

=de. [128]

In the second integral in Equation [128], we note that
blp) = dle + 7)
¥(g) = —¥(¢ + 7)
cos 2¢ = cos 2(¢ + )

and T is independent of .  Hence, the integrand reverses sign
on substituting ¢ 4 = for ¢.  Accordingly, the second integral of
Equation [128] vanishes and we have

. 2x
O oF D
azi — Oq; = WE- ﬁ d='/1 cos 2p de
’ w
2 ... [129]
= 2xD) 1 003 20 de
0
= const
so that Equation [62] is satisfied.
Similarly, from Equation [123],
2‘]’
27 D
0_]1 = 1?‘—‘/\ o'/ 5in 2¢ de
AzdyY 4 Jo
D 2x o : ¥
—_— P~/ 5in 2psinT! —5———=dp.... [130]
2 Jo ¥? — T

Since sin 2¢ = sin 2(¢ + 7) the second integral in Fquation
[130] may be shown to vanish for the same reason that the second
integral in Ilquation [128] vanished. Regarding the first in-
tegral in Equation [130], ealling the integrand g(¢), we note

gle) = gle + 7)

2 f gle) dy
0
: .
2 ) gle) de + 2 g (@) de

2

and

2x
f gle)de
0

I

But
sin 2¢ = —<in 2(r — o)

®(e)

B(r — @)
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Hence

™ 2
[g(¢)dp = —-ﬁ gle)dy
3
2
f gle)de =
0

o*F,
0xOYy -

and, therefore,

Thus

on S; and Equation [63] is satisfied,
Finally

o 2x
o'fy _ =D f " dp
022 2 0

2n
— D q,-vlfi gin~1 —F————— fl.p
_ﬁ \/qxﬂ — T

-
2
2nD =/ de
W]

const

. [131]

so that the last displacement boundary condition, given in
Cquation [64], is satisfied.

To find the displacement 3, due to the force P, we substitute
the results expressed by Equations [129] and [131] into Equa-
tion [60] and use Iquation [113] to obtain

w
2
2rabp s, = P2 — al)f“’ Yide
0
w
2
+ P, a.f =" cos 2¢ de....... [132]
0

in which g has been replaced by p and X by 2per/(1 — 2ay).

FormuLas For TaANGENTIAL COMPLIANCE

To find numerieal values of the tangential compliance from
Fiquation [132], it is advisable to transform the integrals in that
equation to forms that are tabulated. For the first integral we
write

" ™
RO T L . N—
0 0 ‘\/zr teos? ¢ + b tsint ¢

r w
| 2 d
i a — ..T_'_—i'vf_:"__, a < b
0 ‘\/l — k?sin® ¢
= ar/2,a = b . [133]
| T
2 !
! b S ST
[ ‘\/T — Kk ?sin? ¢ J
where
2 b2
k’=1—-;, k;=l—a—,' ............ [134]
Hence
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m
3
f oV dp = J an/2 a= .[135]
i}

WKy, a>b F
where K and K are the complete elliptic integrals of the first
kind of arguments (x/2, k) and (#/2, k1) respectively.

For the second integral, considering first the case a < b, we
write

x
2 1
P o8 2 ede = a
0

2 (1 —2 ‘§llI2 )¢

'\/1 — k% sin? ¢

2 o sin :prhp

\/1 — -|:|2
Now
™
2 sin? ¢ de

x
1 2 dy
‘\/1 - .‘.2 sm? @ k2 ‘\/1 — k2 sin? ¢

_“f.\/,

k=t (K—E)

sin? ¢ @ u’¢

I

where E is the complete elliptic integral of the second kind,

of argument (x/2, k). Tence
2
k) Kot B ] n < b[136]

k.2
2
2
&1 008 2 d =_£‘[(,__
ﬁ G kL \k

The expression in brackets in Equation [136] appears in electro-
magnelic theory as a quantity proportional to the mutual indue-
tance of a pair of coaxial cireular eurrents.  An elaborate tabula-

tion of the quantity
2
.ﬂ-) K—=§ ] ........ (137

N = 47 |:(2
k

has been made by Nagaoka and Sakurai.®
For the case a > b, we replace ¢ by 7/2 — ¢ in the second in-
tegral of Equation [132] and find, by a similar procedure

™
3 [ (2 2
£ = cos 2¢ de = k l:(’\l kl) K, — : E.j|,u'>h. . [138]

where E; is the complete elliptic integral of the seeond kind
of argument (w/2, k).

The difference in algebraic sign between Equation [138] and
Equation [136] arises from the fact that

2 m
cos
9 ¢

¢

| —aN/ 4zl a < b |
{ 0,a =10
l b N /Axky, a > b )

cos 2p =

We find, then,

x
2
&
0

9 “Table No. 2,” by H. Nagaoka and S. Sakurai, Scientific Papers
of the Institute of Physical and Chemical Research, Tokyo, Sept.,
1927. See also Table No. 1, Dec., 1922, for K and E.

-1/2 cos 2¢ de = - [139]
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[nserting the expressions given in Bquations [136] and [139]
into Equation [132], we find for @ < b:

2ubs,’ 2 — o[ 2K N
B ] et [ [140]
7 2 T 2r (2 — ) &
fora = b:
2uad, 2-—a
. G AR [141]

and for a > b:

2umad,’ 2 —a| 2K N

i ) 1 48 MN

e e [——— ol (S [142]
P, 2 ™ 2722 — ¢y) T

The last three equations express the ratio of the tangential com-

pliance to the tangential compliance of a body with Poisson’s ratio

zero and a circular contact area of diameter equal to the maxi-

mum diameter of the elliptic contact area. This ratio is plotted
as the ordinate in Fig. 4, using Nagaoka and Sakurai’s tables.

32
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Comrriance C: oF Booies WitH Like Erastic CoNsTANTS

It may be scen that the tangential compliance decreases as
Poisson’s ratio increases. When ¢ = 0, the tangential compli-
ance is isotropie, but when 0 <o Z 1/, the compliance in the di-
rection of the major axis is greater than the compliance in the
direetion of the minor axis. Henee, if the tangential force is not
parallel to a principal axis of the ellipse, the displacement is par-
allel to the force only if ¢ = 0.

RaTio oF TANGENTIAL To NorMAL COMPLIANCE

The interesting features of the ratio of the tangential to the
normal compliance are illustrated adequately by examining the
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case in which the two bodies have the same elastic properties.
Then, from Equation [12],

[(1 —a) K/mub, a <b l
i (1--a)/2a, a=0b
{1 -~ o) Ki/mpa, a > b

C,= {(1-—0)/2ua,a=0b } ......... [143)

Henee, from Equations [143] and [140] to [142],

rw(2—a*)l_ 2K o N:| &5
l—o) K| = 2022—o) k"°"
C, 2—o
g~ B Y
2= LK e 'is]
il—o K [ toe—ag k)"

To plot this ratio it is only necessary to divide the ordinates in
Fig. 4 by 2(1 —o)K/m, fora < b and by 2 (1 — o) K;/x fora
> b. The results are plotted in Fig. 5. Several limiting cases of
interest are as follows:

c,

Fore = 0, E“ =1
For = — 0 . =1

b i o4l

a G 1
R
Bt g, By 2w

b T, 2(1—4)

It may be seen that the tangential compliance, over the prae-
tical range 0 < ¢ < /s, is always greater than the normal eom-
plignce, but never more than twice as great as long as there is no
slip.

Twisting CoupLi: Bouxpary CoxpITIONS

By considerations of symmetry and eontinuity similar to those
in the section entitled ‘“T'angential I'orce: Boundary Con-
ditions,” it may be shown that, in the case of a moment about
the z-axis, no normal component of traction is induced on the
contact surface and the surface rotates about the z-axis without
distortion in the x, y-plane, The boundary conditions for the

case of twist are, therefore,
= 3y/2, v = —px/2, L, =0onS........ fl 14)
X,=Y,=Z,=0o0nSg.............[145)]
lim (w, v, w) = 0., [146]
oy a—®

where 8/2is the angle of rotation of the contact surface with respect
to a distant point in the body z 5 0. For the circular contact
area, these boundary conditions are satisfied by a limiting case
of a solution by Neuber' for the stress concentration at a hyper-
bolic groove in a twisted shaft. TIn that solution the traction
across the contact surface is found to be

(1 -~ "f) .47

aﬂ

3M.y i PEANE ¥ 3M.x
dral D trat
and the eompliance of a single body is
10 See ref. 6, pp. 90-92. See also “Foreed Torsional Oscillations of
an Elastic Half-Space,”’ by E. Reissner and H. F. Sagoci, Journal of
Applied Physies, vol. 15, 1944, pp. 652-654.

X, =
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B 3

s (18]

By analogy with our previous results, we consider the possi-
bility that, in the ease of the elliptic contact area, the traction
may be

X, =Tyl —a 2 —b-2H-'1 )
Y, = —T(l—a 2 —b~%d~"" L on 8, . [149)
Z, =0

Xy = Fomle an S s b s - [150]

where 1" and 7" are constants. With these surface tractions,
all of the boundary conditions, except possibly the first two of
Equations [144], are satisfied. If the assumed tractions give the
required values of w and » on §, the assumptions expressed in
Kquations [149] are verified as correet.

Torstonan COMPLIANCE

To caleulate w and », we substitute Equations [149] and [150]
in Equations [29], [30], and [32] and perform the indicated opera-
tions. We find, on S,

-3
2
p = y| 1Ma2 &'/t post pde
0

w
2
+ o(T"h"t — T"a"?) f &2 sin? ¢ cos? (pdcpj|. ...[151]
0

w

2
ut = T [ ’I'”b"’f &2 sin? g de
0

w
2
+ (Tt — T'a™?) f &= 1 gin? ¢ cos? :pdgo], ... [152)
0

These expressions have the correct form,
We note that

2
f &= sin? ede = a3[E — (1 — EHK]/[k2(1 — k?)]
(1]

w

2
f b1 0082 pde = a[K — E] /k2
0

n
2
f o /1 sint ¢ cos? pde = a3[(2 — kHK — 2E] /K4
0

The functions
D = (K—E)/k?
B [E — (1 — k¥)K] /k?
C = [(2— kDK — 2E] /k*
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are tabulated by Jahnke and Emde."  Using the values of « and
v from Equations [144], we solve Equations [151] and [152] for
T and T with the following results:

uB B—2s(1 — k%) C

T = e T 15
T = 94 " BD —oCE 53]
- uB D —20C .
S — e 154
7" = 54 BD — .CE ot
To find the relation between g and M,, we caleulate
M, = f fs (X,y — Y,2)dzdy
2
= éqra.b(T’b" + T"a?)
1 E —4q(1 — k3C
= — xb¥ — e e LD
R T —— L
Hence, the torsional compliance of one body is
8{BD — +CE
d : { Bl s

2M,  16b% = {E — 40 (1 — k9C}
Equation [156] is plotted in Fig. 6.

001 ' T 005 ol 05
a2/ be

Fic. 6 INiTian TorsioNAL COMPLIANCR

Noting that

B (5,0) =D (5,0) = w/4, C(Q'O) = w/lb

it may be verified that 7', T" and the compliance reduce to the
appropriate values for the limiting case of the circular contact
area.

11 “Tables of Functions,” by E. Jahnke and F, Emde, Dover Pub-
lications, New York, N. Y., 1943, pp. 82-83.
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Fatigue Under Combined
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A special combined stress pulsator is described which was
used to subject thin-walled cylindrical tubes to various
ratios of combined (in phase) pulsating stresses. The
material investigated was annealed SAE-1020 steel. Stress
ratios in both the (4, 4) and the (4, -—) quadrants were
applied. Inaddition, tension tests and uniaxial completely
reversed rotating bending fatigue tests were made in the ax-
ial and tangential directions to study the anisotropy of the
material. The combined stress-fatigue tests agreed best
with the distortion-energy theory of strength.
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[NTRODUCTION

HEN machine parts or structures are subjected to oscil-

g;r\/ lating or fluctuating loads, these generally produce a

system of vibratory combined stresses of the biaxial or
triaxial types. With few exceptions, however, most of the ex-
periments conducted to investigate the fatigue of metals under
fluctuating stresses have been carried out under uniaxial condi-
tions. Thus despite the pragmatic significance of the problem
of fatigue under combined stresses, a considerable hiatus now
exists in our knowledge of the subject.

Supplemental to the common variables inherent in fatigue
under uniaxial stress, namely, surface conditions, range of
stress, temperature, frequency, cold work, heat-treatment, and
the like, the combined stress-fatigue problem includes such con-
siderations as the influence of the ratio of the stress magnitudes
in different directions, the time-phase relationship of these stresses,
and so forth.

The alternating torsion test is perhaps the simplest of all the
combined stress-fatigue experiments, and it has been widely
employed (1-4).* The superposition of a static torque upon
completely reversed bending stresses has been used by Ono (5),
Lea and Budgen (6), and Davies (7). Completely reversed

¢ Numbers in parentheses refer to the Bibliography at the end of
the paper.

269



270

bending and torsion was studied by Gough and Pollard (8).
This yielded test results in the (4, —) quadrant of stress ratios
and showed that the distortion-energy theory agreed well with
experiments for the mild steel tested. Both cast iron and a 3'/;
per cent nickel-chrominm steel did not follow the distortion-
energy theory. Maier (9) subjected thin-walled cylindrical tubes
of east iron and mild steel to fluctuating internal pressure with a
static axial load. Sufficient data were not presented to permit
incontrovertible conclusions to be drawn, but the results indi-
cated that the fatigue limit in the tangential direction was un-
affected by the axial force. Further tests have also been con-
ducted by Morikawa and Griffis (10) on thin-walled tubes under
pulsating combined stresses for annealed SAE-1020 steel, using
a speeial machine deseribed by Marin (11). This machine sub-
jects a tubular specimen to internal pressure by means of a gear-
driven piston and to an axial tensile load by a separate lever
system at the rate of 300 cycles per min. Morikawa and Griffis
also concluded that the maximum-stress theory agreed with their
experiments when modified by the anisotropy of the material.

T'wo interpretations of the data of combined stress-fatigue tests
have been suggested by C. R. Soderberg (12) and J. Marin (13),
respectively. The former is based upon the maximum-shear
theory and the latter on the distortion-energy theory.

Owing to the paucity of test data on combined stress fatigue,
an experimental study of the problem was begun in the Research
Laboratories for Mechanics of Materials at the Massachusetts
Institute of Technology sometime before the last war. This
resulted in the development of a special combined-stress pulsator
to subject tubular specimens to various ratios of tangential to
axial stresses. The experimental work had to be interrupted for
various reasons shortly after the beginning of hostilities, but was
resumed during the past year. The present study is restricted to
combined pulsating stresses, in phase, applied to thin-walled
tubes of SAFE-1020 annealed steel. Tt is the purpose of this paper
to describe the special pulsator used, the effect of various ratios
of combined pulsating stresses on the fatigue limit, and the inter-
pretation of the results. Fatigue data are included for the first
time on the same material in both the (+, +) and (4, —) quad-
rants of stress ratios.

Tue CoMBINED-STRESS PULSATOR

I'ig. 1 shows the combined-stress pulsator developed for these
experiments. A schematic diagram listing the various compo-
nent parts is given in Fig. 2.

Filtered machine oil is pumped from a return-flow reservoir
to the inlet of a Bosch fuel-injection pump by a small motor-
driven gear pump. The injection pump has two high-pressure
cylinders which simultaneously deliver high pulsating oil pres-
sure by means of two cam-driven plungers at 880 times per min.
A high-pressure oil manifold receives the outlet oil of the Bosch
pump for delivery to the lower threaded head into which the
tubular test specimens are serewed. When the specimen develops
a fatigue crack, a fine spray of oil, penetrating the tube wall
through the crack, is caught in a metal box surrounding the
specimen. The oil stream flows through tubes to a small cup at
the end of a lever shown in Fig. 3. The weight of the escaped oil
in the cup lowers the lever which trips a microswitch, shutting
off the equipment. The number of pulsations is determined by a
revolution counter.

In order to maintain a constant maximum pressure, it has been
found necessary to adjust the pressure manually for the first hour
of testing, after which the maximum pressure remains essentially
constant,

Various ratios of tangential to longitudinal stresses are ob-
tained by attaching suitably designed heads to the upper threaded
ends of the tubular test. specimens. For example, Fig. 4 shows
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[ 1) TEST SPECIMEN.

{ 2) BOSCH HIGH PRESSURE PUMP,

{ 3 REVOLUTION COUNTER.

{34) 100 TO | SPEED REDUCER.

4) MOTOR FOR DRIVING BOSCH PUMP (2},

5) CROSBY PRESSURE GAGE.

6 BOSCH PUMP CONTROL ROD.

7) MICROMETER FOR ADJUSTING CONTROL ROD (6)

8) CUP TO CATCH OVERFLOW OIL FROM (24).

9) MICRO-SWITCH ACTUATED BY HANDLE OF OVERFLOW CUP (8)

(10) UPPER THREADED HEAD FOR TURULAR SPECIMEN.

[11) ASSEMBLY OF PISTON AND PLUG (WITHIN SPECIMEN]),

[12) OIL LEAKAGE COLLECTOR.

{13) LOWER THREADED HEAD FOR TUBULAR SPECIMEN.

{14) THREADED HIGH - PRESSURE CONNECTION

[15) HIGH PRESSURE MANKFOLD

{16) PUSHBUTTON CONTROL FOR MOTOR

(17) CONTROL PANEL.

{18) PUSH-BUTTON CONTROL FOR MOTOR (4).

{19) OlL FILTER,

(20) D.C. MOTOR FOR DRIVING LOW- PRESSURE GEAR PUMP.

(21) LOW PRESSURE GEAR PUMP.

22) OIL RESERVOIR.

(23) STEEL BLOCK.

(24) TIN BOX AROUND SPECIMEN TO COLLECT OIL ESCAPING FROM
FATIGUE CRACK (NOT SHOWN).

(20).

Fra. 2 SeHesmaric Disciram or  CoMsiNeED-BTRESS  Pulsator

Fic. 3 Crose-Up View or Uprper anp Lower ITeap AssgMmpry
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—TEST SPECIMEN

:
I

A
&

HIGH
OiL
LRESSURE
FROM
BOSCH

10O CROSBY PUMP

SAAKIMUM

PRESSURE

SAGE

F16. 4 Uprer aNp Lower Heans vor 4 Ramio oF TANGENTIAL TO

LoNarrupinaL Stress oF Asour 2 To 1

the head used to obtain a ratio of tangential tension to longitu-
dinal tension f about 2 to 1. The central plug inside the test
specimen serves to reduce the oil volume in order to allow the
Bosch pump to develop the required pressure. From dynamie-
stress measurements to be deseribed later on, this solid-type head
produces a ratio of tangential tension to longitudinal tension of
1.84 to 1.00 at the outside surface. For other ratios it was neces-
sary to use an oiltight composition cup piston in the upper head.
The desired ratios are obtained essentially by selecting the proper
areas in the upper head over which the oil pressure acts relative
to the cross-sectional bore areas of the tubes and attaching the
central axial plug within the tube to carry tension or thrust as
the case may be.

For example, the arrangement to produce a ratio of tangential
tension to longitudinal tension of approximately 1 to 1 is shown
in Fig. 5. In this case the area of the upper head over which the
pressure acts is increased over that of I'ig. 4 so as to obtain a
higher axial stress. The downward thrust of the oil pressure is
carried by the central plug unattached to the test specimen.
When axial compression is desired, the arrangement is similar to
that shown in Fig. 6 where a ratio of tangential tension stress to
longitudinal compression stress is approximately 1 to 1. This is
accomplished by allowing the eentral bore plug to carry the axial
tensile load due to the oil pressure acting upon the upper area of
the plug recess (attached to the plug), while the downward
thrust on the same area (but over the head attached to the speci-
men) is carried by the test specimen.

For a uniaxial tangential stress, the system shown in Fig. 7
is utilized. In this case all axial load due to the internal pressure
is carried by the central bore plug. This produces a ratio of tan-
gential tensile stress to longitudinal stress of about 1 to 0. The
same general principle ean be utilized to give a wide variety of
other stress ratios. Dynamic-stress measurements at the outside
surface showed the actual stress ratios for the cases shown in Figs.
4, 5, 6, and 7 to be +1.84 to +1.00, 4-1.04 to +1.00, 41.27
to —1.00, and +1.00 to +0.03, respectively.

DyYNAMIC-STRESS STUDIES

Before actual combined stress-fatigue tests were undertaken

SPECIMEN

PRESSURE
FROM
BOSCH
PUMP

FOR A Rarmio or TANGENTIAL TO LONGITUDINAL
STrESS oF ArouT 1 To 1

F16.5 Gnrie SysteM

TEST SPECIMEN

TO CROSBY- HIGH
MAXMUM 7 oIL
PRESSURE PRESSURE
GAGE FROM
BOSCH
PUMP

Fia. 6 Urpper AND Lower Heap SysteM ror A RaTio oF TANGEN-
TIAL TENsiLE STrRESS To LONGITUDINAL COMPRESSIVE STRESS OF
Asour 11O 1
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it was necessary to determine: (a) if the axial and tangential
stresses were in phase: (b) the dynamice correction necessary in
order to compute the stress magnitudes: and (¢) the correction
necessary for tubes having a curved-tapered wall of the form used
in the present study.

Tangential and longitudinal resistance-wire strain gages were
attached to the tubes at the position of minimum wall thickness.

-

SPECIMEN

Rario or TaxGENTIAL STRESS To

s, 7 Gip SYSTEM FORR A
Loxarrvpixag Stress oF Anovr 1 1o 0
2?% VOLTS 22y voLTS
000 OHMS 1000 GOHMS
1 SR.4 SR-4
il WIRE — WRE 1
GAGE GAGE
[£) A l G
CHANNEL NO ONE CHANNEL NO TWO
AMPLFIER
INPUT & INPUT &
ELECTRONIC SWITCH o
OSCILL OSCOPE
L. 8 Erecrronie Cirevrr 1o DETERMINE PHASE RELATIONSHIP®

OF STRESSKS

()
OsciLLoGraPHIC RECORDS For STRESS RaTios oF TaNg

Fia, 9

(a, Ratio of +1.04 to +1.00; and b, ratio of +1.27 to
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A two-channel amplifier was used o feed the signals from the
wire gages to an cleetronic switeh connected to an oscilloscope
as shown in Fig. 8. The phase relationships were determined for
cach of the pressure heads discussed under the previous seetion
both on the previously unstressed tubes and on tubes which had
been plastically deformed through evelie stressing.  Fig, 9 shows
typical oscilloscopie records of the dynamie strains, tangential
and axial, for the stress ratios +1.27 to —1.00, and +1.04 to
+1.00. As can be seen, the axial and tangential strains are
in phase,  Similar results were obtained for the other heads,

In addition, the SR-4 wire strain gages were used Lo measure

dynamic strains on the previously unstressed tubes by the use
of the electronie eircuit shown in Fig. 10. These strains were
converted into dynamie stresses by the usual conversion formulas.
The dynamic-strain readings were calibrated by means of three
precision resistors each of which was shunted aeross the gage
measuring strain by means of a vibrator switch, The average of
three calibrations was used to convert oscilloscopic readings to
unit strains.  For each pressure head, the Croshy gage pressure
was plotted as a funetion of the peak reading on the oscilloscope
scale for each of the four wire gages on the ealibrating test speci-
From these data, curves were construeted of Crosby gage
versus dynamie longitudinal and tangential stresses.
s were corrected for slightly different ratios

men.
pressure
All dynamic stres
of outside to inside radius by using the Lamé solution of stress
variation for thick tubes under internal pressure.  The ratios of

OSCILLOSCOPE
AMPLIFIER
SR-4 STRAIN GAGE
— WIRE [~ FOR
GAGE -
MEASURING
CALIBRATION | . . . /.| DYNAMC STRAINS
RESISTOR 250,000
OHMS
AR N o]
1,000
OHMS 22 5 VOLTS
Fig, 10 ErecrroNie CireulT ror MeASUREMENT orF Dyxamic
STRAINS

()
NTIAL To LONGITUDINAL STRESSES

—1.00. Both signals in phase.)
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Tangential Strain-Tension

Fra. 11
T

T

Longitudinal Strain-Tension

Oscintocrardie Recorps or Dyxamie Strains ro Propuck

1.84
+1.00

Tangential Strain-Tension

Longitudinal Strain-Tension

REcorps oF Dynamic STRAINS To PropUCE

+1.00
+0.03

(Crosby gage pressure 2550 psi, 880 pulsations per min.)

. 12 OS8CILLOGRAPHIC
ag
Tz
tangential stresses to longitudinal stresses remained constant

with time and were the same for the slightly yielded tubes as for
the previously unstressed specimens.

Figs. 11 and 12 show typical oscillographie records of dynamic
strains as functions of time for the two heads to produce ratios
of tangential to longitudinal stresses of +1.84 to +1.00, and
+1.00 to +0.03. It can be seen that the pulsations are sharp tri-
angular-shaped wave forms rather than of the purely sinusoidal
type.

MATERIAL AND SPECIMENS

The material investigated is hot-rolled SAT 1020 steel supplied
from a 20-ft bar 2 in. diam. The chemical analysis is C-0.20,
Mn-0.55, P-0.009, and S-0.027.

Prior to machining, the stock was carefully annealed at 1650
F for 1 hr per in. of thickness and furnace-cooled. Tubular speci-
mens were then machined to the dimensions shown in Fig. 13.
The inside-bore surface was micromatic-honed after being reamed.
This produced very light spiral seratches, giving no preference to
the formation of axial or transverse fatigue cracks. The outside
surfaces were polished with No. 000 emery paper. The wall

SECTION
AA

=12 THDS
A WHITWORTH

Ira. 13 CompiNep-3TRESS TEST SPECIMEN
thickness and outside diameters were measured before and after
each test at eight locations by a special ball-point micrometer.

PrELIMINARY UN1AXIAL TrsTs
In order to compare the combined-stress results under pure
pulsations with the properties of the material under completely
reversed stresses, uniaxial rotating bending fatigue tests also
were made in both the longitudinal and transverse directions for
the annealed bar stock. Similarly, true stress-strain tension testa
were made on specimens cut in these same directions.
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Longitudinal IR. R. Moore fatigue specimens were machined
from the bar stock at the same radial distance from the center
as the average tube radius for the combined stress fatigue speci-
mens.  This was done to eliminate the effect of variation in
properties across the section. The minimum diameter for these
test pieces was 0.300 in. after all transverse scratches had been
polished out with No. 00 emery paper.

In addition, small 0.120-in-diam tension and Krouse rotating
cantilever fatigue specimens were machined from the bar stock
in both longitudinal and transverse directions at the same radial
distance from the center of the bar as the average tube radius
of the combined stress fatigue specimen. Fig. 14 shows the S-N
curves for the fatigue tests deseribed.

The preliminary tension and fatigue-test results are sum-
marized in Table 1. The degree of anisotropy present is clearly

evident. This is revealed both by the endurance limits in the
TABLE 1 UNIAXIAL REVERSED BENDING FATIGUE AND
TENSION-TEST RESULTS
Longitudinal Transverse
direction direction
Endurance limit, R. R. Moore, psi...... 30400 G
Lndurance lmnt, cantilever (IKrouse), ps 29800 26000
Yield point, psi 36000 31400
Nominal tensile stre| 62330 61800
Per cent elongationin 0.7 37.0 31.0
Per cent reduction of area, .. 55.3 51.7
Coeflicient of strain-harde
t 2 83300 69800

rue s 0.808 0.724

T'rue stress at fracture, 125500 113800

longitudinal and in the transverse directions, and also by the
tension-test data. In the latter, while the average nominal tensile
strengths for three specimens are nearly the same, the true stress-
strain results bring out the degree of anisotropy in a much clearer
fashion.

