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Primary Creep in the Design .of 
Internal-Pressure Vessels 
Fh L. F. COFFI N, J R. ,1 P. R. SHEPLER/ ANu G. S. CHERN TAK " 

The paper evaluates the stresses and the permanent 
strains at a particular time, resulting from loading a thick­
walled cylinder under constant internal pressure and ele­
vated temperature when account is taken of the primary 
creep characteristics of a given material. The results are 
compared with permanent strains obtained by considering 
secondary creep as the general basis for pressure-vessel 
design. For a thick-walled cylinder of wall ratio of R,/Ru 
= 2 and of 12 per cent chromium steel, operating under 
12,000 psi at 850 F, the permanent strain at the end of 25 
hr by the primary-creep analysis was found to be equal to 
the strain at the end of 2000 hr, considering only second­
ary creep. The methods formulated are shown to be 
suitable for design of pressure vessels intended for short 
life. 

!\ U.\l t·:Nc ' 1,ATUH.E 

The loll"1,-i11~ """"'"'·lature is ll8eu i11 Llie paper : 

a. Lh,·rn1 a l c<wli-i cie11t of expansion, i11./i11./deg F 
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pri11 cipal s trains, Cartesian co-ordi11ati:s, ir1. / i11. 
pri11 cipa l s train rates, i11. / in. /sec 
principal strains, cylinuri ca.l co-ordinaks, i11 ./ i11. 
principa l s train rates, i11 ./ i11 ./scc 
effective strain, in. / in . 
pffcctive strain rate, in. / in. / sec 
plastic compo11e11t of ~train , i11. / i11. 
temperature, deg F, subscript refers to position 
J>oissorr' s ratio 
principal stresses, Cartesian co-ordinates, psi 
principal strL·sses, cylindrical co-ordinates, psi 
effecliv, , ~t.n·ss, psi 
I + IJ 
V + /) / 2 

.l, iJ, IJ , ,., C*,, C,, C,, k, m, n', N1, 1V2 = coust 
I) = variable coefficient relating stresses and strains with 

plastic flow 
JC = modulus uf elasticity, psi 
po 
r = 

Uo, U, 
I 

bore pre:;sure, psi 
radius, in. 
bore 01· nu tside radius, in. 
t i 11w, hr 
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the Petroleum-Mechanical Engineering Conference, Amarillo, Texas, 
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Discussion of this paper should be addressed to the Secretary , 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1949, for publication at a later date. Discussion 
received after the closing da te will be returned. 

NoTF~: Statements and opinions advant'cd in pupers are to he 
understood as incliviclual expn·ssions nf tlwi1· authors ,inrl not those 
of thP Rociety. Paper Nn. -IX - J'l •'. T-18. 

INTRODUCTION 

In the design of thick-walled pressure vessels, Fig. 1, for ele­
vated temperatures in the power, oil, a nd chemical fields, numer­
ous situations may arise where factors other than strength con­
siderations impose limitations on useful life. Among such factors 
may be included surface corrosion, intergrnnular corrosion, graiu 
growth, life of fittings, contamination, etc. Under the condition 
of short service life imposed by the forngoing factors , a rational 
design procedure for internal-pressure ves~els should be such as 
to set the stresses at a level where permissible creep is attained at 
this service life. By such a procedure higher pressures and tem­
peratures may be reached, which woulJ greatly f:w ilit.at.e clwmical 
reaction or power-plant efficiency. 

1•,-j 
Flu. 1 TmcK-WALLim CYLIND1m UNDER INTERNAL PRFossuttE o,· 

12,000 Psi AND CoNS'l'ANT O = 850 F 

To date the commonly accepted basis for design of pres:;ure 
vessels at elevated temperatures has been by the use of tensile 
secondary-creep data applied to combined steady stress such a:; 
the methods used by Bailey (I),' by Marin (2), and by Soder­
berg (3). In short life, secondary-creep conditions arc rarely 
attained and primary creep must be the basis for any analysis. 
Soderberg (4) pointed out in 1036, that there has bce11 a general 
tendency to ignore the initial period of varying creep rate and Lo 
treat the problem as one of constant rate; it is evident that this 
procedure is unsuitable for cases where stresses are influenced 
by the plastic deformations themselves. Such is nearly alway,; 
the case in practical problems. 

The present paper attempts to show how the tensile primary­
creep characteristics may be utilized in the design of thick-walled 
pressure vessels. In other words, it attempts to trace the stress­
deformation history of the tube from the time when the pressure 
is applied initially until its life expectancy, or to the time when 
steady-state conditions corresponding to secondary creep arc 
reached. 
~mbers in parentheses refer to the Bibliography at the encl of 
the paper. 
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ln thiA pa per·, for the s:tke of Himplicity, analysis has been 
1111ulc for the case of a thick-walled cylinder under constant tem­
jll'rnturc throughout the wall. Any temperature could have been 
u~l'd for which there were sufficient data in good form. It ap-
1wared that the McVetty data for 12 per cent Cr steel at 850 F, 
a~ prns,mted by Soderberg (4) fitted this condition rather well. 
This is 8hown in Fig. 2. As will be noted in the following section, 
irwlu~ion of heat flow docs not complicate t he problem unduly. 
[n such a case of course, tensile creep data at various stress levels 
a ud at various temperature levels would he necessary fo r the 
material in question. The same typo of analysis as prosented 
herein may at some future dat<• lw Pxt<>rnkd to the problem of 
cyclic loading of pressure vesseb. 
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The analysis as presented with but sl ight modification may be 
npplicd to other systems of combined stresses in cylindrical prob­
lems such as rotating disks, turbine rotors, etc. 

By use of the maximum shear theory of plastic flow and by a 
unique t rial-and-error procedure, stresses and strains have been 
found that arc compatible wit.h a stress versus strain curve occur­
ring at any instant of t ime. The method requires the conversion 
of convcn lional tensile creep data to curves of stress versus strain 
with t ime constant . Experimental work is necessary to verify 
the validi ty of using these converted curves for a mechanism of 
varying strosses at a point in the material. The trial-and-error 
ciystem may be too lengthy to allow solution of the great number 
of cases of thick-walled cylinders under internal pressure which 
need attention, and to that end, a computer to handle this pro­
cedure automatically is suggested . 

BASI C T HEORY AND FORM OF CALCULATION 

'I'rans·icnt State. In the long thick-walled cylinder subjec ted to 
a constant internal pressure and heat flow with temperature 
equilibrium, the transient state is defined as that portion of the 
deformation history of t he tube when the stresses throughout the 
cylinder vary with time. It may be considered to start when the 
pressure is first appliecl, at which point the stn ,ss distribution in 

the tube is entirely elastic in uaturn, a1111 is completed when the 
complex creep-relaxation process in the tube has ad j ustcd itself 
to the point, whPrc the entire stress distribution is constant with 
respect to time. The transient state is a rcsul l. of prima ry creep 
of the metal. This state is examined first. 

At all instants of time during the li fe of the tube, certain basic 
relationships must be fulfilled throughout thn tube. These in­
clude thn condi tion of radial equi li brium of s;tn•ss,•s 

du, 
r dr = u, - u,. . . . [ l] 

a nd the condition of compatibili ty of till' ~trains, which can be 
expressed in the form 

. . [2] 

The creep process is t.hou~ht of as a pla~tic phe1w1111.: non to which 
the basic la ws of plas tic flow of a homogeneous ductilt! meta l 
apply, namely, the corrn1.ancy of volu me of plastic strnins, and the 
geometric similarity of Mohr's t hr('e principa l strain circk s to 
Mohr's three principal stn •ss circll's. Th<'R<' laws a.re quite well 
known (5), am! have been extended to th,· cr1J1JJ) problem by 
Soderberg (4). A genera lized stress-strain nd a.t.ionsh ip (6), can 
be formulated applying these laws, tog;c tl11,i· with f 111 , well-known 
Hooke's law fo r elastic bchavior; I hus 

where 

= W1Ur 

w1u, 

= W1U: 

W1 

c..2 = 

l + D 

D 
V + -

2 

.. . 13/ 

i .. ....... .. [4] 
I 
I 
) 

It will be see n that Equations [3] satisfy the plastic-flow law of 
constancy of volume, since the volume change per uni t volnme is 

l - 2v 
( i;, + i;, + U = - ~E - (u, + u, + u,) 

', 

where the term in the right-hand side repreS<!ll ts only an elastic 
bulk-modulus effect. Also, from Equation [3] the second plastic 
Ia.w is fulfill, •d since 

i:;, - i;, 

Ur -- <Tt <Iz - U r 

When a temperature gradiunt exists in the tube, Equations [3] 
become 

Ei:;, = w 1u, - w,(u, + u,) + aOi 
l~i;, = w1u1 - wi{u, + er,) + aO . .. . ..... [3a ] 
Ei;, = w,u, - w,(u, + u1 ) + aO 

Further conditions to be applied to the tub,: 1111di,r load must be 
the constancy of axial strain for a ll radi i or 

i:;, = k . .. .. .... . . .. . .. .. . . . .. [5] 

and the end load condition, namely 

21r J;l:• u_rdr = 1rH02JJa . .. . . . • •... . . ,. [6] 

The final condition needed for the evaluation of the transient­
creep problem is the formulation of a unique relationship between 
st ress, strain, temperature, and t ime for the material, regardless 
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of the stress condition. Obviously, this is no simple matter and 
involves the introduction of certain assumptions regarding the 
mechanism of creep. Considering for the moment the plastic 
behavior of homogeneous ductile metals under combined stress 
and small time intervals, it has been found possible to establish a 
relationship of stress and strain, namely 

u* = f(i;*) ... . . . . . .[7] 

regardless of the stress ratio imposed on the material. Equation 
[7] usually is valid for strains less than 10 per cent. The widely 
accepted distortion energy theory for plastic flow can be applied 
to Equation [7] where 

and 

E* = ~2 V(t - - /;,)! + (/;, - ~,)2 + (/;, --- ~r)2 . .. [9) 

However-, because of the formidable analytical difficulties intro­
duced by the complexity of Equations [8] and [9] for the present 
analysis tbc maximum shear theory will be adopted where 

u* 

!;, - !;, . .... . . . 

... . ... . ... [lO] 

..... (11] 

Aside from simplicity in form, it will be shown that for the 
thick-walled cylinder the maximum shearing stress is always the 
differen ce between the tangential and radial stresses, the axial 
s tress always being intermediate. This makes for simplicity of 
analysis. Other experimenters (7, 8) have found no basic viola­
tion to the uniqueness of maximum shearing stress - shearing 
strain relationship within the range of variables of th<'ir tests. 

A further assumption is now made that in creep tests, time, 
temperature, and strain may be treated as independ('n t variables 
so that one may write 

u* = J(i;*, t, 0) . . . .. . .. . (12] 

This implies Lfi,tL for a particula r temperatme, tests ~uch as, for 
example, standard tensile creep tests, as in Fig. 3, may be con­
verted to curves of stress vcrnus strain with time as a parameter 
as in Fig. 4. Temperature gradients in a thick-walled cylinder 
may then be ta ken into account by determining a family of curves 
similar to Fig. 4 fo r each temperature level. This procedure has 
been applied to various constant total strain relaxation data 
found in the lit.erat.me using the given creep data converted to 
the total s train (elastic plus plastic), such as Fig. 3, and deter­
mining the stress and time for a particular constant total strain. 
Agreement with observed relaxation tests in the various cases 
has bc<·n ve ry good. 

e = e, 

• .. 
<r = <r, 

• q;* ll <r = 2 (T 

• • <r= a; 
t= '3 

• u-.· <r= 

E* 
FIG. 3 FIG. 4 

With this assumption, the formulation of Equation [ 12], using 
tension-creep data, the analysis of transient creep with no heat 
flow (constant temperature) in thick-walled cylinders can be 
carried out at a particular time as though one is dealing with a 
static problem with the material following the arbitrary stress­
strain curves such as in Fig. 5. If there is a temperature varia­
tion throughout the tube (assunwd to be steady with 1.imc), then 
a family of curves with temperature as parameter r-an he IIH<.'d as 
in Fig. 6. 

e = e, 

e = 02 

e = e., 

F1c. 5 FIG. 6 

Analysis can now lie uudL·rtak<m Uciiug the basic relatio11ships 
given by Equations [1], [2J, [3], or [3o], (5), [6], (10], (11], and 
Fig. 5 or Fig. 6, depending upon whether there is heat flow in 
the tube or not. First consideration is given to the determina­
tion of .Fig. 5 or Fig. 6, from tension-creep data. 

Assuming the tension-creep test to be performed i11 Ul() z­
direct.ion, from these tests experiment.al curves exist of the form 

u , = f(t,) ............... .. . .. [13] 

for a particular time and tempr,rature. For this te~t <T, = " ' = 0. 
Hence Equation (3] 

Hence 

'fhen ~* 

or 

and 

E~, = - w,a , 

EE, = --w,u, 

8( = w,<T, = ( I + D)u, 

8 ~-
1) = _· --

0-

~. - !;, fol' a k11siu11 t.csL. Thus 

( D) u -~' + V + - __ . 
2 R 

t* 3 ( 1 ) u , ' 2~, - 2 -- v Ii,·" .. 1141 

u* = uz - o-1 = uz .......... .. ... [15J 

Equations [ 14] and [ 15] then determine the effective stress and 
strain values from tensile stress and strain values on the basis of 
the maximum shear theory. 

For radial heat flow in thick cylinders, the temperature as a 
function of radius is given by 

0 
e, - Oo r 

Oo + -- In - .... ...... . . . IJGJ 
I 

R, Ro 
n-

Ro 
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t:,i11ce the form of calculation tn be µresented is a numerical on,·, 
values of temperature at five equally spaced radial points, in­
eluding the bore and outside surface, are found from which 
curv,,s of the type of Fig. 6 arc constructed. Assuming a wall 
ratio of R,/ Ro = 2 for the purpose of discussion, each of the five 
cur·v,·s Fig. G, would thl'n appl_v at the p:u-t,icula1· ratio r / Ho = 
1, 1.25, 1.50, 1.75, and 2. 

A distribution of tl,e quantity El';* versus r/ll0 is now assumed 
t.1,roughout the tube. If there is no lmsis for the assumed dis­
tribut ,ion , a constant vahw of Er may he selected. Using Fig. 
o, "* is then determined for each r/Uo. Applying Equation [ l] 

dO", 
r -- = u, - u = u* 

dr r 

or in lwi,L<-r for·m 

da-r a 
[ 17] 

Since tJ, e right-hand sick of Equation [ 17] is known, numerical 
integration using Lagrangian inkgration coefficients (0, 10) gives 
the quantity I'.", for each c.(r/l?o). Sine<>", = - p0 for inter­
nal pn•ssur·c when r/ Ro = 1, the values of", at r/ Ro = 2 can be 
found. This value should be ,•qual to zero, but may not, in 
which case tl1e quantity "*/ (r / Ro) is corrected by the ", at r/Ro 
= 2, and a new intcgmtion performed giving", = 0 at 1"/Ro = 2. 
From the values of", and "' / (r / Ho) after adjustment, "* and "' 
can be found as well as the co1T<'Spo11ding values of El;* from Fig. 
G. 

Tlw nex t sL<·p in the calculation is to obtain th e quantities w,, 
« 2 , and /J. Frnm Equation [3a] 

or sttl,siiLuLing Equations [4], [JO], and [llj 

Ee = ( 1 + " + % JJ) ". 

D 
2 El;* 2 
- - - - (1 + v). 
3 ,,.• 3 

. I l8[ 

for each value of r /Ro, and w1 and w, are found from Equation [ 4]. 
Now applying condition Equation [5], the constancy of axial 

strain, together with the last equation in Equations [3a] 

Ek W? aO "• - + _:: (O', + ",) - - . ' ...... '.' (19] 
Wt Wl W1 

The stress "' can be solved for if k were known. This can be 
found by trial and error using Equation [GJ. Generally, three 
trials for Ek (with Ek = 0 for one) give the correct value of Ek, 
and the distribution of "' versus r/Ro. In the integration in­
volved in Equation [GJ, Lagrangian int<-gration coefficients again 
arc used. 

Knowing for the assumed and corrected distribution of EC, 
the quantities "'' "" "' and k, El;, is found from the second of 
Equation [3a]. The compatibility Equation [2] has yet to b,• 
used, and this equation is a check and a means of improving th(, 
solution. Writing Equation [2] in the form 

[20] 

numerical integration is perfornll'd giving LIii' i11ere11ll'nts c./\'~ 
for each increment of t.(r / Ro), th e righ L-ha11cl sirll' of l•:quation 
[20] having been computed from th,· assumed ancl corrected isC, 
[f the corn,ct value of EC had been us(·d at t he beginning of the 
calculation, then the increments c.E~, found from Equation 
[20] should ,,q1ml the incre1rn,nts of E l;, from Equalions [ 3a]. 
This \\·ill probably not be the case in the first trial, and a new 
trial is undertaken Lo improve the solution. 

Rapid convergence of the solut.ion is pos;;iblc by selecting a 
new distribution of the quantity hJC in the following way: The 
strain i;, will be found to be small in comparison with I;, and i;,, 
R,nd if Lhe elastic strain components of the total strains are also 
small then 

or 

~I 

f-fon ce 

and thus 

.... [2l] 

The error in the first trial is measured by the difference in incre­
ments of Ei;, found from Equations [3a], and that of [20]. By 
Equation (21], doubling this difference gives the error in each 
increment of El;*. Hence the increments of HC found from the 
first trial can be corrected by twice the error in t.Et . A new dis­
tribution of EC for the second trial is then found keeping the 
same Ei;* at r/Ro = 1.5 as before and determining the remaining 
values of Ei;* by the corrected increments of El;*. 

The second trial is carried out in an identical fashion and the 
errors in the increments of Ei;, obs,·rved . A third trial is then 
performed if necessary. Convergcnce by this method is more 
rapid for those curves having high er clegrces of plastic flow or 
creep than for those with low creep. 

Thus for the particular time parameter in Fig. G, the com­
plde stress-strain distribution in the tube is found, A new time 
parameter is then selected leading to new curves for Fig. 6, and 
the analysis repeated. Enough time parameters arc selected to 
give a clear picture of the stresses and strains throughout the 
tube as a function of time from the case when t = 0 (the elastic 
solution) to where t approaches steady-state conditions when the 
stn·sscs are constant with time. 

A particular problem is treated in this paper where there is no 
heat flow in the tube, in which case Equations [3] and Fig. 5 are 
used in the analysis rather than Equations [3a] and Fig, 6. A wall 
ratio of 2 is selected, together with a bore pressure of 12,000 psi, 
using a 12 per cent Cr steel at 850 F. Tire creep data for these 
curves have been taken from reference (4), a11d are replotted as 
Figs. 7, 8, and 9. A sample calculation sheet, Table J, has been 
included to show the form of calculation which tire foregoing 
analysis assumes. Table 5 shows the data for Fig. 0. 

Steady State. After a certain Lime the creep-relaxation process 
of strain in the thick-walled cylinder under constant internal 
pressure reaches a steady stat<\ defined by the condition that the 
stresses remain constant with time. This state is associated with 
secondary creep. The analysis just g;iven and assumptions can 
be extended readily to this case, leading to expn,ssions for stresses 
and strain rates which appear in closed form. The problem is 
first considered from a general point of view and is tlren applied 
to the thick-walled cylinder, 

If one is dealing with a homogeneous ductile metal, subjected 
to plastic flow or creep to such an extent that the elastic com-
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u* = u1 - u :1 .. . .. . . . . .... [10] 

i;* = !; , - !;, .. - .. [11 J 

and 
~* = ~I - ~3 .. [22] 

~ 15 ,OOO •- - i+-<-.____,,___ _ _,___ _ _ _,___ I 
-+---- - +----+-----! .... 

f;; 
.... 
~ 
~ ~000_- ___ _ _,___ ______ 11 

:::: .... 

.. 
I::, 5.000 1--4- -+---+-- -~----'----"-----"-____J 

o .._ __ .._ __ ...._ __ ...:... _____ ~------'___J 

0 001 00 2 003 .004 .005 .006 

( '' EFFECTIVE STRAIN. INCHES PER INCH 

Fin. n l-: F n :, ·T 1V>: STR ESS VEHSU8 EFFECT I VE S TRAIN ,"()I{ 12 PEH 
CENT C n STt:>~r. AT 850 1-' 

AJJply i11g cqua t,ions of t he form of E quatiuus [3a ], when thl' e las­
tic strains a re sma ll a nd diffPre 11 t iating; wi th time 

t, = di) [u, - ~ (u2 + o-,)J 
di 2 

. di) [ 1 J ~, = dt u, -- 2 (ua + u,) .. 124] 

_ dD [ 1 J 6 = - u -, - - (u1 + u .. ) 
di . 2 - J 

I t is then assumed t.hat a steady-stak crc,·p law can be formu-
lated (1), namely Noting t hat 

t* = AebO (u*)" . . . . . . .. . ... ...... [23] 
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TABLE I K.\Ml ' Ll•; CALCU LAT!O N SHJ.<.:ET STl(J,;c,S-ST ltA l l\ SOLUTION OF TllIC K-WALLEJJ C YLl l'ilJ l1lt BY PRIMARY CREE i' 

TRIAL H-25 MAT'L: 12%CR STEEL t = 25 HR. e = 850°F P0 = 12,000 p.s.i. E=30•1~ ..B..=2 0 SOURCEOF DATA 
R . RP-58-15 

li'Ro -EE• lr •• '::.El-zc to!'il-is ~.t~Z" 8. ~""ta1s b-O G,rr. "'I\ foci Ntw· EE• e• <r* .ft. c~/';/Ro corr. <;.orr. 
"· ,.;s-zs llromG·Z5 2• •d•I/;. <T* c• 

1.0 ·55 350 28, /29 -~350 +274 -55,076 .0018'56 27,750 2'(750 27,768 ... 27,7E_ 8 .001858 - -- ·- ----
2q3"!E l/q272 ~ -- -

125 · 3'5,720 18,203 - -~926_ -2~9 '....6 -~ I_~3.: __ 1/43S.tnt. -12 ~ -732 001124 16290,i 2Q362 .001126 
:.6 :s.·,. 7 - - ~ -- --

150 -22,92D l3,l;;J4 -~069 -15,280 -5,075 0 ·22,920 000764 15, /SO 10,100 0) IOJ/B o 15,177 .000766 -- - - ....... 
6,60/ ~ 175 :!_6,650 10. /44 · 2,990 ·9, 5/4 -3,0S9 -49Cho"I! +98 -16.552 .000552 tt520 ~583 _' _lf.§_52 .000553 - - ,-- ,i,- s."qn -

.. _ __ ---- - - -
20 ·12.6'50 8,175 -~669 -~315 - ~9// -/8 -/2,648 .000442 9.020 1510 4.528 ~ 9,056 .000424 

-t:E;,, er,. a.. 0 w, w .. (f~o Or. 

-EE* Ao;·~~ a;. * a; + <Ii s.(EE~) i~_2.6 D+I D 41J Wz. ~(<r.t<Q ER_l616 (f. +1616 ~ ({) <r;.-t q-~ (f + o; 
3 <r* 3~· 5 2 w, ""• r w, -w. ~. w. R. 

5~140 -12000 •/5 768 .3 768 /..J238 .4572 1.457/ .5285 .3627 j,_~67 __ _ UQ!L ?£ 6 2476 n<i., -9524 
~80 5,360 -6,640 13,722 7,'082. 1./0t'>O .2393 1.2393 .4/96 .3386 2398 . -- _l._ 304 ;?_02 -4.627 ,, -2,958 

~80 3,224 -3,416 II 761 8345 /.0094- .1427 l/427 .3714 .3250 2712 '!,_414__ 4,.J_g§_ g/89_ ~ , 710 _ _ ,_ 
/6,590 ~053 -(36'.3 /0,/89 8,826 9574 .0907 10907 .3454. .3/67 2,795 1,482 , 4,277 ?485 o +2,914 
~ 

"is11 14,346 ~692 :0 12,720 (364 0 9,056 9,056 .9364 .0697 1.0697 .3394 .3/3/ 2,835 ,-4.,34-6 

numerical 
. . 3,16 
integrating constants 

El.t. d 
-Et* 

b b-a Cort for 

-u~(t/t\ w,~ "l'f"R~·il .o.Eet r/Ro f(-) difference 
11cxt trial Ntw EE• 0 b C d 
2• £diff. 

+5,033 22976 28,009 ·5!il40 - 50 -55190 .348_6!_ -0?~ •.0!_528 ~02638 

•1,234 17,006 18,240 -~769 2?024 9,770 - I S•OoC. (-48 -33,828 .89722 ,48056 : 10278_ ~/4722. 