CouMBINED-STRESS FAaTIcUE RESULTS

The S-N curves obtained under combined pulsating stresses for
the four stress ratios investigated are shown in Fig. 15 where
the dynamie nominal tangential outside fiber stress is plotted as a
function of the number of stress pulsations. Tests were carried
to 107 cycles. For these stress ratios all fatigue fractures occurred
parallel to the longitudinal direction, no doubt reflecting the in-
fluence of the lower transverse endurance limit. Table 2 gives
a summary of the test data, from which it can be scen that the
endurance limit in a given direction is not independent of the
stresses normal to that direction as has been claimed by other
investigators.
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TABLE 2 SUMMARY OF COMBINED-STRESS FATIGUE
RESULTS; PURE PULSATIONS
Ratio of tangential
stress at fatigue
limit to tangential
stress at fatigue
linit for zero
longitudinal stress

(actually, o, = 920

Nominal dynamie
tangential streas at
outside surface at

107 cycles (fatigue

Ratio of tangential stress

to longitudinal stress limit), psi psi)
FEOE 5 s s sommsen s s 41850 1;.
+1.00
o ) A e P g 38900 1.057
+1.00
+1.00 ... 36800 1.000
+0.025
+1.271 25300 0.688
—1.00
48000 S | i
L
aa E e -
y I 4
| i
anpoo| @ i 4
i |
i3 | i
L S
& I i
A |
i i
32000 by e - - e
oed |
Ii 1 T — b _—
2 FATIGUE CURVES FOR e | i .
3 SAEI020 HOT ROLLED ANNEALED i ==t
240005 STEEL UNDFR COMBINFD PUASATING 4 1 |
2 STRESSES e
TAPERED TUBULAR SPECIMENS ™
200 I CYCLES OF STRESS PULSATIONS
100,000 1,000,000 10,000,000
Fra. 15 Farmieue Cunrves ror SAE-1020 ANxearen Sreen Uspen

CoMBINED PULSATING STrRes8ES FOR TAPERED TUBULAR SPeciMus-

In comparing static combined-stress test resulls with the vari-
ous strength theories, it is customary to plot them on a diagram
with the ratios a;/09 and o2/a¢ 25 co-ordinates where ¢, and o are
the principal stresses and oo is the static yield strength. A similar
procedure can be followed in the case of combined fluctuating
stresses in phase, where o, /a; and ay/ay are the co-ordinaies. In
this case, o) and ¢, are the maximum principal stresses during a
cyelie variation, and oy is the maximum uniaxial fatigue strength
under the same ratio of mean stress to maximum stress for the
cycle. Thus for the two-dimensional problem of combined
fatigue stresses, where the maximum principal stresses o; and o4
of each eyele are in the same time phase and have the same ratio
of mean stress to maximum stress for the cyele, the more common
strength theories can be expressed as follows

Mazximum-Siress Theory

o = Fgp
..................... (1)
oy = =gy
Mazimum-Shear Theory
o = =q |
o = oy ... (2]
(a1 — 02) = =0,
Distortion-Energy Theory
(0'12 —= 0102 + 0’:“) — G'Jrz ................ £3!
Totai-Strain-Energy Theory
(12— 2ua0e + 02 =02 oL 4]

The value of o; in Equations (1] to 4], inclusive, can be deter-
mined, as in the present tests, by uniaxial fatigue tests under the
same ratio of mean stress to maximum stress for the cycle. Thus
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s, reflects the influence of the uniaxial mean stress for the eycle
on the maximum uniaxial cyelic stress for failure. For example,
in the case of completely reversed cyclic stresses where the mean
stress of the cycle is zero, ¢, becomes merely the endurance limit
a,.

Various attempts have been made in the past to express em-
pirically o, in terms of the mean stress o,,, the endurance limit
7, and the tensile strength o, (or the yield strength oy). Ex-
amples of these are the Modified-Goodman law, the Gerber
parabola, the Soderberg linear relation between o,/c, and «,, /o,
where o, is the variable stress, ete.  Data of various investigators
show that the Soderberg relation is the only conservative one
since, although some materials indicate a definite parabolic rela-
tion between o,/0, and a,,/0s, others yicld data close to the linear
relation.  Thus for conservative design, Equations [1] to [4],
inclusive, would predict failure when o, is obtained from

Ty o

ar

0 = omx = 0, + o (1 — ‘-’-“) ............ 5]
g

It was not the purpose of the present investigation to estab-
lish the relation between gy, o, 7., 09, or 0, for the SAT-1020 steel
tested.  Sufficient tests were not made to determine this accu-
rafely.  Since uniaxial reversed bending fatigue tests were made
also in the tangential direction as well as uniaxial pulsating tests
in this direction, it is possible, however, at least to indicate the
probable relationship involved for this material. Tt was found
that cither the Modified-Goodman law

2 P oy
g, @,
which for pure pulsation gives
20,0,
:}'! = 0 = e T I ) W 0 SR 6
maz (ﬂ¢ £ ﬂu) [ ]

where n = 3/p and which, for pulsation, yields

20,00
W
agrees well with the present tests. From the data of Table 1
for the tangential direetion, ¢, = 26,000 psi, oo = 31,400 psi, and
7, = 61,800 psi.  Based upon this, Iiquations |6] and [7] yield g,
equal to 36,600 psi, and 35,500 psi, respectively. These agree favor-
ably with a; = 36,800 psi found in the uniaxial pulsation tests as
listed in Tabl= 2.

Fig. 16 compares the combined-stress fatigue results with the
various strength theories listed in Equations [1] to [4], inclusive.
As ean be seen, data are included in both quadrants. While some
scatter is present when viewed from the standpoint of any one
theory of strength, in spite of the precautions observed, it is
clear that the data check the distortion-energy theory the best.

Dynamic stresses at the mean radius and at the inside radius
were also investigated, and when they were plotted as ratios in
Fig. 16, identical conclusions were obtained. The test results
were recorded in Fig. 16 as outside fiber stresses since measure-
ments were made there.

Of = Omaz =
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Fic. 16 ComparisoN or Test Resvrrs Usper Comsinen Pur-
SATING STrESSES WiTH Vanlous Sresyeri THeories

CoNCLUSIONS

A special combined-stress pulsator is deseribed which was used
to subject thin-walled tubular specimens to various ratios of
combined pulsating stresses which were in phase. The malerial
investigated was anncaled SAE-1020 stecl. Stress ratios in both
the (+, +) and the (4, —) quadrants were applied. Inaddition,
tensile tests and completely reversed uniaxial bending fatigue
tests were made in both the axial and tangential directions to
study the anisotropy of the material. The combined-stress
fatigue tests agreed best with the distortion-energy theory.
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The Dynamics of Cavitation Bubbles

By M. S. PLESSET,! PASADENA, CALIF.

Three regimes of liquid flow over a body are defined,
namely: (@) noncavitating flow; (b) cavitating flow with a
relatively small number of cavitation bubbles in the field
of flow; and (¢) cavitating flow with a single large cavity
about the body. The assumption is made that, for the
second regime of flow, the pressure coefficient in the flow
field is no different from that in the noncavitating flow.
On this basis, the equation of motion for the growth and
collapse of a cavitation bubble containing vapor is derived
and applied to experimental observations on such bubbles.
The limitations of this equation of motion are pointed
out, and include the effect of the finite rate of evaporation
and condensation, and compressibility of vapor and
liquid. A brief discussion of the role of “nuclei’” in the
liquid in the rate of formation of cavitation bubbles is
also given.

INTRODUCTION

DISTINCTIVIS feature of the hydrodynamics of liquids is
A the possibility of the coexistence of a vapor or gas phase
with the liquid phase. Such two-phase flow is usually
salled cavitating flow, although it could as well be characterized
as liquid flow with boiling. Cavitating flow has great theoretieal
interest in addition to the hydrodynamies involved because of the
relation of this flow condition to the physical-chemical proper-
ties of the liquid. The practical significance of cavitation is of
course clear. The drag of submerged bodies moving through a
liquid rises when eavitation appears; similarly, the efficiency of
pumps, turbines, and propellers drops with the development of
cavitation; and the damage which may be produced by eavita-
tion in these devices is well known,

The particular flow problem discussed in this paper is the flow
of a liquid (water) over a submerged body which will be con-
sidered to be at rest. If po denotes the static pressure, and Vo
the uniform flow velocity of the liquid at a great distance from
the body, then the general character of the flow in so far as ecavi-
tation is concerned is correlated with the cavitation parameter

T
A RIIIEER

where p, i3 the vapor pressure of the liquid and p its density.
Obviously, one cannot expect a single constant to deseribe so
complex a phenomenon as cavitating flow about a submerged
body; however, a correlation in a qualitative way may be made
with the various types of liquid flow. Three flow regimes for a
given suitably shaped body will be indicated here. The first (K
sufficiently large) is noneavitating flow. This state of flow con-
sists of a liquid phase only and, with negleet of compressibility
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effects, follows the same laws as are familiar inair low.  1f now
K is made smaller, a state of flow is atiained in which a relatively
small number of bubbles appear near the boundary of the body.
This state of flow will be taken as the second regime of flow. If K
is further reduced, the number of bubbles inereases, until eventu-
ally they merge into one large cavity which ecompletely encloses a
portion of the body. The state of flow with a single eavity about,
the body is the third flow regime, and may be called eavity flow.
A further reduction of K brings about only an increase in the size
of the eavity. These three flow conditions are illustrated in
Fig. 1.

Fig. 1 Views Smowing THE THrREE REGIMES 0r PLow

(In the top view, the cavitation parameter K = 0.40;
0.28; and in the bottom K = 0.18.)

in the center K =

In the cavity-flow regime, the boundary of the cavity may be
taken with reasonably good approximation to be a surface of con-
stant pressure and of constant flow speed. The pressure and
veloeity in the flow field are fundamentally different from those
in noncavitating flow. Tt may be remarked that, at least for
two-dimensional flows, the powerful mathematical methods of the
free streamline theory may be applied to the solution of cavity
flow problems (1, 2).2

The second regime of How has here been charaeterized some-
what arbitrarily as the flow condition in which there is only a
relatively small number of bubbles in the flow field. This limita-
tion is made in order to get an analytic simplification. If there
are only a few small bubbles, the effeet of the pressure disturbance
of one bubble upon another may be negleeted. Further, one may
suppose that the pressure field, exeept at the bubble, is deter-
mined in the same way as if there were no bubble cavitation.
As is well known for noncavitating How, if p is the static pres-
sure at any point in the flow field, and if py and Vy are the static
pressure and flow veloeity in the uniform flow at a distance
from the body, then with neglect of viscous effects, the pressure
coefficient

¢ Numbers in parentheses refer to the Bibliography at the end of
the paper.
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is independent of po and Vg The present assumption consists
in the calculation of the static pressure p in the second flow
regime with the appropriate values of py and Vo from the pres-
sure cocflicient €, determined for noncavitating flow. This
assumption that the pressure coeflicient is essentially the same
just before the first few cavitation bubbles appear as it is after
of eourse is subject to experimental verification, and the neces-
sary experiments are planned for the high-speed waler tunnel in
the Hyvdrodynamics Laboratory of the California Institute of
Technology. For the present, this assumption is considered a
reasonable one. It may be remarked also that as the number
of bubbles increases with decreasing K, the pressure field should
go over into that characteristic of the cavity-flow field; but, in
the transition, the pressure distribution over the body should
show small-scale spatial variations between the limits of the pres-
sure field of noncavitating low and that of the fully developed
eavity flow,

ExrERIMENTAL OBSERVATIONS OF CAVITATION BUBBLES

In the present paper an equation of motion will be developed
for & cavitation bubble in a flow regime of the second type. This
equation of motion will be applied to an analysis of experimental
observations made in the high-speed water tunnel. Since a dis-
cussion of these experiments has been given recently by Knapp
and Hollander (3), only general features will be mentioned here.

The cavitation experiments were made with a 1.5-caliber ogive
for which the noncavitating pressure distribution had been
measured, Fig. 2. Runs were made with tunnel velocities V¢
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TANCE ALONG MoODEL
(The model profile is shown in the dotted eurves with the associated seale

for the profile on the right.

irom 40 fps to 70 fps, and the static pressure po, was reduced until
a few cavitation bubbles appeared. Photographs of these bub-
bles were taken on a moving filn at a rate of 15,000 per sec to
20,000 per sec; a reproduction of an example of these photo-
graphs is shown in I'ig. 3.

Equarion or MoTioN ForR A CaviTATION BUBBLE

I'requent reference has been made in the literature on eavita-
tion to Rayleigh’s solution for the problem of the collapse of a
spherical cavity in a liquid (4). Rayleigh considered the situa-
tion in which the pressure at a distance from the bubble was
constant. With this assumption, the variation of the bubble
radius with time may be simply and elegantly deduced from the

MODEL PROFILE INCUES

Fra. 3 THis Series or Framis Snows tue Bussre DENoTED
As BunpLe 1
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energy integral of the motion, In the present problem, the
bubble moves through a region in which the pressure varies
quite rapidly so that an extension of Rayleigh's theory is re-
quired. This extension may be readily carried out as follows:
Consider n spherieal bubble in a perfect, incompressible liquid of
infinite extent, and let the origin of co-ordinates be at the bubble
center which is at rest.  The radius of the bubble at any time
tis It, and r is the radiug to any point in the liquid. Then, as is
well known (5), the velocity potential for motion of the liguid
with spherieal symmetry is

g 5 BB R sss s v s AT [31
and the Bernoulli integral of the motion is
o) 1 v P
~2 e+ B2 .0 ]
i 2 P p

where j2 = dl/di, p(r) is the static pressure at r, and P(f) is the
statie pressure at a distanee from the bubble.  Also, from liqua-
tion [3]

(V)2 = IV Jpe/rt. . . ——
b 1 ; .
_¢:-(2I£]{3+H’Is’) ........ AU (14
ol r

[Fquation [4] will be applied at » = R so that the equation of
motion for the bubble radius is determined (5). One notes that

(0p/d)r=r =2R*+RER
(Ve)ran = i?
zo that Bquation [4] becomes

(R) — P 3.
PR —=PO _3 e ke
’? 2

Equation [7] is the general equation of motion for a spherieal
bubble in a liquid with given external pressure P(f), and with
the pressure at the bubble boundary p(R). One gets Rayleigh’s
solution as a special case with

Py — p(R) = Py (a constant)

and with the aid of the relation

3. . 1 @ 5
2 = (RVRR
2:? + R ZRRHIJ{ %)
Equation [7]| is adapted to the present problem with the as-
sumption that

pB) =p,—2¢/R....c.ooooiiil.. {81

where p, is the vapor pressure of the water at the appropriate
temperature and o is the surface-tension constant for water.
It is thus supposed that one has to deal with the growth and
collapse of a “vapor” bubble. The problem is defined when
P(t) is known. Tt will be assumed, as just discussed, that P(t) is
determined from the nonecavitating pressure distribution over the
body.

The analysis of the experimental data, and the comparison
with the theory, are carried out in the following manner: The
experimental data given include bubble photographs, Fig, 3,
which determine the following:

1 The position of the bubble relative to the body profile as a
function of time.
2 The radius I? of the bubble as a funetion of time.

Further, the tunnel temperature (and hence p,) are given as

THIE DYNAMICS OF CAVITATION BUBBLIS
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well as po and Vi; these data are usually eombined in the speeifi-
eation of the cavitation parameter K and the tunnel tempera-
ture. Irom this information, and the knowledge of the pressure
distribution over the body, Tig. 2, the absolute pressure at the
model surface is determined. This absolute pressure as a function
of position on the model is now transformed into the func-
tion P(f) from the eorrelation of the bubble position on the model
with time, When P(!) has been determined, the integration of
the equation of motion (Iquations [7] and [8]) may be earried
out to get the radius of the bubble 2 as a function of time,  The
equation of motion cannot be integrated analytically, and its
integration was performed numerieally,  The solution is deter-
mined when two constants are speeified, and these were taken
to be the observed value of the maximum radius I, where 2 = 0.
Thus the theoretical solution has been fitted to the experimental
curve only at the peak of the radins-time curve. The theoretical
curve was then determined by integrating forward (the eollapse
portion) and backward (the growth portion) from this one point.
A comparison of the ealeulations with the measured values is
shown in Figs. 4, 5, 6, and 7. The agreement is considered satis-
factory, particularly since it must be emphasized that precise
experimental data are diffiecult to obtain. The theoretical
radius-time curve is quite sensitive to the (0 funetion; for the
experiments thus far analyzed, it i= believed by the experimental
workers that the eavitation parameter K has not been deter-
mined with quite the necessary accuracy.  Further, there are
some difficulties in the determination of the bubble outlines with
precision.  That this is the case is not surprising since one is
requiring  considerable photographie detail throughout o proe-
ess which lasts for a time of the order of 2 millisecond. 1t must
also be pointed out that there are approximations involved in
applying the theoretieal equation to the experimental situation.
These approximations will now he considered.

THEORETICAL APPROXIMATIONS

The Pressure ITield. It has been supposed that the pressure
field, P(0), acting on the bubble is determined from the pres-
sure distribution over the model. It is clear that, in the initial
stages of eavitation of present interest, the bubbles will form as
close to the model surface as possible since the pressures take their
lowest values there.  [However, it also has been assumed that the
bubbleis acted on by a spherically symmetrie field. Sinee the bub-
ble is of finite extent and sinee the pressure field has definite
pressure gradients both along the model and normal to it, it is
clear that a simplification has been introduced. These pres-
sure gradients would be a source of asymmetry in bubble shape,
and there is some evidence of this asymmetry, It is believed
that the approximation made is not such as fo obseure the es-
sential details of the growth and eollapse; space gradients in the
pressure field are here regarded as a second-order effect,

It also has been assumed that the bubble is in a liquid of in-
finite extent, and it is evident that the bubble grows and col-
lapses in the neighborhood of the model surface.  This asym-
metry in the fluid field has an effect which may be pointed out as
follows: As compared with the experimental situation, the
theory would exaggerate the importance of the liquid inertia (1his
inertia leads to the term in /2% in Equation [7]). Comparisou of
the theoretical curve with the experimental points would scem
to indicate some overestimate of this inertia term where R is
small, i.e., near the beginning of the growth and toward the end
of the collapse.

The presence of the model surface has an additional effect on
the flow field in its neighborhood which arises from the boundary
layer. The thickness of this boundary layer may be estimated
from the Blasius formula, and for the present flow conditions
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leadds to a thickness of the order of 6 X 1073in, On the basis of
this estimate, the effect of the boundary layer will be neglected,
It should be noted that the present measurements extend to
minimum bubble sizes larger than this boundary-layer thickness
although some reduction in the effective value of & should be ex-
peeted for very small E.

An experimental source of apparent asymmetry in bubble
shape might be supposed to arise from an overestimate of the
bubble dimension in the direction of its motion which would be
produced by its motion during the time of light exposure (1.5 X
107 see). Iowever, this blurring would give an apparent ex-
tension of the image by approximately 10~2 in. so that this error
is not particularly significant.

Temperature and Pressure Conditions in Bubble. It has been
assumed in the theoretical ealculations that the vapor pressure,
p,, in the bubble, and hence the bubble temperature, remain
constant.  Clearly, heat must be applied to the bubble to evapo-
rate water and maintain the vapor pressure during growth, and
heat of condensation must be removed during collapse. The
temperature changes required may be estimated readily. Con-
sider a bubble with maximum radius R,, which has a growth
time 7. The total mass of vapor which is evaporated into the
bubble is (4= /3) I2,.? p’, where p’ is the vapor density, The total
heat required is

Q= (4r/3)R,3p'L
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where L is"the latent heat of evaporation. Thus for a bubble
which grows to a maximum radius 2,, = 0.10 in. in 20 frames
(r = 1073 sec), the mass of vaporis 1.17 X 10~ grams, and @ =
6.8 X 104 calorics. This heat is taken out of a water layer sur-
rounding the bubble. If the thermal diffusivity of water is D
(D = 1.43 X 107% sq em per sec), then the order of magnitude
of the thickness d of the water layer from which this heat is con-
ducted is

d~VDr

and for r = 10~%see, d = 1.2 X 1072 em. The volume of the
water layer from which this heat comes is of the order of magni-
tude 4xRR,.? d, and, in the present example, the corresponding
mass of water is 1.0 X 10~2 g. TFinally, the temperature drop of
this water layer is

AT = GT/OR L Ry p'L
41r1if,,,2 dpc 3d pe
Rm .PiL

where ¢ is the specific heat of water. In the present example, AT
(growth) =~ 0.7 deg C = 1.3 deg F. A typical value of collapse
time is = = 10 frames = 0.5 X 1073 sec, and the corresponding
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temperature change, estimated in this same way, is
AT (collapse) =~ 1 deg C = 1.8 deg F

It is apparent that these temperature changes are insignifi-
cant so that one may take the bubble boundary to have a con-
stant temperature, essentially the same as the water tempera-
ture, and a constant value of p,.

This conclusion cannot be accepted unconditionally, how-
ever, since evaporation, or condensation, is a process which
takes place at a finite rate and, if this rate is not sufficiently
high to keep up with the rate of volume change of the bubble,
the vapor in the bubble will behave more like a permanent than a
condensable gas. This effect definitely limits the range of valid-
ity of the particular assumption, p, = const, toward the end
of the collapse phase where the radial velocity 2 increases
rapidly. This trend toward rapid increase in the caleulated
radial veloeity is illustrated in Fig. 8. The rate of evaporation,
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or condensation, can be estimated from elementary kinetic
theory which says that the mass of gas evaporated (or con-
densed) per unit area per unit time at an absolute temperature
T is

M

where p, again denotes the vapor pressure for a vapor with
molar mass M, and B is the gas constant. If one assumes that
the vapor obeys the perfect, gas law
r
p
= — BT
Pe M

which is reasonably accurate in the temperature range of inter-
est (6), Equation [9] may be written

. BT
j= p'\{zxM = oV e, (10]
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where V' = \/ BT /2xM is the desired velocity to be associated
with the rate of the evaporation or condensation process. For
the present problem, at 22.2 C = 72 I, V is approximately 150
mps = 500 fps. Hence unless j is appreciably less than this
value, one may not assume the constant value for p,. During
the collapse, when j approaches or exceeds this value, the col-
lapse velocity would tend to be decreased because the vapor
will begin to show a rising pressure as it behaves like a permanent
gas.

A further effect of interest is the shoek loss which will appear
in the vapor when R reaches the gas acoustic velocity. The ef-
fects of compressibility both in the vapor and in the liquid will
not be considered here, although the problems posed by them are
of great interest. A solution of these problems will be decisive
for the quantitative determination of the high pressures arising
toward the end of the bubble collapse, the regrowth or subse-
quent oscillations of the bubble, and the sound energy radi-
ated.

Air Content in Bubble and Role of Nuclei in Formalion of
Bubbles. The assumption has been made that any air con-
tained in the bubble does not affect the dynamies of the bubble
growth and collapse over the range of bubble sizes which have
been measured and analyzed here. This assumption might be
considered questionable since the water-tunnel flow experiments
are made with water containing an appreciable concentration of
dissolved air. Furthermore in the region of flow in which the
bubble behavior is studied, the liquid pressure is considerably
below the liquid static pressure po at a distanee from the model.
Hence one should expect that the water is supersaturated with
dissolved air and that diffusion of air into the bubble would
take place.

An analytic solution for such a diffusion problem has been
carried out by P. 8. Epstein and the author, the details of which
will be presented elsewhere. For the present discussion it is
necessary only to say that the diffusion process is so slow that it
does not contribute appreciably to any alteration in the air
content of the bubble.

As will be pointed out later, the initial air content of a bubble
is very small so that over the range of bubble sizes which are ob-
served and to which the present caleulations have been applied,
the effect of the air may be neglected. It must be emphasized,
however, that the small mass of air in the bubble plays a most
important role in the initial stages of bubble growth, and also
may enter in the final stages of the bubble collapse. The initial
stages of bubble growth in which the air content would be of
significance, refer to bubble dimensions which are beyond the
present range of experimental observation. Similarly, the final
stages of bubble eollapse in which the compressibility of air, water
vapor, and liquid are of importance, refer to bubble dimensions
which lie within the last frame photographed.?

A few remarks, nevertheless, may be made concerning the
initial formation of the bubble. It is the present view that the
formation of a bubble in cavitating flow, or in boiling, begins from
a nucleus within the liquid containing air, or vapor, or both.
Such gas-phase nuclei are ordinarily submicroscopic in size, and
become evident only upon growth of the nuclei through pressure
reduction in the liquid (reduction in the function denoted pre-
viously by P[t]), or through elevation of temperature (increase
in the funection denoted by p[R]). The absence of such nuclei
means that the very large forces of surface tension must be
overcome to initiate eavitation or boiling. It is well known
that degassed pure liquids ecan withstand very large tensions,

3 Knapp and Hollander (3) assumed that, over the present range
of observation, the bubble contains essentially only water vapor.
The present discussion supports this view.
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or may be superheated considerably, without the formation of
cavities and bubbles.

Recently, Harvey (7) and subsequently Pease and Blinks (8)
have shown experimentally that water saturated with air also
has high tensile strength, provided it is denucleated. Harvey's
method of denueleation of water saturated with air consists in
putting the solution under high pressures (of the order of 10,000
psi) for several minutes.  The air nuelel are squeezed into solu-
tion so that when the solution is brought back to atmospheric
pressure it does not cavitate under the tensions which freely
produced eavitation before the pressurization. These same pres-
sure-treated air-waler solutions also can be superheated by as
much as 60 to 830 deg C without boiling,.

Presumably in ordinary untreated water the nuclei which
contain gas and vapor are stabilized on small solid particles.
The presence of a solid, or third phase, is indicated since the sur-
face energy of a bubble bounded by a solid surface and a liquid
surfaee may be very low.  Methods whereby the probable rate of
formation of nuclei as determined by the surface energy may be
ealeulated have been diseussed by Becker and Doring (9) and
[Kaischew and Stranski (10).  The aim of the theory is to ealeu-
late the tensile strength of liquids, but it should be applicable
also to the statistics of the number of nuelei which should grow
Lo maeroscopic bubbles for given conditions of liquid temperature
and pressure.

CoONCLUSION

The main purpose of the present discussion, aside from touch-
ing upon problems which still await quantitative solution, has
been to point out the following: Liquid flow ean be divided into
the three regimes mentioned; and, sinee the noneavitating regime
and the single-cavity regime may be considered to be on a quanti-
tative basis, the main concern here has been a clarification of the
second, or bubble, regime of flow. Also, it has been remarked
that an interesting experiment would be the measurement of the
pressure distribution over a body in this second regime of flow,
It has been shown that the macroscopic behavior of eavitation
bubbles may be explained reasonably well by a fairly simple
equation.

Finally, it may be pointed out that the maeroseopic behavior
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of the bubbles formed in a boiling liquid may be considered as en-
tirely analogous to the cavitation bubbles more specifically con-
sidered here. The growth of bubbles in a liquid has great interest
at present in the problem of increasing the heat transfer from s
heated solid to a liquid.
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Energy Method for Determining Dynamic

Characteristics of Mechanisms

By B. E. QUINN,! LAFAYETTE, IND.

Two types of problems are dealt with in the paper which
are involved in the design of mechanisms required to have
specified dynamic characteristics: (1) Determination of
applied forces required to produce specified dynamic char-
acteristics. (2) Determination of the dynamic character-
istics which will result from the application of known
forces. While graphical methods may be used in the solu-
tion of type (1) problems involving more or less complex
mechanical systems, they do not afford a direct approach
to type (2) problems. The energy method which will be
outlined can be applied in either case, although this paper
will be primarily concerned with the determination of the
dynamic characteristics which result when a known force
is applied to a given mechanism.

InTrRODUCTION

~ Y ITEN designing cireuit breakers and other mechanieal
r\;\/ devices it is often desirable to determine the time re-
quired for these mechanisms to complete a motion
evele. Tt is also desirable to determine the manner in which the
veloeity and acecleration of certain moving parts, such as contaet
tips, will vary during the motion of the mechanism. In designing
such deviees the desired dynamie characteristies are often the
basis upon which the engineer determines the proportions of the
varions links in the meehani=m.  Many times these character-
isties will determine the forces which will be required to operate
the deviee.  Before beginning the design of a new eireuit breaker
the time required to interrupt the cireuit may first be estab-
lished. In addition, certain velocity characteristies may be de-
sired when the moving contacts are interrupting or closing the
cireuit. These specified dynamic characteristics may thus be the
basis upon which design ealenlations are macde.

If the dimensions of the parts in the mechanism are known, snd
i the acceleration of one part is given, it is usually possible to
determine the corresponding neeclerations of all the other moving
parts. It is then possible to determine the foree which must be
applied to the driving member to produce these aceelerations.?
If this analysis is repeated for suecessive positions of the mecha-
nism, a curve showing the magnitude of the driving foree can be
determined. A foree applied to the mechanism in this manner
should then produce the desired dynamic characteristics.

In many cases, however, it may be impractical to supply a
driving force to the mechanism whieh will vary in the desired

t Associate Professor of Machine Design, Purdue University.
Mem. ASM I,

t “Mechanies of Machinery,” by C. W. Ham and E. J. Crane,
MeGraw-Hill Book Company, Inc., New York, N. Y., 1938, pp. 338-
249
H;Emlfl'ihlllcd by the Applied Mechanies Division and presented at
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received after the closing date will be returned.

NoTe: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48—A-18,

manner. The engineer is limited to springs, air e¢ylinders, and
other devices which have definite foree-displacement eharaecter-
isties. Therefore it may be difficult to modify these deviees to
obtain a special veloecity or acceleration characteristic in the
driven mechanism. The problem then arises of determining the
veloeities and aceelerations which will result when an available
driving force is used. While other methods** have been sug-
gested for solving this problem, it is the purpose of this paper to
present a simple method which does not require an extensive
mathematical baekground. It may be well to summarize
briefly the two types of problems which are involved in the design
of mechanisms required to have specified dynamic character-
istics:

L Determination of applied forees required to produce speei-
fied dynamiec charaeteristies.

2 Determination of the dynamic characteristics whieh will
result from the applieation of known forees.

In elementary problems in mechanies there is little difference
in the method whereby a solution to either of the foregoing prob-
lems can be obtained.  In the more complex mechanieal systems,
however, the graphical method,* used for solving type (1) prob-
ems, does not afford a dircet approach to type (2) problems.  The
energy method which will be outlined can be applied in either
case, although this paper will be primarily concerned with the
determination of the dynamie characteristies which result when a
known foree is applied to a given mechanism.

Funpavextan CONSIDERATIONS

It is econvenient to consider the mechanical svstem shown in
IMig. 1(a). Assume that this mechanism is lying in a horizontal
plane, that the links are rigid, and that no frietion is present. 1fa
motor is connected to the crankshaft the mechanism can be
brought up to a speed such that the erank (2) will rotate with an
angular velocity wy. If the motor is diseconnected the mecha-
nism will eontinue to run. If the piston had maximum veloeity
at the time of release, it also had the maximum kinetic energy
which it would attain during its motion eycle. When it reaches

the end of the stroke, however, the velocity will be zero.  Where
then will be the kinctic energy which was in the piston? Sinee

all members are constrained to move in a horizontal plane there

can be no change in the potential cnergy of the system. If the
links are rigid, no strain energy will exist. No external work can
be done on the mechanism, sinee no frietion is present.  Under

these conditions the total kinetic energy which was present at the
time of release will remain unchanged. This means that the
kinetie energy of the piston must reappear as kinetie energy
in other links. This will result in an inerease in the veloeity of the
other members since neither the mass nor the moment of inertia
of any member changes. It is thus scen that the velocity of the
crank and conneeting rod will vary depending upon the amount
of kinetic energy which they must possess to keep the total kinetic
energy in the mechanism the same at all times. The distribution

3 “Mechanies Applied to Vibrations and Balancing,” by D. L.
Thornton, John Wiley & Sons, Inc., New York, N. Y., 1940, p. 62.

4 “Dynamical Analysis of Machines,” by R. Eksergian, Jouranal of
The Franklin Institute, vol. 209, 1930, p. 21.
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of the kinetic energy therefore must change for successive posi-
tions of the mechanism.

= -

FORCE

j

f= — STROKE -
()

Fig. 1 SrLippr-CRANK MECHANISM

(k)

The kinetic energy (KE) of the mechanism in Fig. 1 (a) can be
computed as follows

I(F(rnk)—}! - Vi)’ (1)
Loera = 2 Wt 2 c OB .........
_ . 1
KE (piston) = 3 MEVB socovspquespvamas [2]
. 1 1
KE (con. rod) = - pr V2 + - Leow?
2 2"

1 V:b )
3 = ol
M,V, +21'(CB) sz a L8]

1
2
It will be noted that these equations are finally expressed in terms
of the linear velocities of various points in the mechanism. These
velocities can be obtained from the veloeity-vector polygon shown
in Fig. 1(b).

If the velocity of B is doubled for the indicated position of the
mechanism, then all other velocities will be doubled. Thus it is
scen that a linear relationship exists between the velocities of all
the points in the mechanism for a given position, If V) is
doubled, the kinetie energy of the crank will be increased
fourfold. A fourfold inerease will also result in the kinetie
energy of the piston since V, will be doubled. The con-
necting rod likewise undergoes a similar increase in kinetie
energy. The total amount of kinetie energy in the mecha-
nism will thus be 4 times the original value. It is im-
portant to note, however, that the per cent of the total
kinetie energy contained by any link will remain the same
despite a change in speed. For mechanisms in which there
is no change in the mass or moment of inertia of the links
with respeet to speed, and in which a linear relationship
exists between the velocities in a given position, the follow-
ing theorem is advanced:

“The per cent of the total kinetic energy which the link
of & mechanism contains will remain the same in any given
position regardless of the speed.”

This theorem is the basis of the proposed method for
determining the dynamic characteristics of mechanisms.

ProrosEp METHOD

Assume that a force is applied to the head end of the
piston shown in Fig. 1 (a), which varies along the stroke ac-

% Torae M. £
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cording to the force-displacement diagram shown in Fig. 1 ().
The mechanism could thus represent a single-cylinder steam en-
gine to which the steam is being admitted. It is required to
construct the velocity-displacement eurve and the displacement-
time curve for the piston.

The first step in the energy method is to determine the per cent
of the total kinetic energy contained by each link of the mecha-
nism for a series of selected positions.  In order to do this, how-
ever, the veloeities indicated in Equations [1], [2], [3] must be
known. According to the theorem, the distribution of the kinetie
energy is independent of the speed for a given position. This
means that if 20 per cent of the total kinetic energy is in the pis-
ton for the position shown in Fig. 1 (a), then this value (20 per
cent) will be obtained regardless of the speed of the mechanism
for which the computation was made. Therefore a convenient
value of velocity is assumed for a link of the mechanism, and the
kinetie energy of each link is computed for the corresponding
velocity. The sum of the kinetie energies of each link gives the
total kinetie energy in the mechanism from which the per cent
contained by any link can easily be obtained. If thisis done for a
series of positions the curves shown in Fig. 2 can be drawn,

To conserve space, the numerical computalions necessary to
construct the eurves in Fig. 2 have been omitted. 1t was neces-
sary to obtain the velocities indieated in Equations [1], [2], [3]
for successive positions of the piston. A constant veloeity was
assumed for point B, and the corresponding velocitics were
obtained by the use of velocity-veetor polygons. The total
kinetie energy in the mechanism varied from position to position
because of the constant veloeity selected for point 8. This in-
dicated that the erank would not have constant angular veloeity
if the total kinetic energy of the mechanism remained unchanged.
The following data were used in making these computations:

Waeight of connecting rod, Ib....civviiviiiivivvncive 8.7
Walehtiob piton. DB oo s st et i s ammas 4.0
Waight of evank, b, oo coviuvaiisiavives s smwanas 4.0
Moment of inertia of crank, slug-ft2. ... ... .......... 0.016
Moment of inertia of connecting rod, shug=ft2. .. ...... 0.016
Lengthof erank, in............oiuiiniiennnnennnen 4
Length of connecting rod, in................ooouan. 16
Distanee B, 3000w e e e e s 4

The second step in the procedure consists of drawing the veloc-
ity-displacement curve for the piston. An arbitrary displace-
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ment is selected, and from Fig. 1 (¢) the work done hy the applied
foree is eomputed. This of course will be represented by the area
under the foree-displacement curve for the given displacement.
Under the conditions previously outlined, this work must appear
as kinetie energy in the meehanism.  From Fig. 2 the per cent of
the kinetic energy which will appear in each member can be deter-
mined; hence the amount of kinetie energy which the piston will
contain after the given displacement can be computed. Knowing
this value, the velocity of the piston can be obtained by solving
Equation [2] for V.. Thus the veloecity-displacement eurve ean
be construeted.

All of the work done by the applied foree may not appear as
kinetic energy in the meehanism.  If the mechanism had been in
a vertieal plane, then the potential energy of the conneeting rod
would have changed. Had the mechanism also compressed a
spring during the displacement then the amount of work available
as kinetie encrgy would have been still further reduced. In
actual mechanisms frietion is present, and machine parts may be
quite elastic.  Therefore eare must be taken in determining the
amount of work which is available as kinetic energy.

It is possible to determine other dynamic characteristics from
the velocity-displacement curve. By using the subnormal eon-
struction,® the acceleration at any displacement ean be obtained.
The eurve can be integrated to give the time corresponding to a
selected displaeement, from which the displacement-time curve
can be construeted. The other dynamie characteristies can thus
be determined from the velocity-displacement curve.

The curves in Fig. 2 could also be used to determine the foree
which would be required to produce desired dynamie character-
istics. Suppose that a velocity-displacement eurve was selected
for the piston, and that the force-displacement curve was the
characteristic to be obtained. The veloeity of the piston would
then be known in successive positions, and the kinetic energy
of the piston could thus be computed.  From the eurves in Fig. 2
the per cent of the total kinetic energy of the mechanism which is
found in the piston for the selected position can be determined.
The total kinetie energy in the mechanism ean thus be computed.
This kinetie energy must be produced by the unknown force
applied to the piston acting through the seleeted displacement.
Therefore the average force can be caleulated. If small piston
displacements are used the foree-displacement curve can be
constructed.

ExamrLe

In Fig. 3 is shown a circular disk eam with a flat-faced follower,
A weight is fastened to a string which is wrapped around a drum
fastened to the eam. It is required to construet the veloeity-
time curve for the follower and the weight. The mechanism is
shown in the position for which the cam and the follower are con-
sidered as having no potential energy. The following data are
to he used:

Woaighti oF B, IH. . . coupmmm s sammemns < somnimiceries 3.49
Watght of Tollower: B msmvissivamss oircsmessss 2049
Weight W, Db, oo et e i i e eeeansans 10
Radiusof diskeam, in....ooooiininininninovinnnnns 4
Rl of L, 00 oo rsmrrsesman s awmas ooy (ST 2
Distamee: By oo wsia i Mo S dias 2
Radius of gyration of cam and drum about eenter of rota-

on; T i R e e 3.46

The first step is to consider the ecam to be rotating with a con-
stant angular velocity. The follower will then move with simple
harmonic motion, and its displacement and velocity can easily be
computed as shown in Table 1. The weight will travel with con-
stant velocity, thus the kinetic energy of the members ean be

5 “Kinematics of Machinery,” by C. D. Albert and F. 8. Rogers,
John Wiley & Sons, Inc., New York, N. Y., 1938, p. 78.
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determined easily for successive cam positions. To conserve
space the caleulations are shown for every 45 deg of an entire
revolution of the eam. From the total kinetic energy the per
cent contained by each member is calculated and the curves
shown in Fig. 4 are plotted. It can be seen from these
curves that the ealeulations need only be made for one half a re-

S ¢

Xw
Fig. 3 Cam MECHANISM

volution of the cam, since the values are repeated in the latter
portion of eam rotation.

In aceordance with the second step in the solution, the veloeity-
displacement eurves can now be constructed for the follower and
the weight. The downward displacement of the weight is com-
puted for a selected angular displacement of the cam, and the
work done by the weight in moving this distance is computed.
The corresponding increase in potential energy of the eam and
follower is calculated, and is subtracted from the work done to
obtain the amount of kinetic energy which appears in the system.
Of this amount, the per cent which is in the weight, cam, and
follower can be obtained from the curves shown in Fig. 4. The
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Fic. 4 Curves SHowiNg DistrisurioNn oF KiNegric ENERGY IN
CaMm MECHANIEM

velocity of each member can then be computed when the kinetic
energy which it possesses is known. The velocity-displacement
curves can then be constructed. These computations are shown
in Table 2.

By the well-known method of graphieal integration, the desired
velocity-time curves can be obtained from the velocity-displace-
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'IC ENERGY IN CAM MECHANISM

13

(w = 30 radians per sec.)

TABLE FOR COMPUTING DISTRIBUTION OF KIN

TABLE 1
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ment curves. The details of this step are omitted, but the results
are given in Fig. 5. Equal intervals of time are shown along the
horizontal axis, above which the corresponding intervals of cam
rotation are indicated. The slope of the curves thus shown indi-
cates acceleration, and the point where the follower would leave
the cam contour could be determined. The dynamic character-
isties of the cam mechanism, which will result from the appliea-
tion of the weight, can be obtained.

Although the method is thus illustrated for a very simple
mechanism, it can be seen that for analyzing many of the more
complex mechanical systems the only additional requirement is
sufficient patience.

CoNcLUSIONS

The proposed method consists of two steps which can be sum-
marized briefly as follows:

1 Determination of the distribution of the kinetie energy in a
mechanism.

2 Determination of the velocity of a member by knowing the
amount of kinetic energy which it possesses after the applied
foree has acted through a given distance.

The method has disadvantages which limit the accuracy of the
analysis. The effect of friction is cumulative, and the amount of
error may increase during the motion eyele. This efiect is diffi-
cult to determine analytically. I the members are elastic, some
of the work done on the mechanism may appear as strain energy
rather than kinetic energy. Therefore these factors introduce
crror in the computations.

There are advantages, however, in this method of analysis.
Beeause aceelerations are not regquired it is not neeessary either
to construct acceleration polygons or to determine aceclerations
analytically. Lither procedure may be diflicult in complex
mechanisms. A veloeity-vector polygon will supply all the
necessary information for any seleeted position.  The required
veloeities could be determined by instant centers or by any other
method familiar to the individual making the analysis. How-
cver, the method is versatile since it can be applied to either of the
two fundamental problems outlined in the introduction.  An ex-
tensive mathematical background is not required in order to
apply the energy method, although considerable mathematical
skill is necessary for using other methods® ' of analysis. It is thus
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TABLE 2 COMPUTATIONS FOR VELOCITY-DISPLACEMENT CURVES
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shown that by considering the kinetic energy in a mechanism the
dynamic eharacteristies can be determinea.
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Appendix

In this paper the theorem has been applied to relatively simple
mechanisms. It can be applied, however, to any mechanism
which satisfies the previously mentioned conditions. The
following proof is thus advanced for & mechanism of p links which
have plane motion,

The kinetie energy of link k in a selected position is given by

, 1 Vi)*
Kby == | myP &y | == |imsvuavans [4]
2 ry

mass of link &

in which

my

v = absolute velocity of mass center

[, = moment of inertia

Vi = relative velocity of any two points on link &
ri, = distance between these two points

The total kinetie energy of the mechanism is then given by

k=p -\ 2
= 1 Vi
KEtotal = = mt + I, | — o |
2 T

k=1

SEPTEMBER, 1949

The per cent of the total kinetic energy contained in link £ is

then
VeY®
100 [mg)k? + 1 ( ) :I

Per cent total KIE = e ... 16]
AL
2 Lo+ (7)]
Ik
k=1
Substitute v’ for v in which
B S s encssommniss wascs con 17
Since there is a linear relationship between the veloeities
Vk s CVk ..................... 13]

If there is no change in the mass or moment of inertia with
respect to speed (modern machinery does not as yet operate at
velocities which justify the use of non-Newtonian mechanies)

Equation [6] becomes
oV, \?
100 [m,‘((}uk)“ +1, (—?-_--5) J
k

Per cent total KE = s === ..[%

> [mk(ovm 45 (?—P‘) ]

k=1

Thus it can be seen that € is a factor common to all terms, and
Equation [9] reduces to Equation [6].

The per cent of the total kinetic energy contained by link £ is
therefore independent of the speed.



Press-Forging Thin Sections: Effect of

Friction, Area,

and Thickness

on Pressures Required

By WILLIAM SCHROEDER! anp D. A. WEBSTER,2 BURBANK, CALIF.

The application of press forging to parts with thin sec-
tions is desirable in many instances. It is generally recog-
nized that in forging such parts, the pressure required
may be very high. That this high pressure required is due
to friction has been reported;®* however, very little spe-
cific information on the effects of friction, area, and thick-
ness is available. The results of this analysis resemble,
in some respects, those presented in an analysis of forces
required in rolling by Nadai.*

NOMENCLATURE

The following nomenclature is used in the paper:

f = unit friction force
k = constant = 0.577
p = normal pressure at a point
Ps = average pressure
p. = critical pressure at which the transition from slid-
ing to “sticking” type friction results
r = radius (variable)
I = blank radius
t = blank thickness
7, 0, 0, = principal stresses in radial, eircumferential, and nor-
mal or axial directions, respectively
€, €, & = principal natural strains in radial, eireumferential,
and axial directions, respectively
a, = hydrostatic component of stress system
oy = flow stress of workpiece
p = cocflicient of friction

CLASRIFICATION OF Fricrion Krrecrs

The basie forging conditions selected for this analysis are il-
lustrated in Fig. 1. Tt is assumed that the circular blank is re-
dueed in thickness by pressing between two flat-faced dies. For
the purpose of this analysis, it may also be assumed that the vol-
ume of the part remains constant during deformation;  therefore
the part grows larger in radins as the thickness is reduced,
Fig. 2.

In general, the pressure required for forging depends upon: (a)

i Research  Engineer, Lockheed  Aireraft  Corporation.  Mem'
ASME.

¢ Research Lngineer, Lockheed Adrveralt Corporation.

*“Lamits of Forging,” by George Suchs, Modern Industrial Press,
March, 1941, pp. 9-10.

4 *“The Forees Required for Rolling Steel Strip in Tension,” by A.
Nadai, Journan or Apvrrigp Mecaanies, Trans. ASME, vol. 61,
1936, p. A-54.

Contributed by the Applied Mechanics Division and presented at
the Aviation Meeting, Los Angeles, Calif., May 26-29, 1947, of Tug
AMERICAN SociETY oF MECHANICAL ENGINERERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 30th Street, New York, N. Y., and will be accepted
until October 10, 1949, for publication at a later date. Discussion
received after the closing date will be returned.

Note: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those

of the Society.
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I'16. 2 NOMENCLATURE

the inherent flow stress of the material; (b) the strain pattern as
determined by the configuration of the part; and (¢) the effects
of frietion.

The flow-stress properties may be represented satisfactorily by
a stress-strain diagram. The effect of configuration and friction
are interrelated and, generally, must be considered simultane-
ously. The results of this analysis may be summarized as fol-
lows:

Under the eonditions assumed the strain is similar to simple

289



290

compression (with some exceptions noted) in that everywhere
there is a compression in the one direction and two equal exten-
sions in the two transverse directions. An exception to this
strain pattern may result in some cases in the region of the part
that is in close proximity to the die surfaces, namely, the surface
layers,

In analyzing the effect of frietion, three special cases are recog-
nized. For a detailed analysis of these cases, the reader is re-
ferred to the Appendix. However, a briel deseription of the
three cases follows:

I Relative sliding motion oceurs between the blank and die
surface at all points exeept the geometrie center of the blank.

2 Relative sliding motion between surfaces does not occur,
and the spreading action results from shear strain in the blank sur-
face parallel to the die surface.

3 The intermediate condition, where sliding takes place in an
annular zone near the edge, and sticking (the term is here used to
signify an absence of sliding) results in the central zone.

Case 1 applies when both the coefficient of friction (u) and ratio
of radius to thickness R/t are small.

Case 2 is best understood by considering the law of sliding
friction. The unit friction foree f = p p, where p is the unit
normal force on the surface. This unit force f superimposes a
shear stress of equal value on the existing stress system. For
values of f equal to the shear yield stress, large shear deformations
will result in the plane of the shear stress. Tt is demonstrated
in the Appendix that for coeflicients of friction equal to or larger
than some critical value k, the entire spreading action of the parts
will proceed by shiear deformation within the blank rather than
by a relative motion of blank to die surface.

An actual example of this condition of friction is illustrated in
Iig. 3. Tn this figure it may be noted that the original surface of

Fie. 3 [ueuvsrration or Derorsarion Waex Frietion Is Hicn

the blank, recognizable by the dark eireular region, has not in-
ereased appreeiably in size.
The third condition applies when p << £ and

k
e P
I

R 1
e
t 2u

PressURE DISTRIBUTION ON BLANK

The pressure distribution over the blank surface for the fore-
going conditions, as derived in the Appendix, are expressed by the
following formulas
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Case 1: £< —

T8 I
s (E_1
—”—:e"‘(‘ f) (11}
oo
where oy is the flow stress of the material in the blank.
Case2: p>k
i R
2 i R ( : ’) (16]
an i L
k
Case3: p<k and P > =
an I

Within the critical cireular zone with radius r, the pressure
may be determined by

(it - ’” + 2k (_"‘_= — i) )
au K L t

where the value of r, is expressed by

.‘21&}

For values of r between r,and K where sliding of surfaces results
p w(E-1)
S ¥ A
0]
AvVERAGE PrEssure REQUIRED

The average pressures p,, are expressed as follows for the three
cases considered

Clase 1;
e oo 2 oy i :
™ (e C—1)eeinnn... 23]
where
g = 0
. i
Case 2:
Pa 2k I
= =il e T 24
a0 3 24]
Case 3:
Pa 2 D2l k 2k %,
= == (D 4+ 1) — (¢ —1 —l—4+=—1].,.[2
2 =5 D e —¢ !+Cg(p+3 t) (25
where
D= 2'“__’"
£

GraraICAL REPRESENTATION IN TERMS oF NONDIMENSIONAL
RaTios

The equations for pressure as derived are essentially functions
of three nondimensional ratios g, B/, and p,/eo. Thus the solu-
tion for one value of u and R/t provides a value of p,/a for all
geometrically similar eircular blanks with the same ratio R/L.
The ratio p,/eo is the ratio of average pressure required for the
actual press forging to the pressure required under simple com-
pression where friction effects and restraint are negligible.

The pressure equation is represented conveniently by contour
plotting of p,/o0 against R/t, for constant values of p. It is
necessary to determine for each value of R/t and g, which of the
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equations are applicable. Computations for several representa-
tive values of g are shown in Fig. 4.

It should be understood that in press-forging the pressure is
greatest at the end of the action; hence p,, oy, R, and t refer to
the final values, If the forging operation is conducted below the
recrystallization temperature, oy must be selected to include an
amount of strain-hardening corresponding to that of the forging
operation. At elevated temperature where the rate of reerystal-
lization is rapid and the forging operation slow, it may be assumed
that o depends mainly upon the temperature, and to a lesser ex-
tent upon the rate of deformation, and strain.

It may be noted that IMig. 4 represents all of the three condi-
tions of friction discussed. The approximate ranges to which
each of the cases applies have been indicated.

ExPERIMENTAL DETERMINATION OF NONDIMENsSIONAL RaTios
ror Vartous Conorirons or FORGING

Test Procedure. An examination of Fig. 4 indicates the ex-
treme importance of maintaining a low coefficient of friction for
forging when the R/t ratio is relatively large. For this reason a
series of tests were performed to determine the relative effective-
uess of a number of lubricants. Suggestions were sought for
best lubricant for forging from a study of the technical literature
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and from individuals in the forging industry. These and some
of the authors’ selections were tested.

Further tests in which R/t was varied through a wide range
were conducted using one of the lubricants which gave best re-
sults in the foregoing comparison test,

Tests of forging at elevated temperature without lubricant were
conducted because it appeared that this might supply some cor-
roboration for the theoretical deduetion that sticking should re-
sult over the entire blank surface when the coefficient of frietion
is large.

The investigation was muluwd to 618 aluminum alloy, and
Dow M and Dow FS magnesium alloys.  These were tested both
at room and at elevated forging temperature. The elevated
temperatures used were 700 F for Dow FS; 750 I' for Dow M;
and 800 F for 615-0.

The dies were heated with clectric heating coils.  Temperi-
tures were measured with an iron-constantan thermocouple
mounted in the die near the edge of the blank, using a Leeds and
Northrup potentiometer as an indieator. Blanks 1.62 in. diam
and with thicknesses of 0.032, 0.064, 0.125, and 0.250 in. were
used. The forging pressure was applied with one of two South-
wark-Tate-Emery testing machines having eapacities of 120,000
and 300,000 Ib, respectively. Final thicknesses were measured
with a micrometer gage, reading to 0.001 in. Diameters were
determined by averaging four measurements made to the near-
est 0.01 in. Reductions in thickness, in most cases, were limited
to approximately 20 per cent,

Curves of flow stress in terms of strain were determined by
compression-testing test cylinders 1 in. high and 1.62 in. diam
under conditions of strain rate and temperature similar to the
forging tests. The ends of the test cylinders were lubricated
with a mixture of silicone grease and flake graphite to reduce
friction.

The values of oo used for computational purposes were read
from the flow stress-strain curves for values of strain equal to
those of the forging tests under consideration, thus incorporating
approximately the effect of strain hardening.

The value p, was obtained by dividing the maximum load ap-
plied by the final area. Similarly, R/t was computed on the basis
of the final radius and thickness, The results obtained for vari-
ous lubricants are shown in Figs. 4 and 5.
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Discussion of Results. The observed effect of friction, area,
and thickness on press-forging pressures may bhe summarized
approximately as follows:

I The results indicate that the p, /ee value depends upon the
R/tand lubricant used, but not upon the alloy tested. This would
be expected from the analysis, provided it ean be assumed that
a particular lubricant gives the same coeflicient of friction re-
gardless of the alloy tested and pressure applicd. The results
indicate that the latter is approximately true for those particular
ubricants tested over a range of I2/¢ values.

The curves obtained by plotting p, /ey against R/t for a specific
lubricant follows in general the shape of the ecurves computed for
a constant coefficient of friction.

2 The values, Fig. 5, for the elevated-temperature Lests, using
no lubricant, agree approximately with the results predicted for
Case 2 where sticking of the surface was assumed. Furthermore,
as was mentioned before, this sticking of the surfaces was actu-
ally observed for these conditions, see Fig. 3.

The experimental results indicate that the curve of p./e
versus R/t for “sticking” friction is approximately a straight
line; however, the slope of the experimental line appears to be
greater than predicted, indicating a value of & possibly larger
than the theoretical value of 0.577 assumed for the computa-
tions.

3 A marked difference in pressures required was observed for
different lubricants when other conditions were similar. This is
attributed to the difference in lubricating quality of the lubricant
under test conditions.

Although a number of lubricants were tested, no claim can be
made that the best lubricants are represented in the list. In
view of the extreme importance of lubrication under certain
conditions of press forging, it is suggested that a more extensive
investigation of lubricants might prove to be valuable.

No absolute check on the validity of the equation for pressure
required could be made. Since simplifying assumptions were
made for the stress and strain states and the nature of the mate-
rials, it may be assumed that the formulas are subject to some
approximation. However, the formulas may be expected to be
useful for predicting approximately the pressures required for
press-forging parts that are relatively similar to those assumed in
the analysis. This is particularly true if the coefficient of fric-
tion of the lubricant used is evaluated by means of these equa-
tions (a= in Figs. 4 and 5), for in this case errors will tend to com-
pensale,

In general, the method of approach used in the deriva-
tion has been found valuable in analyzing a variety of forging
conditions.

Appendix

Referring to Fig. 1, it is assumed that a round blank is being
deformed, plastically, between two parallel-faced dies. As the
thickness of the blank is reduced, the radius is increased. It is
further assumed that the material is incompressible, homogeneous,
and isotropic in its properties. For these conditions it follows
that the three principal natural strains are related by

& +et+e =0 1)
where

¢, = radial natural strain
¢, = circumferential natural strain
¢, = normal, thicknesswise, natural strain

The natural strains may be expressed by
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where the significance of the symbols is as shown in Fig. 2. (In
Fig. 2 the dotted lines indicate the initial while the solid lines
indieate the final conditions.)

For the assumed conditions

L = ol = At |
To dry 2 t
i !, .......... 31
: |
6 = ¢ = -—é €, ]

These strain conditions are similar to those found in simple
compression of a homogenecous isotropie and incompressible mate-
rial.

Actual conditions will deviate somewhat from these condi-
tions, especially when the unit friction foree is large. The effect
of a large deviation from these conditions will be considered
later.

DirrereNTIAL EQUATION 0F STRESS DISTRIBUTION

The differential equation for stress distribution based upon
Fig. 2(b) is

Oo Oy =0 2
_"+".___"'=7_.f_____ ______ (4}
or P L
where f is the unit friction foree on each of the two surfaces.

Compressive stresses are represented by the positive sign.

STRESS STATE

It is assumed that the shear-strain energy® is a criterion for
yielding. In terms of Fig. 2 this may be expressed by

1 A R T et e s
™= 7 Vo —aP + (o — o + (s, — oo 18]

where o is the stress to produce yielding under uniaxial loading
(simple compression).

It was noted previously that the strain state conforms to that
of simple compression. Under these conditions the general
stress state is that of uniaxial compression, combined with a
hydrostatic pressure in which the n-direction corresponds to the
directions of the compression; thus

. 6]

Ty Ty = @y

a.—aa'}-fr;,}

where o, is the hydrostatic-pressure component. That these
conditions satisfy Fquation [5] may be verified readily by sub-
stitution.