• -264 13,459 15,175 -5,065 -/5,320 ·5,089 -- -24 ~'I" r 0 -22,980 xJ - .36667 ,63335 '.63533 -:36667 

:!!!!!_6 II, /13 10,107 -.3,068 -~480 -3,039 •29C"'-,, _·SB /~t,48 •./4722 -; /0278 ~48056 .B9722 

-1,455 9,687 8,2.52 -1,675 - ~360 - /,907 -32 ~ .... -16 -12, 714 -.02639 ~0/528 .02639 +3486/ 

TABLE 2 COMPAIHSON OF PRINCIPAL CREEP RAT g::; OF VARIOUS THEORIES WITH COMBI , E D ST1u,;ss.CREEP EXPERIMJ,;NTS 

:i 

tr. rr.-~I. d'"~ (PS./. ) I O'i 

/~660 -ooo I o 

/2,300 
- - -~ 

- 350 I o 

12,0BO ~ oaolo 
/4,800 1-2,680 j O 

~7.ZO 1-.3, 720 ' 0 

~/00 -3,/00 1 0 

'?630 -4,470 I 0 

10.240 -&240 I o 
s.soo -s.soo I o 
7,720 -i720 10 

A. TESTS OF TAPSELL AND JOHNSON ENGINEERING VOL. 150, 1940 
.17% CARBON STEEL AT 850°F, CREEP RATES AT 150 HOURS 

lsoDERBERG a MARIN's I 
EXPERIMENTAL !I BAILEY THEORY TMl:'n~y ' I IN.IIN.I HR. X 10 ·6 11 

€:. I!, .. II L, L. ,. e . "'~ ; , 

0 .89 -o.ao I - o .,g ij o.s5 1-0 . .,.s - 0 .46 0 .~ ~ ~-50 1- 0 .46 --- - - - --
0 . 72. -0157 -0.15 I 0 .08 , -0.35 · 0 .33 0.68 -0.36 , - 0 .32 

0 .37 - ~ -/.4/ ~ 0.76 1 -0.45 __ -o~ - ; o . 77 : - 048 - -.:0 ~29 · /.04 
>- - -- . --~---+------ - --

/.76 -0.24 - 152 !_!:_22 , -0.73 -o.49 I 1.11 1 - 072 -o.4s 

0.75 - 0 .21 - 0.54 i 0 :591~0 .42 -017 1; 0 .60 - i -0.44 -o.-io 
0 .47 0 .15 • 0.62. ,1 0 .39 i -028 -0. // 0 .40 -0.30 -0. 10 

0 .52 -0.30 -0.22 i 0 .42 I · 0 .35 -0.07 041'5 -0. 30 - 0 .07 

/.09 -1. 13 0 .04 I aa• ·O. 70 ·0.14 086 ·0.7:!S -0. /5 

0.34- -0.34 0 II 0 . .56 -036 0 0.37 · 0 .37 0 

0.68 -0.~B 0 ii 0.66 -066 0 0 .68 - 0 .68 D 

B. TESTS OF NORTON-ASME TRANS. 63, 1941 
CARBON-MOLYBDENUM STEEL AT 900° AND 1050° F 

MAXIMUM SHEAR 
T/.,j~n~y 

,,. ... ,:· 

1.00 -o. 5 !i -0.47 
---- -

0 .67 - 0.35 -0. 32 ·-
0.80 -049 -0.3/ --- - - - -- -
/. 28 - 0 .79 -0.49 

0 .66 -0.'f9 ·0./7 

0 .44 ·0.33 -0 . /1 

049 -O."II -0.08 

097 -0.83 -0. /4 

043 - 0.43 0 
-- ···-

0 .78 -0.78 0 

TEMERATURE EXPERIMENTAL 
SODERBERG 

a MAXIMUM DURATION 
MARIN'S SHEAR OF 

OF TEST THEORY THEORY TEST HOURS 

IH/IN./ HR. X 10·6 

<l;(PS!.\ 4; (PS.l) aj( P.St) e,· £, e, 
900· 23,000 /~500 0 0 . /S 0.104- 0 . /40 1,400 

10.so· 9. 200 4;600 0 0 .87 0 . 740 1. 14 2,600 
-- - · 
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0111· obtains from Equat,ion.< (241 

i: • 
s 

3 dD 
- - (CTt - CT3) 
2 dt 

tJi<•.11 from Equa tion [23] 

dD 

dt 

and Equa tions (24] bccon,e 

3 dD • -- CT 
2 dt 

f A e1•0 (CT1 - u;i)" - 1 [ ,, --1 (u2 + <Ta)] 1 

! M•O (rr1 -- a;i)" - 1 [ CT, -1 (ua + CT1)] 

! A e•O (CT1 - ua)" -
1 

[ u3 - + (CT1 + CT2)] 

.. [25J 

Tlw corn•la tion 1,·ilh !,lie t,·11sili,-creq, c.la t,;i, is made by assuming 
tl,,. t<0 nsil<'-creep result,s to be of t,lw form 

!, = l ie"" u1 '' . . . . . . • .•. ... . . . . .. (26] 

For si111plc: Lc nsio n u, CT* a11d I h<· first, of J•:qua Lions [25] gives 

t, 

~. Beb0 

n-1 [ (CT1 - CT2) 2 + (CT2 - u, )2 
2- 2-

n - J 

+ (u3 - CT1) 2] 2 [u, 
J 

2 {u-, + u,)l 

Be"" 
ii2 = n-l [(CT1 - a, )2 + (u, - u,) 2 

2 2 
J2!ll 

n -1 l 
+ (<Ta - u,)2] 2 [CT2 - ·2 (u , + CT1)J 

Be"b 
t, - n -l [(CT1 - CT2) 2 + (CT2 - <Ta)' 

2 2 

n-1 
I + (ua - CT1)'J 2 JCT, - 2 (a1 + u,)J 

Usi11g the t.i111e clc-riva tives of l~quat.iuns [ 81 a11d J!IJ. Equations 
(201 can be n ·duccd to 

!, 
UCT * 

i;* -
UCT1 

h 
UCT * 

t* . . J2!l11J -
UCT2 

h 
UCT * 

~* ua, 

Comµarin~ Equatin11,; (27] and /2!JJ, 1111' r:11io of pr,·dirt.cd creep 

111 ·11, ·1· from EquaLion /261 B = 2/ :3 : I a 11d Equa tions [25] become rates is 

t, = fl e1' 0 (CT1 - CTa) " - 1 
[ ,,. , 

~2 lk1
•0 (u , - u,)'' - 1 [a, 

~3 = Be"° (CT1 - u,, )" _ , [ ,, 

~ (CT2 + u,)J 1 

I (u , + CT1) ] l 2 . 

2 (u, + ,,)] ! 

. ... (27] 

~:qua l,io11s [27J ni:,y !,hurt he: co11,ide rl'd a~ Lhe gl'11ernlized crel'JJ 
l1111·s fur co11s ta11L co111bi1wd s lr· .. ss,·~ b:1sed upon the maximum 
. ;hear llieory rur y ieldiug. Tlr <' ir v:tliclit,y \\'hen applied to prac­
tical cngirH\c riug probk ms can bt! 8hnwn only through actua l cx­
pcrime11la l resulls in comliirn ·rl s lrc ·s.; crPep k sts. Table 2 has 
hel' 11 p repa red t,o 8how tire Cf'< 'l 'P rat,·s pr<'dic ted by these laws, as 
compa rl'd wil11 lhose proposed by Ba ilt-y (1), Soderbe rg (3), 
a nd .vl a rin (2), for some of t,he rather 8canty published experimen­
ta l work on this subject . AgrPcmc11t in mos t c:~~cs is quite favora­
ble. For purposes of comparison, tli e Ba.il"Y creep laws arc 

J (CT1 -- ,,-, )" - •n, - (aa - u,)n - ,m] 

. Ue&O 
~2 = --;;;- [ (CT1 - CT,) 2 + (CT2 -- O" ci) 2 + (<Ta - CT1) 2J"' 

[(u2- CT3) n-2m _ (u, - u, )n- 2m] 

Be1
•0 

~' = - [ (CTJ - CT2) 2 + (CT2 - u,) 2 + (CT3 - CT1) 2] "' 
2"' 

. . (28] 

and the Soderberg-Marin creep laws based on distortion energy 
tJ11,ory arc 

!;" .Juax s hear = a * 11,a~H . ' ( * )' h - 1 

~D. E.T. (T • ru :. T . 
. . .. [301 

The s leaJy-sta k s tresses and s train rates may now be found 
using the maximum shear creep laws, Equatio11 r211, when trans­
fornwrl to cy lindrical co-orclinat c>s, n,rnwly 

t = Be~0 (.,. - CT )"- ' [a (a, + CT ,)J I I. r r 
2 

I ,, _ , [ 1 
u,) J t flel,ll (CT1 - u) u -- (u . + 

I 
- . f27al 

' ' 2 . 

i: J,0 _ n- 1 [ _ ~ J 
" 

/31, (CTt CT,.) CT: 
2 

(CT, + 0'1) 
J 

The assumption is now made tha t t 
strain rates of Equa tions [27a] 

0. Adding the three 

t + t + t = o . . .. .. . .. . .. . . . 1:m 
Henco: 

Now diffc> n•11tia t,ing Equation (21 wi th respect f.o 1i1rn· 

dt . . . r - - t _ t - - 2t 
d 

- ... , <.. t - ..,, 
r 

Hence 

• C • ~. =;:; = - ~, .... .... ... ... . .. f32J 

where c is au arbilrnry constant. Now setting the las t of Equa­
tions [27n] to zero 
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u, +u, 
(1 = 

2 

Tliu8 from Jc;qu,!I io11 ,; I 27a ] 

or, 11s i11 g 1·:cjlmt ion [321 

3 
JN•n (u 1 -· u,)" . 

4 

l I 

( 
4 (: ) ;'( 1 ) ;, 
3 B r2<!•6 

133] 

. [::HJ 

From t;he condi l ion of radial equilibrium, Equation [ l], a nd n·­
:irrnnging 

_2 + n bB 

du, = C1 r n. e n dr 

C, 

or 

_2+11 bB 

u, = C, fr n e n dr + C2 . . . . [35] 

11·lll·n· C2 is a const,a11t of intl'gration. 
I lfi I is expressed as 

For simplicit.y Equation 

(} 

I l, •11 ce 

-- - - r n b6 bN, ( ) _bX, 
t! n = e n _ 

Ro 
...... . .. [36] 

:-;uhHlit ut ing Eq ua tion [36] into [35], a nd in tegrating, one obtiti11 s 

2 

n'r - ,l' 
u, = - c,• -

2
- +c •..... .. ... . ... l37J 

wl11·n· C, * is 1t 11 cw constant and 

11 ' = 
n 

b1V2 .... ... ... .. . . . . . 
1 + -

2 

Tlil' eonsta n ts of Equa tion [ 37] a re found from the boumlary 
uomli t ion:-s, namely, u, = - Po at r = Ro, u, = 0 at r = Ri, then 
Equal .ion [ 371 ll<'conws, upon solving fo r t h, • boundar.v <·<>1111it inns 

(I!!_)'' --I 
r 

/lo - - ~ [8!11 

(R,)n' 
- - I 
Ho 

fr11 111 l·:qua.t ic111 I 11 

~ 

2 -, n' c~)"' + 
n ·r 

/JO 2 
. ... . . . . . . . . [-!OJ 

(')"' - -1 
Ro 

and from Eq uat.ion [33J 

1. - n' 

n' 
2 

G~t - l 

+ 1 
... . [41] 

These equations are identical to those evaluated by l3ailey (1) . 
The creep rate ~. is found from Equation [34], giving with the 
a id of Equations [39] a nd [40] 

2n 

~ I . . [421 

a nd 

t =O 
The tangential creep rate predicted by Soderberg, J<:qua t.ions 
[29], is 

[43] 

Comparing Equations [ 42] a nd [ 43] 

n- 1 

t Eq. [43] 

t E q. [42] 
( ! )-2

- .... . . • . . . . ... IHI 

ft i,;su LTS 

The resulting; stresses based upon elastic condit ions and pri­
mary creep are shown in Fig. 10 for t = 0, 25 h r, 100 hr, 1000 hr, 
and for Hteady state. Table 6 ind icates cla .. ~tic data fo r th" 
curves. ll ere tota l stn·sscs arc• plotted against rad ia l posi tio11 
for .1.2 pm cent chnimiurn steel at constant t,empernt,ur·c of 850 F, 
in a t hick-wa lil·d cylinde r of U, / Ro = 2, under an internal pres­
sure of 12,000 psi. It can be seen from t his fiµ;ur e t hat . ·trcs:; 
distributions gradually change from t.hose of purl' l' lasticity, t = 0, 
to those of in creasing plas ticity, t = 25 hr, 100, a nd t hen 1000 hr . 
Finally, the purely plastic case of the steady-state or seconda ry­
ereep conditiou is attained. According to the u1 curves, i t ap­
pea rs that the sh,ady s tate for t he specific conditions of t his 
problc•m would fall b< ·.\"Ond 10,000 hr, probably in t he neighbor­
hood of 100,000 hr. 

Tn Fig. 11 is show 11 the n,sulting; total strain versus radia l 
posit ion, based o n tJ ,e primary-creep cond ition. T angentia l 
strains arc uunwrically a pproximately eq ua l to radia l strai ns. 
The axia l strain is of very sma ll magnitude a nd practically in­
varient with t ime. As n •ganb t l11 , tangential and radial stra in, 
llwre is approximately t he sanrn increase for the t ime in te rval I = 
0 to 25 hr as for the time in terval t = 25 hr to 100 hr. The· i11-
crnase in strains fro m 100 hr to 1000 hr is roughly double tha t, fo r 
t = 25 to 100 hr. Tangen t,ial strains for a pa,·ticular time are 
usually about 4 times as µ;l'Uat at t he bore as on the outside. This 
indicates strains to be approximately inversely proportional tu 
r 2• T able 3 shows the data from which Figs. 10 and 11 were 
plotted. 

Fig. 12 indicates the residual stress versus radial position re­
sulting from inst11.ntirneous elastic unloading. This would be 



TABLE 3 SUMMARY OF STRESSES .\N D ST RA I !\S FOR T HIC K-WALLED CYLI N DER 
(R ,J Ro = 2 .0) at 850 F and 12.000 Psi 

! r a; a;. <Ti. <T* Ee' e'!I- c, c:c c:.,_ Ao 

10 12.000 20,000 4,000 32.000 41600 .001387 f-: 0000 ... c .00074-7 .000053 - - ·---- -
12.5 -t:,2.4-0 14-240 -'1,000 20480 26620 .OOOB~f0039C .0004_~ E_OOQ_§_3 _ 

Elastic /50 -3, 110 II /10 4,000 14;220 IS4-90 .000616 .000255 !2_003i!JI .000053 

175 -1,220 9,22.0 4,000 l(J440 /3590 .00045~_90173 ~02~ .000053_ 

2 .0 0 aooo 4000 a.ooo 10400 .000347 f 901~ .000227 0000::!3 

l 10 56140 
- - - - - - -

-12.000 15. 770 2 .4BO 27770 ~ 0 1836, , 000$0~ .000934 .00Q054 

l25 -6.64-0 13. 720 3,700 20.360 33,780 .001126 
0000,s -°'~f 54 

-- - - -~ - ·- ---
2S HR. [ 150 - 3 .420 11,740 -9;120 15,/60 22.950 .000765 ,000326 .000438 .000054 _ 

j /75 -I. 370 ID,2.00 4,280 11,570 16,620 .000554 ,_000217 00033? c,52._0054 

2.0 0 8,030 4,34-0 9030 I~ ;20 <2_4~?_ :2_00149 0002.2J1P..00054- _ 
I I 

·--
1.0 -12.000 14;080 1,660 2.6,0llO 72,2.40 .002.408 ,001206 .001202. 00005~-
1.25 ·6,870 /3,/10 3,370 l~S80 44;2.50 .001475 ,00070/ .000774 000055 

100 HR. 1.50 -3,640 /f.880 "9;/60 /5_6/0 29.850 .000.99~ ,000442. .000053 000055 

/75 ·f.400 10,870 "9.(!J20 12,360 21,420 000714 .000292 00042.2 000055 
2 .0 0 10,020 -9;720 10.02.0 16,260 .000!!>41 ,000201 .00034/ .000055 

I 
1,0 -12.000 12.460 770 24;460 IOZ.'570 .0034/8 ,001729 .00/690 .000055 

1125 ·7.070 12.610 ~020 ,s.e~o 6~120 .002./04 ,001023 .00/0BI .000055 
1000 1/50 • -3 730 12..1~2 "1;220 /5920 4--2,SOO :2__(?1417 .000601 .000765 000055 

HR. 175 -/600 11490 4760 /3080 3~~ .OOIOIB _QC>Q_438 00<?.579 000055 ~ --
2.0 0 IOSOQ 6,110 10900 22.SBO .000766 -,0003":1. .<>00462 .000005 

I 

Steady - E,'"' ... . ____ lr __ --- .. Ee_ __ - ~ ~--
1.0 -12.000 8,580 -~ 710 20,:580 .000120 ;/)00090 .000090 0 

State ---· - - - - - ----
Sec. creep~~ 

·7660 10680 •1510 IB.340 .000078 .000058 .000058 0 
--..460 12240 •,3,890 /6,700 .000064 ,000041 .000041 0 

n = 3B85 l-t 75 ·f.990 13440 +~7.30 l!\430 .000040 ,000029 000029 0 
B:r ., 

0 14400 •7200 14-400 0000~ :_DQ0022 ,000022 0 2 .089·10, 2 .o 
I 



Q 
TABLE 4 R ESID UAL STRESSES . .\."10 PER:VIANENT PLASTI C STR . .\.l::S FOR EL ASTIC ~ 

ELASTIC 

2!5 HR . 

100 HR. 

1000 HR. 

ESTIMATED 
10,000 HR . 

STEADY STATE 

SEC. CREEP 

n • 3 .88!5 

U N LOAD!l\"G ~ 

i. <r:. " er.. II tr. h (T. II e,• h' e," et " e,, " ,. • 
1.0 0 _ o 0 0 0 0 0 _o __ 
L25 _ o_ __ o_ 0 0 0 0 0 0 

~ - _ o o 0 0 0 0 0 0 

_ o l ~ · - ---· - - - - ------ - - ---Les 0 0 0 0 0 0 

2 .0 0 0 0 0 0 0 0 0 

I 
17.o"' 0 ·4:230 -1. 520 ·"! 230 •. 000451 · 00026.., .000187 .00000/ 

. 
1.25 -~ , - 520 -300 -120 ~000239 .0001:ZB .OOO/I/ . 00000/ --
/.!50 -3/0 •630 • 120 

j /.75 -/50 •960 +280 

2 .0 I 0 •1030 +340 

+S40 .OOOl4S 

•J.130 ,000102 

•f. 0:50 .000075 

.00007/ 

o00004~ 

0000026 

.oooon .000001 

:0000157 .00000/ 
.00004'5 .000001 - ---- -+- ---- -

/.0 0 · 5 ,920 · 2 .3 _40 -~920 .00-1021 ,000.,615 :_!' 00::!_55 .9()_.!)00Z 

1.2.5 ·630 · l,/30 ·630 ·SOO .OOOl!JBB :0003// .000277 .000002 

/50 -530 •870 •/60 •J.3SO 000379 :OOOIB? . 000./92. .000002. 

.!:!!5.. ·260 •f.650 •520 •t.920 .000262 0000119 .OQ0/42 (._000002. 

2 .0 O ·~020 • 720 +2.0ZO 000194 ,00008/ .000114 .000002 

1.0 0 7,540 -~230 ·"?540 002032. ·.OOl08lil . 000843 .000002. 

1.2s -830 ·t.6:50 - a?o - 800 001217- 0000633 000584 .000002 

1.50 -,S2€; •f.OBO •220 *I. 700 .000801 : 000396 .000404 000002 

/ .7~ -380 •2,270 '"760 •2.650 OOOS66 ,000266 00029'!;!?001:)_(!4:. 

2 . o o z,soo ,1.110 i.2.soo ~00419 .ooo,e-, .00023..!! .000'!.._'!2 

- - - L-- . .L-- - ,_ __ ...., ____ ._ ____ L....._ - - -
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the case if the unloading could be sufficiently fast to insure that 
it would be elastic in nature. Such is equivalent to subtracting 
in Fig. 10 the t = 0 curve from the stress curves at the times indi­
cated. Although the residual axial stresses have been calculated 
as shown in Table 4, these were not included in the figure to avoid 
confusion. Rough ly, they are about one half of the residual 
tangential stresses. It cau be seen from Fig. 12 that for the 
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case where the load has been left on for a long period of time, 
instantaneous unloading would cause high compressive stresses 
at the bore and high tensile stresses at the outside. If the load 
were to be reapplied at a very fast rate, it would be expected that 
the stresses would not be far from the particular curve in Fig. 10 
from which the cylinder was unloaded. 

Fig. 13 shows that during the primary-creep stage, much 
greater strains occur throughout the vessel than would be indi­
cated by considerations of secondary creep alone. The solid 
curves in this figure are based on primary-creep analysis and 
show the permanent strains in both tangential and radial direc­
tions occurring after 25 hr, 100 hr, and 1000 hr at 850 F, and 12,-
000 psi. By the use of Fig. 14 the permanent strain in the tan­
gential direction for primary creep has been extrapolated to 
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10,000 hr. T he dashed curves are those calculated by the steady­
state analysis and are plotted fo r the tangential direc tion only 
(see Table 7 for data from which the dashed curves were calcu­
lated). Radial strains by such analysis are numerically equal to 
and opposite in sign to the tangential strains, but arc not shown 
in the figure. It is apparent from tangential strain that primary 
creep at 25 hr gives about the same permanent strain that second­
ary creep produces at 2000 hr. Similarly, primary creep at 100 
hr is approximately equal to secondary creep at 5000 hr; primary 
creep at 1000 hr to secondary creep at 10,000 hr and primary creep 
at 10,000 hr to secondary creep at 22,000 hr. It thus becomes ap­
parent that secondary-creep analysis is at considerable variance 
with primary-creep considerations in the early stages, i.e. , up to 
1000 hr. As we approach 10,000 to 100,000 hr duration, the 
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strains occurring in t ltcsc 1 \\·o creep sl~tges approach tlw sa1n,, 
order of magnitud,· . 

For a case wll<'re t--h,1 max imum p<'rmanent HLra in at ,tny pa rt 
of the vessel is to be li mitl'd to l per c,•nt, a~ might occur in tur­
bine parts, F ig. 13 wou ld indicate a life of about 1000 hr by 
primary creep and 10,000 hr by s,:cnndary creep. 

In cases ,,·here the over-all lif,, r, f a vessel is expected to be 
8mall , it app<)ai·s that. prinuu·y-crcep co11siderntions are essential. 
For t hose cases wlwn· long life in the neighborhood of 5 to 10 
y,•a rs is expected, secondary creep would appear quit<! :ttkqua.t c. 

CONCL USIONS 

1 Jn the design of JJl'e8sure vessels for short life, consideration 
of elastic condi tions and primary creep is essential. 

2 In the design of pressure vessels fo r long life, secondary­
creep analysis is sufficient,. 

3 For the particulnr pl'Oblcm conditions of a th ick-walled 
cylinder of 12 per cen t chromium st,iel, of wall ratio R, / flo = 2, 
at 850 F a nd 12,000 psi, primary creep should govern up t,o J0,000 
hr. 

RECOMMENDED EXl'MUMEN'.l'AI, PnoGHAM 

Because of the complexit,y of the creep-relaxation process in the 
transient case where primary creep is involved, this problem 
should be investigated experimentally and the results compared 
with the conclusions of this paper. Once experimentally veri­
fied, short-cut design procedures may be developed, or a machine 
computer constructed for handling t,he great number of cases of 
pressures, temperatures, wal l ratios, and materials which arc of 
practical importance. 

A fur ther research that requires more attention is the checking 
of the various secondary-creep-strength theories in appl.ving 
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tensilt,-creep data to the biaxial condition. Under the maximum 
shear theory used in this paper, the tangential-strain rate for the 
problt·m developed is under steady-state conditions 0.000090 in. / 
iu. / JOOO hr at the bore. Bailuy's (1) creep equation, based 011 
distor tio n energy, indicates this strain rate to be 0.000057 in,/in, / 
1000 hr., Soderbcrg's (4) and Maria's (2) analyses, the latter of 
which is a modification of Bailey's, show a strain rate of 0.000059 
i11. / i11. / I000 hr. It would be well to know how closely experi­
nH'11ts f-it the maximum shear analysis and what errors are iu­
volvl'd in its adoption. 

As mentioned in the "Intrnduction," experimental work is 
r, cc,·ssary to verify the validity of converting available tensile 
Crt 'l'p-time data to stress versus strain at each instant of time and 
applying this to a vary ing stress condition. If a specimen, as 
shnwn in Fig. 15, were to be placed under a constant load and 
temperature, diarneter measurements for each instant of time 
could be ta ken at the gagi11g liues. Then if a second spccimeu 
were to be suhjeclcd l.o one load for a time and then a second load 
for a time, history effects could be studied at numerous stress 
levels. Tl,c same history effects could also be studied on stand­
ard tensile-creep specimens; this would require more specimens 
but would be much more accurate because of longer gage length. 
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Analysis of a Single Stiffener 
on an Infinite Sheet 

BYS. U. BENSCOTER; PASADENA, CALTF. 

The use of stiffened-sheet construction in aircraft de­
sign has brought about the study of many problems in 
mechanics in which concentrated loads are introduced 
into stiffeners and transferred to the sheet. In the present 
paper a basic problem of this type is considered. A single 
stiffener of finite length is assumed to be attached to a 
sheet of infinite extent. A concentrated force is applied 
to the stiffener at each end. Any given problem may be 
divided into symmetrical and antisymmetrical parts. 
The physical condition that governs the problem is that 
the axial strain in the stiffener must be equal to the nor­
mal strain in the sheet at all points along the stiffener. 
In order to formulate the solution, it is necessary to em­
ploy an influence function for the strain in the sheet. This 
function is known from the classical theory of elasticity. 
The solution is found to be governed by an integral equa­
tion which has the same form as the equation which gov­
erns spanwise air-load distribution on an airplane wing. 
Hence a number of mathematical methods are known for 
solving (he equation. A numerical example is presented. 