It may be recognized that by the principle of transmissibility ol
forces

where p is the pressure applied by the die to the element Fig. 2.

b ““‘Strength of Metal Under Combined Stresses,”’ by Max Gensamer,
American Society for Metals, Cleveland, Ohio 1940, p. 31.
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PreESSURE IDISTRIBUTION

Lt
f=up.. T L
By combining Fquations [4], [6], [7], and [8]
1) 2
.. T . 9]
» t

An expression for pressure may be found by integrating Equa-
tion [9] between limitsp = patr =randp = goatr = R. Thus

fo'u dp 2 ff?
— = —— dr.
p P tJr

»_ (00

do

. [10]
U'pon rearranging
. [11]

The maximum pressure p,,, results at r = 0 and is expressed by

; 2uR
Pi ¢
= ¢

sy [E2)

T

Prissure Disrrisurion Uxper ConNprrrons oF ExXtrEVE

Fricrion FForck

An examination of Ilquation [12] indieates that the value of
p may become very large, depending upon the value of uR/L.
Since it was assumed that f = wp, it follows that f will also be-
come large under these conditions, IHowever, from practical
considerations it is evident that f represents a shear stress in the
surface material and that this value will not increase to a higher
value than the value neeessary to produce yielding or plastic
flow. When these conditions exist the relative sliding between
the die and blank surface will be replaced by shear deformation
in the surface layers of the blank.

Under these cireumstances the stress state is materially dif-
ferent from that previously assumed. For high values of f, the
die offers a large restraint to the free spreading of metal near the
surface, and produces a condition approximating a hydrostatic
pressure equal to p, upon which is superimposed a shear stress
J, Fig. 6.

P

d

a=p =P

STRESS STATE IN SuirackE Laver or Brnang Unper Hign
CorrriciENT 0F FRICTION

Fra, 6

For this eondition the eriterion for yielding may be restated
as follows

1 PO
\—/—é-\/(zf‘)a + fot + fo? = i o5 wemenseso 18]

or
Jo = 0577 00 = kay.....

where
k= 0.577
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(It is assumed that the hydrostatie pressure does not affect o)

The term fo, Ilquation [14], represents the maximum value for
f. Substituting f = ke, into Equation [4], the basie differential
equation becomes

If it is assumed that p > k&, f = foeverywhere on the blank. The
pressure distribution may be found by integrating Equation [1#4”
between the limits p = oo when 7 = Rand p = p when r = r.
After integrating and rearranging

p

i r
- =14+ 2k s T
aa # ( t t )

Another condition under which the condition /' = fy exists over
a portion of the blank may be found by substituting fo from

Equation [14] for f, and p, for p into Equation [8]. Thus
R P 7]
and
ke
. S N (18]
ap M

19

Therefore sticking will result whenever p > p, even though p< k.

The radial range over which Equation [19] is satisfied is found
by substituting Equation [18] into Equation [11]. Tf r, is the
value of r at which p = p,

%

—= & — =Ml e . 120

t 14 2u ' " (201

Solving Equation [15] over the range 0 < » < r,
L rﬁ r
£ —p+2k( —-) ............ (21a]
a0 L0 t
or
r r

Loy (— — ) ........... 21h]
o u t i

For the region r, < r < R the pressure is expressed by Equa-
tion [11].
The foregoing analysis may be summarized briefly as follows:

Condition 1: When
k R 1 k
£ Lo R e
o B t  2u

everywhere on the blank, sliding between surlaces results.

Condition 2: When p > k = 0.577, the surfaces of the blank
will stick to the die surfaces and blank displacement will result
in shear deformation within the blank.

Condition 3: When
Pk R

< kbut — > —, or - I
o o x 2 |H

sliding between surfaces near the outer edge of the blank and
sticking in the central area result.
AvERAGE D1k PRESSURES

Average die pressure p, in the region between r = aand r = b
may be obtained for any of the conditions considered by substi-



204

tuting the appropriate function for p into the following equation
and integrating. The basic expression for average pressure is

b ]
Pa f 2r rdr = f Rarpidr s i [22]
a a

Condition 1: For the conditions of no sticking, ie., R/t <
(1/2p) In (k/g), the limits of integration are @ = 0 and b = R.

Substituting the value of p from Equation [11] into [22] and
integrating between the given limits

Pa_ 2 .
— == — 1) i 2
- 1) 23]
where
7
t

Condition 2: For the extreme condition where p > &, Equa-
tions [16] and [22] may be combined and solved to obtain

2k R
pa=l+ L

- 24
Lo 3 1 =)
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for the average pressure ratio for the case of sticking between die
and blank.
Condition 3: In the intermediate case where

yid 1 k
w< kand == >2—‘-‘ln:

Equation [22] may be written

I B 2u(B—r)
R
Pa f rdr = m.f e rdr
Te
“l k| 2k
fewn E e
0 u t

After integrating and simplifying

Pa 2 . D2k
2 or T T, il i :
= g2 (D + De ¢ 1]+C,(#+3 )

where



General Features of Plastic-Elastic
Problems as Exemplified by Some
Particular Solutions

By RODNEY HILL,* SHEFFIELD, ENGLAND

New complete solutions based upon the Reuss equations
are obtained for various plastic-elastic problems. These
include the expansion of a spherical shell and of a cylindri-
cal hole in an infinite medium. The solutions are used to
exemplify certain features common to all plastic-elastic
problems, with a view to introducing valid approximations
in more complex cases.

NOMENCLATURE
The following nomenclature is used in the paper:

a;; = siress lensor

o';; = deviatoric part of stress tensor
de;; = natural strain-increment tensor
gy 0,0, = Cartesian stress components
a,, an, o0y = stress components referred to spherical polar co-or-
dinates
a,, @a, 7, = stress components referred to eylindrieal co-ordi-
nates

p = internal pressure

a, b = internal and external radii of shell or tube
¢ = radius of plastic-elastic boundary
A, dA = factors of proportionality in the Reuss equations
¥ = tensile yield stress
F = Young's modulus

« modulus of shear
Poisson’s ratio
radial displacement
radial velocity

[NTRODUCTION

The caleulation of stresses and strains in a general problem in
plasticity involves following the history of the deformation from
the initiation of plastie flow. This implies much more than a de-
termination of the changing shape of plastic surfaces and their in-
fluence upon the stress distribution. The basic physical fact of
plastic flow is that there is a relation, not between the current
atress and the plastic strain, but between the current stress and
the inerement of plastic strain. The approximate theoretical ex-
pression of the experimental determination of this relation is con=-
tained in the Lévy-Mises law. Therefore, a process of plastic de-
formation has to be considered mathematically as a succession of

! The paper is based upon work forming part of the writer’s dis-
sertation for a doctorate at Cambridge University, February, 1948,

? The British Iron and Steel Research Association, Metal Flow Re-
search Laboratory, Sheflield, England,

Contributed by the Applied Mechanies Division and presented
at the Annual Meeting, New York, N. Y., November 25-December 3,
1948, of THE AMERICAN SocieTy oF MECHANICAL IENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York. N. Y., and will be accepted
until October 10, 1949, for publication at a later date. Discussion
received after the closing date will be returned.

Note: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48-—A-13.
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small increments of distortion, even where the over-all strain is
sosmall that the change in external surfaces ean be neglected.

The complete solution of a general problem involves the caleu-
lation of stresses and strains in both the plastic and elastic regions.
In the latter the stress is dircetly connected with the total strain,
and the equations there are fundamentally different from those
holding in the plastic region. The solutions in the two regions
cannot, moreover, be found separately since both depend on cer-
tain conditions of continuity in the stresses and displacements
across the plastic-elastic boundary. This boundary is itself one of
the unknowns, and is usually of such an awkward shape that even
the stress distribution in the elastic region can only be obtained
(if at all) by laborious numerical methods.

It is clear that the complete solution of a plastic problem will be
practicable in relatively few cases. Complete solutions can only
be hoped for where there is some special symmetry or other simpli-
fying property of the problem. Some of these solutions are de-
scribed in the present paper. From them it is possible to obtain a
general insight into the interrelation between the states of stress
and strain in the elastic and plastic regions. In particular, an es-
timate can be made of the influence of the elastie component of
strain in the plastic region. Reasonable approximations ean then
be suggested which allow solutions to be obtained for the more
complicated problems of technical importance.

The relations between stress and strain increment for an iso-
tropic element of material, which is being deformed plastically, arc
taken to be

, _daely
(1:,—,—'—***2—0’+rr;,~d)\_.......‘..... 1]
and

ey = =2

dﬂ"',“ s venas & in [2I

E, G, v are the elastic constants, i.e., Young’s modulus, modulus
of shear, and Poisson’s ratio. Tensor de;; represents an increment
of true or natural strain, measured with respect to the current con-
figuration. Factor d\ is a scalar, essentially positive during con-
tinued loading, but otherwise unspecified. The first term on the
right-hand side of Equation [1] is the deviatorie part of the incre-
ment of clastie strain; the second term is the inerement of plastie
strain. Equation [2] expresses the fact that the elastie compressi-
bility is unchanged by the plastie flow. It is supposed, further,
that all the elastic constants remain invariable, provided they are
defined in terms of the current configuration. These equations are
due to Reuss (1),% who based them on the work of Saint Venant,
Lévy, von Mises, and Prandtl. When the plastic flow is “free”
and takes place under constant stress, the elastic strain increments
vanish and the equations are then equivalent to the Lévy-Mises
relations

# Numbers in parentheses refer to the Bibliography at the end of the
paper.
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de

ij = O i

The yield criterion will be taken to be either that of von Mises
o5 %e =BV i a e o [4]

or that of Tresca

Y2 owsonmpess (5]

maximum shear stress =

where Y is the yield stress in uniaxial tension or compression.
Work hardening will be neglected.

Uxrrorm ExTeExsioN UnNper CoxpITIONS OF PLANE STRAIN

As a first example, consider the uniform deformation of a ree-
tangular tensile specimen in plane strain.  This is a simple prob-
lem (though its solution has not been given previously), but
from it we may draw a general conclusion which applies to all
problems of plane strain. Let the z-axis be normal to the planes of
flow, and the z-axis be the direction of the applied pull. There is
no plastic-clastic boundary to determine since the whole specimen
beeomes plastic at the same moment.  From the Reuss equations

ke, = (20, — a,)d\ + do, — mia,l
0 = (20, — o.)d\ + do, — vu’-r,!

There is also another equation which determines the transverse
strain, 1f needed. If we adopt Tresea's yield eriterion, then
a, = Y throughout the plastic flow. Eliminating d\ from Equa-
tion [6] and integrating

, . 3y ‘ , - 2»1
Ele, — ex) = (1 — 2v)o, — »})/2 4+ T log, w”éa, [N
=75
where e, = (1 = ¢*) Y/ is the extension at the first yielding

(when e, = »¥).  As the extension inereases, the second term be-
comes relatively unimportant and o, — Y /2 exponentially. For
example, if v = 0.3, then o, is already equal to 0.498 Y after a plas-
tic strain of only 5 times the vield-point strain. Because of this
rapid change in o,, the elastic strain increment is itsell initially
comparable with the plastie strain inerement for total strains of 3
or 4 times the yield-point strain. The elastic strain increments
then rapidly beconie negligible and o, can be taken equal to V /2,
i.e. (o, + 0,)/2, to an extremely close approximation.

A similar conclusion follows if the von Mises vield eriterion is
used, The integration is awkward, but can be simplified by ob-
serving that

P 0,0, + a2 = 36,21 + (20, — a.)%/4 ~ 30,%/4

12 = o

to a good enough approximation for the present purpose. Yield-

ing begins when
g }’/\/1__'_'.' . + ,':'; G B

7 T

The tevsile stress rapidly inereases foward the value 21 \/3 an
apparent “hardening.”

Generalizing, we can expeet that in most plane-strain problems
it i valid to write

o= (ay +a)/2 ... 8]

to a very good approximation after a plastie strain of =ome 5
times the yield-point strain. This relation continues to hold o
long as there is no subsequent sharp change in the strain path, A
change in the strain path must be regarded as sharp if the change
in the stress is of order E X thestraininerement, for then the elas-
tic and plastic strain inerements are comparable. The statement
also requires an obvious modification if the initial rate of work-
hardening is high (of order #). Roughly speaking, the relation,
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Equation [8], will not then become valid until after a plastie
strain corresponding to a greatly reduced hardening rate.

It is perhaps worth while to point out that the foregoing analysis
is immediately applicable to the problem of bending a sheet un-
der conditions of plane strain, so long as the eurvature is not too
large. The longitudinal strain is determined by the usual for-
mula, which may be substituted in Equation [7] to give the longi-
tudinal stress (with obvious modifications on the compression
side). The plastic-elastic houndary is found immediately from
the known stresses in the elastic region. The transverse strain in
the plastic region may be caleulated from the third Reuss relation.

EX!'ANS[ON OF A S]’HHH]CAL Snuenn BY INTERNAL PRESSURE

Consider a spherieal shell, with current internal radius ¢ and
external radius h, which is being expanded by uniformly distrib-
uted internal pressure. No restriction is placed on the magni-
tude of the expansion. The special feature of this problem is that
the plastie strain path and the shape of the plastic-elastic bound-
ary are determined by symmetry alone. The reduced stress in
the plastic region is a constant uniaxial compression, and so the
elastic reduced strain inerement is zero in the plastic region.

It is easilv shown, in agreement with an intuitive expectation,

that plastic flow begins on the inner surface.  Let e be the radius

of the plastic-elastic boundary at any subsequent stage. The
yield eriterion is
eg— o, =Y 19]
In the elastic regions
—2¥¢ (1 1)
g, = ——— [ — =
3 3
2Yerf 1 1
TR STy (21" + b=) 0]

The displacement is

2¥es v 4+
o e | (e B S e
Y [“ T R ]

Thus the solution in the elastic region is dependent only on the
parameter ¢, This is a particularly simple form of interrelation
between the solutions in the elastic and plastic regions. In the
plastic region there are two equations involving only the two un-
known stress components, viz., the yield eriterion, Equation [9],
and the one cquilibrium equation which is not identically satis-
fied. Therefore, the problem is statically determined.  Using
the condition for continuity of the stresses on r = ¢, and inte-
grating the equilibrium equation, we have immediately

; 2Y i
g, = — 2V log. -4 - 1 — = A& rgie 41l
) r 3 b3
The internal pressure is
[ 2Y c?
= 2V log. = e e v 12
»o=2Y log (”) { 3 (] b’) [12]

The whole shell becomes plastic when p has inereased 1o the
value 2Y loge (b/a). Further expansion continues under dimin-
ishing pressure and the system would presumably become un-
stable in practice.  To complete the solution we need to relate
¢ to either p or a. It is convenient to regard » and ¢ as independ-
ent variables, and to express the compressibility equation in terms
of the velocity » defined as

Qulr, e) ou(r, ¢) .
= - —_———— i 13
r = (1 5 ) [13]



HTLI—PLASTIC-ELASTIC PROBLEMS AS EXEMPLIFIED BY SOME PARTICULAR SOLUTIONS

where u is the total displacement, since the first application of
pressure. This definition regards the motion of the plastic-
elastic boundary as the scale of “time” or progress of the expan-
sion. The eompressibility equation is

_O[‘+?:|J___(}.—-2y) P o1 _()1 + 209)
or ' v E e TR e e

-
61 —2)Y[ 1 )
= E [—c (] - bé) t ]

by using Equations [9] and [11]. Radius b of course is regarded
as a constant while the outer surface is still elastic. Integrating
and negleeting ¥/ compared with unity

Bl —nke  SXd— 2y (1 _____ "_")

e

I? e

P =

where use has been made of the boundary condition

2y |
b= [{1 — 2») %1 i e ;-_—‘t:l on r=c¢

Henee the relation between e and the internal radius a is given by

da  3(1—wnYer 2V(1—2va (1 ca)
- B e S

de Ea? Ee

This holds after the inner surface has become plastie, which hap-

pens when
2y 1 a’ )
ey b3

|
%......[16]

2Ya a? 1+ v»
Y [(‘ —Wpt ] |

For small total strains, a ean be treated as constant in the for-
mulas for the stresses.  In this case the radius ¢ and the stresses
are known in terms of the pressure p without a ealeulation of the
displacements in the plastie region. This is a feature typical
of many plastie problems where the strains are small; a limited
amount of information can often be obtained without a complete
solution. Of course if the internal displacement is regarded as the
independent variable, i.c., if it is asked what are the pressure and
stress distribution for a certain displacement, a complete solution
cannot be avoided. By integration of Equation [15] and use of
FEquations |16], the total displacement of the internal surface
<ince the first application of pressure is

Ya| (l—sle! 20—2)f &
E a? 3 he
~2(1 — 2v) log. (E)]; ¢Za
[

This can be caleulated for any pressure p from Equation [12].
Reuss (1), in 1930, considered this problem (for small strains)
and correctly formulated the equation for compressibility in the
plastie region in terms of the total displacements. He only gave a
partial solution, and did not, for example, explicitly evaluate the
displacements in the plastic region.

For strains of any magnitude the displacement »’ of the inner
surface after the first yielding is obtained from Equation [15] as

u'\? 301 ——v)Y(::“ )
2] s 2
(’ * ) TR\
6Y (1 — 2») ¢ (¢* — @)
= — T loge | =) — ———|...... 18
K [ e (ﬂo) 32 e
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where ag is the value of @ when pressure is first applied. The total
displacement is 4’ -+ wo. If ao is zero and b is infinite, i.e., the
hole is expanded from zero radius in an infinite medium, then the
stress and strain configuration is similar at any stage of the expan-
sion. All variables are functions of r/¢; ¢/a is constant and can
be found from Equation [15] to be

_C_I:__E _]'/s
a_ 3(1_v)Y .........

to the usual approximation. The internal pressure is

1
p=2Y¥ [10,;, (") e 1 ............. 20]
a 3

Taking medium-carbon steel as an example with » = 0.287,
F =209 X 101t dyne/em?, ¥ = 7.7 X 10°dyne/cm? (50 tn/in.?);
e/a = 505, p = 3.9Y. For work-hardened copper, » = 0.356,
£ =123 X 101 dyne/em?, ¥ = 2.8 X 10* dyne/em?, ¢/a = 6.1,
p =4.3Y. Theonly previous work on this problem appears to be
that of Bishop, Hill, and Mott (2) in 1945. They neglected elastic
compressibility in the plastic region. Their value for ¢/a was
lE/(1 + »)¥]*/3, which is equal to Equation [19] only when » =
0.5. For the steel, their formulas givec/a = 5.95,and p = 4.2V,
an overestimate of 18 per cent in ¢/a and of 8 per cent in p. A
closer approximation actually would be obtained by negleeting
volume changes universally. Thus, putling » = 0.5 in Equation
[19], gives ¢/a = (21/3Y)'/*; for thestecl, ¢/a = 5.65 and p =
4.1 ¥, an overestimate of 12 per cent in ¢/a and of 5.5 per cent
in p.

[149]

Expansion oF A CYLINDRICAL HoLE BY INTERNAL PRESSURE

We now consider a problem where the shape of the plastic re
gion is determined by symmetry, but where the plastic strain
path is not. A long hollow eylinder is expanded by uniformly dis-
tributed internal pressure. Longitudinal extension is supposed to
be prevented by suitable end forces, so that the problem is one of
plane strain. Let a and b be the current internal and external
radii, and ¢ the radius of the plastic-elastic boundary. The vield
eriterion of von Mises can be written in the form

2
L [21)
2

3
5 (co —0,)* + 2 (0,—

Since o, is initially equal to »(e, + ¢g) and approaches (o, + o¢)/2
with increasing plastic strain (as can be verified a posteriord), it is
a good approximation to write

e, e TP

In effect this is Tresca’s eriterion with a modified yield stress.
The approximation effects a considerable analytical simplifica-
tion, since the problem becomes statieally determined with respeet
to the two stress components in the plane.

In the elastic region

%
o'_\/é b 2

. [22)

Yer /1 1
ool NN <r€b......... |2
L1} \/3(62-'-1") c r b .. 123)
2rYc?
g, =

\/ 3b?
Use has here been made of the yield criterion onr = ¢. The radial
displacement in the elastie region is

= +v)Yc2[(1 =20 +1:|; eSr<h.. .. (24
r

\V3E b?
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[n the plastic region, integration of the equilibrium equation with
the use of Equation |22] gives

—2Y ¢ 1 ¢t
o, = :/?-, [lﬂge (;) + é(l - h—z):l;a £r<e.. 125

The internal pressure is

gromne] T P2 2 2 26
])—\/3 e = 2 e J EEEREREE [26]

Plastic How begins at a pressure
a?
P SRS | |

Y
po=—=[1-
V3 (
It is again convenient to introduce the velocity » defined in Equa-
tion [13]. The compressibility equation is

o v (1l—2u) (0 0
é,+!‘_ B (0{'-’-?- a,) (@, +as + a,) ..[28]

The Reuss equations give also

iy

o [}
= IE—— 3 el
0 N (20, o, — ag) + (at' + v al’)
lo, — v (0, + 9]

L o] o)
= XN(Qog—wo,— )+ — 40—
. ar

.. [29]

r Qor
log — v(a, + a,]

On eliminating M from these equations we have, with Equation
[28], two relations to determine v and o, as functions of r and c.
The relations are hyperbolic, the characteristies in the (r, ¢) plane
heing the lines ¢ = eonst, and the paths of the particles (dr)/(dc)
When the total strains are small, the characteristics are
Analytic solution appears im-

.
simply ¢ = const and r = const,
possible in general.

In the particular case when the total strain is so small that a
can be treated as constant, a method of numerical small-arc inte-
gration has been formulated by Hill, Lee, and Tupper (3), 1947,
in terms of geometrical quantities in a plane diagram. The case
i = 2u was solved completely, and it was found that e, approached
(e + o,)/2 soon after the whole eylinder had become plastic.
The approach was naturally closer toward the inside of the tube
where most plastie flow oceurs, but even on the outside surface
o, was equal to 0.48 Y after a circumferential strain of only 4V /E.
This illustrates the general conchusion in the second section of the
paper.

We sce also that the complete stress distribution ean be caleu-
lated to a good approximation after the tube has become plastic,
without needing to know the details of the expansion up to that
stage. Components ¢, and a5 are known in terms of p at any
stage of the expansion from Equations [25] and [26]. This is a
further example of the remark made in the third seetion that
limited information can often be obtained without a full solution.
Component ¢., however, eannot be so determined in the early
stages when plastic and elastic strains are comparable. IHill, Lec,
and Tupper found that the error in g, which results from neg-
leeting elastic strainsin the plastie region could be as much as 60
per cent.

Many earlier solutions have been proposed for this problem
when the strains are small, chiefly beeause of the connection with
the autofreftage of gun barrels. Most are so unsatisfactory as to
be not worth mentioning; the following may be cited as stages in
the gradual improvement of the theory. Saint Venant (4), in
1872, calculated the stress distribution in a completely plastic
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tube, and obtained the relation o, = (o, + 00)/2 from Lévy's
equations. Nadai (5), in1930,established formulas for the stresses
and displacements, but neglected elastic strains in the plastic re-
gion. This procedure is not only subjeet to the error already
mentioned, but leads to discontinuities in o, and the radial strain
on the plastic-clastic boundary. The first solution which allowed
for elastic compressibility in the plastic region was due to Belayev
and Sinitsky (6) in 1938, but the Hencky stress-strain equations
were used instead of the Reuss equations. Other end conditions
may be considered in this problem, for example, the “free’” and
“closed" end conditions. The latter has been solved numerically
when b = 2« by ill, Lee, and Tupper (7). The problem is more
complicated since the states of stress in the elastic and plastic re
gions are connected not only by the continuity condition on r =
¢, but also by the end condition in the form of an integral of the
axial stress over the whole section.

A complete solution in explicit terms can be found for the case
where a cylindrical hole is expanded from zero radius in an infi-
nite medium. All variables are then funetions only of the parame-
ter@ = r/c. From Equations [22], [25], and [28]

cq L =B N
r e — o )
0 \3E \¢

where dashes denote differentiation with respect to 0, and o is
written for \/3 a,/2Y. From Equation [29]

(’3 - 1) (20— 00"
0
. (31]

(30]

2o —log0)

3/2 + log.0 — o

1— 5+ ve' (59— 8) + /3 En/2Y0

In the elastic region o, is zero, and therefore equal to (o, + ag)/2,
We can expect that o, will also be equal to (o, + ag)/20n r = a.
where the cireumferential strain is infinite.  When » = 0.5, o, is
universally equal to (o, + 04)/2 = (2Y log. 0)/\/3 in the plastie
region. It can be verified a posteriori that, when » = 0.3, the
greatest difference of ¢ from loge 6 is about 20 per cent by pro-
portion, and the greatest difference of ¢’ from 1/0 is about 13 per
cent. llence it is a reasonable approximation to take ¢ = log.
¢ in Equation [30], in order to find »v. Integration of Fquation
[80] with the boundary condition # = 1, » = 2V(l + ») ’\/3 E,

then gives

. o

— V31— 2V — 4y
K Vanoe'

On the internal surface ¢ = da/de. Sinee e/a is constant, Fgua-
tion [32] leads immediately to

e [ V3E }
Tle—4ay |

a/e S0 s 1

. [32]

- [33]

I

Substituting from Equation [32] into Equation [33] and neglect-
ing Y/E compared with unity
2(5 == —hqu
.t~
g 30(02 — a?/c?) [
where ¢ =¢ — loge 8. A little care is needed in the approxima-
tion sinee ¢?/a? is of order E/Y. Integration of quation [34]
with the boundary condition ¢ = 0,0 = 1, gives

- . a E/\/3Y 1@ : a —~E//3Y
g = ?) c*9? s M et

For steel, typical values are B = 20.9 X 101,V =77 X 10
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dyne/em? v = 0.287. Wefinde/a = 11, p = 3.35 Y. For hard-
ened copper, i = 123 X 10", V = 2.8 X 10° dyne/em?, » =
0.356. These givee/a = 14.6,p = 3.750 Y.

By numerical integration of Equation [35] it can be shown that ¢
has a maximum value of about 0.077 when ¢ = 0.69, For smaller
values of 0, ¢ tends rapidly to the value zero on r = a. This again
exemplifies the statement that ¢, approaches closely to the mean
of the principal stresses in the plane after a strain of a few times
the yield-point strain.

In the present problem, the plastic and elastie strains are still
comparable even when 8 = 0.5. However, the error in ¢,, which
would result from neglecting elastic strains in the plastic region, is
here much less than it is for the tube of finite thickness in the ini-
tial expansion. We can compare the present solution with that of
Bishop, Hill, and Mott (2), in which elastic strains were neglected
in the plastic region. They found ¢/a = [‘\/3 E/2(1 + ») Y],
For the steel, this gives ¢/a = 13.5 and p = 3.65 V. If, in addi-
tion, changes of volume are neglected in the elastic region, ¢/a =
{E/‘\/?:Y) '+ = 12,5, and p = 3.50 ¥. These represent fair ap-

proximations.

TorsioN oF A PrisMATIC BAk

The solution of the torsion of a nonhardening bar of uniform
section (the strain being small) is well understood in prineiple.
It is mentioned here very briefly for the sake of completeness and
as another example of the interrelation of the elastic and plastie
regions.

Primarily the torsion problem is statically determined sinee
there are two equations involving only the two unknown shear-
stress components, viz., one equilibrium equation and the yield
criterion. The problem is essentially different from those so far
considered, in that ecach plastic element flows under constant
stress. The plastic stress distribution is determined only by the
shape of the external surface, and this changes by a negligible
amount while the over-all strain is still of order Y/F. The deter-
mination of the stress in the plastic region is simple; if the nor-
mals to the external contour are constructed at all points, then
the resultant shearing stress is directed perpendicular to these
normals and is of magnitude Y/‘\/3. Each shearing-stress tra-
jectory is spaced a constant distance from the external contour;
they are in fact the family of evolutes corresponding to the invol-
ute of the contour. This can also be thought of in terms of
Nadai's membrane-roof analogy; the shape of the roof is fixed in
terms of the external contour. In the plastic region the elastic
strain inerements are therefore zero.

For this reason the Hencky-Nadai and the Prandtl-Reuss equa-
tions lead to the same warping function, as observed by Prager
(8) in 1934. The plastic-clastic boundary for a given twist is de-
termined by the continuity conditions for the stresses. This is the
remaining diffieulty of the torsion problem, namely, to find the
stress potential ¢ in the elastic region satisfying V¢ = 2Go (6 =
twist per unit length), and such that ¢ and its space derivative
are continuous with the known plastic solution across the (un-
known) boundary.

Apart from the trivial case of a circular eylinder, there appears
to be only one other cross seetion for which the complete analyti-
cal solution is known. This is the oval contour obtained by So-
kolowsky (9) in 1942, [rom an inverse method starting with the
assumption of an ellipse for the boundary of the elastic region.

Generally, we sce that the distribution of stress in an elastic-
plastic torsion specimen is determined (for a given twist) inde-
pendently of the strains. Of course the relations between the
stresses and strains have been used implicitly; for example, in
showing that there is a possible solution in which the warping in
the plastic region is the same along a line parallel to the axis. The

299

determination of the stresses is independent of the strains in the
sense that there finally result self-sufficient differential equations
and boundary conditions in the stresses alone. The warping of
the specimen in the plastic region has to be calculated afterward,
by integrating first through the elastic region and then from the
elastie-plastic boundary outward along the common normals to
the shearing-stress trajectories. The normals are the character-
istics of the linear equation for the warping function.

GENERAL CONCLUSIONS

Certain broad conclusions can be drawn from a comparative
study of the solutions to elastic-plastic problems deseribed in the
paper. It is usually essential to allow for the influence of elastic
strain increments in the plastic region whenever the plastic ma-
terial is entirely surrounded by elastic material in which the
displacements are small (c.f. the expansion of a spherical shell).
If in this case the strains happen to be large throughout a consid-
erable part of the plastic region, then it may be a reasonable over-
all approximation to neglect the elastic strain increments
throughout the plastic region (c.f. the expansion of a cylindrical
or spherical hole from zero radius). This means that the Lévy-
Mises relations can be used in place of the Reuss equations, and
this is usually a helpful analytical simplification. The procedure
may, however, result in discontinuities in some of the stresses
across the plastie-elastic boundary. Furthermore, this bound-
ary will probably be determined less aceurately than the stresses
themselves. In detail the approximation will naturally be less
good near the plastic-elastic houndary where plastic and elastie
strain-increments are of comparable magnitude.

When the plastic material has freedom to flow in some direction
(for example, into the raised coronet round an advancing in-
denter), then the approximation should be still better. This ex-
pectation appears to be well confirmed by experiment. In the
extreme ease where a body has become entirely plastie, the elastic
strain increments can be neglected to a very close approximation
indeed after a distortion in which the rate of work hardening
has become of order Y. The approximation remains good so long
as there is no sharp change in the strain path (c.f. the plane-strain
tensile specimen and the eylindrical shell),

A main feature of the previous solutions was that, whereas for a
complete determination of all the variables it is necessary to fol-
low the whole history of the deformation, a partial solution for
some of the variables can often be obtained without a detailed
knowledge of the others. This oceurs most commonly when the
material does not harden and when the over-all strain is so small
that the changes of external surfaces can be neglected in the
boundary conditions for the stresses. [t may then happen that,
with only an implicit use of the stress-strain equations and a gen-
eral knowledge of the strain path, there can be obtained a seli-
sufficient set of differential equations and boundary conditions in
the stresses alone, or, it may be, in certain stress components
only.

Iixamples of this have been noted in the torsion of a uniform
bar and the expansion of spherical and eylindrical shells. The
stresses in the plastic and elastic regions can then be caleulated
in terms of the applied surface forces without considering the
strains in detail. Problems of this type are statically determined,
but by no means all statically determined problems are of this
type. It is not sufficient that there should merely be as many
equations in the stresses alone as there are stress components, so
that the problem is statically determined in Hencky’s sense:
there must also be sufficient boundary conditions in the stresses
alone.

If, on the other hand, the over-all strain is not small, and the
change in external surfaces cannot be neglected and is unknown a
priori, then it is clear that the strains must be ealeulated simulta-
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neously with the stresses, at any rate in the plastic region.  Cer-
tain exceptional eases oceur when there is some special symmetry,
for example, in the later stages of the expansion of a spherical shell
when the strain is so large that elastic compressibility can be ig-
r"lri'd‘
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Bending of Rectangular Plates Subjected to
a Uniformly Distributed Lateral Load
and to Tensile or Compressive Forces

in the Plane of the Plate

By H. D. CONWAY,' ITHACA, N. Y.

This paper presents a method of determining the dis-
tribution of deflection and stress in simply supported
rectangular plates subjected simultaneously to a uniform
lateral load and to uniform tensile or compressive forces
in the plane of the plate. The problems are of particular
importance in the design of a ship’s bottom plating and,
for this reason, graphs are given whereby the maximum
stress and deflection may easily be calculated. Illustrative
examples are included to demonstrate the use of these
graphs. An example is also given to illustrate how the
method may be extended to include the case of hydrostatic
pressure.

[NTRODUCTION

N considering the design of a ship’s hull, the effeets of the
forces acting in the plance of the plating can be of considera-
ble importance.  These forees are caused not only by the

bending of the hull as a beam but also by the hydrostatic pres-
sure which will bend the plating and tend to pull it from its at-
tachments,  The exact caleulation of the forces is difficult but
they ean be approximated by a method to be indicated later.

The plates ebvering a hull will be attached to the transverse
and longitudinal framing of the ship and, obviously, bending
moments will be set up at these attachments. From practical
considerations it is probable that the moments are less than
those caleulated on the assumption that the edges of the plate
are completely built-in, since some yielding of the attachment
will almost certainly occur under the loading. It will also be
observed that although the slopes at the middle of the frames
will, from symmetry, be zero, the latter will have finite width
and consequently there will still be a slope at what constitutes
the edges of the plate. Bearing these points in mind and as a
first approximation, the edges of the plates dealt with in this
paper are assumed to be simply supported. The clamped-edge
case would be very difficult to solve. The particular case of zero
force in the plane of the plate and clamped edges has, in fact,
only been solved in comparatively recent times (1).2

Another important assumption made in the analysis is that
the effects of stretching or compressing of the middle plane of

1 Professor, Mechanies of Engineering, Cornell University.
ASME.

* Numbers in parentheses refer to Bibliography at end of paper.
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Nore: Statements and opinions advanced in papers are to be
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the plate due to bending are negligible—the so-called Poisson-
Kirchhoff assumption. This assumption is strietly true only
when the middle plane is bent into a developable surface, but it
will be sufficiently valid if the maximum deflection does not ex-
ceed a small fraction of the thickness of the plate. A more exact
solution, using von Kdrmédn’s (2) equations to take into account
this stretching or compressing of the middle plane, would be very
difficult to obtain.

The problem has been solved with the limitations mentioned
in view. The method of solution is an extension of that used by
M. Levy (3) for the particular ease in which there is no force in
the plane of the plate.  Therefore the results obtained may be
considered as a more general form of his solution. The maximum
deflections and stresses are oblained in the form of rather cum-
bersome series which are fortunately rapidly convergent. The
results, as such, would be of little value to the designer; there-
fore the series have been summed, and graphs and worked ex-
amples are given to facilitate their use in practical problems.
B. L. Slepov (4) and F. V. Volkoviteh (5) have also investigated
the stresses in ship plating by assuming that one pair of opposite
edges are rigidly built-in while the other pair are simply sup-
ported.

(VENERAL SOLUTION

The basie equations for the problem are given in books on
elasticity, as for example S. Timoshenko’s work (1), and it is
not necessary to repeat their derivation here. A solution to the
problem is also given in this book (6), using the usual Navier
method for simply supported rectangular plates. However,
this method results in double Fourier series for the deflections
and moments which are slowly convergent and not nearly so
easy to sum as those given by the Levy solution.

With the usual nomenclature, the differential equation to be
solved is

Olw
T ort

QY
oxoy?

%) q P ot
i QN (S 2L

oyt D

The positive sign on the right-hand side of the equation denotes
that the end load P per unit length of plate is tensile and vice
versa.

The bending moments and twisting moments, again per unit
length of plate, are given by

% Q%w i
M, = -—-D|— —
% (O;r:'*’ i ay’)
% Ok
M, = -D{—4+»r—) . ... ... 2
: (ayz +» mz) 2]
%
M, = D(1 — ) —
% (1= dxdy
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The unusual nomenclature is again used. Some particular
cases are now considered.
Uniform Tensile End Load. Fig. 1 shows a diagram of the

plate together with the system of co-ordinate axes adopted. The
differential equation to be solved is
b?
B m g B iiinnn s sensnrs 181
ar?

Since the edges of the plate are to be assumed simply supported,
the deflections at the edges and bending moments acting in
planes perpendicular to the edges must vanish. These boundary
conditions are expressed mathematically by

o
x=0,a w= b_r” =0
T [4]
/ %
iy = == - = =
iy 3 @ o 0

and the problem is thus completely specified.
Consider the deflected surface of the plate in the form of the
series

. mwr o
w = E Y,, sin S [3]

m=1

where 1, is a function of y only. This solution, obviously, will
satisfy the conditions that « and (0%)/(0x®) vanish at z = 0
and r = a, and it remains to choose the function ¥, to satisfy the
other conditions, For eonvenience, the lateral intensity of load-
ing g is represented by a similar series

@O

. mmme
G B = o0 vnwns
a

m=1

q =

Substituting Equations [5] and [6] in Equation [3], the trigo-
nometrical terms vanish to give

P 1
) L T (a,,, o -ﬁ) AR

whers a,, = mm/a,

D
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The load ¢ is uniformly distributed and, to determine the
coefficients g,
a

a
. mrz ., mwr
f gsin — dx = (m Sin? —— dzx
0 a 0 a

1 e 2ms
= qn f (1 — cos —mjj) de
2 0 a
2 fﬂ . mwx
o qsin —— dz
a Jo a

4q
= 0 for m even and for m odd.
m

Therefore the function Y,, can be considered as zero for even
values of m and the deflections will be represented by

O
. mwr o
@ = E A= s s [8]
a
m=135

where YV, is to be found from the solution of the equation

P iy
W o gy o 2 %, e - o1
¥. 2a,Y " + a, (am + 13) ¥ S . 19]
If this solution is made to satisfy the conditions
: b
Y,,':Y,,“'zﬂfury:ii.., 110}

the problem is solved.
The general solution of Equation [9] is found to be

Y, = A, cosh v,y cos o,y + B, cosh v,y sin n,,y + €, sinh

: 4 : 1
Yl €08 py + 1, sinh v,y sin g,y + T T AT, 8
Xy, (&‘m

Dmx —_,i))
2 + -
D

11}

where

}J
agt + o, 4o, + D

Vet
2 2 s
ant + a, Yo, + D

and A,,, B,., C,., and 1), are constants of integration. The plate

and its loading are, however, symmetrical about the axis of z, and

the constants B,, and C,,, therefore must be zero. The remain-

ing constants are found from the foregoing boundary conditions.
These conditions give

D 2
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ot (&mg + ;‘)) JI;; (r'n:-'.h" :Y-’é-q cos? "‘?_;{3 + sinh? %’"bsin? ﬂ;‘f))

P Bl TP » Nmb N Yml ]
B B S e, GO T G0
2 - 2 2

D

»= " Dmr o T P P b
o e —-) L he Im?
@ ( n J‘; (COS 2

mb . mb . b
cos? %—- + smh’% sin? 112—-)




CONWAY—BENDING OF RECTANGULAR PLATES

303

The maximum deflection will accur at the center of the plate and from Equation [5] is given by

4q LI 1

. mD . Mpb P b b
a,, sinh % sin ‘n? + ‘/l:) cosh 12- cO8 %f -1

2 3l

Wmax =

D m [ .. P\
. ““‘2('1”" ¥ D)

LS
[P b b l L
‘/: (cosh2 T—;—- cos? % 4+ sinh? T;? sin? h)

D 2
The maximum bending moments M ymax) and M max) will also occur at the center and can be found from Equations [2]. They
are given by
'"ﬁmnr} oo
s b P ot ;
[ﬂam tp! 5 ] — an' [#inh LU sin "2 - an? 4/= cosh Im? cog = m—1
e 1 1 D 2 2 D 2 2 2
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r b b P b b
l:cx,,, (a::z,,.'a + l—)) — va,,,{] sinh l;—- sin % e 2 JI_) cosh % cos ,lé_ m—1
4 3 : + va 2} (1) 2

™

The results for the particular case of zero end load cannot be
obtained from Equations [13] and [14] by merely putting P
equal to zero since, i this is done, indeterminate equations of
the type 0/0 result. However, a solution is obtained by integrat-
ing the differential equation

+q

) il A N R A e T [15]
The series derived from the solution of this differential equation
are given by Timoshenko (1) and will not be considered here.

The problem of the bending of a uniformly loaded rectangular
plate subjected to a tensile end load has now been solved. How-
ever, the results as they stand are valueless from a practical point
of view, and the series for maximum deflection and bending
moments have to be summed. Fortunately, the series are all
rapidly convergent and it is necessary to consider only the first
one or two terms.

The series in Equations [13] and [14] have been summed for
various values of /D and ratio of plate sides a/b. In doing so
it is convenient to introduee a nondimensional parameter P/Pg
where Py = 4x2D/b% Tt is then possible to give the maximum
values of deflaction and bending moments in the forms

gbt
Eh?

@Wmax = o °

M:(Irlax} = fg- Qb‘
Mytmaxy = v - qh?

where «, 8, and v are constants dependent upon the ratio a/b
and the parameter P/Pg.  Values of «, 8, and v are plotted
against values of P/Pg for various values of a/b in Figs. 2, 3, and
4, respectively. Poisson’s ratio v is taken as 0.3 for the purpose
of these calculations. For convenience in practical examples,

& 2 m P\ P Yrb b sy Vil o Tl
ATk a,t (mm’ + D) Jl_) (m)ﬁh‘ —2- cos? 5 + sinh? —2— sin? --2—

oo 114]

a, B, and v are also plotted against values of a/b for various values
of P/Pgin Figs. 5, 6, and 7, respectively.

For small values of a/b, the effect of supporting the short sides
of the plate will be negligible and, except at points near the
short ends, the deflected surface will be eylindrical. The equa-
tions for the maximum deflection and bending moments then
become

D 1 ]
@Whax = q_ —_— ] 4 ([{I—
P a (P 8P
rosh - -
5 Yb
D 1
llfz(l:nl(\ = g'-)- e . i
I I a /P
osh - e
cosh 5 ‘ D
-‘"vlmax) =0

Uniform Compressive Knd Load. The differential equation to

be solved in this ease is
0w
or?’

DV =g — P e o140}

Proceeding in the usual manner, we obtain

P 4q
Yol — 20,2 4+ aut{ant — = ) ¥V, = —=... 117
m 2“1:» }m Xy (am D) )m Dmar l |

The general solution of this equation is
Y = A, cosh v,y + B, sinh v,y + C,, cosh g,y
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where

P
Ym®: = ap® + oy Jl:)

P
' = an’ — ap, ‘/I._)

The constants B,, and D,, are again zero, and the remaining
constants found from the boundary conditions are

1 2¢n,.* 1 h Ymb
A, = T sech =
an? NV POz, P 2
ant—
D
..... [19]
207..? 1
= — ROl sech Im
wn? N PDmx 5 P 2

m D

Substituting in
1=

Iiquations [18] and [5], the maximum deflection
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wmax tErM =
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As in the tensile case, the results are of little value as they stand
and the series were summed. Onece again, they are found to be
rapidly convergent in most eases, and it is necessary to ealeu-

P b mab " b
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The maximum bending moments found from Equation [2] are then
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As before, the particular ease of zero end load cannot be obtained
from these equations by merely putting P equal to zero, as inde-
terminate forms of the type 0/0 result. This case can be solved
as previously mentioned.

Another indeterminacy will oceur if e, = P/D, i.e., if the
term (Pa?) /(x*D) happens to be the square of an odd integer.
If this is so, the differential equation to be solved simplifies
somewhat to

4q
UL ) I ) o i N 99
Y m X" L om Diviin l ]
the general solution of which is
. gaﬂyi
Y, = A, + B,y + C, cosh &,y + D, sinh §,y — ———
Dm3x3
...... [23]
where
2m3r?
1 =

These equations will of course hold for only one value of m, and
for other values the equations previously given will apply.

Proceeding in the usual manner, the following terms in the ex-
pressions for wmax, Mz(max) and M y(max are obtained

late only the first two or three terms. The exception to this is
in the eases of large values of a/b where it is sometimes necessary
to caleulate five or six terms,

For convenience, the nondimensional parameter /P is azain

introduced where Pp = 4x2D/b% It is then possible to write
aqht
Wmax = & " ]',Th-;
ﬁfz(mal; =5 qb’
Mytmaxy = v - qb?

where &, 8, and ¥ are constants dependent on a/b and P/Pg.
Values of «, 8, and v are plotted against values of a/b [or cer-
tain values of P/Pg in Figs. 8, 9, and 10, respectively. It was
not thought an advantage to plot e, 8, and v against P/Pg for
values of a/b.

As would be expected, the curves coincide at a value of a/b
somewhat greater than 3, thus signifying that the maximum de-
flection and bending moments are independent of the end load P.
Therefore, at a/b > 3, the values can be caleulated from

Hyb? qbt

rax = = (1422 S
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Mequn = v = 0.0875 gb
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which refer to a uniformly loaded strip of length b and with zero !
end load. For small values of a/b, the effect of supporting the N
short sides of the plate will be negligible. Iixcept at points very Sy ;
near the short ends, the deflected surface will be cylindrical, and 1 H_ﬁj}-_g@
the equations for the maximum deflection and bending moments i i
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A peculiar property of the curves for compressive end loads is
observed; viz., that for certain values of a/b the end load may
be increased with a decrease in the values of maximum deflection
and bending moments. It thus appears that, for certain in-
creases in the compressive force, the central portion of the plate
becomes flatter.

Nurp ror Furtuer Data

Problems of the type dealt with in this paper are of frequent
occurrence and few data exist for designers. Information on the
following topics would be of considerable value.

1 A treatment of the problems of this paper with graphs for
values of a/b from 0-1. Knowledge of the limiting values of
a/b for which the formulas for a long plate (cylindrical surface)
become invalid.

2 Ixtension of the problems to include tensile or compressive
forees on all four edges.

3 Analysis of the end loads set up by the bending of a plate
whose sides are of similar magnitude
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Appendix 1
CALCULATION OF Forces IN PrLaNE oF Prati

Before caleulating the maximum deflection and stress in the
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plate, it is necessary to estimate the magnitude of the forces
acting in its plane.  As has already been indicated, the exact
caleulation of these forces is difficult but they can be approxi-
mated to by a method given by Timoshenko (1).

If, for the purpose of caleulating the forces, we may neglect
the effects of the longitudinal frames, then we are dealing with
long plates carrying forces in the directions of the short sides.
The deflected surface of the plates will be eylindrical except near
the short sides. If an elementary strip parallel to the short sides
is considered, then, on bending, it may be shown that the hori-
zontal distance between the long sides of the strip will decrease

by an amount
5 1 f < clw)z ;
2 Jo \az)

Due to the bending of the hull of the ship as a beam, the ends of
the strip are assumed to spproach one another by an amount A.
The amount by which the strip is stretched by the force P per
unit length is therefore

L8 el ad”’t: A 25
Eh =g b il ™ s s (23]

If the right-hand side of this expression is negative, the force P
will be compressive.

The deflected form of a uniformly loaded and simply supported
strip subjected to a tensile end load is easily shown to be

2x N
coshu|1-——
ga* a

qa*z i
16u*D cosh u

“ = 8uD

-2) + - [26]

where the origin is taken at one end of the strip and u? = Pat

/(4D). Similarly for a compressive end load
2z
ga*z qat et sl a
= 2= (g—a) —1]..12
SuD o= + 16u*D cos u (27]

If the end load is tensile, Equation [26] is substituted in Equa-
tion [25] to obtain

135

Ezh® h® _ Eﬁ tanh u 27 tanh? u
16u?

g1 — »?)2a® u? T w 1_6 u

9
o [88]

If the end load is compressive, Equation [27] is substituted in
Equation [25] to obtain

3aA .
Fhe h? Bj tan u 21 tan? u 13_5
g1 — »?)%a? u? 16 ub 16 u® 16u8
—....[29
b 5 S (29]

Fig. 11 shows diagrammatically the longitudinal and trans-
verse cross sections of the ship. Let b be the width of the ship
and let

A = total eross-sectional area
I = moment of inertia about neutral axis
¢ = distance from neutral axis to bottom plates

Denote by A, I, and ¢, these three quantities when the bottom
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plates are removed. The relationship between the quantities
is then
A; - A S bh
Ae
€ = —
A,
I =T — bhet — Ay(¢; — ¢)?
The total force acting in the plane of the plate is Pb and this
produces a displacement A, where

a(Pb  Pbe?
e E(A. +"h )

The displacement As; due to the bending moment M of the
sign shown in Fig. 111s

Mea
! IL‘!],
i ? ——
( f Neutral Aus without Plates ) - _
™ l[ Neutral Aug with Plates | - N "
™
[ ’/ i S I
T .- < R
LY i
fp———2
Fra. 11

Hence the resultant displacement is

G o g i‘[f’_h 4 (Phe— M uth?
DR i ¥ I 3a(1 —»)
2 gy, M (30]
Ty L

Having due regard to sign and substituting Equation [30] in
Equation [28] or [29], depending upon whether the end load is
tensile or compressive, an expression for u and hence P may
be obtained. This may be solved by trial and error.

Appendix 2

ExampLEs IN USE oF GRAPHS

To clarify the use of the graphs, two practical examples have
been worked out; one of a plate having a tensile end load, and
the other of a plate having a compressive end load.

Tensile 'nd Load:

Length of plate = a = 80 in.

Breadth of plate = b = 40 in.

Thickness of plate = 2 = 0.5 in.
Uniform hydrostatic pressure = ¢ = 9 psi
Tensile end load = P = 10,000 1b per in.

¢ apgs Eh3 30 X 108 X (0.5)3
Flexural rigidity = D = 20— = 120 — o3y
= 344,000 lb-in.
4r2D  4x? X 344,000
=—=—"——"—=85001b i
e =" 40 X 40 P

P

£
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From Figs. 2, 3, and 4, it is found, for this particular value of
P/Pgand a/b = 2, that

a = 0.063, 8 = 0.0255, v = 0.057
Hence

agbt  0.063 X 9 X 404
Eh® 30 X 108 X (0.5)%
= 0.387 in.

Maximum deflection wmsx =

Maximum bending moment Matmaxy = 8.¢b? =
0.0255 X 9 X 40?
= 368 lb-in. per in.

Maximum bending moment My(maxy = 7. qb?
= 0.057 X 9 X 40?
= 820 Ilb-in. per in.
6 Mz (max) 6 X 368

h? (0.5)2

Longitudinal bending stress = = 8830 psi

Direct stress = 20,000 psi
20,000 = 8830
28,830 and 11,170 psi (both tensile)

6Mymay B X 820
i (0.5)?

. Resultant stresses

Transverse bending stress = = 19,700 psi

Direct stress is zero.

Resultant stresses = 19,700 psi (tensile and compressive)

Compressive I'nd Load. Data as in tensile case but with a
longitudinal compressive load of 2000 Ib per in.

P 2000
IT;; = 5500 0.236
From Figs. 8, 9, and 10, it is found that
a = 0.136, g = 0.055, y = 0.155
As before
1 I 4
mex = f%s - %% = 0.835 in.
Mz naxy = B gh? = 0.055 X 9 X 40* = 792 Ib-in. per in.

Mymaxy = v+ ¢b* = 0.115 X 9 X 40? = 1655 Ib-in. per in.

GMz(ma:) 6 X 792
h? (0.5)2

Longitudinal bending stress = = 19,000
psi

Direct stress = 4000 psi

309
- Resultant stresses = 4000 = 19,000
= 23,000 (compressive)}, 15,000 (tensile), psi
6M 6 1655
Transverse bending stress = aED o i = 39,700
h? (0.5)2 psi

Direct stress is zero
~Resultant stresses = 39,700 psi (tensile or compressive)

In many practical problems the lateral loading is not uniformly
distributed because the top edges of the plate are nearer the water
surface. Therefore it is necessary to be able to analyze the
problem in which the intensity of loading varies uniformly from
zero along the top edge to a maximum ¢ along the bottom edge.

It will be obvious that if the end loads are unaltered, the values
of the deflections and stresses at the center of the plate will be
one half of those obtained for the case of ¢ uniformly distributed.
These deflections and stresses will vary but little from the maxi-
mum values.

A further example will serve to illustrate how the solution to
such a problem may be obtained.

Tensile End Load. Data as in previous tensile case but with
a hydrostatic pressure varying from 9 psi along one edge to 11 psi
along the opposite edge.

From Figs. 2, 3, and 4, it is found, as before, that

a = 0.063, 8 = 0.0255, v = 0.057

1
Therefore, for a uniformly distributed loading Ofé (11-9) =1
psi

Cght 0063 X 1 X 40¢
ER: ~ 30 X 10¢ X (0.5)*
= 0.043 in.

Maximum deflection wmex = «

Maximum bending moment Mzimaxy = 8- ¢b? =
= 0.0255 X 1 X 40?
= 40.8 Ib-in. per in.
Maximum bending moment Mymsxy = v - qh?
0.057 X 1 X 40?
91.2 Ib-in. per in.

Hence the total values of the deflection and bending moments are

wmax = (.043 4 0.387 = 0.430 in.
Me(maxy = 40.8 4+ 368 = 408.8 Ilb-in. per in.
Mymaxy = 91.2 4 820 = 911.2 Ib-in. per in.

and the stresses follow as before



The Dynamic Response of a Simple Elastic

System to Antisymmetric Forcing Func-

tions Characteristic of Airplanes in

Unsymmetric Landing Impact

By JOSEPH B. WOODSON,! WASHINGTON, D. C.

This paper presents an analysis of the dynamic response
of an undamped mechanical system with one degree of
freedom subjected to disturbances which are described by
antisymmetric forcing functions. The analysis was under-
taken to throw light on the effect on the vibration of the
wings caused by unsymmetric landing impact of an air-
plane. Two types of disturbances are considered; a full-
sine-wave pulse, and a pulse which is the difference be-
tween two overlapping half sine waves. The results are
presented in the form of dynamic-response curves and
dynamic-response-factor curves. The numerically great-
est dynamic-response factors, approximately 3.24 and
—-3.26, resulted for a full-sine-wave pulse disturbance
with a ratio of duration of impact to natural period, 7;/7T ==
1.11. When 7;/T is in the neighborhood of 1, the first
positive peak of dynamic response is numerically less than
the negative and positive peaks which follow it. For much
of the range, the positive and negative dynamic-response
factors are numerically approximately equal. The analy-
sis was confined to values of 7;/7 between 0.33 and 12. As
T:/T increases without limit, the positive and negative
dynamic-response factors tend to 1 and —1, respectively.

InTRODUCTION
( :UZ\'SII)T‘IRA'I'ION of the veloeity of descent of large air-

planes, the possible angle of roll just prior to landing im-

pact, and the measured duration of impact for large air-
planes indicated that for planes using trieyele landing gears the
time difference between contact of the two main wheels might
be comparable to the duration of impact at each wheel. Recent
tests by Westfall,2 of a large bomber-type airplane confirm this
speculation,  Such landings may develop as mueh dynamie re-
sponse in the antisymmetric modes of the airplane as in the sym-
metric modes, It was eonsidered desirable therefore to develop
dynamic-response eurves for typical antisymmetrie foreing fune-
tions, and to show how they might be used to determine the dy-
namie behavior due to landing impaet of an airplane with two
main landing wheels.

! Mechanical Engineer, Engineering Mechanies Section, National
Bureau of Standards.

2 “Aleasurements of Landing-Gear TForces and Horizontal-Tail
Loads in Landing Tests of a Large Bomber-Type Airplane,” by J. R.
Westfall, NACA Technical Note No. 1140, September, 1946.

Contributed by the Applied Mechanies Division and presented at
the Annual Meeting, New York, N. Y., November 28-December 3,
1948, of Tue AMenicaxy SocieTy oF MEcHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until October 10, 1949, for publication at a later date. Diseussion
received after the closing date will be returned.

Nore: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48—A-16.

The analysis in this report is based on the general mathematical
theory of transients in an undamped elastic structure given by
Biot and Bisplinghoff.* The results of the investigation are ex-
pected to be of use in analyzing experimental data obtained in
unsymmetrie-model drop tests performed as part of a project on
landing impact of structural models. This project was initiated
by the Bureau of Aeronautics, Department of the Navy, to pro-
vide an experimental check on analytical methods for determin-
ing the transient oscillations in the structure of an airplane dur-
ing landing impact.

EqQuations For Traxsient Wing-Tir DISPLACEMENT IN ANY
MopE; Forcing FunNerioNs

In this paper we consider an airplane making initial contact
with the ground in two-point landing. We denote the landing
impact foree-time relation for the first alighting gear by Py (0)
and for the sccond alighting gear by Pu(f). For both P,(t) and
Ps(f), the origin of time is taken as the instant when the first
alighting gear touches the ground. Any one of four following
landing conditions is possible:

(1) The landing impact forces, Pi(f) and Pe(t), begin simul-
taneously and have identical time histories, so that P(f) =
Pa(t).

(2) The landing impact forees, Pi(t) and Py(t), begin simul-
taneously but have different time histories.

(3) There is a time delay 7'y between the beginning of Py(t) and
the beginning of Py(?), but except for this time delay their time
histories are identical, so that P(f) = Pu(t — T).

(4) There is a time delay T'a between the beginning of Py{¢) and
the beginning of Pa(t), and their time histories are essentially dif-
ferent, so that Py(t) #= Pt —T').