N OMENCLA'rURE 

Tl11J followi11g nomenclature iR llR(' d in th e paper: 

A = Mea of stiffener 
a = half-length of stiffener 
E = Young's modulus 

E1 = Y oung's modulus for stiffener 
E2 = Young's modulus for sheet 
f = force reduction in stiffener 
j = dimensionless force reduction in stiffener 

K = influence function 
P = external concentrated force 
p = axial force in stiff,mer 
p = dimensionless axial force in stiffener 
q = shear flow 
r = radial co-ordinate 

= thickness of sheet 
.c = horizontal rectangular co-ordinate 
11 = vertical reel-angular co-ordinate 
• = axial strain in stiffener 

= horim ntal normal strain in sheet 
µ = Poisson's ratio 

<r, = horizontal normal stress in sheet 
<r • = vertical normal stress in sheet 

'Aeronautical Research Scientist, National Advisory Committee 
for Aeronautics. Langley Field, Va.; on leave as graduate student at 
the California Institute of Technology. 

Presented at the National Meeting of the Applied Mechanics 
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of the Society. Paper No. 49-APM-13. 
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II = angle variable 
I; = horizontal rectangular co-ordinate 
11 physical parameter 

INTRODUCTION 

The use of semimonocoque, or stiffened-sheet construction in 
airplane design has given rise to a class of problems in mechanics 
in which concentrated loads are introduced into the stiffeners 
in various ways. The stress-analysis problem consists of deter­
mining the variation of axial forces in the stringers, and the stress 
distribution in the sheet. In the present paper a solution will be 
given for a fundamental problem in this class of problems. It is 
assumed that a single stiffener of finite length is attached to a 
sheet of infinite extent. The stiffener is acted upon by a concen­
trated force at each end of the stiffener. It is found that the 
variation of axial force along the stringer is governed by an in­
tegral equation which is of the same form as Prandtl's lifting-line 
equation for spanwise air-load distribution on an airplanc wing. 
The problem of a semi-infinite sheet with a single stiffener has 
been previously investigated by E. Reissncr, 2 who noted the 
mathematical similarity between this type of Rtress problem and 
the aerodynamic-lift problem. 

INFLUENCE FUNCTION 

In order to determine the stress variation in a stri11ger attached 
to an infinite sheet, it is necessary to have available an influence 
function for the normal strain in the sheet at one point on the 
x-axis due to a concentrated force acting horizontally at another 
point on the x-axis. Such a function may be obtained from the 
classical solution of two-dimensional stresses in an infini te plate 
of unit thickness due to a concentrated force at the origin. For 
the case of a concentrated force P, acting horizontally at the ori­
gin on a plate of unit thickness, as shown in Fig. l(a), the normal 
stress formulas are due to Timoshenko. • 

= -.!:._3_ [µ+3 _ (µ+1) 112] .. .... . [l] 
rr ,., 21r r 2 2 r 2 

(1". = - _!_ -=- [µ - 1 + (µ + 1) y2 J ........ [2 J 
2,.. r 2 2 r 2 

From Hooke's law the strain in the direction of the x-axis at 
an arhitrnry point in the sheet is given by 

1 
•, = - (<r, - µ<r.) ................. [31 

E 

Substituting Equations [l} and [2 J gives 

p X [(3-µ)(l +µ) y2] 
•, (x,y) = -- - -(1 +µ)2 - . . . [4 1 

21rE r 2 2 r• 

The value of•, on the x-axis is given by 

2 "Note on the Problem of the Distribution of Stress in a Thin 
Stiffened Elastic Sheet," by E. Reissner, Proceedings of the National 
Academy of Sciences, vol. 26, 1940, pp. 300- 305. 

3 "Theory of Elasticity," by S. Timoshenko, McGraw-Hill Book 
Company, Inc., New York, N. Y .. 1934, p. 11 l. 
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P(3 - µ)(l + µ) 
•,(x, 0) = - . ..... . .. . .. [5) 

41rEx 

Referring to Fig. l(b), the influence function that is needed ex­
presses the strain at station x on the x-axis due to a unit force at 

y 

p .I X 

(a) Central Force 

y 

p = I 

I 

(b) Eccentric Force 

F,o. I CoNCENTRATED FoncE ACTI NG ON AN INFINITE PLATE 

station €. T he factor x in Equation [5) must be replaced by 
(x - I;). For a unit force actiug on a sheet of thickness t, the 
factor P must be replaced by 1/t. The influence func tion be­
comes 

F (3 - µ )(l + µ) 
K(x, I;) = - E ( ) ............ . [6] 

41r t X - /: 

INTEGRAL EQUATION 

The physical condition which governs the solution is that the 
normal strain •,, in the sheet at points along the x-axis from 
-a to +a must be the same as the normal strain in the stiffener. 
In order to allow fo r the use of different materia ls in the stiff­
ener and the sheet, the value of Young's modulus for the stiffener 
wi ll be indicated by E, and for the sheet by E2• 

If a tensile fo rce P is applied at either end of the stiffener, the 
axial force pat any point a long the stringer will vary as indicated 
in Fig. 2. The strain • in the stringer may be expressed in terms 
of the stress u or the axial force p 

q = ...J!.... [7] • = E, AE,· ... ...... . ....... . 

The area A of the stringer may be variable along its length. 
The sheet may be considered to be acted upon by a variable 

shear flow q, as shown in Fig. 3. The strain •. in the sheet on the 
:r-axis must be computed by using the influeuce function given by 

Equation [6] and integrating over the length of the applied loarl 

•z = f_~a WK(x, l;)dl; .. . . ..... ..... 181 

The shear flow acting on the sheet and th e axial force in the 
stringer are ro lated by the equation of equilibrium of a differe11-
tial length of tbe stiffener 

q W dp_ ... . . . . .. . ... .. .. . . . [9] 
di; 

Equation [8] becomes 

! +a dp 
,. = - K(x, l;)dl; ... . ......... [LOI 

- a di; 

The strain as given by Equation [7 J may be equated to t he strain 
as given by Equation [10 I 

! +ad p p 
- = -d K(x, !:)di; . . .. .... .... [HJ 
A.E , -a I: 

'( 

p p 
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11111111 p I 
p 

F1G. 2 VARIATION oF Ax1AL FoncE rN STRrNGEn , v,Trr SYMMETR1 c A1. 
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FIG. 3 SHEAR FLOW ACTING ON PLATE 
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The influence function from Equat;io11 (6) may be substituted to 
obt.ai11 

(3 - µ)(l + µ) f +n (- 1-) dp di; .. (12] 
41rE2t • _,, X - I; di; 

This equation may be written i11 the following form 

11P + !!_ J+a _!!!___ = 0 ............ (131 
4,r -a X - /; 

where 

Equation (13] must be solved to obtain the variation of the axial 
force. Referring to Fig. 2, it is convenient to represent the re­
duction of force at any point by a symbol f which satisfies the 
following relations 

p = P-f .................... (15] 

dp df di = - di; ........ . .......... (16 J 

Substituting these formulas into Equation (13] gives the follow­
ing equation 

11! + .!!_ J+a df = 11P . . . ....... • . (17] 
4,r -a X - /; 

It is convenient to int.rodnce dimensionless forces defined by 

f = PJ, p = Pp = P(l - J) ......... . .. (18] 

Substituting this formula into Equation (17] gives 

_ a J+a dJ 
11! + - -- = 11 .. . .......... (19] 

4,r -tl X - /; 

This integral equation is seen to bear an accurate correspondence 
to Prandtl's lifting-line equation for spanwise air-load distribu­
tion on airplane wings. The force reduction f corresponds to the 
wing circulation. 

y 

-P p 
t 222222222222222222222222, --X 

-a +a 

p 

-P 

FIG. 4 VARIATION OF AXIAL FORCE IN S'l'RINGER 'WITH ANT!SYM­

METRI CA L LOADING 

METHOD OF SouJTION 

Symmetrical Case. A number of different methods are known 
for calculating the lift distribution on an airplane wing. Any of 
these methods may be used in the present problem. A conven-

ient method due to H. Multhopµ' will lH' u.,ed i11 the prcse11t paper. 
The int-egral equation which governs I-he unknow11 function is 
replaced by a system of linear algebraic cqmtt io11s which govern 
a finite 8el of ordinates to the unknown func·tiou. 

8i11ce the axial-force distribution is sy 1111nelrical about the 
origin, it is 011ly nPc<>ssary to calculate ordin:tt i,s at. points on the 
semispa11 extending from x = 0 t.o x = u. Till· pointti at which 
thn ordinates ftrc determined are not equally spaced but are de­
fined by int.rnducing a new variable() by tllf• following rnlation 

x = a cos o . ..... ... .. .. . .. . .. . [20 I 

The angle variable Oranges from zero to 1r/2 :wd thi:; in te rval is 
divided into equal parts. If four ordinates, f, to /,, are to be 
computed, t he corresponding values nf x and 9 arc as follows 

o, = 22.5 ° 
92 = 45° 
o, 67.5 ° 
9, = 90° 

x, = 0.!)239 1 
X2 = 0.7071 
X3 = 0.3827 r 
x, = () J 

... (21] 

The equations governing the force reduction value:; may be 
written in the following matrix form 

[

(2.6131 + 11,) 

- 0.5179 
0 

- 0.0560 

- 0.9571 
( 1.4141 + 112) 

- 0.4571 
0 

0 - 0.0732][]'] - 0.5!)72 0 J2 
(1.0824 + 11:i) - 0.4268 z, 

- 0.788(, (l + 11,) f, 

= [;:J ..... [22] 
11'< 

114 

The corresponding e\1uationti for wing a irload distribution 
have been developed by simple methods by the author.• The 
values of 11 for the particular case to he solved may be substi­
tuted into the equations and a solution immed iately obtained. 
For the common case of a prismatic stiffener 11 is a constant. 

It is of some interest to note that if the variation of stiffener 
area is chosen to give a constant value of stress at all points in 
the stiffener, the force reduction will be of elliptical distribution. 
This corresponds to the elliptical Lfotribution of lift on a wing 
having minimum induced drag. 

A nt.isymmetrical Case. Refcrrilll-( tn Fig. 4, the :;ti ffener is con­
sidered to be acted upon by a tensile force P at x = a a nd a com­
pressive force-Pat x = - a. The resultant force actinl-( on the 
stiffener is 2P. This force must be transmitted into the sheet 
and carried to infinity where the reaction occurs. H the shear 
flow q between the stiffener and the sheet is uniformly distrib­
uted, the variation of axial force in the stiffener is linear as indi­
cated by the clotted line in Fig. 4. The force-reduction quu,ntity 
f, in this case, may be defined as the difference between a linear 
distribution and the true distribution. 

The axial force and its derivative arc relateci to the forcc,-rcduc­
tion quantity by the following equations 

Px 
P = - - f ....... ... .......... [23] 

a 

• "Die Berechnung der Auftriebsverteilung von Tragfli'rgeln," by 
H. Muithopp, Luftfahrtforschung, vol. 15, April, 1938, pp. 153- 169 
(translated by British Ministry of Aircraft Production, Translation 
no. 2392.) 

• "Matrix Development of Multhopp's Equations for Spanwise 
Air-Load Distribution," by S. U. Benscoter, Journal of the Aero­
nauti:cal Sciences, vol. 15, February, 1948, pp. 113- 120. 
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dp 

di; 

I' df 
- - - ... . . .... ....... [241 
(I di; 

l·:qualion [ 13) takes the followinµ; form 

11Px P J +a di; a, J +a df - - - .,,J + - -- -- = 0 .. [25) 
It 4.,,. - a X - I; 4.,,. -a X - I; 

The first integral in this equation may be evaluated without 
diffi culty. The principal value must be determined and is given 
I,~, the formula 

f +a di; ( a-x) -- = - 111 -- .......... [26) 
-a x -1; n + x 

Substituting Equation [26) into Equation (25) gives 

a f +a df 11Px P ( a-x) 11! + - -- = - - - In -- .. . [27) 
4.,,. -a x - I; a 4.,,. a + x 

Introducing the dimensionlc-ss f1111 ct,iun, as defined by Equation 
f 18], gives 

- a f +a d] 11.c 1 ( a -x) 11! + - -- = - - - In -- .... [28) 
4.,,. -a x - I; 11 4.,,. a + x 

ft is convenient to introduce a symbol k to represent the quantity 
on the right-hand side of Equat.ion (28). 

x l (a-x) k(x) = - 11(x) - - In -- .... .. .... [29) 
a 4.,,. a+ x 

This quantity may be expressed in t.erms of the variable I) by sub­
~tit.nting Equation [20) 

I (1 - cos 0) k(O) = 11(0) cos O - - In ....... [30) 
4,,. l + cos 0 

The system of linear algebraic " 'lna t.ions, which replace Equn­
Lion [28), take the following form 

[

(2 .613} + '71) - 0.9239 0 ] [JI] 
- 0.5 (1.4141 + 112) -0.5 ]2 

0 -0.3827 (1.0824 + .,,,) ], 
NuMBRICAr, EXAMPLE 

f n order to illustrate the application of the theory, a numerical 
solution has been made for a sheet and a prismatic stringer hav­
ing the fo llowing dimensions and properties 

E, 
µ = 0.3 

t = O.l in. 

a= 10 in. 
A = I sq in. 

The parameter .,, is computed to have the following value 

'1 = ( ) ) = 0.2849 ............ (32] 
3- µ (1 + µ 

The symmetrical case will be considered first. The given 
value of .,, may be subst,itut.cd into Equation [22) to obtain the 
following 

[ 

2.8980 - 0.9571 0 -Q.0732] [JI] [ 0.2849] 
-0.5179 1.6990 - 0.5972 0 Z, _ 0.2849 

0 -0.4571 1.3673 - -0.4268 ! , - 0.2849 [331 
-0.0560 0 - 0.7886 l.2849 J. 0.2849 

This equation may be solved to obtain values of J. Subtraction 

of these values from uni ty gives the values of p The followinµ; 
values Rre ohtained . 

J, = 0.2543 
]2 = 0.4299 
13 = 0.5254 
J. = 0.5553 

PI = 0.7457 
P2 = 0.5701 
p3 = 0.4746 
P• = 0.4447 

This symmetrical solu tion is illustrated in Fig. 5(a) where the 
dimensionless axial force is plotted for the semispan. 

The ant.isyrnmetrical case may now be considered. The con­
stant terms may be determined from Equation [30] and substi­
tuted into Equation [31) to obtain 

[ 

2.8980 -0.9239 0 ] []1] [ 0.5202] 
-o.5 1.6990 -o.5 z. = o.3411 .. [3-tJ 

0 - 0.3827 1.3673 Ja 0.1732 

This equation may be solved for the values of J. From Equation 
[23) it is seen that the dimensionless axial force may be computed 
from the formula 

p = cos O - J. ... .. ....... ...... (35] 

The values of J and p are found to be as follows 

]1 = 02922 
]2 = 0.3535 
13 = 0.2256 

]JI = 0.6317 
p2 = 0.3536 
'ii• = 0.1571 

The ant,isymrnetrical solution is illustrated graphically m F ig 
5(b). 

1.0 ,-----~---~---.....----.....----~ 
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F IG . 5 VARIATION OF DIMENSIONLESS Fo.RCE IN STRINGER FROM 

NUMERICAL EXAMPLE 

CONCLUSIONS 

The axial-force distribution in a stringer of finite length at­
tached to an infinite sheet may be computed by numerical meth­
ods. An influence function is employed which is obtained from 
the classical theory of elasticity. The distribution is found to 
be governed by an integral equation which has the same form as 
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the equation governing spanwise air-load distribution on an air­
plane wing. The integral equation may be replaced by a sys­
tem of linear a lgebraic equations by any of the methods that are 
know n to be applicable to the spanwise air-load problem. 
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Application of Electric-Analog Computers to 
Heat-Transfer and Fluid-Flow Problems 

Bv G. D. McCANN, 1 JR .. AND C. H. WlLTS. ' PASADENA, CALlF. 

There are two general classes of mathematical problems 
encountered in science and engineering for which high­
speed mechanical computation is required. One of these 
embraces those problems of such complexity that it is 
impractical to obtain even a few solutions by conventional 
analysis. In the other class are problems which may be of 
only moderate complexity, but in which it is necessary to 
obtain a large number of solutions before the results be­
come of practical value. It is the intent of this paper to 
discuss some of the applications that have been made of 
the California Institute of Technology "electric-analog 
computer" to heat-transfer and fluid-flow problems of 
both of the classes mentioned. 

I NTRODUCTION 

O NE important attribute of the electric-analog computer 
described in this paper is that once the electric circuits 
which specify the mathematical form of the problem 

have been set up, it is a simple matter to obtain quickly succes­
,;ive solutions. A wide range of parameters can be scanned 
rapidly, delineating regions of interest. This not on ly saves 
time when a large number of solutions are desired as for the more 
general types of studies, but also saves a grea t deal of time in 
preliminary analysis and planning of calculations. This method 
also greatly facilitates an understanding of the physics of the 
problem through the analogy concept,, 

Unlike the large-scale digi tal computers being developed, 
the field of application of an analog computer is limited by the 
number of each component element it contains. It will be 
attempted therefore to indicate here ranges of applications and 
techniques for extending those ranges. 

DF~SCHIP'l'!ON OF COMl' l"'l' l-:11 

In ,Jum:, J947, a lt hough t lH·n only part,ia lly completed, t.hc 
lnstitutc's computcr3, '' , 5 was phtccd i11 a.ctivP Hervice. Since then 
it has been in full- ti me use for the solution of commercial engi-

1 Professor of E lectrical E nginnering, C':ali fornia. Institute of 
Technology. Mem. ASME. 

• Assistant Professor of Applied Mechanics, California Institute of 
Technology. 

' "A New Device for the Solution of Transient Vibration Problems 
by the Method of E lectrical Analogy," by H . E. Criner, G. D . Mc­
Cann , and P. E. Warren, J ouRNA T, OF APPLll-:tl M~~CHANICB, T rans. 
ASME vol. 67, 1945, p. A-135. 

• "The Mechanical Transients Analyzer, " by G. D . McCann, 
Proceedings of the National E lectronics Conference, vol. 2, 1946, p. 
372. 

5 "A Large Scale General Purpose .Elec l,ri c Analog Computer," 
by E. L. Harder and G. D . McCann , AIEE T echnical Paper 48-112, 
1948. 

Contributed by the Applied Mechanics Division of Tm: AMERICAN 
SocTE'l'Y OF M ECHANICA L ENG INEERS and presen ted at the first H eat 
Transfer and Fluid Mechanics Institute, Los Angeles, Calif. , June 21-
23, Hl-18. 

Discussion o f this paper should be addressed to the Secretary, 
ASME, 2!) West 39th Street. New York, N. Y., and will be ac­
cepted un t il October 10, 1949, for publication at a later date. Discus­
sion received after the closing date wi ll be returned . 

NOTE: Statements and opin ions advanced in papers a re to be 
understood as individual expressions of t heir authors and not those of 
the Society. Paper No. 48-HFT-1. 

uecring problems and Institute research. Now t l,at it is a lmost 
eompleted, it has been possible to apply it to certain of the partial 
differential equations of heat transfer and fluid How and to 
evaluate partially its applicability to these general fields. 

The computer was designed to handle linear ordinary algebraic 
and differential equations of high order of complexi ty, ordinary 
nonlinear equations of moderate complexity, and a limi ted group 
of partial differential equations. A specia.l effort was made so to 
de8ign all elements of the computer that additions can readily 
be made if sufficiently important problems arise which require 
greater faci li t ies. 

The computer is best described by referring to Fig. 1 and Table 
1, which show its general layout and list the component parts. 
Briefly, its design is based around 110 separate sets of precision 
inductors, resist.ors, and capacitors, and 25 special t ransformers. 
These are used to set up circuits for solving ordinary or partial 
diffcrrntial equations. There are, at present, 20 separate forc­
ing fun ctions for introducing (as known voltages, currents, or 
charges) the known functions of the independent variable. These 
may be steady-state variable-frequency sinusoidal functions, 
square-wave tn1.nsient functions, or pcrfretly arbitrary function s 
of t ime. As listed in T able 1, amplifiers arc used for negative 
impedance terms or unilateral terms such as the unsymmetricnl 
terms of a matrix. For simulating the nonlinear terms of an 
equation, multipliers are provided for multiplying any two varia­
bles, and nonlinear functions elements are provided for forming 
arbitrary functions of any dependent variables. The dependent 
variables which constitute the desired solutions are simulated as 
circui t voltageR, currents, or charges. For transient solutions, 
they are recorded or viewed on cathode-ray oscilloscopes while 
for steady-state or algebraic solutions they are measured with 
dynamometcr-type meters. 

Important elements of the computer are the synchronous 
switches used to switch in the forcing functions, remove energy 
from the circui ts to restore them to their proper initial condition, 
and to accomplish other sudden changes in circuit condi tions. 
These switches are required only for transient solutions which 
may he obtained in either of two ways. One of t hese is to apply 
the transient only once and record it photographically or on some 
other memory device such as magnetic tape. The other method 
is to apply the transient cyclically (usually 10 times per sec) 
so that the solution appears as a steady image on a cathode-my 
oscilloscope for viewing and recording. Other important features 
are the plugboard arrangement and metering circuits which en­
able rapid a nd accurate hook-up of the desired ci rcuits, and rapid 
mete ri11g of all solutions. 

The methods of formulating analogies and converting resul t~ 
to numerical values3, 4,5 cannot be treated in a perfectly general 
way in this paper. However, detailed discussions of some analo­
gies arc given in connection with individual examples. 

PROBLEMS DESCRIBED BY ORDINARY DrF~'EUENTIAL EQUATIO NS 

The application of elcctric-analog techniques to ordinary linear 
equations has been apparent for many years. The extension 
(in the case of the Cnl T ech computer) to ordinary nonlinea.r 
equations has been discussed in detail.• Except for the example 

247 
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[ (Al,m,c) Genera l ,·iew of computer (N iuht ) Block diagran, of 
computer.] 

F1r: . 1 C AI.IFOHNJA l i\"~Tl'l'U'.CE Q Ji' TEC H NU L 0 (]\' E J,E CTHI. C- ANALOG 

COMP U TER 

TABI. I•; I BASIC ELE~IC::\!TS OF CALI FOH:-.IA I NSTITUTE OF 
TEC ll :\!OLOGY ELC:CTRI C-A:-SALOG CO~Il'L"TER 

(See sc he matic clial[ra111, Fig. 1) 

( .:I) 7'r-n Passive Cfrn1,it. Elements Qqhinels 
I 100 hi g- h ' 'Q'' ind uct.vrs Oto 1 .0 he urys i11 0 .001-hcnry s 11•ps 
2 20 hi g h "Q' ' in clilf' tnrs O t,o 1 .50 henrys in 0.01-lwnry s teps 
~3 100 resis to rs Oto 7000 ohrns in 2-ohm ::s t,cps 
·I 20 resistors Oto G00,000 ohrns in 200-ohm r;teps 
5 liO caµa.eit ors O to 1 . 0 mfd in O. 01-mfd steps 
fi 40 capacitors Oto 4.0 lllfd in 0 .01-mfd s t1·p~ 
7 10 capacitor::; 0 to 80 mfd in 10-mfd step~ 
8 25 s pecia l f,ra,n~fu rn11'rsn 

( Ll ) Viue Pl llgboard• 
l P l t1ghoa.rd::- for a !I el e inc nts of two-<'ircu it e lc tnf'nts cab i11 n .~ 
2 Rcccptabl e pa t c h board for 500 f' le nwnt conn ec tions anrl 2:, 11111in 

buses 

(C) On e Fo rl'ing P-uncti 011s Cabi11 cl 0 

I (j s inusoidal variable-frequen cy and phase-pos ition vo ltage s o urces 
(0 to 50 ,·ol ts , 1 amper e , I ohm) 

2 G se parate ~quarl'-wa.vc vol t age so urces (0 to 12 YO l l t-, nr nrn• 72 
vol t source in 2-vo lt :s t eps) 

3 G tLrhitrary \·oltagc :sources (maximum 50 volts, 1 ohm) 
4 3 arbitrar.v currPnt sou rces (control lable from any n ,l ta~e so11rcc) 

(D) One M eterino Desk" 
I 3 dyna1nometer-typc rncters fur metering sirn1soidal cu rrenti vult-

uge, po,vL·1·, etc. 
2 2 cat,hode-ra.y oscillographs for transient solu tion (current., voltage, 

or cha rge) 
3 .1 three-wire metering circuit (and selector syste m) for met.1-•ri 11g a.II 

passive circuit ele ments and so urce fo rcing functions 
1 ma.nual me tering selector circu it for lG of 25 ma.in buses 

.; C ircuits for connectin g 8 synchronous switc hes to any of l.li 1na i11 
buses 

( E) A mplijier Cabinet, (µortcible) 
1 5 negative gain (0 to 50) d -c amplifiers (15 oh m im pedance), en.eh 

having a.n RC time-del :t.y circui t for servo proble ms 
2 5 positive gain (0 to 100) d -c amplifi ers with isolated input and 

] ohm output im peclancca 

(/") Multivlier Cabinets (vortable) 
1 1 multiplier with isolated input and 1 ohm out1rnt, impeda ncea 

(five more to Le constructed) 

(G) Arbitrnry Fitnctions of Dependent Variable (vortabl e) 
1 2 v oltage li miters 
2 2 current limiters 
3 2 perfectly arbitrary function devices 0 

• Additional elements are contemplated. Tahle lists on ly ele­
ments of computer in its present operating form. 