We shall show that for a symmetrically constructed airplane
cach symmetriec mode of vibration is excited by a quantity pro-
portional to Py(t) + P.(1), while each antisymmetrie mode is ex-
cited by a quantity proportional to £,(i) — Ps(t). For such an
airplane, therefore, when landing condition (1) oceurs, the sym-
metric modes only are excited; while, for conditions (2), (3), and
(4), we have unsymmetric impaet and both symmetric and anti-
symmetric modes are excited.  Most actual airplane landings
probably satisfy condition (4) (the most general condition), but
can be approximated by condition (3). In the present report
the impact problem is simplified by neglecting damping and aero-
dynamie forees.

It can be shown that the deformation of an airplane due to
landing impact may be represented by the superposition of an in-
finite number of modes, as long as the airplane acts as a linear
clastie strueture. If damping is neglected, the modes are un-

3 “Dynamie Loads on Airplane Structures During Landing,” by
M. A. Biot and R. L. Bisplinghoff, NACA ARR 41110, October, 1944.
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coupled, and the response in each mode under the landing impact
force will be independent of every other mode.

We now fix our attention upon a particular mode which we call
(1), and employ the following notation:

g (1) is the transient wing-tip displacement in the mode, positive
upward for the wing tip on the side of the plane which
first contaets the ground

&) is the normalized defleetion function describing the wing
mode shape
weiy 18 the cireular natural frequency in the mode
T’y 1 the natural period in the mode and equals 27 /)
Qi (1) is the “generalized foree” in the mode, defined by

Qi) = ¢Dp Pi(t) + ¢ ps Poft)

where ¢ p is the normalized deflection in the mode at the
station where 7, (¢) is applied, ete.
M; is the “generalized mass” in the mode, defined by

My = S[a9]2 dm
where dm is an element of mass
As shown by Biot and Bisplinghoff* ¢ (¢) satisfies the equation
Mg () + Mawngun®) = Qull)

and g¢i(t) may be found provided Q) (¢) and the constants of the
equation are known. If we keep in mind that this equation ap-
plies to any mode (j), we may drop the (j)’s and write

Mi(t) + Maql)) = Q@) euveneeennn.. (1]

If the mass distribution of the airplane is the same on cither
side of the center of gravity, and if the alighting gears are sym-
metrically located with respect to the center of gravity (condi-
tions which are closely realized, usually), then it is true that in
cach syvmmelric mode, ¢p =¢p; and

Q) = opn[Pi(t) + Pa®)]..ccnvviiianns. 12]
while in cach antisvmmetrie mode, ¢py = —¢p2 and
Q) = [PA() — Pa()].cccoeeii i [3]

In symmetric modes the quantity £(t) + Pa(f) is designated
P(t) and ealled the symmetrie foreing funetion

P) = Byl) <k Pall)ssconamaimmmmmnsn [4]
Similarly, in antisymmetric modes the quantity Py(f) — Pa(l) is
designated £7(t) and called the antisymmetrie foreing function

P) = Py(t) —Pal)..oveneannnnnnn. [5]

Either Equation [4] or Equation [5] may be written in the
form P(t) = Puap(l), where p(f) is the dimensionless forcing
function or “disturbance” (for symmetric or antisymmetric
modes as the ease may be) and has maximum value 1.
Equation [2] or Equation [3] may be written in the form

Q) = [pr]Poax pll), or Q)/Quux = p(®

Either

where
anz - [¢P1]Pmal

We now define q, = Quax/Mae?  The ratio ¢(t) /g, is called
“dynamie response,’” or more briefly “response,” and is denoted
by u(t). Equation [1] may be written

W0 Bl + Uul) = PU)eeeeirirenaannn. (6]

As an aid to visualization, we note that Equafion [1] is the

4 Appendix 1, reference 3.

equation of motion for an undamped mechanical system of one
degree of freedom, consisting of a linear spring of stiffness K and
amass M acted upon by a foree Q(f), Iig. 1. In this system, K =
Mw?; thus we sce that g, is the statie displacement which would
result from the application of a static foree equal to Q..

Narvre or ForcinGg Fuxcrtons 1N Unsyamyerric Iaeacr

We define ¢; as the duration of time for which P, () is different
from zero, and 7, as the time delay separating the beginning of
Pi(t) and the beginning of P.(t). The total duration of impact
T, 18 given by the equation

B = Ty oy civinnesvs wassrdy 7]
The ratio, total duration of impact to natural period, is given by
T Ti4t 1 Ta\ 2t ‘
e ] FE i - e .08
7 7 2 271

Consideration will now be given to foreing funetions produced
by landings in which P,(f) and P.(t) are identical, exeept, in gen-

\—\;‘Llnear spring of stiffness K=a'*M

A A SRS AR

a0
% \
—*1'5\".‘;‘.\'_ H:(SS =

Displacement, g(1)

Force, Q1)

}’Fﬂﬂmhn puldes.)

Fra. 1 EguivaLexT MrecHaxtcar SysteMm ror ANy Mobe or
VIBRATION OF AN AIRCRAFT STRUCTURE

!

TV i P s i

§ ew)-R0) [ _N—ew-gr)

Time, ¥ —

Figs. 2, 3, 4, 5 SymMerric aAnp AnTisYMMETRIC Forcing Func-
TIONS FOR VaRrIous LANDING IMPACT Forcks
(In each figure for [a], Ta = 0; for [b], Ta = [Vt for [¢), Ta = [Va)ti)
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eral, for a time delay between them (compare conditions [1] and
[3] of the preceding section). It is assumed that the airplane
is nearly symmetrically constructed, so that we may obtain the
foreing functions from Equations [4] and [5].

Figs. 2, 3, 4, and 5 illustrate four assumed shapes of the landing
impact foree, similar to shapes recorded in model drop tests. In
each figure, the symmetric and antisymmetric forcing functions
which result for three different values of 7', ranging from zero to
about #;/2 are illustrated. As T'; increases from zero to /2, the
figures show that (1) the total duration of impact is increased;
(2) the peak value of the symmetric forcing function Pi(t) +
Py(t) decreases; (3) the peak value of the antisy mmetric forcing
function P,(t) — Ps(l) increases. Thus the relative importance
of the antisymmetrie foreing function increases as 1, increases
relative to {;.  For any particular value of 7', the duration of the
antisyminetrie foreing function is the same as the duration of the
symmetric forcing function; cach has the duration T,. For
Ty = 0, Py(l) — P2(t) = 0, and therefore the antisymmetric
maodes are not exeited.

Dynamic Resronse 1o Sivene  Axtisymverric  Forcing
Fuxcrions
Case I: Dynamic Response to Full Sine-Wave Pulse. We may
/
o plt)
£
Q
;
o
5
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approximate antisymmetric forcing functions like those of Figs.
2(b, ¢), 3(c), and 4(¢) by a full sine wave having the same duration
7; and the same maximum positive value Ph... The disturb-
ance (Fig. 6) is

»(t)
() =

As shown in the

u(l)

I

sin (2at/T,) for 0 < L < T,
0fort> 7,

Appendix, the resulting dynamie response is
qu)/% ]

I
- ﬁr..._%_l...._._u ™ — T/ T sin 2wt/ T ) L [10]
= Wy —@om [sinwt — (T3/T) sin 2=t/ T%)] i (

for0<t<T; |
2 sin (07';/2)
(/7)) — (T/7T)

u(t)

I

q)/q. = cos w(l — 1/2) for t > 71

Since wt = (13/T) X (t/T,)2=, it is seen that w(f) is a function of
the dimensionless time ¢/7'; and of the ratio of total duration of
impact to natural period 7', /7".

In Fig. 7 dynamic-response eurves resulting for various values
of T;/T are plotted. The dynamic-response curve for Ty/T = 1,
for which Equations [10] and [11] are indeterminate, was com-
puted from Equation [14] in the Appendix. It is seen from Fig. 7
that the response u(t) follows the foreing funetion p(f) elosely for

T; = 127, the longest duration of impact considered. For
/T
e S— -
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smaller values of 7'; the amplitude of oseillation of u(f) around
p(t) increases until for 7 = L1117, Fig. 7, u(t) has maximum
positive and negative peak values more than 3 times as large as
the maximum value of p(¢). For 1y < 1.11 T the peak value of
u(t) decreases, until for 7y = 0.57, the shortest duration of im-
pact considered, the peak values of «(t) and p(t) are nearly equal.
For still smaller values of T, Equations [10] and [11] show that
u(t) becomes progressively smaller compared with p(f), and be-
comes zero for 7% = 0.

To obtain the dynamie-response factors, the peak positive and
peak negative values (v, and v, respectively) of u(l) occurring
during the impacet (i.e., for 0 < ¢ < 7)) were determined from the
curves in Fig. 7. Similarly, the peak positive and peak negative
values (v, and v,’, respectively) of w(t) oceurring after the im-
pact (i.e., for ¢ > 7%) were determined from these curves. Values
Yoo Yo ¥,y and v, are plotted as funetions of the corresponding
values of 7/7 in Fig. 8. The discontinuitics in the slopes of v,
and v, result from the fact that for some values of 7;/7 the first
peak in u(t) is most serious, while for other values of T;/T the
second orsubsequent peaks may be more serious.

]
= Peok positive response during impact

= w M " after
= =« npegative " during
'x oW u ” after «

£ A

Response Foctor
I - Q —
i
P I

9 8 0 2 /T

Fia. 8 Dynavic-Resronse Facror ror A FuLL Sixe-Wave PuLse,

Casn 1

When 7';/T is an integer greater than 1, v, = v, because u(f)
has symmetry about the point (1%,/2, 0); and v," = +,” = 0 be-
cause of the absence of free response after t = 1.

For the range of duration of impact 1 < 7/1T < 2, v, is nu-
merically greater than cither ¥, or v,'.  Furthermore, it can be
noted from Fig. 8 that for 0.5 < 7/T < 1.6 (approximately),
¥,” = 7,; that is to say, for values of T',/1" near 1, the most seri-
ous peak of positive response oceurs after the impact is over.
For T;/T < 1, the most serious peak of negative response like-
wise ocenrs after the impact is over; whereas for T;/T > 1, the
most serious peak of negative response is reached at a time some-
what less than 7.

For values of 7;/T in excess of about 1.6, the most serious peaks
of positive and negative response always occur during the im-
pact and are approximately in phase with the maximum positive
and negative values of the driving force p(f). For values of ¢
in excess of 7, the idealized system discussed here shows an os-
cillatory response which continues indefinitely (except when

T;/T has integral values greater than 1). Most actual air-
plane structures, however, would have enough damping to re-
duce this response to a negligible amount after a few cyeles.

Biot and Bisplinghoff® give a dynamic-response-factor curve
which is an envelope for the dynamic-response factors due to
various forcing functions in symmetrie impact. It is probable
that this curve will also scrve as an envelope for the dynamic-
response factors due to many symmetric foreing funetions which
arise in unsymmetric impact. In view of the fact that the nu-
merically greatest values of dynamice-response factor given by
that curve are only 1.91 and —1.85, respectively, it appears that,
for sufliciently short impacts, the gravest antisymmetric mode
may show more dynamic response than any symmetric mode.
In actual landings so abrupt that the duration of impaect is
nearly equal to the natural period of the gravest antisymmetrie
mode, we may expect dynamie response as great as 3 in that mode
only.

Case I1: Dynamic Response to Pulse Which Is Difference Be-
tween Two Overlapping Hualf Sine Wares. We shall consider
here antisymmetrie foreing functions having a shape shown by the
solid curve in Fig. 9. Such an antisymmetric forcing funetion
would occur if the foree on cach main landing wheel of the air-
plane were a half sine-wave pulse of duration ¢,, (dotted curves
a and b in Fig. 9), and if the time delay between contact of the
two main wheels were 7. We shall limit ourselves to values of
T, < t;/2. The antisymmetric foreing funetion is obtained as
the difference between curves a and b.

Q
)
A

Forcing Function, P(t)

Iig. 9 Fuverion Ruesvrming  FFrom

Forcinag
OvErLapPING HaLr SiNe-Wave Laxping Inpacr Fonces

ANTISYMMETRIC

The dynamic-response equations which result are given in the
Appendix, Equations [15], [16], [17], and [I18]. Dynamic-
response curves were caleulated for two different values of 7'y
as follows:

Case 1I(a): T4 = (/2. By using Equation [7] or Equation
[8], this relation may be expressed

/T = (3/4) X (2/T)
T, = t;/3, that is
Td =1 1/1

T,g = T,/3 or
Case I1(b):

or
T:/T = (2/3) X (2t/T)

The dynamic-response curves for Cases I1(a) and (b) are shown
in Figs. 10 and 11, respectively. Dynamiec-response-factor points
are shown plotted in Fig. 12. The response-factor curves for Case

b ['ig. 13. reference 3.
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I, Fig. 8, are also shown in part in Fig. 12, to show the effect of
shape of the forcing funection on dynamie-response factor. The
good agreement (generally within about 20 per cent) shows that
the shape of the foreing function, over the range considered, has
only a minor effect on the dynamie response.

JomranisoN BrrweeN Cases I, II(a), anp IL(D)

Iigs. 13, 14, 15, and 16 correspond to four different ratios of
T;/T and show superimposed plots of dynamie response for Case
[ and Case IT(a) and /or Case I1(b). In each figure, T'; is the same
for each ease, as is the maximum value of p(t). For a given ratio
of T;/T, it is scen that the dynamic responses are similar, but
not identical, beeause of the effeet of the different disturbance
profiles.

The response for Case 1 is initially greater than the response for
cither Case II{a) or Case II(t). This is probably due to the
higher rate of application of the disturbance for Case I during
0<t< T, /4.

DiscussioN

It has been pointed out that due to time delay between contact
of the two main landing wheels of an airplane, during landing
impact, antisymmetric foreing functions arise which may eause
the response of the airplane in antisymmetric modes to be as
serious as the response in symmetrie modes.

The method of eomputing the antisymmetric forcing functions
from the force-time history at the two main wheels has been pre-
sented. Dynamic-response curves have been obtained for three
simple antisymmetric forcing functions which approximate the
functions which might be expected in landing impact of air-
planes. A range of values of duration of impact to natural

JOURNAL OF APPLIED MECHANICS

SEPTEMBER, 1949

o .
!11(
Ll r
; Iy ¥, CGase I
|
y AR Y%, Case T
RN T
E’ 1 a
g | o FE
e
G 1
8|8
2 ope-
S | g
g ¢
Xb | “‘d
T T A al A ~—— 1
L AT T ",y Cose T
'? "%' i n
‘t L Legend
3 ; X Case Il(a): V,, % &
T 3. %, Caser VW x
[ Case II(b): %, % o
it U W+
-3 \r P
a 2 4 15} g 10 2777
Fig. 12 Dynanmic-Rusronse Facror vor A Puise Whicn Is Dir-

FERENCE BeTwerN Two OverLarring HaLr-Sine Waves; Cases
II(a) ano II(b)
(The Case I response factor is shown for eomparison.)

period of mode is considered. It is shown that for the functions
considered, the peak response is insensitive to the shape of the
foreing function.
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Appendix
Derivarion or DyNauvic-RESPONSE 1SQUATIONS

General, Frankland® gives the results of integration of Fquation
[6] when p(f) is a hall-sine-wave pulse of duration {;; the dis-
turbance is

pit) =0 fort <0
pi) =sin (wt/8) for0 <t L b oot [12}
mt) =0 fort >
and the resulting dynamic response is
1
o e
w® = e — @wn
[sin wi — (26;/T) sin (xt/t;)] for0 < (< & (13)
y o
1{1(‘) =

@726 — @/T) <

[(1 + cos wt;) sin ot — sin wl; cos wi] fort > ¢

6 “Effeets of Impact on Simple Elastic Structures,” by J. M. Frank-
land, David W. Taylor Model Basin, Report 481, April, 1942,
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F16. 14  Dyxamic Resronse vor Cases I axp IT(a) Wit Ty/T = In case Ty/T = 1, Equations [13] are indeterminate. The
1.25 proper equations are®
Casc . We make use of these results as follows: Consider the ) = (%) inel=glceal fr 0D LS
system in Fig. 1 to be acted upon by a disturbance p,(¢) followed () = —(x/2) cos wt fort > t;
by a disturbance p.({) defined by
From these equations we obtain
pa(t) = —pi(t — ;) .
u(t) = (1/2) X (sin wt —wl coswt) for0 <t < T,
It follows that wa(t) = —w(t — ). Also pi(t) + p:(E) = p(@), m
where p(t) is the full sine-wave pulse of duration 24 = T%, de- ult) = —(x/2) cos wt + (x/2) cos w(t — 1}/2) - [14]

fined by Iquations [9]; thus u(f), the response to p(f), is given
by u(t) = w(t) + wa(?).

For 0 < ¢ < T; we may use Fquations [13] merely by substi-
tuting T'; for 2¢;

= — 7 cos wi fort > T; )

Case {1. Consider the system in Fig. 1 acted upon by a dis-
turbance p;(t) defined by

) l
1 - Y (Te< /2
O = Gy — g S by s R
[sin bt — (T/1) sin @ xt/TH] for 0 LS T pollowed by a disturbance
o T we write 4
For ¢ > T; we writc pallt) = —palt — T)

w(t) = m(t) 4+ () = —:_-’—_---—1 7 {1 + cos (@7,/2)] X Since the Case II disturbance, p(f), is given by p(l) = ps(t) +
(/1) — (f f) pa(l), the response is given by w(t) = ws(t) + w(t) or
sin wf — sin (w?',/2) cos of — |1 + cos (01'/2)] sin o{l —
; £ o 1
T:/2) + sin (1/2) cos w(t — T;/2)} for t > T} . e e H—m—T
! ) = Tat) [pi() — pul ol

which reduces to

’ it — sin wlt — T O = Gy O it = 11
u(t) = (T;r o ‘a 7!7‘) [sin wt — sin w(t — T7)]

We therefore obtain

or

1
T e wll) = —— z = X
2 sin (@7%/2) 608 wll — To/2) fort > T, {sin (r7u/t)] X [(T/2L) — (26/T)]

ult) = (BETY s fg Py

[sin wf —(24/T) sin (wt/t)] for 0 < ¢t < Tyooo ... [15]
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u(t) =

u(l) =
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1
sin («To/t)] X [(T/26) — @L/T)]
Isin wt — (24,/7) sin (wt/t;) — sin w(t — T'y)
+ (2/T) sin [x(t — T)/t]} for Ty < 1 < t;..[16]
1
[sin (x7'4/t)] X [(T/2t) — (24/T)]
—sin wf; cos wl — sin w(t — T'y)

+ @24/T) sin[x(t — T/ forfy < IS Ty + 1, = T;. .[17)

(1 + cos wl;) sin wl

1
[sin («#To/t;)] X [(T/2) — (2/T)]
— 8in wl; cos wt — (1 + cos wly) sin w(t — Ty +

sinwh cosw (t—THfort > Ty o0 118]

u(t) = [(1 4 cos wl;) sin wl

Since T;/T= (1/2 4+ T'y/21,)(2L/T), we see that for any particu-
lar ratio of T3/f, u(t) is a function of dimensionless time £/t; and
of T;/T.



Discussion

Flow Through a Pipe With a
Porous Wall'

H. Porrrsky.? The author mentions the difliculty of solving
the highly nonlinear equations which represent the flow in a pipe
with » openings. It is worth pointing out that a convenient
method of treating these is afforded by the direet-current board.
This is merely a collection of resistances with a telephone switch-
board which allows them to be eonnected in any manner so as
to correspond to any network., By conneeting them as a filter
s0 that the series resistances correspond to the fluid-flow resist-
ances in the pipe, while the parallel resistances correspond to the
duet-flow resistances, one obtains an electrical analogy to the fluid-
flow problem. The nonlinear features are obtained by adjusting
the resistances as proper functions of the currents, by trial and
error, that is, an assumed set of resistances is first used to represent
an initial (best) guess; readings of voltages and eurrents are then
taken, and the relation between the eurrents and the resistances
cheeked against the fluid-flow pressure drop; the resistances are
then readjusted to correspond to the currents, and the process
ig repeated until no further adjustment is needed.

In addition to ventilating-sterilizing applications of the au-
thor’s theory, it is of interest to point out a further, physiological,
application of it, namely, to the flow of blood in a blood vessel.
Blood vessels are permeable to flow of plasma, resulting in a con-
tinuous seepage through the vessels,  In shoek, as is well known,
the permeanee of the blood vessels becomes large and the seepage
inereases to a degree disastrous to the individual.

Unfortunately, the author is interested
in a specific and not a general case. e deals with one condition
which is not typical of the normal porous tube. In the case of
the tube under discussion, the author assumes that the fluid
passes through orifices with practically no friction.  As a result,
the jet issues with the wvelocity head which exists along the
length.

In the normal porous tube there is a relatively high pressure
drop with only a small, perhaps even negligible, portion of the
pressure drop as veloeity head of outflow.

The writer of this discussion has taken as an example a high-
resistance porous wall with negligible velocity head on outflow
for detailed eonsideration. Obviously, this marks the other ex-
treme.  Obviously, also, most of the practical cases will lie
somewhere between these limits.

It is felt that this subjeet is of sufficient importance to warrant
an extended discussion.  Porous tubes, as a whole, will become
increasingly important in various ways. One of the important
fields of application is high-temperature protection in aviation.
This happens to be only one of many possibilities.

In order to make this discussion an extension of the paper and
tie in with it, the equation numbers used by him are retained and
a continuation of these numbers used in presenting the new work.

It is assumed that dW /de = —KDP'/*, This is equivalent to

1 By F. C. W. Olson, published in the March, 1949, issue of the
JourNaL oF ArprLien Mecaaxics, Trans. ASME, vol. 71, pp. 53-54.

2 Consulting Engineer, General Electric Company, Schenectady,
N.Y. Mem. ASME.

3 Special Engineer, Publication and Consultation, DBethlehem
Steel Company; Partner, Edward (Nellie), and George Richardson,
Bethlehem, Pa. Mem. ASME.

. A. Ricnanpsox.?

assuming that each hole in the pipe wall is substantially friction-
less so that the full potential head appears as velocity of outflow.

Now, in the case of a considerable proportion of true porous
tubes the very high resistance to permeation may result in a ve-
locity of outflow which corresponds to a kinetie energy very small
compared with the potential energy inside of the tube. In such
a case the equation corresponding to quation [1] of the paper
will be

dWjde = —HKDP........ccn.---120]

It scems well to investigate the solution in this special case and
it is recommended to the author that in the closure he expand
his paper to cover the intermediate cases, if that should seem
practicable and desirable to him. In what follows, the assump-
tion of laminar flow in the tube will be retained.

quations [2], [3], and [4] of the paper remain unchanged

2P Bk Priosianion s simsnon | B
The auxiliary equation is
O = Wl s w omn s e 122]
so that
a =% Vkk = = V(128 uK)/(gnaD?). ... 23]
and
P =Asinhar + Beoshaz............. [24]

From Iquation [1] of the paper
W = —(A /a)k cosh ax — (Bki/a) sinh az + C....[25]

Substituting in Equation [2] of the paper, it is scen that € = 0
When
z=0W=W,;

Wy = —(Aki/a)

whenz =L, W =0

Hence
A = = aWolliy = N Eofhi Wi i o5 [26]
0 = Wy cosh al. — (Bly/a) sinhaL......... [27]
Hence
B = (aWy/ki) coth al, = \/:’o/_h Wocoth aL..... [28]
and
P=— \/m W sinh az + \/ﬂf: We coth al cosh ar
........ 29
The flow .
W = W, (cosh ax — coth alssinh az)........ [30]

The rate of outflow per foot, of length is casily found as
dW /dx = aW,y(sinh ax — coth al. cosh az)......[31)

where the minus sign indicates outflow.

It is always important to make sure that flow does oceur
through the wall throughout the length of the pipe, for with cer-
tain coeflicients in these equations, it will be found that prac-
tically the whole discharge occurs in the first portion of the pipe
and little or none from the rest. Term a is really the reciprocal
of a characteristic length L,, so that if L/L, = al is small, out-
flow will occur throughout the pipe length; but if large, most of
the flow will be found in the first portion of the pipe.
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It is interesting to note that these equations are closely related
mathematically to the temperatures in a shaft which is heated
locally over a short length, with the rest of the shaft free to give
up heat by eonvection and radiation to the surrounding air. In
such eases it is surprising how rapidly the temperature falls so
that within a very few diameters the temperature is close to that
of the air,

AL HL Suariro.* The type of problem which the author has
formulated may in time prove to have many more practical ap-
plications than seem apparent now, and therefore the writer
feels that this type of analysis is of considerable utility.

The type of solution obtained by the author not only represents
a limiting ease, but is in fact the limiting case of a limiting case.
Within the assumptions of the paper, it is applicable only when
the amount of flow through the wall per unit length of wall is
vanishingly small. For the more general case, Equation [2] of the
paper must be modified to take into account momentum effects.

Following the author’s convention that dW represents the “in-
erease’ in mass flow through the duet in the length dr, and as-
suming that the leakage flow as it enters the porous wall has no
forward component of velocity (this must be so if the hole is small
compared to the pipe diameter), the incoming momentum flux to
the length dzis

" DG /pg)

while the outgoing momentum flux is

G +a:(;)

T DG + dG) (
4 Pl

Henee the momentum equation is

[(G + dG)? — G

=T e (2G d_G)
4 o

Noting that

De
IDVAP — gDy = T—
t 4pg

where 7, is the shearing stress at the wall.

Ty

r == e
(2/2py

™ m
y=Ww/[" D% odq = aw [T D2
0 / gk & & / 4

and that

and using

x.)
d DG/ u
there is finally obtained
P 195 -
P 128 32 L dW
de wgpD* ~p o

in place of the author's Equations [3] and [4].

In many practical problems, the second term on the right-hand
side of this equation, representing inertia effeets, cannot be ig-
nored compared to the first term on the right-hand side, represent-
ing frictional effects.

It may also be worth noting that if dW /dzx is not negligible, the
laminar-flow formula, f = 16/R, will not be applicable because
the flow pattern, especially near the wall where frictional effects

1 Asspciate Professor of Mechanical Engineering, Massachusetts
Institute of Technology, Cambridge, Mass. Mem. ASME,

SEPTEMBER, 1949

arc most important, will not correspond to Hagen-Poisseuille
flow.
Avrnor’s CLOSURE

The interest, shown in the author’s paper is appreciated and,
to a ecertain degree, unexpeeted, particulorly since it was the
author’s intention merely to present an instance where the use of
Weierstrass funetions leads to a simple solution of ready ap-
plieability. Perhaps for this reason, sufficient atiention was not
paid to the choice of title, which, as the last two discussers show,
implies more than is given in the paper,

It seems that a mathematical treatment of the intermediate
cases mentioned by Mr. Richardson hardly would be advisable,
This would involve raising P in Equation [20] of the paper to
some power between !/, and unity. Ounly for o few partieular
cases could one hope to obtain eclosed analytical solutions and
these no doubt would be of such complexity as to render them of
little value.  An eleetrieal analyzer of the iype deseribed by Dr,
Poritsky would be of definite value in this case.

Finally, the author would like to call altention to an excellent
paper by J. D. Keller? In it, the momentum effeets discussed
by Professor Shapiro are taken into consideration.

On the Impact Behavior of a
Material With a Yield Point'

E. H. Lee.? There is one difficulty in the theory used by the
author, which, in prineiple, is clarified by some work now being
carried out at Brown University. It is assumed in the paper
that it is necessary to reach the upper yield stress before plastic
flow oceurs, but that instantancously the elastic stress falls to
the lower dynamie yield stress. It would seem that, sinee clastic
loading is possible up to the upper yield stress, the initial
elastic stress would produce an clastic wave starting with the same
magnitude. In order to consider this change from upper to lower
yield stress, it is necessary to use a stress-strain relationship in-
volving overstress, and such a relationship of the simplest type is

de do

el + klo — oule)]

v
“0

where E;is Youug's modulus, £ a viscosity constant, and oy e) the
statie stress-strain relationship for plastic flow. This relation-
ship considers the rate of strain to be a combination of elastie
and visecoplastic components, Using such a relationship, the
plastie wave equations become more complieated but soluble by
the method of characteristics. The upper yield-point stress, to
which a section of the rod is subjected prior to plastic flow, ini-
tiates an elastic wave, the magnitude of which decre:
the lower yield stress as the wave propagates, The rate of de-
crease depends upon f, and for a certain range ol £ the stress
deereases to the lower yield stress very rapidly Lo give agreement
with the analysis in the paper.

It would seem that this agreemnent would be closer for long
specimens than for short, since the longer times involved would
permit the excess stress to dissipate itsell.  Solutions using a
simpler form of this type of law have been eonsidered by Sokolov-
ski.?

es toward

5 “The Manifold Problem,” by J. D. Keller, JourNaL or Ap-
rLIED MEecHANICS, March, 1949, Trans. ASME, vol. 71, pp. 77 85.