B A A 8 A C A 

A 

8 B 

A A 

DEVELOPMENT [~~~J 
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A I 11 8 
L_JJ 

A D 
[I)~@)[)@] 

H 
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given below, 110 thermal or fluid-flow problem specified by orJi­
nary equations has been solved as ye t with the Cal T ech com­
puter. However, there arc many important problems of this 
sort which can be t rcateJ read ily. 

Tempera.t nre Rise in /lo/a.ling 8/eclric Ma.chines During Varia­
l,le-Load Cycles. Many calculations of t he temperature rise of 
machinery involve the solu tion of ordinary li near equations since 
each thermal medium can be con8idernd to have equal tempera­
ture throughou t. An example of the appl ication of an electl'ic­
analog computer to such a "lumped constant" thermal system is 
in the calculat ion of temperature variations in an elec tric motor 
during a complex variable-load cycle. This is typical of numer­
ous problems encountered in the proper application of eleclri cal 
and mechanical equipment. Jn this problem it is assumed 1 hat 
the motor is composed of two materials with high thermal ca­
pacity, the magnetic iron a nd the copper conductors. Generated 
in each are energy losses. In the iron these are eddy-current and 
hysteresis losses which are a function of the applied voltage. 1n 
the copper arc l'R losses which are a function of the motor load. 
[Ieat can be transmitted from each into the ambient air and 9an 
also be exchanged between each through the winding insulat ion. 

The following differential equations then apply 

w, dT 
c,G, ill' + " ,S,.'l', + aciS,, ('/', - '/';). . . . I I J 

w, 

where 

W, and W; arc copper aud iron losses 
'1.'c and 'I'; are temperature rises above ambie nt air 
c, and c; are specific heats of both metals 

G, and G, are weights of each metal 
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8 , and S, arc surface areas of ,~ach 1111'1 al i11 contact for direct 
l,ntnsmissio11 of heat to air 

u , and a, ure heat-t.ransmissio11 cocflieieut.s from metal to air 
a,, is heat-transmission codlicient through immlation hctwecn 

copper and iron 
8frctric Analog. Severn! electric analogio,s can lie used for 

E4uations [I] and [2]. That, of Fiv;. 2 is used aR an illnstration: 
II sa t.is fies the voltage equations 

1 
i 

di, ( ) 
, ~,c = ],1c - + Ilic + uci ic - i i . 

dt 
..... [3] 

/,di, + R,i,- + R.; (i, - i, ) . ... .. · · · . [4] 
'dt 

Le;; CeGe 

L; = C ;G; 

Re= •eSc 

R i ;- ai Si 

Rei= 0 cl 5 ci 

E ii W 

i = T 

la l ANALOGY FOR MOTOR RUNNING CONTINUOUSLY 

Rz Le 

/' 
• SYNCHRONOUS SWITCHES 

R I t Rz , R c WHILE MOTOR IS RUNNING 

R 2 R c WHEN MOTOR IS STOPPED 

(bl ANALOGY FOR MOTOR STOPPED PART OF CYCLE 

Fin. 2 E1.F:CTRIC ANALOG FOR TEMPERATURE RISE IN Er,ECTrtlc 

MOTOR DURING VARIADLE-LOAD CYCLE 

Such a circuit, can be solved rather simply unless the voltages 
/1, and /1'; corresponding to the copper and iron losses are complex 
functions of t inlll. When sot up on the computer, these func-
1io11s readily can he made to have any arbitrary form. If the 
motor is run11i11g; continuously with constant applied voltage, 
the function (E', ~ W,) is constant, and only the voltage corrcs­
po11di11g to 1 hn copper losses (E', ~ lV,) need be varied. This 
coll(.li t. ion is i!lusl nited in Fig. 2(a). However, if the motor is 
shut down for a11y part of the load cycle, not only mu~t t he iron 
losses he varied, but also all of the heat-transfer coefficients. As 
sho\1·11 in Fig. 2(b), the proper circuit conditions for representing 
t!ic period that t.he motor is shut down are obtained by closing 
the two swi tcl ,es. The circuit to the right of the switch then 
rcprcsenls the thermal system with no thermal energy being 
generated, and the thermal conductivities reduced because of its 
lack of air t·irculation. 

In choosing the proper circuit elements for quantitative simu­
lation and to -convert from electrical to thermal units, the follow­
ing relationships arc applicable as long as consistent sots of units 

arc used in both the thermal system and the analogou.s eb·1.ri1· 
system 

L = ':1: cG, N = a,xS . . .... . . . 
n 

Where a is an arbil.rary impedance faetor and n ddern1ines 111<, 
time base change made for the computer. Thus t = nl' wl11'n· I 
is actual time and t' is time 011 the computer tinw ha.s, ·. T o nl,-
1,a i11 a.C' tua.l t<'111JH •rafure valw·s OIH' uses the rcla,t.ions 

w ·r .. = ,,,, F' etc . ... . .. . . . . . . . . 

w 
\\"here - is the ratio of thernml energy to analogous C"Olll)Hll1•r 

E 
voltage 

Figs. 3 and 4 present typical analog-computer solutions forth,· 
two conditions of motor operation. Jn these figures the effect of 
stopping the motor during its no-load period is apparent. Th,· 
maximum copper and iron temperatures are both greater tlia11 
\\"hen the motor runs continuously. A solution of thi~ type n·­
quircs only about. J,5 min of setup t ime, and a few minutes fnr 
<':tch successive sot of solutions. From the analogous cirenit 
it is apparent that simple bas ic tests on actual machines can he 
made readily to determine the thermal coefficients. Routine 
<'nmputations of this type for complex motor loads would lw 
quite simple, rapid, and economical, and greatly improve such 
motor a ppli cations. 

l'Ronu;Ms SPJ•:CIFIED HY PAUTIAL DIFFERENTIAL EQUATJO:--~ 

Most of the heat-transfer and fluid-flow problems so far solved 
with the analog computer have involved "distributed constant~." 
Several important types of such partial differential equations in 
l he fi eld of fluid and thermal flow arc \\"ell-suited to such com­
putation methods. Those include both linear and nonli1war 
systems. The general applications of clec(.ri c circuits to pari ia.l 
<·citw.lions have IJeen treated l,y Kron .6,7 However, many of 
the techniques discussed by him are not practicable, in general, 
either because they involve too many circuit elements for any 
hut a special-purpose computer, apply only to limited cases, nr 
require too much setup and computation time. Nevertheless, 
t,hc range of application of eleetric-ana log methods to par I ia.l 
differential equations is broader than one would at first suppose. 

The eh,ctric analogies and computing techniques so far found 
prndicablc will be presented. Following this are several 1mmeri­
cal solutions which illustrate the methods and give information 
on computation time and expected accuracy. The general 
met.hods of determining electric analogies are best described h.\" 
first considering some of the simpler specific examples. Sinct· 
computers of the type being considered here consist of "lumped­
constant" elements, it is necessary (except in special cases) to 
resort to the finite-difference method of representing t he spac,· 
variables. For this purpose the region of interest is divided 
in to "cells," and the differential equation is approximated by n 
difference equation involving the values of the dependent varia­
ble a t the centers of neighboring cells. The number of coll~ 
required to give results to suitable accuracy is surprisingly 
small. Specific data on this matter are mcagcr, although the 
numerical examples to be given will give some idea of the rn­
quirements in general. 

6 ";s;umcrical Solution of Ordina ry and P artial Differential E qua­
tions by Means of Equivalent Circuits," by G. Kron, Journal of 
Applied Physics, vol. 16, March, 1945, p. 172. 

7 "Equivalent Circuits of Compressible and Incompressible Fluid 
Flow Fields," hy G. Kron , Journal of Aeronautical Sciences, vol. 12. 
1945, p. 221. 
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J II ce rtain cases it. i:,; ex peJic11 t, to treat t.hc time va riable in the 
same manne r, a nJ use a fi11ilc-difform1ce equat ion in time as well 
as in space. In the electrical ttnttlngy for such a problem, the 
time co-ordinaLc is then Lrcau,d the same as a space co-ordinate, 
and a s l:i.Lic ndwork results. There arc also some prol,lems in 
which a space co-ordinate in the problmn of in terest b,,cornes a 

time co-ordinate in the com1mtcr solution, although the other 
space co-ordinates arc still treated by finite-Jiffcrence methoJ s . 

Lapla.ce's Equation V 2 </> = 0. In Fig. 5 arc shown the more 
common a na logies for Laplac,i's PquaLion in t\\·o dimensions. 

The aualogics am obtained by apply ing IG rcl,hoff's l,e1v for the 
summat ion of currcn ls :1t fl jund ioa poin t of a ll l('s l1. l f lhc 
resistance grid is use,! cith<!I' din·ct c1 11Te11t or st,·,tdy-sLnlc sinu­
soidal currents and vollagcs may llf' iippli l'd. l f al Lema. t ing 
current is used, inductors or c:cpacitors may he usnd also. Jt is 
readily appan•nt th:1t the nwt hod applies to any co-ordinate 
system and to the t hn,e-dimcns io nal cw,e. 

Transient.Heat-Flow Rqnation V2<f> = k(o,t,/ot) + J(t ). The lran­
sient heat-flow equation has tl\'O :uldi t ion:11 Lc rms, one representin g 
the effect of heat stored in t hr- condueting rrn,diurn . aucl a nnt. lw r th ,· 
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Frr: . 5 A N ALOGu:s FOH LAPLAr1~'s EQUATIONS 

c•ffed uf heat 1~1 ·11 crat.L·d within t ho med ium. If time is to LJC' 
rr:prcse11 tcd as such in Ll1 e analog, it is desirable to employ the 
resistance grid for 1111! Lrtplacian. Thu lirwar transient huat­
flow pru!Jlcm can I h, ·11 be solve<l using the analogif's of Fig. 6. 
The fi11i le-dilT,·rc·11cc, c·quat.iun a pproximating lhe dif'fcn •ntial 
<'quation is s ti ll 1.akc 11 as an expression of Kirchhoff's law for I he 
summation of euncnts a l a junction point of a mesh. The 
current proportion:d ln o<t, / ot is obtainc,l wi th a capacitor, Fig. 
Ga, and tire currc, 11 1, proportional to f(t) is inserted at each point 
willr a current g<J11e rator, Fig. 6b. The lransiunt boundary 
condition a nd t,hc, a rbi trary heat-generation function J(t) can be 
simulated read ily with the clec tric-analog computer. 

Combined Hddy and Thermal Conductil'ily. In systems involv­
ing steady-stale floll' of fluid, the equation for hea t flow can be 
ll'rittcn in terms of the usual thermal ancl an ecldy conductivity 
coefficient. \Vh c, n propt)r symmetry prevails, it is expedient to 
represe nt on e ol' the space variables as the t ime variable on the 
computer. Jn parti cular, if the direction of fluid flow can be 
taken a long one, co-ordinate axis, the equations of thermal flow 
ean be expressed hy the equation in F ig. 6(a) with the co-ord inates 
perpendicular to I he direction of flow represented as a space grid 
and distance along the flow axis represented by time. 

Viscous Dam.ping in Smalt-Diameter Tubes. The analogies i11 
Fig. 7 represent. the <lamping system employed on a special 
testin g machine !'or dynamic loading of material. It is an in­
compressible hydraulic sys tem in which viscous flow is required 
between two cha mbers in the system. This is achieved by con­
necting a large number of vary small-diameter tubes in parallel. 
Application of a pressure differential between the headers gives 
ri se to laminar fl ow which is a function of radial co-ordinate only 
and which is described by an equation ident.ical to that of Fig. 6(b) , 
but where J(I) iR now proportional to the pressure differential. 

Th us the same arrnlogy can be used, or if it is preferred to 
insert the functions f(t) as voltages instead of curre11 h, 
the, second analogy in Fig. 7 may be employed . 

Nonlinear Thermal System. The nonlinearities arising 
in thermal equations may be of two types. Variations in 
the coefficients of heat capacity and conduct.ivity gin 
n sc1 to equat.ions of the form 

ko<t, 

at .. [7 ] 

Unless the system can be represented by a relatively 
small number of finite-difference equations in space 
variables, such problems cannot be handled Oil the Cal 
T ech computer without representing time as a space varia­
ble and employing itern.tion methods. This process will 
be discussed later. 

The other ty pe of nonlinearity arises from heat sourc,·, 
wi thin the thermal medium which are functions of tem­
perature. This condition is illustrated by the equa lio11 s 
in F igs. 8 and 9. \Vhcn t he problem is one-dimensional 
in space it is somutimcs practical to represen t the non­
linear functions in a direct time anrilogy as shown in F ig. 
8. Tlwre the funclion F 1(t)·F,(x,.)·<f, ,. must be in troduced 
as a current in to each junction poin t of the space mesh. 
This is obtained with a multiplier tak ing the inputs <f,,. 
and F 1(l)·F2(xn) a11d producing a current proportional 
to t he product. 

In Fig. 9, this siimc type of equation is simulated wi t h 
a static alternating-current network. Referring to th,, 
equations in Fig. 9 it will be noted that to represent term, 
of t he form o<t,/ot or o<f,/ ox by fini te-difference methods, it. 

EGf~ 

(al 

;~ ,,, ) 

I 
(b) 

IN CARTESIAN COORDINATES 

C•(lull.yllzlk 

Rx • ti.~Jz ' Ry = t.Az ' Rz • A~~Y 

IN CYLINDRICAL COORDINATES 

C =(rA8ll.rll.z)k 

R ll.r R -IM_ R • .Jg__ ,•~, 8" ArAz' z rA9ll.r 

~ T Zcc-ZL 

Zc• =de, Zi • JwL 

IC) 

Fro. 6 ANALOGIES FOR OTHER PARTIAL DIFFERENTIAL EQUATIONS 

OF THERMAL AND FLUID FLOW 
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is 11ci,,•ssary to have negative impedances. With a very ex­
Lensi vc resistance grid this would be impractical, but with an 
alternating-cmrcnt-static network it is accomplished with capaci­
tive and inductive impedances. However, as will be shown 
later, such terms can sometimes be represented in the resist­
ance-type grid when combined with higher-order terms which 
make the combined resistors positive. With circuits of this 
sort, functions of the dependent variable are handled by itera­
tive methods. In this case the function F1(tm)·F,(xnl-cPnm 
must be inserted as a current at the appropriate junction. To 
accomplish this, an estimate of cJ, is used, and the correct solu­
tion is approached by a series of successive approximations. 

,1nalogy for Compressible Fluid Flow. The equations for lami­
nar nonviscous compressible fluid flow are commonly expressed 
in the following form 8 for which an electric analogy ran be de­
veloped 

8 "Partial Differential Equations," by Harry Bateman, Dover 
Publications, New York, N. Y., 1944. 

where 

( 1 __ ~) o2
cJ, _ 2uv o2

cJ, + (i - !'...'.) 0'<1> 
a-2 ox2 a2 ox y a2 oy' 

0. 

ocJ, ocJ, -y-1 
u = - v = - and a2 = - -- (a 0' - 11' - , ,2) 

ox' oy 2 

This equation can be rewritten as follows 

o'cJ, o'cJ, o'cJ, 
A -- 2B - + C- = 0. 

Ox2 oxo.:1 O!J 2 

181 

ID! 

This eqmLl,ion can also be solved by an analuguus circuit and a 
series of successive approximations. Referring to Fig. 10, its 
terms in fini te-diff('rcnce form can he written as follows 

[ IOI 
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VOLTAGE - 1' 

FINITE DIFFERENCE EQUATION AT JUNCTION 22. 

1'23-1'22 _ "'22-"'21 _ k ~-+4'2g-4',2j J. 
A A A A - 2 + F ( X21121 't'22l 
uXuX23 uXuX 12 /'J.123 /'J.112 

BY SUMMATION OF CURRENTS AT JUNCTION 22: 

~23 -"'2e 4'.£4'.?, 1'32 1'22 1'22 1'12 . ______ , -.-,-+-.--+ 122 
jwl2 jwL1 1(wl'2) JwL3 

""'·' "'" 
tJ.ytJ..112:s 

cp,,., . cp,, 

tJ.y tJ.y,2 
I II I 

\\'li ere ..l..c witl10uL a subscript is the average value for 
1wo i11tervab; (o2cf> )i (oxoy) can be defined by four rc­
laLio11ships which 8bould be averaged over at least two of 
rhcm to defin e t he quantity at the same point in space as 
used for (l, e l e rnrn (0 2cf> )i(ox2 ) a nd (o2cp)/ (oy2 ). ThL'~l' 
t<·rn,.s :-tn• 1\11 · /"ollowi11g 

(ll ) <J,,, </>,1 
..l..r,, :). 1Ji, 

</>,:: r/,·r• 

..l.:t," t>.y,, 

cf,,, - c/>11 

l'J.x12 tJ.1112 

cp-,., cf," 

J<'ur i11 ,ta11 c<>, cl1 uosi11g (c) n11 cl (d), adding and dividing 
by 2 

O'<J> 

o.ro11 

c/>2:, - q>i-1 'P13 - 'PI2) 
+ t.x,a l'J.Y12 - -~~, !lyi, · · [ l 2] 

( :ombi11i11µ: a ll I J,., 1.t-rn,s for J•:quaLion [ 9] 
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[ 
,-1 B J - (c/>22 - c/>,il - - - -- --- -

t!.x,2 t!.x AX12 Lly,, 

- (c/>22 - c/>12) - · - -- - ---[ 
(' B J 

t!.y., t!.y .:'.X23 il1/12 

c/>11) [ --
8
- ] = 0 .. [13] 

t!.X23 t!.y12 

Thiti set of difference equations is Hitnulated l,y the mesh in Fi!!, 
IO(a) wh<'re the resistors !tl'e !!ivi:n l,y the following equation~ 

[ 
C B J --- ------

D.1fe, D.!f .:'.X12 D.!f,:1 

l [ A - - - - --
/?, 1!.x,, AX 

r . [14] 
B 

Rs 

1 [ C U J - - - -- - -----
!{,, l!..111 , t!.y D.X,s t!.y,, 

B 

If either u or v is negative so t,hat the term Bis negative, then 
(o2q,)/(o:ruy) must be formed using; terms (a) and (Ii) instead uf (c) 
and (rl). This gives ris<: to the cireuit in Fig. 10(&) \\'here the 
resistors have the values just given with obvious ehangc of cer­
tain subscripts, but the absolute value of Bis u~ed . 

The values of A , B, and C can hP comput, ,d from the first 
dPrivative of c/> taken between t,he appropriat e pair of cells. 
:-;jnr.<' t lu , nwsh resist.ors depend upon llu• poten1 i:d c/>, l\·hi ch i~ 

unknown, the solution for the incompressible case is used to 
calculate more nearly correct mesh impedances, and this process 
is iterated until the desired precision is outained. 

More General Forms of Partial Differential Equatiuns. The 
foregoing examples have illustrated two basic types of circuits 
for representing certain thermal and fiuid-flow problems. In 
one of these, time is actually represented as time in the computer. 
f n the other, time is represented by finite-differPnce terms and a 
static alternating-current network results. These examples have 
illustrated the met.hods of obtaining the analogies for such terms 
in the finite-di!forcnce equations as (o2q,) /(ox2), (oq,)/(ox), and 
(o2c/>)/(oxoy). 

Thus the methods of formulating analogies for the more g;en­
r,rnl form of equations 1,,riven in Fig. 11 now become apparent. 
[n cases where finite-difference equations for the space functions 
lead to a positive resistance grid and the functions (f, F) are no t 
functions of the depcndPnt variable, th,• analogy of Fig. ll(a) 
may be employed . Otherwise the sl atic-nctwork rnelho,l of 
Fig. 11 (b) must, be used. In Fig. 11 only two-dimensional grids 
are illustrated. If sufficient elemen ts were available three- or 
four-dimensional grids could be formed. It is believed to be 
generally impracticable to employ t.he st11l.ic-network method 
for any more than a two-dimensinn:11 grid. Ordina.rily, it would 
be used for nonlinear problems, and even though time required 
fur changing parameters and recording solutions can be made 
quite small on a properly planned computer, the intervening; 
numerical computations for each trial calculation might require 
excessive t ime. However, for two-dim,rnsional problems, such 
as illustrnted here, computations can be made quite rapidly. 

Ir.LUSTRAT!Vf; Nu~Hml CA I, ExAMPL,~~s 

'L'empemlure Distribution in Gas-'l'uruine Rotor. As a first ,·x­
:-ttnplP of a n11merieal ~olut,ion, cnn~ider (,he sy~t,nm in Fig. 12(11 ), 

(a) TRANSIENT PROBLEMS WITH ACTUAL TIME REPRESENTED AS TIME IN 

COMPUTER. 

Z may be R ,j..,L ,or .:l 
o,t 

F (x,y,4,) 

(bi STEADY STATE PROBLEMS, OR TRANSIENT PROBLEMS WITH TIME REPRESENTED 

AS SPACE VARIABLE, ( IF ANY OF FUNCTIONS ARE DEPENDENT ON t, 
ITERATIVE METHOD EMPLOYED.) 

Fm. 11 ELECTRICAL ANALOGIES FOtt Mut<i; GEN~:RAL FORMS OF 

PARTIAL DIFFERENTIAL EQUATIONS o,· HtsA'r TRANSFER on F1,um 

FLOW 
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in which it, is detiired lo d<!termine t,he temperature distribution 
within a gas-turbine rotor hning subjected to hot propellant gas 
at its periphery and cooling gases along one surface. The tem­
perature distrihuLi on a long its cooling surface is not known. 
The bounda ry condition oan be specified only in an in tegral form 
in terms of the amount of heat being extracted by the cooling 
gas a nd the temperature at t he location of the propPllan t gas 
and at, the point. of entry of the cooling gas. This type of prob­
lem can he solved quite rapid ly by trial and error, assuming a 
temperature gradiont, measuring only the heat flow into the gas; 
readjusting and rnmeasuring unt,il the desired total heat into the 
gas is at taiued . Only one oft hcse calculations is illustratnd here. 

The analogous circui t trncd is shown in Fig. 12(/J ). Under 
steady-state eundit<ions, since the temperature is nu t varying 
wi th t ime, n,e 111 ,at being stored in each elem( •nt is const.ant, and a 
resistance n,esh result-s. It should be noted thal the cells in to 
"·hich th<· medium has IH'ell d ivided are not of eonst,ant, sir.e. 
This will be d iscussed in more detail la.t,er. 

The circuit is shown in Fig. 12(b ), which consbts of lJ 6 re­
sistances, representing 58 volume elements and !:J surface heat­
transfer eol'flicion ts. The t ime required for cal culating these 
eon~Lants was approximately 2 hr. One-half hour was required 
to ~et up and clwck the circuit, on the computer. As shown in 
Fig. I Z(b ), the a8sumecl relati vc boundary temperat.ures were 
obtained as voltages from a bleeder circuit connected t,o the 
power supply. Br<·ausc all points on the rim oft.he disk were as­
sumed to be at, i.111.' siunc t<> mpcrature, the resistors at the top of 
Fig. 12(b) are shorft<d uul. The rcsi8tors near the axis of rotation 
were omitted 1,ccautie uo heat was assumed to flow through them. 
This condition is of course nP<ocs~ary at the a xis itself from the 
symmetry of thl' prnl,J,.111. 

T ables 2 and 3 li st Llie eomplcte solution t.o this probl(•m in the 
form of the tempera tures at the centers of each volume element, 
and at the surface from which heat is flowiug into the gas. Also 
giv,·n are t,l,e rnt.cs of h<·at flow at the boundary surfaces. The 
flow wiLhin the body a.l~o could have been measured readily 0r 
can he dcto rmirn·d from the known resistances and Lhe measured 
voltage grndic·nls. .\bout 15 min wore req uired for recording the 
solu tion. ThiR i.y pe r,f problem can be ha ndled readily Ly one 
man. A to tal 11f about 2"/., h,· was required for one man to solve 
th is one problem eon,plt ·f-" l.Y. Ho1rnver, it, tihould be em phasized 
thal the gr·,·,d.,·sl, a mounl, of time was conRumed in de termining 
the a na logous eir<"uil, and s,•Uing it up. The t ime required 
fo r Pach approxinmi inn proceR~ was only about 20 min. 

:\lthougl, "" Ll'Sls 11·,·rc made with this specific p roblem to 
determine the nu11dH ·r· 11f elements required , experience with other 
µrob lerns i11di cat-es that; the temperature differences obtained 
shc,uld he in error less t.ha n 5 or 10 per cent. 

/'otentin.l Problem; Laplace's Ji)quation. A typical puteutial 
prohkm, Fig. 1.3, has been chosen to illustrate this applica­
tion of the computer. S0lutim1s for the problem with different 
bou11dary ('(}ndi t ions were available, thus offering a convenienl 
1rny of assessing the accuracy of the solution for varying "coarse­
ness" of the eq ui valent; mesh. 

As wiLh all pot en tia l problems, this problem can be inter­
preted in many ways with slight changes in boundary conditions. 
For example, as one involvin g the flow of heat from a series of 
equally spaced cyliuders embedded in a conducting medium, 
flow of heat from a plate wi th equally spaced semicircular 
cylindrical bos:cs, flow of liquid past a series of pipes, etc. 