L By M. P. White, published in the March, 1949, issue of the Jour-
WAL oF ArprLisp MiecuHanics, Trans, ASME, vol. 71, pp. 39 52,

2 Graduate Division of Applied Mathematics, Brown University,
Providence, R. 1. Mem. ASME.

3*The Propagation of Elastic-Viscous-Plastic Waves in Bars,”
Akad. Nauk S8SR, Prikladnaia Matematika © Mekhanika, vol. 12,
1048, pp. 261-280. (See Mathematical Revicws, March, 1949, p. 219.)



DISCUSSION

A. Napar® The author of this paper refers to a number of
important experimental facts which may deserve further careful
considerations when the meehanism under which a localized de-
formation propagaies along a tension bar is deseribed. It is
highly to be commended that the author ealls attention to the de-
pendence of the upper yield stress in mild steel on the rate of
strain,  Without entering into further details, it may prove useful
to extend the way in which a loealized deformation propagates
along a tension bar by including also in the analysis a plausible
assumption as to the nature of the speed dependence. It scems
that most reeent tests have indieated that the upper yield point
inereases with the elastic strain rate preceding yielding, accord-
ing to a logarithmie funetion.

There is another point which might be mentioned. It has been
brought out by P. P. Bijlaard that in compaect specimens sub-
jeeted to tension the first plastie layer (Litders’ flow layer) usually
forms under an angle of 45 deg with respeet to the axis of the bar,
while the inelination of flow layers in flat speeimens in materials
having o sharp vield point is by no means 45 deg, and may vary.
It 15 also interesting to note that the state of stress and strain
within the first flow layer in the ease of a compact specimen is a
state of simple shear.  According to the theory of the octahedral
shearing stress, yielding under simple shear requires a yield stress
15 per eent higher when expressed in terms of shearing stress than
the uniform yielding of the entire eross section in a round bar
under simple tension,  Furthermore, after the first formation of a
thin layer, in which a state of simple shear prevails, a “working
zone” forms with whieh the plastie zone advances along a speci-
men under statie conditions of testing. In this working zone
the sirains change from the front in which they are of the order
of 0.001 to the higher values of 2-3 per eent strain as observed
after the yield-point elongation is completed in static testing.
This may have the consequence that within the working zone
again a complex state of stress and strain must exist through which
all material elements must gradually pass when the plastic zone
advances along the tensile specimen.  The hope may be ex-
pressed that some of these most interesting mechanical condi-
tions might be further investigated in the future analysis of the
way bars yield of material having a sharp yield point both under
statie as well as under dynamie conditions.

Avraor's CLOSURE

The author is grateful to Drs. Lee and Nadai for their valuable
and interesting contributions.  He agrees with Dr. Lee that the
actual proeess of vielding is probably less simple than that as-
sumed in the original paper. The data that were analyzed there
showed enough scatter to make any attempt at refinement, such
as that mentioned by Dr. Lee, entirely useless. However, as
better data are obtained this and similar refinements in theory
will be useful.  The anthor does not feel that the assumption of
discontinuous behavior in a material is neeessarily a difliculty.
Certainly, discontinuitics are useful eoncepts in shock-wave
theory, and they appear to be useful in the theory of propagation
of plastieity as well.  The author believes that in metals with
well-defined yield points, a steady-state plastic wave form is
possible.  This wave is a shock wave, or wave of very nearly zero
length, the length being determined by the dependence of stress
on strain rate, as in a shock wave in a gas. In this case the mag-
nitude of the stress in the wave, and the residual strain produced
by it are constant along the specimen to the point where inter-
ference with another wave oceurs.,

As Dr. Nadai points out, the region of yielding in a specimen
with a definite yield point is certainly behaving in a very com-

4 Consulting Mechanical Engineer, Westinghouse Electriec Corpora-
tion, Research Laboratories, [Kast Pittsburgh, Pa. Mem. ASME.
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plicated way. It seems likely that this behavior is basically the
same under static and under dynamie conditions in spite of the
great difference in speeds of propagation. Tt appears only that in
dynamic yielding the amount of yielding is not constant but in-
creases with the intensity of the propagating stress wave. It
scems likely that careful investigation of what happens dynami-
eally may help cast light on what happens statieally, and
vice versa.  Certainly, both investigations might be pursued simul-
taneously with profit.

Investigation of the Variation
of Point Unit Heat-Transfer
Coefficients for Laminar
Flow Over an Inclined

Flat Plate’

L5 B. Pexgov.*  This paper makes an important contribution
to the technical literature by presenting information on heat
transmission from a nonisothermal inclined flat plate in laminar
flow. It was stated that the temperature at the center of the
ribbon was kept only o few degrees above the free air temperature
in all runs.  Nevertheless, it would be of interest to know (a)
what the temperature gradient was in the direction of the length
of the ribbon, and (b) the magnitude of the temperature devia-
tion for a similar isothermal flat plate in laminar flow.

In making a study of heat transfer from a eylindrical surfaece
to air in parallel flow, Jakob and Dow3 took into consideration the
effect of the hydrodynamic starting length of the specimen (the
ratio of the surface area of the starting picee to the perimeter of
the heating eylinder). Was the apparatus used here, designed
so that the effect of the hvdrodynamic starting length was neg-
ligibly small?

The coefficients of heat transfer from a solid swrface to a gas
according to Jukob and Dow are about 31 per cent smaller than
that reported by Slegel and Hawkins.®  The former investigators
used a eylindrical surface, while the latter a Hat plate. Tt would
be of considerable interest if the author would ealeulate the value
of the coefficient of heat transfer from his data for a fat plate and
convert it by the use of the curvature factor to the equivaleni
value for o eylindrical surface 1.3 in. OD, If this could be done,
the author’s results eould be ecompared with those of Jakob and
Dow, and also those of Slegel and Hawkins.

Avrnonr’s CLosuRE

The temperature at the eenter of the nichrome ribbon was, at
the downstream end of the plate for any run, not more than 15 F
above free stream air temperature, nor less than 10 I above free
stream air temperature.  The leading edge of the plate was at
essentially the free stream air temperature.  The comparable
isothermal surface plate then would be at a 10 F to 15 I tempera-
ture difference with the free stream air temperature, over the
whole plate surface.

As is stated in the paper, the ratio of the unheated starting
length to the total length is 0.0313 and thus is negligibly small.

1 By R. M. Drake, Jr., published in the Mareh, 1949, issue of the
JournaL oF Arrriep Mecianies, Trans. ASME, vol. 71, pp. 1-8.

2 Head, Department of Mechanical Engineering, University of
Kentucky, Lexington, Ky. Mem. ASME,

3 “Heat Transfer From a Cylindrical Surface to Air in Parallel
Flow With and Without Unheated Starting Sections,” by Max Jakob
and W. M, Dow, Trans. ASME., vol. 68, 1946, pp. 123-134,

4 “Heat Transfer From a Vertical Plate to an Air Stream,” by L.
Slegel and G. A. Hawkins, Research Serles no. 97, Engineering Experi-
ment Station, vol. 30, May, 1946.
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The experimental data of Jakob and Dow have been to some
extent substantiated by Slack® in experiments on a 1.90-in-0D
probe having a hemispherieal nose.  In this experiment, the nose
was to some extent heated and no starting length correetion was
applied. It is thus concluded that the average heat-transfer
coeffieient from such a probe may be specified by the equation

hr "™
— = (L.028 S
I8 v

for air in axial flow, under conditions in which the preponderant
amount of heat transfer oceurs from the eylindrieal surface of the
probe.  The dimension x in the given correlation is the ratio of
the surfaee area to the perimeter of the eylinder, which in the
ease of a hemispherieal nose as was used by Slack, results in a
length measured along the axis of symmetry of the probe.  Such
a measurement can be valid only when the length of the evlinder
is large compared with its diameter.

Considering the state of knowledge concerning the boundary-
layer flow on a body of the type considered, the comparison to
flat plate conditions is to some extent unwarranted. The eorree-
tion for boundarv-layer curvature as ealeulated by Jakob and
Dow, should indeed apply if the boundary layver would begin with
zero thickness at some point along the evlindrieal surface, when
r could be considered zero.  Unfortunately, the development of
the boundary laver on the spherical nose seetion is of such char-
acter as to make fallacious the comparison with flat-plate condi-
tions as implied in the characteristic length as quoted in the given
equations,

To make a comparison with the flat plate, some boundary-layer
dimension should be chosen as significant, and it is expeeted
that in a relation of the tyvpe
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the constant €' would be related for probe and plate only by the
curvature relation previously eited.  On the basis of this rencon-
ing, it appears that the boundary-layer thickness implicitly as-
sumed in Equation [1]1s too small.

ALy

On the Design of Large Elevator
Platforms'

L. R. Risseer.? The usefulness of the prineiple of superposi-
tion for the solution of statieally indeterminant structures is
quite evident in this paper. It has been the writer’s experience
that, in general, the simpler approach to the solution of a stati-
eally indeterminant structure is by the use of the theorem of
Castigliano.  The straightforward of
problem is obvious.

The distribution of load in a mat has rather a wide application,
especially in the building industry, The author’s paper points
the way for a rational method of :y)f)r()‘?f-‘/.? in the selection of

author’s solution this

floor members for many types of struetures. It is partieularly
useful for elevator-platform design, because it is necessary for
them to be as light in weight as possible. It would seem that
an expanded application of the author’s paper must take i_uto
account the two assumptions upon which it has its foundation.

s “Turbulent Heat Transfer With High Surface T‘empemture;
Experimental Investigation With a Cylindrical !’robe in an Axial
Air Flow,” unpublished Master of Science Thesis, 1948, by E. G.

Qlack, University of California, Berkeley, Calif. )
1 3y . Hymans, publighed in the March, 1949, issue of the Joun-
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There are eases, which the writer can visualize, where the as
sumptions will not hold.  One ease would be where the stringer
stiffness is large compared to the beam stiffness.  Under this
condition, an appreciable part of the load would he carried by
more than three beams.

Avrnor's CLosSURE

I wish to thank Mr. Rissler for his discussion of my paper.
The problem dealt with in it is of eourse one with far too many
redundant elements for the application of Castigliano’s theorem.
With reference to the last three paragraphs of the discussion,
T wish to refer Mr. Rissler to the explanation offered early in the
paper in justifieation of Assumption [ Later in the paper, in
conneetion with the numerical examples, he will find 2 diseussion
of its validity. Obviously, this or any other assumption is per-
missible as long as it leads to results that are on the safe side,

The Man:fold Problem'

R. W. Powerni.2  The effort to eolleet and endify the seattered
material on the flow in manifolds is very commendable.  How-
ever, the author lias overlooked some of the publications of civi
engineers on the subject. It is desired espeeially to eall attention
to an article on the manifold for navigation locks,® and diseus-
sions of it by John 8. MeNown and the writer.  These discus-
sions were prepared independently, and are efforts to explain and
evaluate the diserepancies between the author’s Fquation [8]
and the actual situation. At each lateral-discharge opening
there is an inercase in pressure due to the deceleration, but it
is not as mueh as Faquation [8] would indieate, that is, there is
an energy loss at each opening besides the ordinary frietion loss
in the pipe between dpenings,

The original treatment by Inger and Levy of a continuous
side slot assumed that the liquid leaving through the slot keeps
all of its forward veloeity.  On ithis basis the momentum treat-
ment cheeks the energy treatment (Bernoualli’s theorem) without
loss.  But with lateral pipes at right angles to the main pipe,
if it is assumed that the liquid flows into the Lieral perpendicu-
larly to the dircetion of flow in the main pipe, the momentum
treatment shows that the recovery of head is twice that given
by Bernoulli’s equation without less.  The actual fact is that the
Jiquid as it leaves through the port has not been turned through
the whole 90 deg.

Soucek and Zelniek ealled the flow in the main pipe upstream
from the port @, and downstream Q.. The flow out through the
port Qy, was taken as P 4. Then @ = (1 — P,)Q,. Thinking
of Qy as Q. + Q4 they assumed that the momentum of only
Q2 + kQ2: would need be considered in the equation, as a forward
momentiun corresponding to (1 — [, would be earried out
into the port.  This gives an equation

@:+ kB2 Vs
v o

A(p — p)

which reduces fo
9’2’(1’2 = pl) = 2(1,‘1 + kd[)d p— !)dz)VI’

This agrees with Bquation [8]if k; = P,/2, which is the same as
taking MeNown’s ¢ as 0.5, that is, the author’s treatiment con-
siders the energy loss in the port as zero. But the experiments
recorded in the reference cited® show that, with the possible

1 By J. D. Keller, published in the March, 1949, igsue of the Jour-
NAL OF APPLawn Mructaxics, Trans. ARME, vol. 71, pp. T7-85.
2 Professor of Mechanics, Ohio State University.
3 “Tock Manifold Experiments,” by Edward Soucek and . W,
Zelnick, Trans. ASCE, vol. 110, 1945, pp. 1357-1400.
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exception of the ease of the continuous slot, this energy loss is
far from negligible.  The writer’s discussion also points out the
effect of the nomuniform distribution of veloeity in both the
downstream main pipe and the lateral.  These statements will
not. he repeated here, nor the important remarks made by Me-
Nown in the latter part of his discussion, and the reply of Soueek
and Zelnick thereto,

IR, H. Sorem.' The seope of the paper is ol course the
proper proportioning of flow through a series of ports in a mani-
fold.
problem in practieal everyday gas and heating applications
which it seems has had very little atfention in the past.

The author has assumed a discharge coefficient of 0.62 for
A in Fquation [1]. It would be well for the author to discuss
further the effeets of wide variations in this K-factor as experi-
eneed in practice.  In the writer’s experience, it generally has
been found that it is good practice to use ports drilled from a
No. 28-MTD (or /5 in.) down to a No. 60-MTD. However,
these practical limits vary widely in the field, depending upon
whether raised ports are used or simple drilled ports.  Mr.
Bartholomse of Pittshurgh recommended use of rather large ports
ranging from No. I-MTD (or '/ in.) down to /s in. Such a
range of port sizes might change this K-factor from a high of 80
per cent to as low as 40 per eent in the ease of very small ports
occasionally used. ’

Another item diseussed by the author is the area ratio. It
has been the writer’s experience that a safe rule is to use a factor
of 1.0 to 1.2; if this is exceeded, rather uneven and often un-
stable flames result.  This is also borne out by the author’s
caleulations.  In an article by B. I8, Bartholomae® the author
recommends that a total port area of a drilled-pipe burner may
be from 1.75 to 2 times the eross-scetional area of the pipe.  With
fairly large ports and reasonably long burner pipes with L/D =
60 to 80, no doubt reasonably good results were obtained.

The author of the present paper recommends that, to compen-
sate for variations in flow through ports at various locutions, the
ports must be placed on eloser or greater centers depending upon
the portion of the burner requiring more or less flow. In a
burner there is of course the important factor of fame travel,
and, il these eenters were to spread and the ports were small,
Name travel would beeome quite a problem.  In a short burner,
where the ratio of L/ = 10, the pipe would be so short gener-
ally that it hardly would be practieal to vary the spacing over the
burner length.

To some extent in practice, the amount of preheating of the
gas-air mixture in the pipe burner will reduce the specifie gravity
of the gas and, at the same time, expand it so the effective port
area is reduced at the end of the run. This to some extent
oceasionally tends in a practical manner to offset the importance
of the L/ D factor.

The design of the “simple” drilled pipe burner so commonly
employed deserves some real comprehensive research.  The
paper coneerns itsell primarily with proper distribution of flow
to all ports. The writer would like to propose an additional
step, namely, to lay out tables on various popular pipe sizes
from /g to 4 in. for various lengths, Such a study would involve
the factors in the present paper, that is, the ratios of /D, the
ratio of areas of ports to cross-sectional aren; a determination of
ideal port sizes for universal gas use involving: (a) elimination of
backfiring or flashback; (b) noise; (¢) clogging; (d) flame travel;
and port centers, as discussed in this paper, for proper flow dis-
tribution and proper maintenance of flame travel. Sueh tables

'_-S-uipm Machine Company, Rockford, 111,
8 Equitable Gas Company, article by B. E. Bartholomae, Pitts-
burgh, December, 1943, reprinted Industrial Gas.

The author has given an excellent analysis of a eommon

could be ealculated and would, it is believed, then standardize
all commereinl gas-drilled pipe burners, or the homemade
burner, when drilled in the average shop. This would then
‘“refine’” an item whieh is now so commonplace that it has been
neglected.

AvrHor's CLOSURE

The diseussions by Professor Powell and by Mr. Solem are
appreciated.

The reference by Professor Powell to the Soucek-Zelnick work
is a valuable one, but two limitations should be pointed out.
IPirst, Soucek and Zelnick did not make tests on a number of ports
along a conduit; they had six ports, but only one at a time was
discharging. This does not correspond to a manifold, where
the flow conditions at any outlet are certainly influeneed by the
flow distortions which have oceurred at the other outlets further
upstream. Sceond, Soucck and Zelnick based their discharge
coeflicients on an “effeetive head” obtained by extrapolating the
upstream gradient to the center line of the port, that is, they took
no account of the rise of pressure in the manifold at or beyond the
port caused by the longitudinal deecleration.

Nevertheless, in view of Professor Powell's discussion, it ap-
pears, in reference to the present paper, that a sharper distinetion
must be made between (1) a continuous slot in the side of a mani-
fold, and (2) & series of separate holes, espeeially when the holes
are comparatively few in number and far apart relative to the
diameter of the manifold.  For many small holes close together,
it, is believed that the derivation for the continuous slot is prace-
tically correct. As AQ changes to @, the momentum-theory re-
sults coineide with the energy-theory results, as shown in the
diseussion of Vazsonyi's theory in the Appendix.

A point not sufficiently emphasized in the paper is the erratie
character of the flow from the manifold openings when the area
ratio is considerably greater than unity, and the author is glad
to note that Mr. Solem has pointed this out. To cite a specifie
smse, in the manifold shown in Fig. 3, the greatest eare was re-
quired in its construetion, to obtain even the moderately uniform
variation of jet heights indieated by the photographs.  Without
the outlet tubes (that is, with plain drilled holes) it was impos-
sible to obtain any uniformity. Even with the tubes, with water,
Iig. 3(h), occasional slight variations of unknown origin would
suse some one of the jets near the inlet end to spurt much higher
than its neighbors; this variation would persist for a time, then
disappear, and later oceur at some other outlet.  The flames in
Fig. 3(a) were photographed when burning a mixture of gas and
air, but with raw natural gas, by impressing ever so slight a vari-
ation of pressure at the inlet, the flames could be made to dance
along the manifold length, alternately high at the inlet end and
low at the dead end, and viee versa. As a flow-distributing de-
viee, 1 manifold of large area-ratio is therefore extremely unre-
liable.

Mr. Solem raises the question of the effeet of variation of the
discharge coefficient. In the paper it was explained how this
can be taken care of in a simple manner, provided the cocflicient
is the same for all ports; but if it varies from one port to another
(with the pressure or head, for example) the corrcetion is more
difficult.

The effeet of the transfer of heat to the eombustible mixture
in pipe burners, as pointed out by Mr. Solem, is to produce an
aceeleration which tends to counteract the effect of the decelera-
tion and henee to equalize the discharge; but in most ecases, with
pipe burners in the open, the magnitude of this effeet is believed
to be negligible in practice.  With pipe burners in ovens, it may
in some cases be of importance.

In the present paper it was desired to cover many other mani-
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fold problems besides those of pipe burners, but a more intensive
study of this particular device, as suggested by Mr. Solem, would
certainly be desirable.  Perhaps he will earry this out in the com-
prehensive manner he has outlined.

Relerences which should be added to those given in the paper,
aside from those eited by Professor Powell and Mr. Solem, are as

follows:

SEPTEMBER, 1949

“Jets From Manifold Tubes,” by Jacob Kunz, Trans, ASME,
vol. 53, 1931, Paper No. APM-53-14, p. 181.

“Hydraulic Losses in Short Tubes Determined by Experiments”
by J. R. Oakey, Engincering News-Record, vol. 110, June 1, 1933, pp.
717-718.

“Hydraulies of Sprinkling Systems for Irrigation,” by J. Ii. Chris-
tiansen, Trans. ASCE, vol. 107, 1942, pp. 220-239 and discussion,

“Flow Through a Pipe With a Porous Wall,”” by I'. C. W, Olsen.
JourNarn or Apenien Mecuanics, Trans, ARME, vol. 71, 1949, pp.
53-51.
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Fluid Mechanics

FUHRER DURCH DIE STROMUNGSLEHRE (Abriss der Stromungslehre.)
By L. Prandtl. F. Vieweg and Son, Brunswick, Germany, fifth
edition, 1949, Bound in eardboard, 61/4 X 91/4in., 247 figs., 407
pp., no price listed.

Reviewep By J. P. Dex Harroc!

rrlHS hook is # substantially enlarged new edition of a volume

which first appeared in 1931 under the title “Abriss der
Stromungslehre.”  An English translation was published in
1936, entitled “The Physies of Solids and Fluids,” Blackie &
Sons, Glasgow, Seotland.

The next edition, much larger than the first one, appeared in
the middle of the war in Germany and was renamed “Fithrer”
instend of “Abriss.” A few copies of that edition were picked
up in Germany in 1945 and found their way to allied countries,
but it existence remained virtually unknown outside of Germany.
Now, during the postwar vears, the great master of fluid me-
chanics has not only revised the text, incorporating in it all the
new material discovered by the Germans during the war, but has
increased its size from 300 to 400 pages. The new material deals
principally with applications to meteorology and to heat transfer.

Readers of the earlier edition will remember it as a beautiful
book, simple and lueid, with many striking explanations of
physical experiments as well as mathematical developments,
giving much understanding for comparatively little difficulty.
In its present new edition the book covers the entire field of
fluid mechanics in its broadest sense, deseribing and explaining
the fundamental Inws as well as all important technical applica-
tions.

Many of the topics in the book originated or were materially
advanced by either Professor Prandtl himself or by his advice to
the great number of students and assistants who did their work in
his laboratory. This book is a fitting monument to the father
of modern fluid mechanics.  An English translation will be pub-
lished early in 1950 by Blackie & Sons, Glasgow, Seotland.

Reissner Anniversary Volume

lRemssver  AnNiversary  Vonuume—Contribution  to Applied
Mechanies,  Tidited by The Staff of the Department of Aero-
nautical Engineering and Applied Mechanics of the Polytechnic
Institute of Brooklyn., J. W. Edwards, Ann Arbor, Mich., 1949,
Cloth, 91/4 % 61/4in., viii and 493 pp., figs., illus. $6.50,

Reviewep By W. R. Sears?

rlwlIIKZH}'J papers on applied mechanics were contributed in
honor of Prof. Hans J. Reissner on the occasion of his
seventy-fifth birthday. The volume begins with a biographical
sketeh prepared by three of his colleagues at the Polytechnic In-
stitute of Brooklyn, and a list of his more than ninety published
works. There follow thirty-two papers in the fields of aerody-
namics, elasticity and struetures, electricity, mathematical
methods, plasticity, and propulsion, contributed by investigators
on both sides of the Atlantic.
It is impossible for the reviewer to report on each of the papers

! Professor of Mechanical Fngineering, Massachusetts Institute of
Technology, Cambridge, Mass. Mem. ASMIG,

2 Direetor, Graduate School of Aeronautical Engineering, Cornell
University, Ithaca, N. Y.

presented, but perhaps it is permissible for him to mention a few
that seemed particularly interesting to him, in order to give some
idea of the character of the volume. If so, he would mention L. 11.
Donnell’s extension of the concept of eritical axial loads in bars to
include both compression and tension, by virtue of generality of end
conditions; Theodore von Kdrmdn's note on thrust augmentation,
which shows that surprising results may appear if nonuniform en-
trance conditions are permitted; and J. J. Stoker’s idea of pre-
stressing a circular plate to stiffen it against normal buckling. An
important section of the book is devoted to a series of five pupers
on concentrated load effects in reinforced monocoque structures,
submitted by personnel of the Airplane Structures Research Staff
at the P.I.B.

The range of subject matter covered in the volume is broader
than might be suggested by these samples. It includes, for ex-
ample, Reinhold Riidenberg’s paper on the electron gun, Rufus
Oldenburger’s discussion of a new type of constant-speed drive,
and Alexander Weinstein on separation theorems for eigenvalues.
The list of contributors is impressive, including, as it does, D. P,
Riabouchinsky writing on the open-channel analogy to compressi-
ble flow, Walter Tollmien on a hodograph method, K. O. Fried-
richs, Eric Reissner, R. Grammel, R. von Mises, and others of
comparable scientific stature.

In style and appearance, as well as in content, the Reissner
volume is a complete success, and its editors are to be compli-
mented. It stands as an appropriate tribute to one of the Grand
0ld Men of applied mechanies.

Elements of Mechanical Vibration

ELeMeENTS OoF MEcHANICAL VisraTioN. By C. R. Freberg and
Emory N. Kemler. John Wiley & Sons, Inc., New York, N. Y..
Second edition, 1949. Cloth, 6 X 9 in., figs., illus., bibliography,
xiii and 227 pp., $3.75.

Reviewsp BY DANA Young?

N understanding of vibration phenomena has become a
necessity in many enginecring applications, and courses
dealing with vibrations have been introduced into many engineer-
ing colleges. As a result a need has arisen for elementary texts
on vibrations for those who do not have sufficient theoretical
background or the time to study the subjeet very deeply. This
book, which is now in its second edition, has been planned to fit
this type of demand.

As stated in the preface, it is the purpose of this book to discuss
the more elementary phases of vibrations and reduce them to s
form in which they can be applied to practical problems. In
order to achieve these aims it has been necessary to saerifice
mathematieal rigor and, to a certain extent, some of the more
fundamental principles of vibrating systems. A theoretically in-
clined reader will find much to eriticize.

The first part of the book follows along eonventional lines.
Vibrations of a one-degree-of-freedom system are discussed in
reasonable detail. This is followed by a brief treatment of sys-
tems with several degrees of freedom ineluding the application of
Holzer’s method. A chapter is devoted to vibration isolation and
absorbers, and another chapter discusses methods of reducing
various mechanical systems to equivalent disk and shaft systems.

3 Professor of Applied Mechanies, University of Texas, Austin,
Texas. Mem. ASME.
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The vibration of beams is treated with prineipal emphasis upon
Rayleigh’s energy method.

The latter part of the book includes three subjeets of a more
specialized nature, namely, noise and its reduction, the mobility
method, and eleetrical-analog systems.

Theory of Propellers

Tueory or Proreniers. By Theodore Theodorsen, MeGraw-Hill
Publications in Aeronautical Science. MeGraw-Hill Book Com-
pany, Inc,, New York, N. Y., 1948, Cloth, 6 X 9 in., illus., viii and
164 pp., $3.50.

Ruviewep By Huen L. Drypes®

I.\' TIHIS monograph of 164 pages, Theodorsen paints in broad

terms the theory of propellers in a nonviscous incompressible
fluid with very brief discussions of approximate allowances for the
effects of the profile drag of the blades and of the general nature of
compressibility effeets. The main content is the potential theory
of the flow about propellers with finite number of blades and with
the optimum lift distribution along the blades to give minimum
losses. 1t is thus comparable to the theory of airfoil systems
of minimum induced drag in the potential flow of a nonviscous
fluid.

Theodorsen has made many original eontributions to this sub-
jeet, starting from Goldstein’s solution for a lightly loaded single-
rotation propeller of small advance ratio. Theodorsen showed
that the Goldstein functions are applieable to heavily loaded pro-
pellers provided that parameters of the helix surface far behind
the propeller are used rather than the parameters of the surface at
the propeller itself. He also developed an eleetrieal-analog
method of determining the potential function for optimum load
distribution on single and dual rotation propellers, which is rather
inadequately deseribed in chapter 5 of the book.

The practical designer will find the presentation diffieult to
understand and will eonsider the restrietion of applicability of the
theory to design operating conditions and low {ip speeds where the
flow approximates potential flow as a severe limitation. Newer-
theless, if he does master the fundamental coneepts, he will have a
powerful aid in assessing the gencral effects of changes in the de-

sign varinbles and of body interference.

Chapter 1 is an exeeedingly brief introduction which outlines
the general content of the book. Chapter 2 presents various
general theorems with regard to optimum loading,  Chapter 3
sketcehes the solution of the optimum-distribution problem, giving
tabular results for two-blade and four-blade single-rotation pro-
pellers as computed by various authors, Chapter 4 introduces the
propeller mass coefficient as a parameter for heavily loaded pro-
pellers, and gives formulas for thrust, torque, energy loss in wake,
and ideal propeller efficieney, as well as the distribution of energy
losses in the wake between the axial, tangential, and radial mo-
tions.  Chapler 5, as already mentioned, deseribes an electrieal
analog for determining the loading funetion and the mass co-
efficient.