By symmetry considerations, this problem reduces to the 
one shown in Fig. 14, where in the first problem above, A is a 
streamline and C is an equipotential , in the second problem A and 
C constitute an equipotential, and in the third problem A is an 
equipotential a nd C is a streamline. Data were taken for the 

TABLE 2 (a) VOLTAG E U1 STR1BUTION IN ELECTRICAL 
ANALOG OF TURBI NE ROTOR-5A-1660, 24 C UNIT. (b) TEM­

PERATURE DISTRIBUTION JN TURBINE ROTOR 

Junction no. Voltage T emperature, deg 1;· 
012 38 944 
12 -ii 986 
14 42 1000 
16 43.4 1020 
18 44.0 1030 
20 44.0 1030 

"22 37 930 
22 38 944 
24 39 958 
26 39.3 962 
28 :l9 . 7 968 
30 39.8 970 

032 29 815 
32 :n 844 
34 31. 8 855 
36 :ll . 8 855 

038 18.2 660 
38 23.3 734 
40 24.fi 750 

042 lti.O 650 
42 IY.6 680 
44 21.0 700 

046 14.5 608 
46 15.0 614 
48 l6.2 602 
50 18.5 604 
52 19.0 672 
54 19. 7 682 

056 14 600 
56 1.5 614 
58 16 628 
60 18 658 
62 18. 5 664 
64 18.8 670 

0114 .2 400 
114 7 .4 500 
66 9.6 537 
68 ll .4 565 
70 13.4 592 
72 15 .6 625 
74 17 .7 653 
76 18 .0 658 
78 18.2 660 

OJ 16 .2 400 
It6 7. 4 506 
80 9.6 537 
82 11. 5 565 
84 13.2 589 
86 15. 7 624 
88 17 . 2 646 
90 17 . 8 656 
92 18.0 558 

094 11.8 569 
94 13.0 586 
96 14.0 600 
98 17. 7 654 

100 17 . 7 654 
102 18 .0 658 

0]04 14.0 GOO 
104 15.5 622 
JOG 17 . 0 644 
108 17.0 644 
110 17 .2 616 
11 2 17 . 3 648 

N o·rF..: : T emperat urPs gi ve 11 iu t.he t.ab le are te1npcr:1tures at t,he bl,cled 
junctions , beginning with outsid e s urf arc next to cooling air. 

Conversion between tenirwrr1t,11rP in d egrees F and volts is ~iw· n hr '/' = 
400 + 14. 3 J/. . 

TABLE 3 II EAT FLOW I NTO AND OUT OF 5A-16GO 24 C UN IT 

(Convers ion between heat now and c urrent is given by 1 millir1.1n p- 220 
Btu per hr) 

Element no. 
12 
22 
32 
38 
42 
46 
56 
68 
66 

Element 11 0 . 

2 
4 
6 
8 

10 

....-- Heat flow out of surface ele me nt---.. 
Milliamperes Btu per hr 

12 2750 
13 2!)00 

9 2060 
13 2900 

5 1150 
1 230 

(a) (a) 
(a) (a) 
(a) (a) 

...-- Heat flow in to 
NlilliarnpcrC's 

14 
12 
JO 
10 
8 

s urface ,,J\·lilent---.. 
H t 11 per hr 

3200 
2750 
2290 
2290 
18~0 

NOTE: (a) Traee of cn rre nt r111t,,~d . 
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~ecund and third cases since these were the ouly oneR fur which 
, nlutions were available. 

The two meshes used fur this problem arc ~hmm in Fig. 14. 
It should be noted that in rectangula r co-ordinates the mesh size 
need not be constant and must be relatively "fine" only in those 
regiuu s where the equipotentials have greatest curvature. This 
usually occurs ouly near the regions where the boundaries do not 
coincide with the co-ordinate system chosen. 

The correct equipotentials for these problems are shown in Fig. 
12. Taking the unit of potentia l to be the d ifference between ad­
jacent cquipotcntials shown, the maximum deviations ouserved 
b,•t\\·pen the analog solution and the known solu tion an· :-ts 

fo ll., ,xs : 

Probl em 13(u.) 

Fin e mesh ... ........ . O. U·l 111,it 
Coarse mesh .......... 0. 08 

l'rublern 13(/i ) 

1) . 07 unit. 
0 LO 

Since the potentials were only kllown to an .iccuracy of about 

J_ 

STREAM LINE 

A . I ., ...J 
s 
~ 

. 4 f- d 
!? 2 

0.0,5 unit, t his does uot indicate the ab~olutc preci~ion of the fine 
mesh, but it seems probable that the maximum deviat ion fur the 
fin e mesh is of the order of 0.04 unit,. The coarse mesh yields 
definitely poorer results, but even in this case I he results are suf­
ficiently accurate for most engineering applications. It should 
be re1m1rked that methods are ava,ilable for improving the ac­
curacy of these solutions, but this was not attemp ted bccauRe 
of the relatively poor accuracy of the known solu tionti . 

'/'mnsienl Heat-Flow Problem. The a na log circuit; can i.Je 
adapted readily to transient problems as shown in Fig. 6. As a n 
example, the application of a sudden constant tempera.lure 
ri se to the cylindrical surfaces was considcrnd. Solu t ions for the 
temperature as a function of time arc sho1n1 in F ig. 15 for va ri­
ow; locations throughout the thermal nwdiurn. These poin ts arc 
n,arked in Fig. 14. 

Both problems cited can be set up and Holvod in n. very short 
t ime, approximately 3 or 4 hr being requirnd for either of them. 

Compressible Fluid Flow. The thi rd interpretation of the 
foregoing problem is suitable for examining t he ext ension to 
crnnpressible fluid-flow problems. It was rea li r.ed that tur­
hulencc effects would arise before those of compressibili ty , thus 
invalidating this particular solut ion, but not the process for a 
practical example. As mentioned bcfor<', the solu tion of the 
equation of compressible fluid flow must., in general, be achieved 
l,y successive approximations, since the mesh impedances are no 
longer funct.ions only of the cell size, but depend also on the com­
ponon ts of velocity at each cell. It appears t hat three such ap­
proxima tions will give the velocity components fort his pa rticular 
prnlilPm wi th .in error less than 5 pc!' ce nt. if the Mac!, numb,•r is 
not in excc8s of about 0.75. As the :Vlach nulllber in crea.~es to-
1nu·d unilv , nwre approximations a re required. 13 .. ua.usc of the 
i11·rntivc nature of the solution, such a problem requires 6 lo 8 
hr for 8olu tioll. 

TIH· 8olution for this prnblem, wh(' n the maximulll velocity 
(l,et,1·1·<· Il the tuh<·8) corresponds to :1 Mach number of 0.73 i, 
sl H>1rn in Fi!'. 16. The solution for thP incompressihle fluid 
(nr J.11,· :\la<'l1 nu1T1hers) i:; a lBo shown for eornparison. 

STREAM LINE 

A 

:, 

Q 2'I .2 

!_ __ 
-

§ I 

m I / Q 
__l ___ L 
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Compliance of Elastic Bodies • Contact Ill 

f3y R. D. MINDLTN, 1 NEW YORK, N. Y. 

A small tangential force an<l a small torsional couple are 
applied across the elliptic contact surface of a pair of elas­
tic bodies which have been pressed together. If there is 
no slip at the contact surface, considerations of symmetry 
and continuity lead to the conclusion that there is no 
change in the normal component of traction across the 
surface and, aside from warping of the surface, there is 
no relative displacement of points on the contact surface. 
The problem is thus reduced to a " problem of the plane" 
in which the tangential displacements an<l normal com­
ponent of traction are given over part of the boundary and 
the three components of fraction. are given over the re­
mainder. In the case of the tangential force it is observed 
that, when Poisson's ratio is zero, the problem is a simple 
one, in potential theory, which is then generalized by means 
of a special device. An expression for tangential compli­
ance is found a s a linear combination of complete elliptic 
integral s . In general, the compliance is greater in the 
direction of the major axis of the elliptic contact surface 
than in the direction of the minor axis. Both components 
of tangential compliance increase as Poisson's ratio de­
creases and become equal when Poisson's ratio is zero. 
Over the practical range of Poisson's ratio, the tangential 
compliance is greater than the norn1al compliance, but 
never more than twice as great as long as there is no slip. 
The tangential traction on the contact surface is every­
where parallel to the applied force. Contours of constant 
traction are ellipses homothetic with the elliptic boundary. 
The magnitude of the traction rises from one half the 
average at the center of the contact surface to infinity at 
the edge. Due to this infinity, there will be slip, the effect­
of which is studied for the circular contact surface. In 
the case of the torsional couple, the solution is obtained 
by generalizing a solution by H. Neuber pertaining to a 
hyperbolic groove in a twisted shaft. The torsional com­
pliance is expressed in terms of complete elliptic integrals 
and, for the circular contact area, reduces to that found 
by E. Reiss ner an<l H. F. Sagoci. The resultant traction 
at a point rises from zero at the center to infinity at the 
e<lge of the contact surface, but is constant along and 
parallel to homothetic ellipses only in the ca se of the 
circular contact area. 

NO'J'A'l'lON 

Love's notation is used for elastic cons l.11 nt,~ a.nd co111poncnt ~ 
of rlis placement and traction: 

µ modulus of rigidil .v 
<T = Poisson's ratio 
A 2µ<T/( 1 - 2a-), Lame's eo ns t.a nl 

1 Professor of Civil E ngineering. Colu111bia University. and Con-
0ultant, Bell Telephone L>Lboratorics, Inr. Mem. ASME. 

Prcsc 11 ted at the NtLtional Meeting of tho Applied Mechanics Divi­
sion, Chicago, Ill., June 17- 19, 1!)48, of Tm, AMERICAN SocrETY OF 

:viECHAN ICAL ENGINEERS. 
Di~r·tt ssion of this paper should be addressed to the Secretary, 

ASMJ.:, 2!) West 3!Jth Street, New York, N. Y., and will be accepted 
unti l (k iober JO, ]!)49, for publica tion at" lat.rr date. Discussion 
ret·c- ivcd after the closiug date will be returned . 

u, v, w 
X., Yv, z. 

rectangular components of displacement 
rectangular components of tract ion at a point on 

plane surface z = 0 of body z :;;;, 0. 

Addit.ional Ryrn bols are defined where they nre introduced. 

l NTROD UC'rIO J\' 

Consider t,rn homogeneous, isot ropic, elastic bodies in con­
t.act at a point-, 0, in an unstressed s ta t.c , as shown in Fig. l(a). 
The surfaces of the bodies have a common tangent plane and a 
common normal at 0. Let the tangen t pla ne be the plane of :c 

a nd 1/, and the normal the z-axis of a rectangular co-ordinate 
system. If the bodies arc pressrd toge ther with a force P,, 
parallel to Oz, they will come into con tact OV<'I' a small surface 
in the rwighhorhnocl of 0, as illu~t rated in Fig. 1 (b). According 

z (0) 

.Fw. l (a) Bourns IN CoNTAC'l' IN UN8TRl;~s ,m S·rA'l'E; (b) BooJEs 
PRESS>~" Tor:E'J'HER \\!JTH HERTl FORCE P,; (c) T ANGENTIAL FORCE 
P, AKn T o ttHro,;-A L CouPI,E AI, ON CoN'rAcT SunFACE oF BomEA 

P1u:ss,:u TOGETHER " ' ITH NonMAL Fnrr.cE P, 

t.o the H ertz theory,2 the boundary of the conLact surface is an 
ellipse. The theory gives the magni tudes and orientations of 
the principal axes of the ellipse, t he rela t ive approach of the 
t;wo bodies a nd the distribu t ion of t he normal component of 
t.raction ac ross the contac t surface. The compliance of the two 
bodies can be calculated from these resul ts. 

Suppose, now, that an additional sys tem of forces is applied 
to the bodies such that, across the coatact surface, one body ex-
1·rl -s on the other a small force perpendicular to Oz and a small 
couple with axis Oz, leaving P, unchanged, as show n in F ig. l(c). 
I t is requin·d to find the tangentia l a ncl t·nr::; in11al compliances 
11f t·h" t,11·0 bodies. 

H ERTZ SOLUTION 

The rc~u lt~ of t he Hertz solution arc2 

P = 3P, (1 - ~ - t )1;, 
21rab a• b2 

... . . . .. .... 111 

'"Treatise on the Mathematical Theory of Elasticity," by A. K H. 
)Jon;: Statements and opinions advanced in papers are to be 

understood as individual expressions of t hPir n.11 t hors and not those 
of the Society. Paper No. 4R- APM-24. Love, Ciunbrirll(o University Press, fourth edit.ion, 1927, pp. 193- HlR. 
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°' = 1 P,(t'J, + t'J , ) 1"' [(a 2 + r)(b 2 + r)r J- 1
/, dr .. . [2) 

A 3 1"' - 1', ( t'J, + t'J2) (a 2 + r) - ' h [(b' + r)rJ ·- '/ , dr . . [3] 
4 O 

3 1"' U = - 1', ( r?, + r?,) (b2 + r) -'/, [(a2 + r)rJ - 1h ,fr .. [4] 
4 O 

where 7J is the normal pressure on the contact surface, a an<l bare 
the principal semiaxes of the elliptic boundary of the contact 
surface, a is t.hc relative approach of the two bodies, A_ and B 
depend only the shapes and relative orientation of the two bodies 
in t.ht, uns trcss,-·d statt· a nd r?, and t'J, arc elastic constants : 

}q + 2µ, 1 -- er, 
[5] ,?, = - ----- .. . ... . 

41rµ1(>-i + µ,) 21rµ, 

X2 + 2µ , I -·~ u2 
tJ, = ------- . [6] 

41rµ2(X2 + µ,) 21rµ2 

where X and µ are Lame's constants and er is Poisson':; rat io, the 
subscript,s referring to the two bodies. Equations [3] and [4] de­
termine a and b, while Equation [2] tktcrmines a when a. a nd b 
are known. 

To obtain Lhe normal compliance 

C = ~ 
' dP, 

. . .. . . . ... . .. ..... [7] 

in a form suitable for quantitative comparison ,,·ith the tangen t ial 
compliance, let 

T = a2 tan2 q, 

whereby Equations [2] to [4] are transformed to 

.. 
2ba 3P.(r?1 + t'J 2) 12 

a- 1 cp- 'lzd,p .. . [8] 

.. 
2a2bA :3P,(t'J, + /J,) 12 

a- 1 cp- 1
/, cos• q, dq, .... . [9] 

.. 
2b"B 3P,(t'J1 + tJ,) 12 

a - 3 <1>- '/, cos2 q, dq, ... [IOI 

where 

<I> = a- 2 cos2 q, + b- 2 sin2 q, .. . ... ... ... . [ ll] 

The integrals in Equations [8] to [10] are complete ellipt,ic 
integrals and are functions of a/ b only. But a/b is a function of 
A/ B only, as may be seen by dividing Equation [9] by Equation 
[10]. Since A/B is independent of P., each of the integrals is 
independent of P,. The calculation of the compliance is now 
straightforward (remembering that b in Equation [8] is, accord­
ing to Equation [10], proport ional to the cube root of P,) with 
t,he result 

[12) 

TANGBNTIAL Fouci,;: Bou NDARY CoNDITIO.'.\CS 

W c shall consider, first, the effect of the tangential force. 
Taking the axes of x and y to coincide with the principal axes or 
the elliptic boundary of the contact smfacr,, we resolve the tan­
gential force in to comporumts P, and /J" pandli,J fo .r Hnd //, 

respectively. Without loss of gcnernlit.y, we may eo11sid,·r 
t.lw effect of P x alone. 

To simplify the establishrrwnt of t. ho boundary corrditiorrs 11t· 

impose, temporarily, t.he l'ollowiug rcs t.rictions on th e shape, 
orientation and elastic pr·11pm f ies nf t.lr e unstressed bodies: 

If R1, Ri' arc, respectively, t ire maximum and mirrir11urn 
radii of curvature of the urr st.ressed surface, at 0, of one body 
and R2, R,' the corresporrdi 11 ii; radii of t.hc ot her, then R, = U,, 
R, ' = R,'. (The radii arc poHit iv,· when the centers or curva t urc 
are inside the respective bodies.) 

2 The normal sections of i hu two surraces at 0, co11tairri11g t lit 
radii /?, and R,, coincide. 

3 The two bodies have the same elastic properties. 

With these restrictions the contact smface, under the actiu11 ,. f 
P, alone, is the portion of a plane bounded by an ellipse. \\', , 
shall designate the contact surface by the symbol S1 wlrc11 it ~ 
elliptic boundary curve is not irrcluded and by S,, when t 1, ,, 

boundary curve is included . 
The system composed of t he two bodies is geometrically a nd 

elastically symmetrical with respect to each of the th ret· co­
ordinate planes. To this sy:;tcm is applied the force system /',, 
which is symmetrical wi th respect to the x, z-plane and anti­
symmetrical with respect to t,he x, y, and y, z-planes. 

If u, v, ware the x, 11, z components of displacement. due to/', 
and if we set (as we may, by Saint Venant's principle) 

Jim (-u, v, w) = 0. . [ 131 
X 1 y, Z-+CO 

then, in consequence of t. he forngoing ~ymrnctries, we must have 

u(x, !!, z) = - 11 (x, y, - z) + o, . . . 

v(x, y , z) = v(:c, y, - z) . . . 

w(x, y, z) = w(J·, y, - z) .. .. .. .. -

. [14 ) 

[1 5] 

.... [ l(\J 

where o, is a componeut of rigid-body displacement, Uu· uuly 
one of the six components permissible in view of Equation [ 13 ]. 
the x, z-symmctry and the 1/, z-antisy mmctry. 

We now assume that there is no slip between the two bodi,·s; 
i.e., u and v are continuous acrosR S,. Set.ting z = 0 in Equa-
1ions [L4] and [15]. w e find 

" = n,/2, " = 0 on S, ............. .. [ 17] 

The third boundary co11<lit.io11 on S, is found by examining t he 
expression, in terms of displaccmcnt.s, of the normal component 
of traction, due to P •• exerted on the pla ne surface of the body 
lying in the region z '.'> 0: 

Zp = - X ( ~ + ~) - (X + 2µ) ow ..... . .. [1 8) 
ox oy oz 

Using Equation [17]. Equation / 18] reduces to 

ow -z. = - (>- +2µ) - onS, .. .. .. .. .. . .. /1\J ] oz 
We now suppose that I.he t wo hodins remain in contact and iu 

equilibrium across the contact surface. Then wand z. a rr cou­
tinuous across S1. The latter requires ow/oz to be continuous 
across S1, by Equation [l9] . Since w and ow/oz are continu­
ous across S1 and, by Equation [16], w is an even function of z, 
it is necessary that ow/ oz = 0 0 11 S,. Hence, by Equation []!)], 

Zp = O on S, ................. . [20] 

Con8ideriug the body lying irr the region z ~ 0, the part of it.s 
boundary outside and iu the ncighborhood of S1 is approximated, 
as in t.he Hertz tlwor',\', hy the plane z = 0. This part of the 
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bounda ry, designat!'d as S,, is required to be free of t raction. 
\\"e can now assemble the comph· te boun dary conditions fo r the 
hody z;:;, 0: 

II = o, / 2, V = Xv = 0 Oil 8 1. . [21 ] 

.\v = Yv = Zv = 0 011 8,.. .... ... . [22] 

lim (11 , v, w) = 0 ..... ... . . . . . . . .. [23] 
:c,u ,z~ oo 

wht' re 

(
an ow) 

X v = - µ - + - , 
OZ OX z =O (ov ow) 

Y,, = - µ - + - ... ]2--1 ] oz oy z = O 

l t may be seen that, t he contact sur face, as regards d isplacc­
nw nts in the x, y-plane, shi fts un ifo rmly in the x-direc tion, with­
out cha ng<, of s ize or sha pe. This shi ft iti prnpor t.ional to P, 
si nce the d iffr ren t ia l equations of t.hc system a re linear. !Icncc, 
if I hl' re is no sli p on the co nt ac t surface, the tangent ia l compliance 
of I Ill' t 11·0 bodies is sim ply 

C, = o, / P, ..... . . . .. .. .. [25] 

and d u• probh·m of f-i ndin g: it is t he prnblem of fi nding the value 
of o, f·o rrl'Sponding to a give n /', . In the case o f s lip (SCP Sf'C-

1ion entilled '' Jnfluence of Sl ip"), t he displacement is not simpl _,. 
p roport ional to P, lll'caus<·, a ll hough the diff('rential equat ions 
a rP li nea r, t h< · bo11 11d ary cu 11 d it io11s vary wit h P ,. 

\\ '(' 11 011· n·n 1uv,, 11 11' r!'st ri <" I ions impos!'d on Lhe shapes, rl' la-
1 in· ori, ·11ta1inn a 11d !' lastic prnper(ies of the bodies. Ja:li mina-
1 ion of n •s l ri,·I i"" ' I :111d 2 i11t roduc<·s a slight. warping of t!ll' 
r·<Jlll:l('I sm f,u·t· 111,d,· r / ' , a!ll ll l'. \\'i thin t!u , limits of th!' small 
. ..;trai11, :-; 111 al l ro1alio1 1 tl H·ory, l l1 is \\·a rpir q . .; 111a.v Le i~norcd, as in 

il,e ll <·riz t!w or\'. H<·lll oval of 1·t·.,t 1· i,·t io 11 3 1na kes the condit ion,; 
of conti11uily of ,v a nd va11ish i11µ; of Xv a,·rnss ,~, incompat.ihll'. 
Jn µ; c· nl' ral , lo inslll'I' continuit:,- of 1c ac·rn.ss t he contac·t surface , 
1111' 1'1.' is rl' qll il'l ·d a. t·om pont·n t. X,, 011 S,. Thi s 1:orn·s1H> 11 ds t.o t h,· 
t·<JJllJH) ll l' lll s .\' ,, an d l 'v whi ch a l'I ' ignored i11 th e Jfrrt z th<•my i11 
the case· of bod il'S of 11 11 likl' elast ici ti es. \\' <· sha ll adop t th e anal­
ogous expedient !H·n• h v re taining the co 11 di( ion Xv = 0 011 S,. 

\\ 'hl' t1 th e elas ti c prnpert ies of thl' tll'O l.Jud ics arc diffc·1·cnt, t lw 
n• lat iv,• disph.cc·me 11 t. of S, ll'ill, r<•.spec(. t.o : L dis(an l poin t, in tlll' 
hod.,· z > 0 is 1101 the sanw as t he rl'lat ivl' d isplacc•n1t•n t. ll' it h 
n:sprct lo a distant poi nt in tht• body z < 0. D esiµ;n al ing the 
fornwr displae,·nwnt by o,' / 2 a nd t he lall<•r by o," / 2, the tan­
gl'nt ia l ,·0111plia 11 t·t·s of Uu! t wo bodies indi vidually am 

('I=~ 
L • 21\' 

r," 
C II = J' - . ... . . . .. ... . 

' 2P, 
l2fl ] 

and the ta ngent ia l cc ,mplia nco of t,hc two bodies togetht• r is 

o '+ o" 
Cf = L L [27] 

x 2P, .. .. . . ... .. . .. . .. . 

.\1 iff! I O D 0 1•' SO L U TIO N 

] n !,he case of LhP ta ngent ia l fo rce, we require the solut ion of 
the t h l'I ·<· equations of eq uilibrium 

µP ( ,1, v, w) + (A + µ) ( ~ ~ ~ ) ( ~ + ~ + ow) o 
ox' oy' oz ox oy oz 

. [28] 

sat isfying the bounda ry cond itions given in E quat ions [21] t-0 
[23]. 

It is convenient to express t.he components of displacement in 

ter ms of the poten tia l f'u nct,ions of Iloussinesq and Cerruti in the 
follo\\' in g t\\'O l'orms: 3 

11 = 
21rµ oz' 

V 
2rrµ oz2 

w 

F , ff X v(~, 11)\ldtd 11, G, = f f1 ·.(~, 11)!!rli;d11 . 

I!= z log (r + :) - r. 

r2 = (~ - .r)" + ( 71 - y)" + z'. 

\ 2/ 1'1 = 0, \ '!G, = o ... 

ll 
al, >- + µ a (al, aM ) 

21r a;; + 21r(~ + 2µ ) ;; u.c ox + a11 · 

1 al\/ >- + µ u ( of, aM) 
v 21r a.: + 21r(>- + 2µl:: 0t; u: + ay 

IV 
_ µ _ (ul, -! oA!._ ) 
21r(A + 2µ) o.r O// 

+ A_+ _µ_ = u (al, + aA!_ ) . 
21r( >- + 2µ ) a:: 0.1· uy 

. . . 120J 

.. 130] 

... 13 1 I 

. 1321 

1331 

13-11 

. .1351 

.. 1:, ti] 

. . 1:m 

. . . 13~1 

L j .f 11 (~.11) 
- ,l t ,/71 ,. .. ' j 'f v(t ,11) 

M = - cl~cl11 . .. l3tll ,. 
v• i = o, ~ ' JI = u. I-IO I 

In eitht•1· form , t!w c•,p1a tio11 s ol' ,•quilil,riu111 Rre satis fied a11d 
five of thl' 11i111· IH,u 11 da.ry <"0 11 d itions nm sat.isfi,·d . namely, Lho,e 
!'Xpre,,t•d lJ_,. l·:quat ion 1231 and t hl' las t. of l•:quat.ions 121 ] a nd 
[22]. lfcith1 ·1· Xv, l' v 01· 11 , v l\'l'l'l' spccili<•rl over Liu· ll'hole bound­
a ry z = 0, I !1 e so!u t. io11 of I ho problPm \\'ould 1'1 °d11 ce to t.he 
cvalua. tio11 o f th e in l<'grals i11 Equat io11s [321 <JI' [3\l] . 11011·­
ever, in ou r case, 11, v a re specified ovl'r part of t h<· boundary 
a nd X . , 1·. ov,•r Lhe n•mailllle r. 

The four hounda ry l'Ondi tions 11·hich arc yet t.o be satis fi ed a re 
expressed i11 te rms of Lhe funct ions f , and M as follm1s: 

I of, l>/ -
'It= - --

2 
O il S, . . H I] 

21r oz 

oM 
= 0 on S,. V 1421 

2,r oz 

µ 021, µA a (al aM) 
21r oz2 - 21r (A + 2µ) 0:1: OX + 01J 

0 on S, .. [43 ] 

µ o2M 
Yv = 

21r oz2 
µA ~ (oL + oM) = 0 on S, .. 144] 

21r (A + 2µ) oy ox oy 

We note that, if Poisson's ratio is zero (so that A=O), t he bound­
a ry conditions reduce to 

3 Reference 2, p p . 242 and 244 . 
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oLo oMo 
= - 1rOI'• 0 on S,. oz oz 

u'Lo 
= 0, 

oz2 

o2Mo ·-- = 0 on S, . 
oz' 

[45] 

... [,!6] 

where Lo and Mo are Lim values of /, and M for >- = 0. I.Icncc, 
Mo = 0 and the problem of finding o/,0/oz is thr same as that of 
finding lhc velocity potential of the irrotational flow of a per­
fect . fluid through a circular or elliptic aperture in an infinite 
plane; or, it is same as the problem of finding the distribution 
of electric charge on a circular or elliptic disk whose potential is 
held constant. Tl1(' solutions of t.hcRo problems arc known, so 
that we can find Lo. 

To find {, and M for an arbi t rnry value of Poi,;son's rat io, 
we assume, tentat.ivel:v , 

uM 

ox 
of_, 

0// 

o/,o c,- ...... .. .. . ... .. [47] 
ox 

uf,o - c. - . ..... .. .. . ... [48] - ay 

where C, and C, arc constants which are equal when A and .11,1 

are zero, i.e. , t.hc tentati,·c solution reduces to L = Lo " ·hen 
l'oisson's rntio is ~Pro. 

From Equal ions [47] and [48] ,n1 find, using v' 2L = 0, 

J (a2r,0 a'Lo) - - - -- rlz 
ox' oy2 

const on S, ... . .. . . [571 

Jo2Lo 
oxoy dz = 0 on S, .... . . . .. .. . ... [.58] 

There is an alternative method of testing the displacemen t 
boundary conditions. In view of the result !'" = 0 over t he 
entire plane z = 0, we conclude that, if the as,;umpt.ions embodied 
in Equations (47] and [48] are indeed valid, the displacements 
must be expressible in terms of the fun ction F, a lone, i.e. , we 
should set G, = 0 and F, proportional to 

Jfa2Lo 
-- !1d~rl1] oz' . . . [5!) ] 

Then, using Equations [2!), 30, 35], the displacement bou ndary 
conditions become 

3A + 4µ o2/•'i A (o'P, o2F,) 
81rµ(A + µ) ~ + 81rµ(;,.. + µJ a:c' - ay' 

Ox' - , 

2 on .S,.... . . . [60) 

>- o2F, 

41rµ(A + µ) a:cay 0 on S,. . .. . [61] 

Since the boundary conditions must hold for O < A < m , we re-o'L o'Lo . o'Lo - - = C, -- + C, -- .... .. 
oz2 o:c2 oy2 

.··· [4!) ] quire 

o'M 
oz2 

o'Lo (C, - C,) - ..... ........ [50] 
oxoy 

Substituting Equal ions [47) and [4\)] in Equation [43], there re­
sult.s , on z = 0, 

C,µ(A + µ) o2L0 C,µ o2L, 
- - - - --

,r(A + 2µ) ox2 21r oy 2 . 
. [51] 

J f we set 

. [52] 

Fqrntlion [51 I n•duces (u,ing V 2L 0 = 0) t.o 

o'J<'i a2P, -- - - -
ox2 oy2 

const 011 S, ...... . ... ... . [62] 

0 on S, . .. ... . ....... . .. .. [63] 

const on S, .. . ..... . . ... [64 1 

The method outlined in this section will be applied, first, to the 
special case of the circular contact arna because of its simplicity . 

TANGENTIAL Fo1tc1, , C m cU LAR C o:s;TA CT Art1,A, A = 0 

Let the boundary of the cont.act surface lie a circle of mdius a 
and let p 2 = x' + y 2• For t.he case A = 0, 1m 11111st find the • G'iµ( A + µ) 0 2/,0 

:\v = -- . 
1r (A + 2µ) oz' 

[53 J harmonic fun et.ion Lu satisfying t h1) boundary c1111di I ion.~ (sec 
Equations [45,461) 

whence, by Equation [-Hi], the boundary cnndit inn ,•xp,·es, cd by 
l•:quation [43) is , a tisfil'd. 

Again, substituting Equations [-17] and [i'iO [ in Equation 
[44] and using l•:quation [52], we find 

Yv = 0 . . ... ... 154] 

i.e., i·v vanishes over the entire boundary z = 0. 
To verify the assumed form of solution, it, remains to ascertain 

1,hat t.llC boundary conditions expressed by Equations [41 J and 
142] are satisfied. These become, using Equations [4!)]. [50[, 
1521, 1401, r 451, 

C,(3 >- + 4µ) 

h(A + 2µ) 
oL0 C\A J (o'Lo o2Lo) iJ,' 
oz + h(A + 2µ) ox2 - oy2 dz = - 2 

.. [55) 

C,>- jo'Lo 
21r(A + 2µ) oxoy dz = O . ... [561 

Since oLo/oz is a constant on S,, and since the solution must hold 
for O <: A < m, we require 

a Do /, 
= - - 1r8,', P < a. oz 

. .. . . ... . .. . . . [6-'> ) 

02L 0 

oz2 
0, p > a .. . ... .. .. . . 

Frnm Lhe analognu8 problem i11 hydrudy11a111i e, , we have'' 

[66 ] 

oL~ = - 28,'1 "' e - k, .!0(kp)k - , ;;in /.:a ,tk . ... [67 [ 
oz 0 

where .!0 is the r.cro order Bessel funct inn of Lhe firs t kind. l lence 

Lo= 28,' l 00

e- k'J0(kp)k- 2 sin kaclk ... [68] 

TANG~~N1'IAL Fo1tc E, Cmcu LAR CONTACT ArrnA, >- r" 0 

To remove the restriction A = 0, we apply the first procedure 

• "Hydrodynamics," by H. Lamb, sixth edition, Cambridge Uni­
versity Press, 1932, p. 137. 
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of the sec tion entitled ":\frthod of Solution." We find , from 
Equat ion lfi8J, 

f( o'f ,o _ 0 21,0 ) dz 
ox' U!J 2 

- 2o,' cos 211 f '\ - kz J , (kp)k - 1 , in ka ilk . .. . 16!)] Jo 

f 02 1
'0 ,/z = - o,' sin 211 r 00 

e- kz J , (kp)k - 1 sin ka dk . . 170] 
oxoy Jo 

where II= tan - • (y / x). );ow ' 

1
00 

• J 0, p ,:: a, } 
J .,(kp)k - I S ill /,;a dk = ) ( 2 ') ' / ·• ; ,, .. [7 J] • \ a p - a. · p·, p :;;, a 

I lence Equations l!'i7] and [,,XI a re sal is fied. 
To evalualc lhc com;tant C' ,, we suhs ti1111e Equations lfi5, GH, 

71 I in Eq1rntio11 j!i,il, wilh t.l1t• J'esiilt 

2(:>- + 2µ ) 
C, = (3:>- + 4µ) . 172] 

The ta11µ;1 ·11t ial traction OVlff I he contact surface is found b~· 
in.,<:rt,in g t he values of C, and /,o from E11uat ions [72] and [68] 
in lo Equation [53]. Not.inµ; I-hat, 

o'/,0 ] 1, 00 

2o,' 
0 

.lo(kp) sin ka ilk 
Oz' z = O = 

ll'C fin d 

r 2o '(a' - 2) - 'h • p • p 

i "' , P = a 
l 0, p > a 

< a 1 
f 
J 

. 173] 

4 (:>- + )o' 
X = µ µ • (a' - •) - ' ! , <a. . [74] 

• 1r(3:>- + 4µ) P ' P . . . . . 

The relation between the tangential force and the displacement 
is f,,und from 

I ', 

.so that. 