Chapter 6 presents design relations and procedures for single
and dual propellers. The design proceeds from assumptions as to
the power, density, velocity, rotation speed, diameter, and num-
ber of blades. The power coefficient is computed, thence the
corresponding ratio of helix displacement veloeity at infinity to
forward speed. From tables, the mass coefficient, advance rafio of
the helix, and load distribution are obtained. Choosing a selected
ideal lift coeflicient, the chords at various radii are computed.
The loss from profile drag is then computed and used to correct
the estimated efficiency and useful power.

* Director of Aeronautical Research, National Advisory Committee
for Aeronautics, Washington, D, C. Mem. ASME.
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Chapter 7 discusses the slip-stream contraction; Chapter 8§
deseribes propeller-selection problems, and Chapter 9 sketches
the treatment of body-interference problems,

The reviewer considers the compact presentation as an ex-
cellent commentary on propeller theory by a leading expert in the
field.

o v . .
I'heory of Oscillations
Tarory oF OscinLations by A. A, Andronow and . . Chaikin.
English language edition by S. Lefschetz.  Princeton University
Press, Princeton, N. J., 1949. Cloth, 5%/¢ X 9 in., 313 figs., ix and
35% pp, price $6.

Reviewep BY J. P. DEN Hawroa®

NCE upon a time, in 1877, Lord Rayleigh published a book

entitled “Theory of Sound,” which was the first textbook on
vibration. The subject has grown greatly sinee that day and
many other books have followed it.  These newer books usually
contain diseussions of many modern applieations, but all of those
are explained on the basis of Rayleigh’s original theories, so that it
can be stated without much exaggeration that no book on vibra-
tion has appeared since 1877 which differs cssentially from the
great classie.

Now, however, we have before us a publication in an entirely
different elass, written by two Russian scientists, originally pub-
lished in Moscow in 1937, and recently made available in an
Iinglish edition. (Mareh, 1949.) The work of Rayleigh and of
most of his suecessors deals with the vibrations of linear systems
only. Secattered papers have appeared on nonlinear vibrations,
most of which go back to an epoch-making one by Van der Pol on
“Relaxation Oseillations,” in 1926.  Other papers in this ficld
are on the general mathematieal theory, primarily by the great
French mathematician Poinearé, but these are so difficult as not
to be understandable to most engineers, even to those specialized
in vibration, such as the reviewer.

The present book by Andronow and Chaikin is written by en-
gincers for engineers. It treats the general theory of nonlinear
systems, but in each chapter a number of rather familiar physical
cases are discussed in detail first, before the generalizations are
drawn. Thus each step of abstract theory is made much more
easily understandable by reference to the behavior of a familiar
example. These examples include the squeaking door, the
pendulum with a rotating axle in its pivot with friction, vibrating
systems with dry friction or square velocity damping, vacuum-
tube oscillators, cathode-ray sweep circuits, and many others.
Most of the examples deal with mechanieal or electrical systems,
but they extend beyond that: the case is discussed of the two
kinds of fish in the ocean, one of which feeds on plants and the
other of which feeds on the first kind of fish. Thus the second
kind eannot exist without the first; the population of cither kind
goes up and down with time in regular cyeles.

The mathematical methods by which all of these rather com-
plicated phenomena are discussed are surprisingly simple:  the
principal feature is that for cach ecase a diagram is made where
displacement is plotted against velocity. This has been done in
the past (among others inevitably by Rayleigh in 1877 for lincar
systems, and later by Van der Pol), but the innovation is that a
systematic study of these displacement-velocity diagrams reveals
the most significant properties of the behavior of all nonlinear
systems.

It is clear that we have before us an important publication.
The English edition is not just a translation; it has been “edited”
by Professor Lefschetz of Princeton University, who explains in

5 Professor of Mechanical Engineering, Massachusetts Institute of
Technology, Cambridge, Mass. Mem. ASME.
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the preface that he has shortened the book considerably by re-
taining all the physical examples and by omitting many existence
and convergenee proofs.  This undoubtedly has made the book
very much casier and more prolitable to engineers. Many
readers will be grateful to Professor Lefschetz for the service he
has thus rendered the profession.

It is unfortunate indeed that the authors, Andronow and
Chaikin, are now spiritually separated from us by a set of cireum-
stanees which are even more complicated and certainly more
serious than nonlinear vibrations.  The reviewer ends by ex-
pressing his regret that such is the case and by stating his convie-
tion that if these authors could appear before us at one of our
Society's meetings they would be given a warm welcome and re-
ceive well-deserved applause for a beautiful job well done.

Distribution of Deformation

Disrrisurion or DerormaTion (0 New Method of Structural
Analysis). By C. V. Klouéek. Translated from the Czech and
German editions by A, H. Waddell-Zalud and F. M. Zalud.
Published Ly C. V. Kloud Prague, Czechoslovakia, 1949,
Paper, 91/: % 6"/« 1n., 215 figs.,, 510 pp.  (This first English edition
has heen printed only in 350 copies for the information of foreign

=pecinlists,)

=

Reviewen By Jack . Bexiavin®

"I HE method of rigid frame analysis developed in this book is

hased on a consideration of the deformation of the frame when
the joints rotate.  The term “distribution of deformation” refers
to the distribution of angular joint rotation throughout the frame
when one joint is rotated.  This is not a method of successive
approximation, but an algebraie method wherein the structural
action is evaluated before loads are applied.  Application of loads
then results in direet computation of joint rotations which, when
combined with the action of the loads, vields the span-end
moments,  The solution of simultaneous equations is not required
and aceuracy is limited only by the normal structural assump-
tions.  The fundamental equations are simple and easily applied
with results comparable in speed with those of moment distribu-
tion.

Almost the exaet same method has been presented in the
United States by Evans, “Rigid Prames”; in Sweden by Ifsen,
“Method of Primary Moments.” By an extension the results of
Lin, “A Direct. Method of Moment Distribution” are obtained.
and other comparable methods are derived on a different
basis, but the end results and equations are fundamentally the

Sane,

The extension of the method o include chord rotations is
standard until the problem of multistoried frames is attacked.
Solution of sidesway in multistoried frames is handled by the use
of a substitute cantilever beam with knots of stiffness at each floor
level. The substitute cantilever is then used to ealeulate story
defleetions from which moments are obtained. The substitute
eantilever works well for simple structures, but with more difficult
problems the method increases greatly in complexity. Extension
of the cantilever beam with knots to a horizontal beam with knots
affords a new solution to the Vierendeel truss.

The theoretical development is logieal and thorough and the
investigation of accuracy of the method and simplifications is
complete.  The operation of the method is illustrated by many
examples.

This book once again points out that purely algebraic methods
can compete with the methods of successive approximation. The
method used by any designer then is a matter of personal pref-
erence and experience.

% Assistant Professor of Civil Iingineering, Stanford University,
Stanford University, Calif.
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International Association for Bridge
and Structural Engineering

INTERNATIONAL ASSOCIATION FOR BRripGr ANp Structuran Enai-
NEERING, Third Congress, Liége, Belgium, Sept. 13-18, 1948,
preliminary publication. Edited by F. Stuessi and P. Lardy.
Eidgenéssische Technische Hochsehule, Zurich, Switzerland: Eeole
Polytechnigue FFédérale, Zurich; Swiss Federal Institute of Tech-
nology, Zurich, 1948. Cloth, 7 X 93/4in., illus., diagrams, charts,
tables, 697 pp., 400 Belgian fr; 300 Belgian fr to members of
TABSE.

Reviewep By N. J. HorF?

YHIS caretully printed and illustrated volume contains ad-
vance copies of papers prepared for presentation at the Third
songress of the International Association for Bridge and Strue-
tural Engineering which was held in Liége, Belgum, in Septem-
ber, 1948, The association was organized in 1929 and has its
offices at the Federal Polytechnie Institute of Zurich, Switzer-
land. It is of some interest to eompare the publication of this
first congress after World War II with those of the two carlier
0nes.

The first eongress of the association was held in Paris in 1932,
It was attended mostly by Central European engineers who had
started the organization. The papers were submitted to the con-
gress in Freneh, German, or English and were printed in the 683-
page Preliminary Publication in the original language —pre-
dominantly German—and in French translation.  Only two con-
tributions were aceepted from England and one from the United
States.  Summaries of all papers were published in the three
working languages of the congress.  The preliminary publieation
of the second congress, held in Berlin in 1936, has all the earmarks
of the lavishness of a dictatorship which wants to impress other
countries with its appreciation of engineering seicnee. A separate
volume was published in each of the oflicial languages— IPrench,
English, and German—containing the original or a complete
translation of every paper accepted by the general seeretaries
and technical advisers. The English edition contained 1583
pages.  In spite of the large number of papers there were only
three linglish and five French authors with a sprinkling of
Seandinavians and men from the Low Countries.  All the other
contributions were of Central Iuropean origin,

Judging from the present volume, the geographic center of the
activities of the association shifted to the West and North after
World War II. Contributions from the various countries are
distributed as follows: France 18, England 9, Sweden 8, Belgium
7, Holland 4, Switzerland 3, U. 8. A. 3, Czechoslovakia 2, Poland
2, Denmark 1, and Spain 1. Papers were accepled in one of the
three official languages and printed as reecived. It appears, how-
ever, that many of the European, particularly Seandinavian,
authors prefer English to the other two languages. The volume
contains altogether 32 papers in French, 21 in English, and 5 in
German. Again, all summaries appear in cach of the three
languages.

The papers are arranged in five groups.  Those in the first deal
with connections and design details of steel structures. Their
importance follows from the observation that failures of bridges
are almost always caused by incorrect detail design rather than
errors in the general layout and analysis.  One of the details that
has caused much trouble in recent years is the welded joint—one
has to think only of the Liberty ships. Four papers deal with prob-
lems of welding. It is observed that triaxial states of stress pre-
vailing because of the residual stresses lead to brittle failure. The
“‘weldability” of a steel depends just as much upon design details
as upon the composition of the material. Other problems of

7 Professor of Aeronautical Engineering, Polytechnic Institute of
Brooklyn, Brooklyn, N. Y. Mem. ASME.
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interest are the optimum arrangement of stiffencrs to retard the
buckling of the web of a beam subjected to bending, the caleula-
tion of the buckling stress of plates beyond the elastic limii, and
the bchavior of thin sheet elements of built-up girders after
buckling.

The second part, comprising more than one third of the book,
deals with conerete, reinforeed conerete, and prestressed conerete
structures. The trend {oward rational, instead of empirical
methods is notiecable in this part as well as in the preceding one,
The first eight papers contain analytical and experimental studies
of the optimum grain sizes and the composition of conerete; of
the properties of vibrated concrete; resistance of concrete to
frost; crack formation in reinforced concrete; the supersonie
method of testing concrete structural elements; the determina-
tion of the bending moment that causes failure in a rectangular
reinforced-conerete beam; and the effect of transverse grate-type
reinforeements upon the strength of rectangular conerete eolumns.

The remaining thirteen papers of the second part deseribe rein-
forced-conerete structures, mostly bridges, erected since 1936 in
Belgium, Molland, Spain, Franee, Czechoslovakia, England, and
Sweden.  Reasons are given for the choice of the particular type
of eonstruetion; dimensions, loads, bending moments, and
stresses are quoted; photographs show the completed struetures,
sketches explain design features, and methods of erection are dis-
cussed. It is worth noting that some of the reinforeed-conerete
bridges described replace earlier suspension bridges.  Of particn-
lar inlerest are deseriptions of a number of structures utilizing
prestressed conercte.  Prestressing eliminates cracks in the con-
crete to such an extent that pipe lines can be construeted which
remain watertight when subjected to internal pressure.

Part 3 is entitled “Developments in Long-Span Steel Bridges.’
It deals mostly with suspension bridges which have become the
preferred ehoiee for very long spans.  Because of the intrinsic
complexity of the theory of the suspension bridge, research men
in this ficld have to make use of advanced mathematical methods.
The “clastic” theory has long been superseded by the “deflection”
theory, but even the accuracy of the accepted version of the latter
is pul to the test in the first three articles of this section, [t is
found by means of worked out numerical examples that the maxi-
mum moments in the stiffening girder may be in error up to 7 per
cent if the horizontal displacements of the eable are disregarded
(Melan's equation), and up to about 4 per eent if the effect of the
hanger deflections is negleeted.  Results of preliminary wind-
tunnel tests are given on the influence of design details of stiffen-
ing truss, deck construclion, handrailing, ete. upon the aero-
dynamiec instability of suspeusion bridges. Plans for the con-
struction of a speeial wind-tunnel accommodating bridge models
up to a length of 50 feet are disclosed.

Reinforeed-conercte slabs and thin-walled shells are the subject
matter of Part 4. In the analytical treatment of these problems
difficulties arise, as a rule, from satisfying the boundary condi-
tions. At the same time the complexity of an exact mathematieal
treatment is often not warranted because of the uncertainties in-
volved in the cvaluation of the actual boundary conditions.
Three papers in this group treat of the rigorous, approximate,
and experimental determination of the strength and stability of
continuous slabs. Two describe  actually  completed
structures.

The fifth and last part of the volume deals with questions of
safety and dynamic loads. Six papers discuss the general con-
cept of safety and point out the need for a statistical approach to
the problem. It is shown that results of strength tests do not
follow the probability curve of Gauss. One article emphasizes
the importance of inelastic deformations in the load-carrying
eapacity of struetures.  Advances made in the understanding of
dynamie effeets are deseribed in five papers.  Of partieular in-
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terest are two articles on the vibration of beams under the in-
fluence of moving loads.

In conclusion, it may be stated that the average level of the
papers is high and it is regrettable that so little interest was
shown on this side of the Atlantie in the work of the Congress,
The only three American contributors are . H. Amman, “Gen-
eral Report on Developments in Long-Span Steel Bridges”; (.
Winter, “Performance of Thin Steel Compression Flanges”; and
A. M. Freudenthal, “Inclastic Behavior and Safety of Struc-
tures.” A greater participation by American civil engineers in
the deliberations of the next congress should benefit the art and
contribute to a better understanding between at least one group
of people in Europe and the United States.

The Aeronautical Quarterly

Tue AeroNavTIcAL QuarTerLy. Vol. 1, Purt I, May 1949,
lished by the Royal Aeronautieal Society, London, England.
paper, 63 /4 X 93 /4in., 10s.

Pub-
=taft

Reviewen By AusxaNper KrLemin®

VERY branch of applicd science procecds steadily from the
simple to the complex. Before World War 1 several men
could justifiably say that they had read all the techmieal acro-
nautical literature of the day. Today that would be an impossible-
task. When in every seientifically minded country there issues a
flood of research reports and technical studies in aviation, the
problem for the serious worker is to sclect what should be read
and what should be refained or at least indexed, and what 1¢
discard as of ephemeral interest. The new Aeronautical Quar-
terly should help the situation. The first number is impeceably
edited, the mathematics are well set out, the editorial board has
sclected its seven papers or articles wisely.

The first paper is on “Contral Reversal Lffects on Swept-Back
Wings"” by Haydn Templeton, which is one of the most difliculs
and most modern problems in airplane design.  The author in his
summary says “With the deseriptive treatment adopted, the
analysis is of necessity broad and general but is designed to appeal
to those not too familiar with the subjeet.” It is this = ntenee
which shows why the Quarterly will be valuable.  Authors and
editorial board apparently understand that it is impossible for
any fechnician to understand the speeialized mathemeaties of
every ficld without proper background.

G. N, Ward in “Caleulation of Downwash Behind a Supersonie
Wing” makes use of the thought that once the lincarized lin-
problem for a supersonie wing has been solved, the complete low
round the wing and the downwash behind the wing may b
found.

Tt is a nuisance when studying airplanc dynamie stability and
changing a parameter to have to solve all the equations. K.
Mitchell in “Istimation of the Effcct of a Parameter Change on
the Roots of Stability Equations’” shows how the effeets of such
changes on the roots may be determined fairly quickly.

W. J. Duncan is an international authority on flutter.  In
“Flutter of Systems With Many Freedoms” he diseusses the
choice of a minimum set of freedom and how to conduct fuiter
caleulations so as to minimize labor, an objective that will appeal
to many readers.

E. C. Pike’s “Note on Propeller-Turbine Reduction Methods™
deals with an interesting topic.  Methods of presentation and
reduction in this field have not yet beeome standardized.

That the Quarterly will be catholie in its viewpoint is proved by
G. W. Trevelyan and D. R. Blundell’'s “Determination ol Drag
of Jet-Propelled Aireraft in Flight” beeause this is a practieal
topic discussed by practicing engineers. 1, Ursell's “Notes on

His treatment is difficult and ultramathematical.

8 Greenwich, Conn. Mem. ASMK,
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the Linear Theory of Incompressible Flow Round Symmetrieal
Swept-Buck Wings at Zero Lift" is a fine lincarized treatment of
a diflicult problem.

The foreword says in part “Ii is the primary objeet of the
editorial board of The Aeronautical Quarterly to encourage work-
ers to submit papers deseribing new and original work, or papers
reviewing the progress in some specialized ficld of aetivity and
. ... to make the results of these researches available to all work-
vrs or design groups coneerned with aviation.”  If the Quarlerly
continues as it has begun, it should achieve the object thus
defined.

Advances in Applied Mechanics

Aovances iy Arrnied Mecnanios, Fdited by Richard von Mises and
Theodore von Karméan. Vol 1. Aeademie Press Ine., New York,
N.Y., 1048, Cloth, 6 X 9 in., 293 pp., illustrated. $6.80.

ReviswEp py Kiie REIssNER?

"I present book s the first of a series intended for graduate

“students, scientists, and engineers who are familiar with the
contents of textbooks and handbooks in the field of applied me-
chanies, but who feel in need of integrated surveys of the results
and methods contained in the recent periodieal liferature.  This
need beeomes more and more pressing with the inereased volume
of research which is earried on in fluid and gas dynamies, in elas-
ticity and plastieity, and related subjeets.  Both experimental
and mathematieal technigues are becoming more refined and
more and more we are withessing extreme specialization among
research workers,  While twenty or so years ago many a man
could elaim familiarity with the state of knowledge in applied
mechanies in general, today we find many who are having difli-
culties in keeping up with progress outside their own speeialty.
In view of this trend it is extremely commendable that the two
world-renowned editors have undertaken the task of assembling
surveys of various fields which will faeilitate, for those who feel
that this is worth while, the task of becoming acquainted with
recent progress in many of the subdivisions of applied mechanies.
It is valuable adviee which the editors give by sayving “the more
research in mechanies expands, the more interconncetions of
~eemingly far distant ficlds beeome appurent.”  One needs to
think only how mathematical methods from supersonic aero-
dynamies are now being utilized in the theory of plasticity and
how carly methods in plasticity have heen rediseovered by gas
dvnamicists.

Coming 1o the contents of volume 1, we find first 4 summary
of advanees since 1938 concerning boundary-layver flow, written
by H. L. Dryden. Among these advances is the experimental
verifieation of mathematical-stability theory by means of low-
turbulenee wind-tunnel tests and the phenomenon of stabilization
of the boundary layer by means of suetion through slots or porous
walls.

N. Minorsky gives an informative aceount of qualitative and
quantitative procedures for the solution of second-order non-
linear ordinary differential equations.  In particular we find dis-
enssion of periodie solutions and analysis of nonlinear resonance.

(', 3. Biezeno surveys contributions to elastieity published dur-
ing the period 1940 1o 1916 in Holland.  Quite a large number of
pupers on plane stress, beams, plates, and shells are abstracted in
this article.

J. M. Burgers is concerned with the statistical theory of turbu-
lenee.  This is an enlightening diseussion of & mathematieal
model, that is, of a system of equations simpler than the Navier-
Stokes equations but incorporating essential features of these

Teeh-
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equations.  Athough progress is evident, much work appears still
to be required hefore ome ean speak of & rational solution of even
the simplest problems of the statistieal theory of turbulenee.

Hilda Geiringer presents two finite difference methods for the
analysis of problems of one-dimensional wave propagation in
compressible fluids.  One of these methods is by the author, the
other one by J. von Neumann.  Both have not been gencrally
available heretofore.

R. von Mises and M. Schiffer offer a lueid introduetion to the
method of Stefun Bergman for integration of the linear partial
differential cquation which governs the probleniof two-dimensional
steady eompressible flow when velocity eomponents instend of
space co-ordinates are introduced as independent variables, The
diseussion ix earried out for an isentropie gas and for a hypotheti-
cal gas more nearly isentropie than the one with lincar pressure-
volume relation.  One may hope that a future article will bring
a diseussion ol associating the solutions which are obiained with
the physical flow problems which are here of interest,

The appearance of this volume 1 of “Advances in Applied
Mechanies” is a noteworthy event.  One looks forward to addi-
tional volumes of this series, assembled and written in the spirit
of the present first volume.

Memoires et Travaux

MEMOIRES ET TRAVAUX DE LA SociETE HYDROTECHNIGQUE bi FraNcE.
Vol. 1, 1948, Published by Société Hydrotechnique de I'rance, 199
Rue de Grenelle, Paris 7, rance. Paper, 81/; X 111 /zin.

RevieweDp BY Anrdur T, Trpex 0

INTI']R EST in hydrodynamies and especially applied hydrau-

lies has expanded to a very remarkable degree in Pranee since
the war's end as evideneed by the opening and remarkable growth
of several excellent laboratories and by the already well-known
periodical La Houille Blanche. The Société ITydrotechnique de
Franee has now ventured to publish by agreement with La Houille
Blanche two editions yearly of its own “Memoires ot Tra-
vaux.”  These will appear as speeial numbers of La Howille
Blanche dedicated exelusively to the committee work and field of
interest of the Société Hydrotechnique. The first number in this
series contains the minutes of two meetings of the teehnieal com-
mittee of the socicty held on November 19, 1946, and April 29,
1947, with extensive discussions of a number of papers published
in La Houille Blanche or other scientific journals by the members.
This number thus is to bring up to date the records of the society
since the break in publieation in 1945, Swmmaries of Later meet-
ings are to appear in the following issue. .\ series of papers are
also eontained therein, the titles of which may be given here 1o
elucidate the scope of the scientifie field covered.

Mr. R. Legendre introduces correetive terms into the Kdrmidn
logarithmie equation for veloeity distribution in pipes o extend
the validity to the zone near the pipe axis, in his paper on “The
distribution of mean velocities for turbulent flow in cylindrical
pipes.” Mr. L. Escande extends the water-hammer theory to the
case of “The maximum pressure surge obtained in the governing
of hydrocleetric units equipped with reliel valves.”  Mr. G.
Labaye has summarized and evaluated eritically the results on
the “transport of sediments by streams™ obtained in the past by
investigators of all eountries.

Mr. A. Nizery compares the problem of “Constani-depth waves
in the neighborhood of a jetty” to the optieal problem of diffrac-
tion of light at the edge of a large sercen. Mr. (i, Remenieras
investigates the “possibility of direet conversion of the energy
of a fluid stream into cleetric power” by passing the stream

10 Professor of Hydraulies, Massachusetts Institute of Technology,
Cambridge 39, Mass, Mem, ASMI,
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through a magnetie field. The conelusion is that this would be
practical only for the hypothetical case that the energy of the
primary fluid could be efficiently transmitted to an intermediate
fluid of high eleetric conductivity. The direet application of the
method for veloeity measurements by A. Kolin is well known
and will probably remain its primary funetion. Nevertheless, it
is often instruetive to speeulate.  Mr. M. Pardé comprehensively
and appreeiatively surveys the Ameriean atiacks on the problem
of floods in “American studies of floods” with conclusions applied
to his own country.

Judging from the variety of problems dealt with in this first
issue of “Memoires et Travaux” in such a useful and excellent
manner, it ean be well recommended to all hydraulie engineers in
the U. S. as representative of the best efforts of their Buropean
colleagues.

Computation Curves for Compres-

sible Fluid Problems

ComruratioNn Curves For ComprESSIBLE I'Luip Prosrems. By C.
L. Dailey and I'. C. Weod. John Wiley & Sons, Ine,, New York,
N. Y., and Chapman and Hall, Ltd., London, England, 1949.

aper, 81/ % 11 in., graphs, figs., x and 33 pp., $2.

Reviewep By Ascuer H. Siariro!t

(O THE growing number of useful aids in working out design
- problems in the high-speed How of gases may be added this
compilation of charts covering many of the compressible-fow
funetions most ecommonly employed.
The scope of the work may best be indicated by outlining the
various groups of curves:

Isentropic Flow. Curves of temperature ratio, pressure ratior
density ratio, and area ratio, all versus Mach number (from 0 to
4), and for specific-heat ratios from 1.25 to 1.40.

One-Dimensional Heat Addition. Withoul Friction tn a Constant-
Area Channel. Curves for finding final Mach number, pressure
ratio, and stagnation pressure ratio as funections of initial Mach
number (from 0 to 4) and of stagnation temperature ratio, for
specific-heat ratios from 1.25 to 1.40.

Oblique Shocks.  With initial Mach number (from 0 to 4) and
turning angle (from 0 to 38 deg) as independent parameters,
eurves of shock angle, stagnation pressure ratio, pressure ratio,
density ratio, temperature ratio, final Mach number, and en-
tropy change. The normal shock is shown as a limiting ease. All
curves are for a specific-heat ratio of 1.4,

Prandil-Meyer Flow. TFor a specific-heat ratio of 1.4, stream
turning angle versus Mach number (from 0 to 4.0).

Conical Shocks. With initial Mach number (from 0 to 4.0)
and eone angle (from 0 to 52 deg) as independent parameters,
curves for finding shoek angle, stagnation pressure, Mach number,
veloeity, pressure, and stream direction at the surface of the cone
and in the region between the shock and the cone.

The eurve sheets are preceded by a short text giving the under-

11 Associate Professor of Mechanical Engineering, Massachusetts
Institute of Technology, Cambridge, Mass. Mem. ASMIL.
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lving assumptions and derivations of the formulas on which the
eurves are based.

Although curves ean hardly be expected to yield the precision
of tables, the scales of the curves are sufficiently large for the
aceuracy required of most engineering computations. Great care
has obviously been given to the organization, drawing, and bind-
ing of the charts. This, together with the importance of the sub-
jeet matter, makes the collection of graphs a valuable tool as a
supplement to some of the extensive numerical tabulations which
are already available.

Practical Solution of Torsional

Vibration Problems

Pracricar Sorvrion or Torsioxan Vieration Proprems. By W.
Ker Wilson. John Wilevy & Sons, Ine., New York, N. Y., 1948,
Cloth 55/5 % 85/sin. Vol. I, xx and 731 pp., illus.; Vol. IT, xxi and
694 pp., illus.  Each volume $10, U. 8. A,

Reviewrn By G. S, CHERNIAK!?

A“TE]{ being out of print for several years, the scecond edi-
tion of this book has been reprinted and is again available.
The purpose of this review is primarily to announce the reissue of
this valuable publication to many who, like the reviewer, have
heen Truitlessly attempting to loeate o copy for the past several
years. It also might not be remiss to examine briefly the content
or the benefit of those who have not had oeeasion nor the oppor-
tunity to use this reference.

Dr. Wilson’s books represent one of the most complete but by
no means all-inclusive sources of data on technigues for the analy-
sis of torsional systems and the measurement of such vibrations.
Volume I comprises chapters on the following: Torsional Vibra-
tion, Natural Frequency Caleulations, Equivalent Oscilluting
Systems, Flexible Couplings, Geared Systems, Determination of
Stresses Due to Torsional Vibration at Nonresonant Speeds,
Effective Inertia Method of Torsional-Vibration Analysis, Acro-
Engine Air-Screw Systems. Volume I1 deals with the following:
Determination of Stresses Due to Torsional Vibration at Reso-
nant Speeds, Measurement of Torsional Vibration Amplitudes
and Stresses, Analysis of Torsiograph Records, Torsional Vibra-
tion Damping Deviees, Rotating Pendulum Vibration Absorbers,
Dynamic Characteristies of Electrical Generating Sets,

The presentation of this material is lueid and amply illustrated
by numerous examples. An excellent bibliography is included,
as well as a selected list of patents relating to vibration study.
Naturally, the current printing does not contain any references to
recent publications such as the SAE compilations on “Tivalua-
tion of Effects of Torsional Vibration” and “Co-Operative Testing
of Torsiographs and Calibrations.” Tt is also regretiable that the
very recently published methods of extending the olzer method
to foreed damped vibrations (J. P. Den Hartog and J. P. Li,
Trans. ASME 1946; and T. W, Spactgens’ ASME paper 1)
APM-12) could not of course be included.

12 Chief Engineer, Lessells and Associates, Inc., Boston, Mass.
Jun. ASME.
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