f " r2-
Jo Jo .\", pdpdll 

8µ(:>- + µ) ao,' 
~~~~~ . .. . 175] 

3:>- + 4µ 

,, 
x,. = "-(n2 - µ 2) - 'l ,, p<r1 .. 

21rn 
. .... 1761 

\\"1· ~•·e ll ,at , in the <·i~,., of a langential force acros.sacircular eon­
tal'l a rea, t. l1 c t.angentia l t nu· t ion is every wh L• re para llel tu the 
direc tion of the applied force . Contours of constant ta ngential 
tract ion arc conccnt,ric circles. The niaµ;nitud e of the tract ion 
ri ,,·~ fro111 •>nn-ha lf t he av1•rnµ;1· at t.111· 1·1· nt1· r to infinity at the 
··d~(', 

The Lang, ·nt ial 1·0111p lia n1•p of 1>1u• bod.,· is 

C I= 0%' 
X 21', 

3A + 4µ 

l(iµ( :>- + µ)a 

2 - u 

8µa 
.. . [77] 

Tl11· tar,gc,nt.ial complia11ce of l.\rn bodies, wi th unlike ela.st.ic 
<·u11st.a11ts, is 

I (2 - u 1 2 - <T·•) c. = - - -- + - .....: . 
Sa µ, µ , 

. ... [78] 

It is i11l.ercst.i11g to notice tha t. a ll of the results of this section 

• "Treatise on the Theory of Bessel Functions," by G . N. Watson , 
Cambridge University Press, 1922, p. 405. 

can be extracted from a solution by I L Neuber• fort he ,trPss con­
centration at a hy perbolic notch. 

INFL UENCE o~· 81,rp 

A pract ical feature of the forego i11g solu t ion which require.~ 
additiona l study is t he infinite traction at the edge of th,• con­
tact surface. Presuma bly, the ta11ge11t ia l compo11<•11 t of trac­
tion cannot exceed the product of the coeffi cient. of friction J 
a nd the normal component of trac t ion p. Thus, [or I he l'ircm­
la r contact area, we should have, from Equal ion I 11 , 

X v = --: I _ I!_ , a' <:: p <::'. a. . . 3JP ( ' ) ,;, 
21ra- a' 

. . . [7U] 

" .. "' 3JP, (l _ P_')'/, " -, p ,:: a' . . .... . 
21ra2 a2 ' 

[SOI 

}", = 0 . .. . . . [S I J 

wher1• we have assumed t hat slip has penetrntl'd from t.hc outer 
radius n to a n inrwr rad ius a' a nd t hat., in the incluclc •d annulus, 
the tange 11 tial traction rnmains at its greates t possible vahw.fp. 

If slip has just progressed over t he e11tire co11tact surface, so 
I hat Equation [nJ] holds throughout , we may calculale the cor­
responding tangential displacements by subst it.ul i11g 1-:qnnt ion 
[7!)] int o Equation [32], and the combination into 1':quatio11s 
[2UJ a nd [30], with the result s 

81r'µa'1t = 3JP, 1w'J, 2

"(2 - <T + <T COS 2<P)A 11 t!w d,p .1821 

81r2µa 2 v = 3ufl', .["''1 2

"Ao sin 2'1' dwd<P . .. . . . 1881 

where ,\ 0 = (- <l>o w2 - 2"10 w - r 0) ,;, a nd 

w = [(~ - x)' + (17 - y) 2 J'h = - l!z=o ·· ... [84] 

17 - // 
'I'= tan - • -- .. .. . .. . .. .... . .. 185] 

~ - x 

.. [S(i l 

"'a ( :i: cos 'I' + y sin <P)n- 2 • . . . ... 1871 

l'o = (p2 - n')a 2 . •. ........... . .. 1881 

a nd wo is the dis ta 11 c1, from t lw point (x, y) t.o t he• circ:1 <', i.,•., 

wo = (- 'i'o + V"1u2 - •l>o l'o) •l•o- •. . .... 18\J J 

Considering t he surface inl Pgral in l•:qua lion lil:11, a nd int,•µ;rn t­
ing ,,·it h respect tow, we arrive a t. 

1
2

" ("1o2 - <l>o l'u) 1r . 
---- - - Sill 2'1' d'I' 

4<t>o'/ , 

_ ;:z,,. ["'o(- l'u) ' /, ] . 
2<1> S ill 2'1' d'I' 

0 0 

J, 2
" [ "'•' - <l>o l'o . 'i'o J . - ---.,y;- sm - 1 -- --- sr11 '2'1' ri <P 

2<1>o V'i'o2 - <f>o l'o 

\Ye not!' that the algebraic signs of the quantitie., i11 brackets 
change if we substitute <P-,r for '1'· Hence, the inteµ;rnl s of t hP 
bracketed terms, over the interval 21r, vanish. The same terms 
occur in Equation [82]. The remaining in tegral ions in Equa­
t ions [82] and [83] are straightforward, and we find 

• " Kerbspannungslehrc," by H. Neuber, Julius Springer, Berlin, 
Germany, 1937, pp. 85- 90. 
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64 µa 3u = 3/P,(2(2 - u)(2a2 - p2) + up' cos 20] ... . (90] 

64µa 3v = 3JP,up2 sin20 .. 

lf we now consider a distribution of traction 

. ... [91] 

X, = - 3JP,Q (1 - ~)'/, P z a'. 
21ra' 2 a' 2 ' 

. .. (92] 

Y, = 0 .. .. . .......... [93] 

where Q is a constant, we find corresponding displacements u' and 
v': 

64µa ' 3u' - 3QJ P,(2(2 - u)(2a'2 - p2) + up 2 cos 20] .. (94] 

64 µa'3v' = - 3QJP, up 2 sin 20 .. [95] 

If, now, we set Q = a' 3/ a3 and add the two sets of disp lacements 
we have 

u + u ' 3/ P,(2 - u) (i _ a'') 
16 µa a' ' 

v + v' = 0, p z a' 

P :C. a'. [96] 

[97] 

Hence, t he sys tem of su rface tractions' 

_ 3/P, ( P')'/, .1\ v = --') _I - - , a' ( p ;(: a . . 
2,ra· a2 

. . [98 ] 

3.f?, ( p
2)'/, 3.fP,a' ( P' )'/, - 1 - - --- l -- PZ 

21ra.2 a2 21ra3 a'2 ' 
a' .. [!l9] 

produces displaccmenls ll'hi ch sat isfy the cond it ions of no slip 
\\·ithLn the ci,·cle of rad ius a' . To find a' \\' C calcu late 

l a.1 2,,-
P, = 

0 
X,,p<lpdO 

( a'3) = f P, I - ;;;- .. _. _ . .. . . ... [lOO] 

ll'hen ec 

a' = a l - _..:: . ( p)'h 
fP, 

[10 1 [ 

The distribut ion of traction, repre3ented by Equat ions [08] 
and [99 ], is illustrated in F ig. 2 for the case P,/f P, = 0.3. 

To fi nd t he com pliance, first elimina te a' betll'cen Equat ions 
[10 1] and [96] and obtain 

, 3/P,(2 - u) [ ( P,)'h] u+u = 1 - 1 - - . 
l 6µa JP, 

[ !02] 

Then the tangentia l complia nce of one body is 

C, = d (ii + u') = 2 - u (i __ P , ) - '/a 
11031 ' dP, Sµa JP , . 

T his is to be compared the wi th cC> mpl i:rn ce without slip given in 
Equation [77] . The ratio 

t~ = ( 1 -f;:t'h .. . . [104] 

is plo t ted in Fig. 3, which shows the range over which the com-

7 Dr. Stewart Way has called the author's attention to a paper 
by C. Cattaneo, " Sul contatto di due corpi elastici: distribuzione 
locale degli sforzi," Accademia dei Lincei, R.endiconti, series 6, vol. 
XXVII, 1938 pp. 342-348, 434--436, 474--478, in which formulas, co r­
responding to E quations (98 ] and (99 J, a re derived for the elliptic 
contact surface. 
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.FI G . 3 RATIO OF IN ITIAL TANGENTI AL COM PLIANCE Cx ' T O TA .\/"­

GENT l AL CoMPL l ANCE Wr'rH S LIP C,' FOR C 11WU LAR CONT ACT AREA 

plia nce calculated on the assump tion of no s li p is useful. For 
small ratios of P, to .f P, t he en or is small. The remainder of th is 
paper is confined to the case of no sli p. 

TANG J':NTIAL F ORCE , EL I.I P"l'! C CONTACT ARE A 

As observed in t he section ent itled " Method of Solu t ion," \\'hen 
>-. = 0 and t he contact area is bou nded by a n el li pse, I he problem 
of finding oL0 /oz is ident ical with t ha t of fi nding the velocity po­
tent ial of the irrotational flow of a perfe ct fluid through a n elli pt ic 
aperture in an infini te pla ne. F rom the solu tion• of that prob­
lem we need only the result that o2/ , 0 /oz2 is proportiona l to 

_ . .. ...... [105] 

on S, and vanishes on S, . 
Apply ing the al ternative procedure for A ,re 0, described at the 

s Reference 4 , p. 151. 
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Pnd of the section cntille<l "Method of Solution," we take 

X,, = D(l - a- 2x2 - b- 2y 2) - 'I ,, Y." = 0, on S, ... [106] 

X, = Y. = 0, on S2 .. . . ...... . .... [107] 

wh ere D iti a coustan t , determined by the condi tion 

PS= f fs.x ,dx dy ............ .. [108] 

To evaluate t.he in tegral in E quation [108] let 

x = p cos O, y = p sin0 ... . .. . . . . . .. . (109] 

Then 

p . l p,12.. p dp d() 

D o (1 - 8 µ 2) ' /,· . • . 
. . [110] 

where 

I'> = a- 2 co~ 2 0 + b- 2 sin 2 0 .. .. ... . .... [111] 

and p1 is t he <li8t,ance from the origin of x and y to a point on the 
el lipse, i.e., 

p, = e- 'I, ................... [1121 

The in tegration then proceeds without difficul ty, with the re­
sult 

P, = 21rabD ........ . . . . .... . . . [113] 

Subject to verification of the displacement boundary condi­
tions, we conclude that the tangential traction on the contact 
surface is everywhere parallel to the applied tangential force. 
Contours of constant tangential traction arc homothetic ellipses, 
i.e., geometrica lly similar, and wi th principal axes parallel 
to the elliptic boundary. The magni tude of the traction rises 
from one half the average a t the center to infini ty at the edge. 

It remains to test the displacement boundary conditions, as 
given in Equations (62] to [64], and to dete rmine o, '. To do 
this we have to find the values of the second derivatives of 

F, = f f s, X.(t 11)rl d~ d11 .... .. .. .. . [114] 

on 81 . 
.\ s lw fon ,, let 

w = l (~ - x) 2 + ('7 - y) 2]'1, = 11, = 0 ...... [115] 

~ - X = w COS tp .. .. . . ......... . .. [116] 

'7 - 1J = w sin <p • • •• • •••••• • • • • , . . [117] 
The11 

\\·here 

X , = D (-<l>w' - 2'1Fw - 1·)- ' I , . [118] 

<I• = a- 2 cos' 'P + b- 2 ~in 2 op . . . .. .. . [119] 

ljt = rc 'x cos op + b- 2!/ sin op. .. [120] 

.. [121] 

Accur<l ingly, 011 S,, 

o2F, o 2Ji\ = D 1w, 12
" cos 2'P dwdtp 

ox' - oy• o (- <t>w• - 2'1rw - r) ,; , . I 1221 

0 2F, D 1w, 12
" sin 2'P dwdtp _ = _ [123] 

oxoy 2 0 0 (- <l>w2 - 2'1Fw - r ) 'I• . . 

1w,12r dwd<p 
/) I , • •• [124] 

o (- <l>w2 - 2'1rw - r) / , 

where w1 is the distance from the point, (x , y) to a point on t.l1P 

ellipse. This distance is expressed in te rms of 'P by 11ot i11g that, 
on the ellipse, 

a-•e + b- 2 11 2 - 1 = 0 .... . .. . . . . . . . [125] 

or 

<l>w2 + 2qiw + r = 0 ... .. . . [126] 

The significant root of Equation [126] is 

w, = (- '11 + Vqi 2 - <1>r J,1,- 1 . . . [127] 

Returning to Equation [122] and performing the int egra tion 
with respect to w, we find 

-- - - = D ,i,- •!, s111- • cos 2ip d ip o2F\ o2F1 12
" [ • <t>w + qi Jw, 

ox• 0112 
0 v \JI' _ <1>r 0 

= - .p- ' /, cos 2op d ip 1rD.[2" 
2 0 

- D (
2

" .p- •/ , cos 2 ip sin-1 qi dip. [128 ] 
Jo V'1'' - <J, 1· 

In the second in tegral in E qua tion [128], we note that 

<l>(tp) = <l>(tp + ,r) 

'¥(tp) = - 'lr(tp + ,r) 
c.os 2tp = cos 2(ip + ,r) 

and r is in<lepen<lent of <p. Hence, the in tegrand reverses sign 
on substituting 'P + ,r for <p. Accordingly, the second in tegral of 
Equation [128) vanishes and we have 

ox ' oy2 
".:_ <1>- ' / , cos 2',I) dtp D1 2

" 

2 o .. 
2,r/) .[

2 
,,,- •!, cos 2op dip 

. . . [129] 

const 

so that Equation [62] is satisfied. 
Similarly, from E quation [123), 

D 12r qi - - ,p- •/ , sin 2ip sin- 1 V d<p . . . . [130) 
2 0 ,i,2 - <l>I' 

Since sin 2<p = sin 2 ( 'P + 1r) t he second integral in Equation 
[130] may be shown to vanish fo r t he sa me reason that t he second 
integral in E qua tion [128] vanished. Regarding the first, m­

tegral in Equation [130], calling t he in tegrand g(<p), we note 

g(tp) = g(tp + 11') 

and r2.. fr 
J

O 
g(tp)dtp = 2 J

O 
g(tp) rl tp 

But 

sin 2'P = -sin 2(,r - 'P) 

<l>(tp) = <I>( ,r - tp) 
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Hence 

and, therefore, 

Thus 

02F, 
- =O 
oxoy 

on S, and Equation [63] is satisfied, 
Finally 

~ <1>- '/ , d,p 
D12,,. 
2 o 

0 

12.. "' 
- D <1>-'hsin- •_; d,p 

V"'' - <l>I' 

= const 

. [131) 

so t liat the last displacement buuudary coudition, given in 
Equation [64], is satisfied. 

To find the displacement oz' due to the force Pz we substitute 
the results expressed by Equations [129] and [131] into Equa­
tion [60] and use Equation [113] to obtain 

,r 

l ', (2 - er,) 12
4,- ' /, d,p 

~ 

+ l >, cr,12 
,,.,_ ,; , cos 2,p d,p . .... . . [132) 

in whi cli µ has been replaced byµ , and~ hy 2µ, cr, / (1 - 2cr,). 

FOTOI ULAS FOR T ANGEN TIAL COMPLI ANCE 

To find numerical values of the tangential compliance from 
Equation [132], it is advisable Lo transform the integrals in that 
equ11.tion to forms that arc tabula ted. For the first integral we 
1nite 

,r ,r 

1l 
,1, 

I 

( 2 d ,p 
} o v a-· ,.--co_s_· .-<P- +-- 1-) _- ,- s-·i_n_2 _,p 

,;, d,p = 

,r 

a ( 2 V d<P ' a < b 
} o l - k 2 sin 2 ,p 1 

a1r / 2, a = b j ... ... [133[ 
,r 

b 12 
Vl - d:., sin2 ..,' a > b 

where 

b' 
1 - - .. .. . ... .. .. [134) 

a' 

lfeucc 

r aK, a < b 
,r 

~ 1 2,r,_11, d<{> = 

I 
a 1r/ 2, a = b l . . . [135] 

I 
bK,, a> b 

J 

where K and K, are the complete ell iptic in tegrals of the first 
kind of arguments (1r/ 2, k) and (1r / 2, k,) respectively . 

For the second integral, considering first the ease n < b, we 
write 

Now 
,r 

( 2 sin 2 ,p dq, 

l o Vl - k 2 sin' <P 

a1 2 (1 - 2 sin' <P)d,p 

o Vl -k2 sin 2 ,p .. 
12 sin 2,pd,p 

aK - 2a ---Vl - k 2 sin 2 ,p 

,r 

l 12 --:;==='==L,p=='-' 
k2 Vl - k' sin ' <P 

- - Vl - k2 sin ''"d<P 112 
k' • T 

0 

= k-, (K - E) 

where E is the complete ellip tic integral of the sr: cond kind, 
of argument (1r/ 2, k). Hence 

,r 

{ 'i. 4>- ' / , cos 2<{> d<p = - ~ [(~ - k) lo k le 
2 J K - k E , a < b[l36J 

The L·xpressio11 in brackets in Equation [136) appears in electro­
magnetic theory as a quantity proportional to t he mutual induc­
tance of a pair of coaxial circular currents . An elaborate tabula­
t ion of t he quan tity 

N = 4'r [ G - k) K - z E J ...... .... [137] 

has been made by Nagaoka and Sakurai. 9 
For the case a > b, we replace ,p by 1r/ 2 - <P in U,e ,-;econ d i1,­

tegral of Equation [132] and find, by a similar procedure 

,r 

[ <i. ,1,- 'h cos 2.p dq, = ~ [(~ - k,) K, - ~ E,J ,a.> b .. [138) l o k, k1 k , 

where E, is the complete elliptic in tegral of t l,,~ ,-;econd kind 
of argument (1r / 2, le,) . 

The difference in algebraic sign between Eq11:i 1.io11 [138] and 
Equation [1361 1trises from the fact that 

cos 2,p = - cus 2 ( ; - ,p) 

We find, then , 

,r r - a N/ 41rk," 

1 2 <1>- '/ , cos 2q, cl<{> = ' 0, a= I, 

l b N, /41rk,, u 

< I, l 
I 

) [139] 

> I, 

9 "Table No. 2," by H . N agaoka and S. Sakurai, Scientific P apers 
of the Institute of Physical and Chemical Research, Tokyo, Sept., 
1927. See also Table No. 1, D ec., 1922, for Kand E. 



MINDLIN- COMPLlANCE OF ELASTIC BODIES IN CONTACT 2ti7 

Inserting the expru; ·ions given in Equat.ions [1361 and [139] 
into Equat.iou [ 132], we find for a < b: 

2µ ,b5,' 2 - u, [2K u, NJ 
f->, = 2 - -: - 2ir' (2 -~;s k · · · · · 11401 

2µ,ali,' 

P, 
2 - u, 

2 
. .. . [141] 

a nd for n > b: 

2µ, u5,' 2 - u, [2K, u, N,J 
I ', - 2 .,,- + 2ir2(2 -- o-

1
) k

1 
• •• •• [l42J 

The las t t liruc equations express the rat io or the tangential com­
pliance to the 1 angcntial compliance of a bod_,- with Poisson's ratio 
zero and a circular <'on tact a rea of diameter equal to the maxi­
mum diarnelcr of t.hc elliptic contact area. This ratio is plotted 
as ihe ordinate in .Fig. 4, using Nagaoka and Sakurai's tables. 

28 -

2 4 

,. 
"' l 2 

0 8 

'";,~ ; /;;;~~c \i:t!Ji~~r~~ii-~~;cif o;xi!l~1tic co ntact surface 
hx ' = rd a. tivc di . ..; µJa cmncnt in direc ti on O, 
µt = rnndul11~ of ri i . .d dity 
01 ~ l'oissou 's rati o 

F,o . 4 I N ITIAL TA N <J E N'rIAI, CoMPLl,, NCE OF E 1,AST1G BonIEs IN 

C ONT AC1' 

20 

1. 6 

N 
-1 

u 1.2 -1 

" . u 0 .8 --

0.4 

0 
10· 3 -, 
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0 

- - _L -- - - __J 

:1=r~p. I 
2,b ~-2a -l I -----i 
- 1---· _ ___ J _ _J 

10' 10' 10' 

Fw. 5 H,,.,.,u OF IN1'1'1AL TANGEN'l'L\L C OMPLIANCE C, •ro NORMAL 

Co.111r1,1A N CE C, OF BonJEs W11•u L1KE E1,A STIC CONSTANTS 

Jt may uc ~•·•·n t liat t l, e t,angl'n i ia l c·o111pliu.nce decreases as 
Poisson's ratio in creases. When u = 0, the tangential compli­
ance is isot n,pic, but when O < u <:: 1/e the compliance in the di­
rection of the major axis is greater than the compliance in the 
direction of l,h<' minor axis. Hence, if the tangential force is not 
parallel to a principa l ax is of the ellip:se, tlrn di:splacemPnt is par­
allel io I.he force only if u = 0. 

l.lATJO OF TA NG fs NTIAL 'J'O NORMAi, C OMPLIAN CE 

The interesting features of the ratio of the tangential to the 
normal compliance arr, illustrated adequately hy examining the 

case in which the two bodies have the same elastic properti <:':'. 
Then, from Equation [12], 

f (1 - u) K/ ..-µb, a < b I 
1 (l-u)/2µa, a= b f ....... .. [14:i ) 

l (1 -- u) K,/1rµa, a > b J 

C, = 

Hence, from Equat ions [143] and [140] to [142], 

c. 
c. 

1r(2-u) l [2K u ~] a. 

4(1 - u) K ,r 2ir2(2 - u) k ' 

2-u 
a= b 

2(1-11) I 

< b 

r(2 - 11) 1 [2K1 11 N,J 
4 (1-u) · Ki --;- + 2,r3(2 - ~ k, ·a>/) 

To plot this ratio it is only necessary to divide the ordinates in 
Fig. 4 by 2(1 - u)K/ir, for a < b and by 2 (1 - u) K, / ,r for a 
> b. The results are plotted in Fig. 5. Several limit,ing cases of 
interest are as follows : 

C 
For u = 0, ....3 

C, 
a C 

For - ....... 0 . 
. b ' C, 

a C 
For - -+ co' b C 

a C, 
For - = l , 

b C, 

= 

. 
z 

l 

] - u 

2 -- O" 

2(1 - u) 

It may be seen that the tangential compliance, over 1 he pra c­
tical range O < u < 1/ 2, i8 always greater than the normal com­
plianr.e, but never moro than twice a:s great as long as t.hcre is no 
slip. 

Tw1 ,;TJ NG C o u pu; : B0u N1HnY CoN otTIONs 

Ily considcra tion8 of :symmetry and continuity similar to t.ho,e 
in the section en t itled "Tangential Force : Boundary Con­
ditions," it may be shown that, in the case of a nrnmcnt about 
the z-axis, no normal componen t. of traction is induced 011 the 
contact surface and the surface rota tes a bout t he z-axis withou1. 
distortion in the x, y-planE'. Thr, boun<lary conditions for the 
case of twist arc, lhi,rcfore , 

11 = {3 y / 2, v = -fJx / 2, z. = 0 on S, .... . . . . [144] 

X, = Y,-= z. = 0 on S2 .... .. .. .. . .. [145) 

Jim (u, v, w) = 0 ........ . . .... .. . [146] 
.i:,y, z~ co 

where {3/2 is the auµ;le of rotation of the contact, surface with re~pect 
to a distant point in the body z ~ 0. For the circular cont.act 
area, these bounda ry conditions are satisfied by a limiting case 
of a solution by Neuber'" fort.he stress concent ration a i. a hypc,r­
bolic groove in a twis ted shaft. Jn t.ha t Rolution the 1.rnct.ion 
across the contact surfacp iR foun<l to be 

3M,y ( µ2
) - ' / , 3M,x ( µ') - '/, X. = - - 1 - - , Y,. = - - l - a-

2 
• • 1147) 

41ra4 n 2 41ra. 4 

and the compliance of a :single body is 

10 Sec ref. 6, pp. 90- 92. See also "Forced Torsional Oscillations of 
an Elastic Half-Space," by E. Reissner and H. F. Sagoci, .Touma/ of 
Applied Physics, vol. 15, 1944, pp. 652- 654. 
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(3 

2M. 

3 
l 6µa 3 · .. · · 

. .. . . . . . (148] 

By a 11 alogy with our previous results, we consider the possi­
bi li ty that, in thu case of the ell iptic contact area, the traction 
may be 

X µ = T'y( I - a - 2x2 - b- 2y2) - 1f ,, 

Yµ = - 'l"1.c( l - a- 2x 2 - b- 2 y 2) - 'l 2, 

zµ = o 
! oo S, . [14Y[ 

X ,, = Y µ = Zv = 0 on S, . ... . . .. .. (150] 

whcrn 1" a11d '1' 11 am constants. With these surface tractions, 
all of the boundary conditions. except possibly the first two of 
Equations (144], arc satisfied. If the assumed tractions give the 
requi red values of u and v on S,, the assumptions expressed in 
l~quations [1.4()] are verified as correct. 

TORSION Ar, COMPLI ANCE 

To calculate u and v, we substitute Equations [149] and [150] 
in Equations [29], [30], and [32] and perform the indicated opera­
tions. We find , on S,, 

µ11. = y [ '1 "a- , 1~ <1>- ' I• co:;2 <Pd'P 

+ a( '/"'b - 2 - '1"a- 2) l i <1>- ' I• sin2 <P cos2 <Pd<P]. .. . [151] 

µV = .?: [ - '/'
11 b- , 1~,i,-'/2 sin 2 '{)d,p 

+ a( '["'b- 2 - 'J"a- 2) 1~ <1>-'/ 2 sin 2 <P cos' <Pd'P]. ... [152J 

T hese expression:; have the correct form . 
We note that 

" 12 
<1>-"/2 sin' <Pd'P = a3 [E - (1 - k2)K] / [k 2(1 - k')] 

,,. 

1 '\,-,;, cos' <Pd<P = a 3 [K - EJ /k 2 

" 
J \,-,;, si u2 ,p cos' ,pd<P = a 3 [(2 - k2)K - 2EJ / k4 

The functions 

D = (K - E) / k2 

B = [E - (1 - k2)KJ/k2 

C = ((2 - k2)K - 2E]/k• 

are tabulated by J ahnke and Emde. 11 Using the values of u and 
v from Equations [144], we solve Equations [151] and [152] for 
T' and T 11 with the following results : 

µ(3 B - 2a( 1 - k 2) C 
T' = 

2a BO - aCE 

µ(3 D - 2.,-C 
7.1" = 2a BD - .,-CE . . 

To find the relation between (3 and 111,, we calcula te 

M. = f /s, (Xvy - Y,x)dxdy 

= ~ 1rab(T'b2 + 7"'a2) 
3 

Hence, the torsional compliance of one body is 

f3 3 S( BD - aCE } 
2M, = I6b 3µ 1r( E - 4a(l - /c 2)C j 

Equation [156 ] is plotted in Fig. 6. 

3 .0 -

I 

c.O--

-1 
l.O _J__ 
0.01 

.FIG. 6 I NITIAL TORSIONAL COMPl,IANCll 

Noting t hat 

[153] 

[154] 

. [155] 

.. 1156] 

it may be verified that T ', T' and the compliance reduce to the 
appropriate values for the limiting case of the circular contact 
area. 

11 "Tables of Funct ions," by E. Jahnke and F . Emde, Dover Pub­
lications, N ew York, N. Y ., 1943, pp. 82- 83. 
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Fatigue Under Combined 
Pulsating Stresses 

BY H. MAJORS, JR., 1 B. D. MILLS, JR., 2 AND C. W. 1'v\AcGREGOR" 

A special combined stress pulsator is described which was 
used to subject thin-walled cylindrical tubes to various 
ratios of combined (in phase) pulsating stresses. The 
material investigated was annealed SAE-1020 steel. Stress 
ratios in both the ( +, +) and the ( +, - )quadrants were 
applied. In addition, tension tests and uniaxial completely 
reversed rotating bending fatigue tests were made in the ax­
ial and tangential directions to study the anisotropy of the 
material. The combined stress-fatigue tests agreed best 
with the distortion-energy theory of strength. 
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{N'l'UODUCTJOI\ 

W HEN machine parts or st-ructures are subjected to oscil­
lating or fluctuating loads, t hese generally produce a 
system of vibratory combirwd stresses of the biaxial or 

triaxial types. With few exceptions, however, most of the ex­
periments conducLed to investigate the fatigue of metals under 
fluctuating stresses have been carried out under uniaxial condi­
tions. Thus despite the pragmatic sig11ificanee uf the problem 
of fatigue under combined stresses, a considerable hiatus now 
exists in our knowledge of the subject.. 

Supplemental to the common variables inherent in fatigue 
under uniaxial stress, namely, surface conditions, range of 
stress, temperature, frequency, cold work, heat-treatment, and 
the like, the combined stress-fatigue problem includes such con­
siderations as the influence of the ratio of the stress magnitudes 
in different directions, the t-ime-phase rnlationshipof these stresses, 
and so forth. 

The alt-ernat ing torsion test is perhaps t;he simplest of all the 
combined stress-fatigue experime11ts, and it has been widely 
employed (1-4). • The superposit.ion of a static torque upon 
completely reversed bending stresses ha.s been used by Ono (5), 
Lea and Budgeu (6), a.nd Davies (7). Completely reversed 

• Numbers in µaron t hl's!'s refe r i-.o t.h!' Ribliography at. the end of 
the paper. 
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bending an<l torsion was studied by Gough and Pollard (8). 
This yielded test results in the ( +, -) quadrant of stress ratios 
and showed that the distortion-energy theory agreed well with 
experiments for the mild steel tested. Both cast iron and a 31/ 2 

per cent nickel-chromium steel did not follow the distortion­
energy theory. Maier (9) subjected thin-walled cylindrical tubes 
of cast iron and mild steel to fluctuating internal pressure with a 
static axial load. Sufficient data were not presented to permit 
incontrovertible conclusions to be drawn, but the results indi­
cated that the fatigue limit in the tangential direction was un­
affected by the axial force. Further tests have also been con­
ducted by Morikawa and Griffis (10) on thin-walled tubes under 
pulsating combined stresses for annealed SAE-1020 steel, using 
a special machine described by Marin (11). This machine sub­
jects a tubular specimen to internal pressure by means of a gear­
driven piston and to an axial tensile load by a separate lever 
system at the rate of 300 cycles per min. Morikawa and Griffis 
also concluded that the maximum-stress theory agreed with their 
experiments when modified by the anisotropy of the material. 

Two interpretations of the data of combined stress-fatigue tests 
have been suggested by C.R. Soderberg (12) and J. Marin (13), 
respectively. The former is based upon the maximum-shear 
theory and the latter on the distortion-energy theory. 

Owing to the paucity of test data on combined stress fatigue, 
an experimental study of the problem was begun in the Research 
Laboratories for Mechanics of Materials at the Massachusetts 
Institute of Technology sometime before the last war. This 
resulted in the development of a special combined-stress pulsator 
t o subject tubular specimens to various ratios of tangential to 
axial stresses. The experimental work had to be interrupted for 
various reasons shortly after the beginning of hostilities, but was 
resumed during the past year. The present study is restricted to 
combined pulsating stresses, in phase, applied to thin-walled 
tubes of SAE-1020 annealed steel. It is the purpose of this paper 
to describe the special pulsator used, the effect of various ratios 
of combined pulsating stresses on the fatigue limit, and the inter­
pretation of the results. Fatigue data are included for the first 
t ime on the same material in both the ( +, +) and ( +, --) quad­
rants of stress ratios. 

Tm" Co11rnrn1,o-STnEss P uLSATOR 

Fig. l tihows the combined-stress pulsator developed for these 
experiments. A schematic diagram listing the various compo­
nent parts is given in Fig. 2. 

Filtered machine oil is pumped from a return-flow reservoir 
to the inlet of a Bosch fuel-injection pump by a small motor­
driven gear pump. The injection pump has two high-pressure 
cylinders which simultaneously deliver high pulsating oil pres­
sure by means of two cam-driven plungers at 880 times per min. 
A high-preasure oil manifold receives the outlet oil of the Bosch 
pump for delivery to the lower threaded head into which the 
tubular test specimens are screwed. iVhen the specimen develops 
a fatigue crack, a fine spray of oil, penetrating the tube wall 
through the crack, is caught in a metal box surrounding the 
specimen. The oil stream flows through tubes to a small cup at 
the end of a lever shown in Fig. 3. The weight of the escaped oil 
in the cup lowers the lever which trips a microswitch, shutting 
off the equipment. The number of pulsations is determined by a 
revolution counter. 

In order to maintain a constant maximum pressure, it has been 
found necessary to adjust the pressure manually for the first hour 
of testing, after which the maximum pressure remains essentially 
constant. 

Various ratios of tangential to longitudinal stresses are ob­
tained by attaching suitably designed heads to the upper threaded 

ASSEMBLY OF APPARATUS 

( 1) TEST SPECIMEN . 

( 2) BOSCH HIGH PRESSURE PUMP. 

( 31 REVOLUTION COUNTER. 

IJAJ 100 TO I SPEED REDUCER . 

( 41 MOTOR FOR DRIVING BOSCH PUMP 121. 

51 CROSBY PRESSURE GAGE. 

61 BOSCH PUMP CONTROL ROD. 

71 MICROMETER FOR ADJUSTING CONTROL ROD 161 . 

I 81 CUP TO CATCH OVERFLOW OIL FROM ~4). 

I 91 MICRO-SWITCH ACTUATED BY HANDLE OF OVERFLOW Cl.A> 181 . 
11 01 UPPER THREADED HEAD FOR TUBULAR SPECIMEN. 

I 1 11 ASSEMBLY OF PISTON AND PLUG (WITHIN SPECIMEN). 

( 12) OIL LEAKAGE COLLECTOR. 

( 131 LOWER THREADED HEAD FOR TUBULAR SPECIMEN . 

( 141 THREADED HIGH· PRESSURE CONNECTION 

( 151 HIGH PRESSURE MANIFOLD 

( 161 PUSHBUTTON CONTROL FOR MOTOR ( 2 01. 

( 171 CONTROL PANEL . 

( 18) PUSH·BUTTON CONTROL FOR MOTOR 141 · 

( 191 OIL FILTER. 
(201 D. C . MOTOR FOR DRIVING LOW - PRESSURE GEAR PUMP. 

(21) LOW PRESSURE GEAR PUMP. 

(22) OIL RESERVOIR. 

(2 3) ST EEL BLOCK. 

(24) TIN BOX AROUND SPECIMEN TO COLLECT OIL ESCAPING FROM 

FATIGUE CRACK (NOT SHOWN). 

ends of the tubular tesf, specimens. For example, Fig. 4 shows Fw. 3 CLosac-TJP v,~w ,w u .. ,.,.;rt AN"ll Lo w"" ll >: ,\I) AssEMBLY 



MAJOllS, MILLS, MAclalEGOR-FATIGUE UNDER C0.\1BINED PULSATING STRESSES 271 
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CjAGE 

HIGH 
OIL 

PRESSURE ---FROM 
BOSCH 
PUMP 

V1n. 4. U PPF;n AND LoW8H. H1'.}ADS l•'O U. A H.ATI.O Oto~ rl'ANG liJNTIAL TO 

LoNGI'1'UD£NAL S T1n:8S OF A unuT 2 TO 1 

the head used to obtain a ratio of tangential tension to longitu­
dinal tension Qf about 2 to 1. The central plug inside the test 
specimen serves to reduce the oil volume in order to allow the 
Rosch pump to develop the required pressure. From dynamic­
stress measurements to be described late r on, this solid-type head 
produces a ratio of tangential tension to longitudinal tension of 
1.84 to 1.00 at the outside surface. For other ratios it was neces­
sary to use an oiltight composition cup piston in the upper head . 
The desired ratios are obtained essentially by ~electing the proper 
areas in the upper head over which the oil pressure acts relative 
to the cross-sectional bore areas of the tubes and attaching the 
central axial plug within the tube to carry tension or thrust as 
the case may be. 

l<'or example, the arrangement to produce a ratio of tangential 
tension to longitudinal tension of approximately 1 to 1 is shown 
in Fig. 5. In this case tbe area of the upper head over which the 
pressure acts is in creased over that of Fig. 4 so as to obtain a 
higher axial stress. The downward thrust of the oil pressure is 
carried by the central plug unattached to the test specimen. 
When axial compression is desired, the arrangement is similar to 
that shown in Fig. 6 where a ratio of tangential tension stress to 
longitudinal compression stress is approximately 1 to 1. This is 
accomplished by allowing the central bore plug to carry the axial 
tensile load due to the oil pressure acting upon -the upper area of 
the plug recess (attached to the plug), while the downward 
thrust on the same area (but over the head attached to the speci­
men) is carried by the test specimen. 

For a uniaxial tangential stress, the sys tem shown in Fig. 7 
is utilized. In this case all axial load clue to the internal pressure 
ill carried by the central bore plug. This produces a ratio of tan­
gential tensile stress to longitudinal stress of about 1 to 0. The 
same general principle can be utilized to give a wide variety of 
other stress ratios. Dynamic-stress measurements at the outside 
surface showed the actual stress ratios for the cases shown in Figs. 
4, 5, 6, and 7 to be + 1.84 to + 1.00, + 1.04 to + 1.00, + 1.27 
to - 1.00, and + 1.00 to +0.03, respectively. 

FIG . 5 
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TIAL TENSILE STRESS TO LONGITUDINAL COMPRESSIVE STR~SS <H ' 

Before actual combined stress-fatigue tests were undertaken ARoUT l To 1 -
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it was necessary to determine: (a) if the axial and tangential 
stresses were in phMe : (b) the dynamic correction necessary in 
order to compute the stress magnit.udcs: anti (c) the conectiou 
necessary for tubes havi ng a curved-tapered wall of t he form used 
in the present study. 

Tangential a nd longi t udinal resist anec-wi.re s l ruiu gages were 
at (.ached to t he t ubes at the position of minimum wall th ickn!'ss. 

Frr. . ( ;HIP ~YS'l'E.\I l<'flH. A HA'l'I U IJF TANG~:'\Tl :\ l. ~Tl( g ~ R TO 

L n-:,.u :1 Tcu 1 N., 1. 8 TRERS 0 1,' ABOL"T 1 TO 0 

22i VOL TS 2 2~ VOLT S 

ii 11 
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INPU T A INP U1 d 

ELECTRONIC SWI TCH 
G 

G 

OSC ILLOSCOPE 

1· u , . S E1. ErT110NIC Cr1{(' ~11' 1'0 DET;;RMTNE PHASE H.v.u-r1<>N~H11· 
OF 8T Rl<~SBJ.iS 

(n.) 

A t wu-chauuel a mplifier was used tu feed the s ignab from the 
wire gag~ t.o a u C' lectrouic S\\'i tch connec tctl to an os<.:i lloscope 
as shown in Fig. 8. The phase rc la t ionships were determined for 
each of t he pressure hea,b diseussed under t he previous section 
both 0 11 t he previously unstressed Lubes and on t ubPs which had 
been plastically deformed through cy clic s t ress ing. Fig. !) shows 
typical oscilluscopic records of t he dynarnic s trains, tangen tial 
and axial, for Uu, st ress rnt ios + 1.27 to - 1.00, and + 1.04 tu 
+ 1.00. As can he seen, t.hn ax ia l a nd t.anµ:u nt ial st rai11s a.re 
in phase. Similar n :sul ts were obtai11Pd fort li e oUu.,r heads . 

Jn additiou , Urn Hlt-4 wire strain gaµ:es were used to measure 
dynamit· s t rains ,rn t he previous ly uns tre,:sed t ubes by t he use 
of the electronic circuit shown in Fiµ: . 10. These strains were 
con verted int.o dyna.lll it· st.n NH'S l.,y t he us1ial conversion ft1rn1ulas . 
The d,nrnmic-st ra in rcadi nµ:s 11·Pr<' calibrated by llleans t•f three 
precision resis tors ea<'h of 1d1ich was shun1< ,d acrn.,s l hc gage 
measuring s train by lllca n.,; of a v ihralur sll'ilc·l 1. Tl11, average o f 
three calibrations was used to conver t oscilloscopic read ings to 
unit st.rnins. For 1,ach pressure hciul , the Crosby gage pressure 
was plotted as a funct.ion of the peak read ing 011 t he oscilloscope 
scale for each of the four wire• gages ou t he calibrat ing tes t speci­
men. From t hl·se data, cu r1·,·s 11·1,rc cons truc ted of Crnsliy gage 
pressure versus dyuamic longitudina l a nd tan gen l ia l st rcsses. 
All dy namic s t rl'sses wore curr<'c· k tl for slight.ly different ratios 
of out.side to inside radius by using the Lame solution of stress 
variation fo r t hic·k t ul,1 ,s und!'r int ... rnal prc.~surc:. The ra t ios of 

CALIBRATION 

RE SISTOR 
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~: 
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1,000 
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(a, Rat.io of + 1.04 to + 1.00; and b, ratio of + 1.27 t o - I.OU. Bot.I, si~nals in phase.) 
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Ut +LOO 
;;, = +0.03 

(C ro~by gage pressure 2550 psi, 880 pulsations per min. ) 

tange11tia l strcsscH to longitudinal stresses remained constant 
with tim e and were the same for the slightly yielded tubes as for 
the previously unstressed specimens. 

Figs. 11 and 12 show typical oscillographic records of dy namic 
strains as functions of time for the two heads to produce ratios 
of tangential to longitudinal stresses of +J.84 to +LOO, and 
+ 1.00 to + 0.03. It can be seen that the pulsations arc sharp tri­
angular-shaped wave forms rather than of the purely sinusoidal 
type. 

The material investigated is hot-rolled SAE 1020 steel supplied 
from a 20-ft bar 2 in. diam. The chemical analysis is C-0.20, 
Mn-0.55, P-0.00!), and S-0.027. 

Prior to machining, the stock was carefully annealed at 1650 
F for 1 hr per in. of thickness and furnace-cooled. Tubular speci­
mens were then machined to the dimensions shown in Fig. 13. 
The inside-bore surface was micromatic-honed after being reamed. 
This produced very light spiral scratches, giving no preference to 
the formation of axial or transverse fatigue cracks. The outside 
surfaces were polished with No. OOO emery paper. The wall 

s· 

~ I 

'- :r ,l .; p.g· ~ 
l~ I IAI i5 ~ ~ ·F I[ ~ I I - I - i 

uJ,~~ns 
; 1f -12 THDS 'SECTION 

A WHIT WORTH AA 

Frc. 13 Co,rn1NEJJ-S'rRESS TEST S PECIMEN 

thi ckness and outside diameters were measured before and after 
each test at eight locations by a special ball-point micrometer. 

PRELIMINARY UNIAXIAL Tl!' STS 

In order to compare the combined-stress results under pure 
pulsations with the properties of the material under completely 
reversed stresses, uniaxial rotating bending fatigue tests also 
were made in both the longitudinal and transverse directions for 
the annealed bar stock. Similarly, true stress-strain tension testa 
were made on specimens cut in these same directions. 
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10,COO 00000 !,OOO.OOO 10,000,000 

FIG. 14 S-N CURVES FOR SAE-1020 ANNEAU:D STEEL UNDEH 
C OMPLETELY l li,~, - ,i~HS ED 11oTATI N G BEXDING oN CYLTKDJU CA I. 

TAPEH.:~D SP11:cIMENS 

Longitudinal R R l\foore fatigue specimens were machined 
from the bar stock at the same radial distance from the center 
as the average tube radius for the combined stress fatigue speci­
mens. This was done to eliminate the effect of variation in 
properties across the section. The minimum diameter for these 
tes t pieces was 0.300 in. after all transverse scratches had been 
polished out with No. 00 emery paper. 

Jn addition, small 0.120-in-diam tension and Krouse rotating 
cantilever fatigue specimens were machined from the bar stock 
in both longitudinal and transverse directions at the same radial 
distance from the ccnter of the bar as the average tube radius 
of the combined stress fatigue specimen. Fig. 14 shows the S-N 
curves for the fatigue tests described. 

The preliminary tension and fatigue-test results are sum­
marized in Table 1. The degree of anisotropy present is clearly 
evident. This is revealed both by the endurance limits in the 

TABLE I IJNIAXIAL REVERSED BENDING FATIGUE AND 
T ENSIO N -TEST RESULTS 

Endurance limit, R . R. l\rioorc, psl. ..... . 
Endurance limit, cantilever ( l~rousc), ps i. 
Yield point, psi ................ . 
Nominal tensile strength, psi .... . 
Per cent elongation in O.DO in. 
Per cent reduction of arcn... . .............. . 
Coefficient of strain-hardenin g (true stress-strain 

test), psi ....... ......... . . . 
True strain at fracture ... .... . ... . 
True st-re:is at fract,ire, psi ... . .. . . 

Longitudinal Transverse 
direction direction 

30400 
29800 
36000 
62330 
37.0 
i>5.3 

83300 
0 . 808 

125500 

26000 
31400 
61800 
31.0 
51. 7 

69800 
0.724 

113800 

longitudinal and in the transverse directions, and also by the 
tension-test. data. In the latter, while the average nominal tensile 
strengths for three specimens are nearly the same, the true stress­
strain results bring out the degree of anisotropy in a much clearer 
fashion. 

Co~IBINED-8TRJ, SS FATIGUE RESULTS 

The S-N curves obtained under combined pulsating stresses for 
the four stress ratios investigated are shown in Fig. 15 where 
the dynamic nominal tangential outside fiber stress is plotted as a 
function of the number of stress pulsations. T ests were carried 
to 107 cycles. For tlwse stress ratios all fatigue fractures occurred 
parallel to the longitudinal direction, no doubt reflecting the in­
fluence of the lower transverse endurance limit. Table 2 gives 
a summary of the test data, from which it can be seen that the 
endurance limit in a given direction is not independent of the 
stresses normal to that direction as has been claimed by other 
investigators. 

TABLE 2 SUMMARY OF COMBINED-ST!tESS FATIG UE 
RESULTS; PURE PULSATIONS 

Ratio of tangential stress 
to longitudinal stress 

+1.04 .. ....... . . .. .. . . 
+1.00 

+1.84 . .. . . . . . .. . . 
+1.00 

+1.00 ............ . . .. . . 
+0.025 + 1. 271. .. . . . .. . . 

=r:oo-

•aoT- ·, 
44h -
,.,pool]-

0 

I'~ 
~6.000, ~ ---

, 

" JZ.ooot;i----
r::1... •I.Z7 

Ot;7oo" 
z 

Nominal dynamic 
tangential stress at 
outside surface at 
101 cycles (fatigue 

limit), psi 
41850 

38900 

36800 

25300 

Ratio of tangentia l 
stress at fatigue 

li mit to tangential 
stre,:,1s at fatigue 

li rni t for zero 
longitudinal stress 
(actually,"• ~ 920 

psi) 
1.138 

.Ot,7 

.OOO 

0.688 

~P !---rA_T_l~G_U_E_C_U+RV-E_S_cFO::::,,,R....._=--t---·t--- - ---\-----'j 

~ SA£.1020 HOT ROLLED ANNEALED 
:; STEEL UNDER COM I 
g STRESSES 

TAPERED TUBULAR SPECIMENS 

t00,000 ,opoo.ooo 

FIG. 15 FATIGUE CunvEs "'"" SAE- 1020 AN"1-:A1.1-:n Sn:,:r. Li"";;" 
COMBTNT~n PULSATI KG 8T1t E:S81~R F O R T'APl'~HED ·r u 11 U L :\Il S 1•1,;<'1 :,,11,: , ... 

In comparing Rtatic combined-s tress lest results wi th t he vari­
ous strength theories, it is customary to plot them on a diagra1n 
with the ratios ui/uu and uz/uo as co-ordinates where u1 and u2 are 
the principal stresses and u0 is the static yield strength. A similar 
procedure can be followed in the case of combined flu ctua ting 
stresses in phase, where u, / ai and u2/ ,;1 are U11 ~ co-ordinaLes. I r, 
this case, u1 and <T 2 are the maximum principal st resses during a 
cyclic variation, and cr1 is the ma~;imum uniaxial fat igue st rength 
under the same ratio of mean stress to maximum stress for the 
cycle. Thus for the two-dimensional problem or combined 
fatigue stresses, where the maximum principal stres,;cs <T 1 and <T i 

of each cycle arc in the same time phase and I.ave the same mtio 
of mean stress to maximum stress for the cycle, the more com rnou 
strength theories can be expresser! as follows 

Maximum-Stress Theory 

<T1 

.... ... .. . ...... .... . [il 

Maximum-Shear Theory 

...... .. . .. . . . . . . [21 

Distortion-Energy Theory 

u/ .. . .......... . .. [3] 

Total-Strain-Energy Theory 

(u, 2 - 2µ<T1<T2 + <T2 2) = <T, 2 •.••••••••••... [4] 

The value of u1 in Equations [lj to [4], inclusive, can be deter­
mined, as in the present tests, by uniaxial fatigue tests under the 
same ratio of mean stress to maximum stress for the cycle Thu~ 
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"' reflects the influence of the uniaxial mean stress for the cycle 
on the maximum uniaxial cyclic stress for failure. For example, 
in the case of completely reversed cyclic stresses where the mean 
stress of t he cycle is zero, u1 becomes merely the endurance limit 

Various attempts have been made in the past to express em­
pirically u1 in terms of the mean stress um, the endurance limit 
u., and the tensile strength u. (or the yield strength u 0). Ex­
amples of these are the Modified-Goodman law, the Gerber 
parabola, the Soderberg linear relation between u./u, and um/u1, 

where u, is the variable stress, etc. Data of various investigators 
show that the Soderberg relation is the only conservative one 
since, although some materials indicate a definite parabolic rela­
t ion between u,/u, and umluo, others yield data close to the linear 
r·elation. Thus for conservative design, Equations [l ] to [4], 
inclusive, would predict failure when u1 is obtained from 

u., +~=I 
u ~ uo 

',r 

er,= <Tm,.,= <T , + <Tm (1--~)· ..... .. ... . [5] 

lt was not the purpose of the present investigation to estab­
lish the relation between u1, u., u"" uo, or u. for the SAE-1020 steel 
tested. Sufficient tes ts were not made to determine this accu­
ra1cly. Since uniax ial reversed bending fatigue tests were made 
als0 in the tangential direct ion as well as uniaxial pulsat,ing tests 
in this Jircction, it is possible, however, at least to indicate the 
probable rela tionship involved for this material. It was found 
1 hat either the Modified-Goodma n law 

~r -1- '!.;:.~ = 1 
a, <T u 

" hi cli for pure pulsation givf's 

2o· o· 
- - '- " - .. . . . .. . . . . . ... (6] 
(u, + uJ 

ur l11e Ger ber- ty pe parabola 

wliNe" = 3 / 2 and which, for pulsation, yields 

u, = u,,.a, = [uo'/ , + u:hJ'!a· ..... . • ..... . [7] 

agrees well with the present tests. From the data of Table 1 
fo r t he tangential direc tion, u, = 26,000 psi, uo = 31,400 psi, and 
u" = 61,800 psi. 13n.sed upon this, Equations [6] and [7] yield u1 
equal to3G, COO psi,and 35,800 psi, respectively. These agree favor­
ably with er1 = 36,800 psi found in the uniaxial pulsation tests as 
li s ted in Tabb 2. 

F ig. 16 compares the combined-stress fatigue results with the 
various strength theories listed in Equations [1] to (4], inclusive. 
As can be seen, data arc included in both quadrants. While some 
scatter is present when viewed from the standpoint of any one 
theory of strength, in spite of the precautions observed, it is 
clear that the data check the distortion-energy theory the best. 

Dynamic stresses at the mean radius and at the inside radius 
were also investigated, and when they were plotted as ratios in 
Fig. 16, identical conclusions were obtained. The test results 
were recorded in Fig. 16 as outside fiber stresses since measure­
mPnts were made there. 
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Fro . 16 CoMPARISON OF TEST Jh;suL'r S UNDER CoMu r NED l'ur.­

SATING STn i;: ssEs W1TH VAmous STRE NGTH T1rn 0 R1E S 

CONCLUSIONS 

A special combined-stress pulsator is described which was used 
to subject thin-walled tubular specimens to various ratios of 
<:ombined pulsating stresses which were in phase. The rna lerial 
investigated was annealed SAE-1020 steel. Stress ratios in bo th 
the ( +,+)and the ( +,-)quadrants were applied. In additio n, 
tensile tests and completely reversed uniaxial bending fatigue 
tests were made in both the axial and tangen(.ial directions to 
study the anisotropy of the material. The combined-stress 
fatigue tests agreed bes t with the distortion-energy theory. 
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The Dynamics of Cavitation Bubbles 
BY M. S. PLESSET, 1 PASADENA: CALIF. 

Three regimes of liquid flow over a body are defined, 
namely: (a) noncavitating flow; (b) cavitating flow with a 
relatively small number of cavitation bubbles in the field 
of flow; and (c) cavitating flow with a single large cavity 
about the body. The assumption is made that, for the 
second regime of flow, the pressure coefficient in the flow 
field is no different from that in the noncavitating flow. 
On this basis, the equation of motion for the growth and 
collapse of a cavitation bubble containing vapor is derived 
and applied to experimental observations on such bubbles. 
The limitations of this equation of motion are pointed 
out, and include the effect of the finite rate of evaporation 
and condensation, and compressibility of vapor and 
liquid. A brief discussion of the role of "nuclei" in the 
liquid in the rate of formation of cavitation bubbles is 
also given. 

lNTROD UCTION 

A I) I STlNCTl VE feature of the hydrodynamics ofliquids is 
the possibility of the coexistence of a vapor or gas phase 
with the liquid phase. Such two-phase flow is usually 

called cavitating flow, although it could as well be characterized 
as liquid fiow with boiling. Cavitating flow has great theoretical 
in terest in addition to the hydrodynamics involved because of the 
relation of this fl ow condiLion to the physical-chemical proper­
t ies of the liquid . Th e practical significance of cavitation is of 
course clear. The drag of submerged bodies moving through a 
liquid rises when cavitation appears; similarly, the efficiency of 
pumps, turbines, and propellers drops with the development of 
cavitat;ion; and the damage which may be produced by cavita­
tion in these devices is well known. 

The particular fiow problem discussed in this paper is the How 
of a liquid (water) over a submerged body which will be con­
sidered to be at rest. If p0 denotes the static pressure, and Vo 
the uniform flow velocity of the liquid at a great distance from 
the body, then the general character of the How in so far as cavi­
tation is concerned is correlated with the cavitation parameter 

K = Po - Pv .. . .. ... . . . . . .. . . . . . (l] 
(rVo')/2 

wh ere p, is the vapor pressme of the liquid and p its density. 
Obviously, one cannot expect a single constant to describe so 
complex a phenomenon as cavitating flow about a submerged 
body; however, a correlation in a qualitative way may be made 
with the various types of liquid flow. Three flow regimes for a 
given suitably shaped body will be indicated here. The first (J( 
sufficiently large) is noncavitating How. This state of flow con­
sists of a liquid phase only and, wiLh neglect of compressibility 
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effects, follows th e same !all'~ as an· familiar in air I low. If now 
K is made smaller, a st;aLe of flow is atL,iined in which a n:l:ttively 
small nmnber or bubbles appear near l.hc bouud,1ry or Lh i, body. 
This state of flow will be taken as the second regime of flow. If K 
is furl.her reduced, the number of bubbles i11creases, until even tu­
ally they merge into one large cavity which completely encloses a 
portion of the body. The state of flow with a single cavity about; 
the body is the third flow regime, and may be called cavity flow. 
A further reduction of K brings about onlv an in crm,,· ill the size 
of the ca vity. These th ree flow conditions are illustrn,t0d in 
Fig. 1. 

FIG. 1 Vrnws SHOWING THE THREE REGIMJcs OF FLOW 
(In the top view, the cavitation paramete r K = 0.40; in the ccnter K 

0.28; and in the bottom K - 0.18.) 

In the cavity-flow regime, the boundary of the cavity may be 
taken with reasonably good approxirnation to be a surface of co11-
stant pressure and of co11stant flow speed. The pressure and 
velocity in the flow fi eld a re fundamentally diffcrcnt frnm those 
in noncavitati11g flow. IL may be remarlrnd thaL, at least for 
two-dimeirnional flows, the powerful mathematical methods of the 
free streamline theory may be applied to the solution of cavity 
flow problems ( 1, 2) .2 

The second regime or flow has here been characterized so me­
what arbi trarily as the flow condition in which there is only a 
relatively small number of bubbles in the fiow field . This limita­
tion is made in order to get an analytic simplification. If there 
are only a few small bubbles, the effect of the pressure disturbance 
of one bubble upon another may be neglected. Further, one may 
suppose that the pressme field, except at the bubble, is deter­
mined in the same way as if there were no bubble cavitation . 
As is well known for noncavitating flow, if p is t he static pres­
sure at any point in the flow field, and if p0 and V 0 are the static 
pressure and How velocity in the uniform fiow at a dista nce 
from the body, then with neglect of viscous effects, the pressure 
coeffi ci en t 

2 Numbers in parentheses refer to the Bibliography at the encl of 
the paper. 
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p-p. 
Cv =- (pVo2)/2 ........ . ...... ... . . [2] 

is i11depc11dent of Po and Vo. The present assumption consists 
in the calculation of the static pressure p in the second flow 
regime with the appropriate values of Po and Vo from the pres­
sure cooflicient CP determined for noncavi ta ting flow. This 
assumption that the pressure coefficient i,; es~entially the same 
just hcfore the first few cavitation bubbles appear as it is after 
of course is subject to experimental verification, and the neces• 
sary experiments are planned for the high-speed water tunnel in 
the Hydrorlynamics Laboratory of the California Institute of 
Technology. For the present, this assumption is considered a 
reaso,mble one. It may be remarked also that as the number 
of bubbles increases with decreasing K, the pressure field should 
go over into that characteristic of the cavity-flow field; but, in 
the t ran~ition, the pressure distribution over the body should 
show small-scale spatial variations between the limits of the pres­
sure field of nonc:witat,ing flow and that of t he fully developed 
cavity flow. 

ExrEIUMENTAL OBSERVATIONS OF CAVITATION BUBBLES 

In the present paper an equation of motion will be developed 
for a. cavitation bubble in a flow regime of the second type. Tl1is 
equation of motion will be applied to an analysis of experimental 
observ:1tio11s made in the high-speed water tunnel. Since a dis­
cussion of these experiments has been given recently by Knapp 
a.nd Holl:1nder (3), only general features will be mentioned here. 

The cavitation experiments were made with a 1.5-caliber ogive 
for which the noncavitating pressure distribution had been 
measured, Fig. 2. Runs were made "'ith tunnel velocities Ve 

' ·0.Bt--+-t--+-t--+'......_+c-- _-+- -t--+- +--+-+--+-+--+- +--l0-8 
- -~ -1.0~~---~- -~-- ~ - - -~----=---~--~--- ~ ~ 1.o 

PRE55URE Ol5TRll!,UTION ON I 5 CALIBER OGIVE 

PIG. 2 ExPEIUMENTALLY DETERMIKED PRESSU RE Coi,;t·F1crnNT, 
Gp = (p - po)/2(pl'o'). Is S HOWN AS A FUNCTION OF AXIAL DIS­

T ANCE ALONG i\1oDEL 

(The model profile is shown in the dotted curves with the associated scak 
for the profile on the right.) 

from 40 fps to 70 fps, and the static pressure Po, was reduced until 
11 few cavitation bubbles appeared. Photographs of these bub­
bles ,Ycrc taken on a moving film at a rate of 15,000 per sec to 
20,000 per sec; a reproduction of an example of these photo­
graphs is shown in Fig. 3. 

Ec)UATION OF MOTION FOR A CAVITATION BUBBLE 

Frequent reference has been made in the literature on cavita­
tion to Rayleigh's solution for the problem of the collapse of a 
spherical cavity in a liquid (4). Rayleigh considered the situa­
tion in which the pressure at a distance from the bubble was 
constant. With this assumption, the variation of the bubble 
radius with time may be simply and elegantly deduced from the 

Flo. 3 THIS SERIES OJ,' FRAMEOS SHOWS 'L'HE BulllJLE DIINOT.ED 
AS I3 u usu; I 
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0nergy integrnl of t he motion. In the preRent prnblem, the 
bubble moves through a rep;ion in which the pressure varies 
quite rapid ly so tha t an extension of Rriyleigh's theory is re­
qui red . This extension may Lie readily carried out as follows: 
Consider a Hph erical huhble iu a perfect, incompressible liquid of 
infinite ext cnt, a nd let the origin of co-ordinates be at. the bubble 
center which is at rnst.. The radius of the bubble at any time 
I is R, a nd ,- is the radius to a ny point in the liquid. Then, as is 
well kno\\'u (5), the velocity potential for motion of the liquid 
wi th sph<!ri c::d symmetl'y is 

R'il/r .. 

and the lkrnoulli in tegral of the motion is 

<Jcf> 1 p(r) />(t) - ·- + - ('vcf>)' + - = --- . ot 2 P P 

. . . . [3] 

. .... [4] 

where it = ,/ I( / dt, p(r) is the static pressure nt r , and P(t) is the 
sta tic pr0ss11re a t a di stance from t he bubble. Also, from Equa­
tion [3] 

(" <1>) 2 = u• iNr' .. . . .. [5] 

<Jcf> 1 . .. - = - (2 R R' + U' U) ot r 
[fi] 

l::quation 14] will be appl ied at r R so tha t the equaLion of 
motion fnr U1 e bubble radius is cletermined (5). Onr, notes that 

(oct>/ut),~Jl = 2 k• + RR 

( 'vcf> )',~u = il' 

so that, !~4uaLion [4] uecomcs 

7J(U) - P (t) 

p 

3 . 

2 ll
2 + a i~ . . . . . . . . . . . . l 71 

Equation [7] iR the gcmeral equation of motion for a spherical 
bubble in a liquid wi th given external pressure P (l), a ncl with 
the pressure at the bubble boundary p(R) . One gets Rayleigh's 
solution HS a. special c:,sc with 

P(t) - p(R) 

a nd with i he aid of the relation 

Po (a constant) 

3 . .. 1 r1 . 
- ll 2 + R Ll = - .- - (ll" Tl') 
2 . 2R Tl 2 rlt 

Equation [7] is adapted to the present problem with the as­
sumption that 

p(R) = Pv - 2u/ fl . ..... ... . ... .. .. [8] 

where Pv is the vapor pressure of the water at the appropriate 
temperatu re and u is the surface-tension constant, for water. 
It is thus supposed that one has to deal with the growth ancl 
collapse of a "vapor" bubble. The problem is defined when 
P(t) is known. It ,1 ill be assumed, as just discussed, tha t P(l) is 
determined from the noncavitating pressure distribution over the 
body. 

The analysis of the experimental data, and the comparison 
with the theory, are carried out in the following manner: The 
experimental data given include bubble photographs, Fig. 3, 
which determine the following: 

1 The position of \.he bubble relative to the body profile as a 
function of time. 

2 The radius U of the bubble as a function of time. 

Further, the tunnel t emperature (and hence Pv) are given as 

well as Po and Vo ; these data a.re usually combined in t he specifi­
cation of the cavitation parameter J{ and t he tunnel tempern­
ture. From this information, a nd the knowledge of the pressure 
distribution over t he body , Fig. 2, t,he absolut e pressure at the 
model surface is de termined. This absolu te pressure as a function 
of position on the model is now trnnsfornwd into the fun c­
t ion P (t) from the correlation of the bubble position on the model 
with t ime. When P (t) h:is been dctcrminnd, t he inl0gra t ion of 
the equal.ion of motion (Equa tions [7] :mcl [8] ) may be c:, rried 
out to get the radius of the bubble Has :1 fun ction of Lime. Tho 
equation of motion cannot be intcgrnlecl ana.lyt ica lly , and its 
integrntion was performed numericHlly. The solut ion is <.l et.er­
mined when two constants are specified, a nd t he.;c were taken 
to be the observed value of the 1m1ximurn rndius R,,, where it = 0. 
Thus the theoretical solution has been fit.Le,, l to the ,,xrwrimcn ta 1 
curve only at the pc:1k of the radius-time curve. The theoreti<'a l 
curve was then determined by integrrding forward (th<' collaps,· 
portion) anti bacbrard (i.he growth por tion) from U1i s one poin L. 
A corn1mrison of the calcubt.ions wi th the mc: c:mrcJ value~ is 
shown in Figs. 4, 5, 6, a nd 7. The agreemen t i,; considered satis­
factory, pa rti culad v sin ce it must be emph:1~ized t hat, prcl'isc 
experimental da.ia arc diffi cul t to obl:tin . The t,\1 ooretica.l 
radius-time cu1·vc is qui l,e sensitive to the P (I) f11n ct. ion; fm t l1 e 
experiments thus far analyzecl, it is helicvC'd by the cxpninwn tal 
workers that the c:w ii ation parameter K hns not been dct N­
mined wit.h quite the 1wci,Rsary a('Curacy. Further, I.here a re 
some difficulti es iu thP d,•t .enninaHon of t he bubble out.lin t•s with 
prec1s10n. Tha t this i., th P casP is not surprising sinPL' nne iF 
requiring considerable pho1ogr:1phic ,let.ail lhron ghnut a. prnc­
c~s whi ('h h st~ for a t ime oft.he 01·cler of a millisecond. lt must 
also be pointed out t lutl, there arn approxirn:1.tio11s i11 volvecl in 
applying lhr lheoret.ie,d equation to t he experiment.a.I situat.inn . 
T hese approximations wi ll now be considernd. 

T1r1·;01ui l'I CA I, A1•p1mx1\IA'l'I0NS 

The P,·ess ure Field. It has been supposed that Lhc J>l'cssun, 
field, P (t) , acting on the bubble is determined from t he pres­
sure distribution over the model. It is clear that, in the init.i:d 
str1ges of cavitation of present int erest, the bubbles will form as 
close to the model surfitee as possible since the pressures take their 
lowest values there. However, it a lso has been assumed that the 
bubble is acted on by a spherically symmetric field. Since the bub­
ble is of finite exlcut a nd. since the pressure field lms deft11itl' 
pressure gradients both along Lhe model and uonnal lo iL, i l is 
clear that a simplification has been in troduced. These pres­
sure gradients would be H. source of asymmet;ry in bubble sh:qw, 
and there is some evidnnce of this asymmet,ry. It i~ believ,·d 
that the approximation made is not such as to obscure Lhe ,,,_ 
sential details of the growth and collapse ; space gradients i11 t.Jw 
pressure field are here regarded as a second-order effect. 

It also !ms been assumed that the bubble is in a li qu id of ill­
finite extent, and it is evident t;hat the bubbl e grows :1.11d co l­
lapses in the neighborhood of the model surfa('e. This :1 ,;y rn­
metry in the fluid field has an effect which nmy be poin Led out a, 
follows: As compared with the experimental situat ion, t lw 
theory would exaggerate the importance of t,he li,1uid incrt.i:c ( t hi,; 
inertia leads to the term in il' in Equation [7]). Comparisl)IJ of 
the theoretical curve with the experimental points 11·ould seem 
to indicate some overestimate of this inerLia term whe1·e l l is 
small, i.e. , near the beginning of the growth a nd toward the end 
of the collapse. 

The presence of the model surface has an additional effect 0:1 
the flow field in its neighborhood which arises from the bounda ry 
layer. The thickness of this boundary layer may be estimated 
from the Blasius formula, and for the present flow concl itions 



280 JOURNAL OF APPLIED.:MECHANICS SEPTEMBER, 1949 

16 

, 4 

12 

iJ'J .10 
w 
~ u 
~ 08 

~ 

~ 0 6 

5 
<! 
(I 

_ B U ~ B LE .! 1 , -1 
G) E X P E. RIM E.NT A I.- P01N 1 5 ~ ~ 

1-- ~ =-~~ FT/SEC - - - - -:;(_>-..J 

~ ~ 0 o G . 
v 

# ' f- • ,fr 
"'O.r 

~ 

"/ cuP-V E. 

·f 
Q-;c _.;; -

- ,/ / 
'2' 

l , - I 
0 . I I 

4 - -. .0 
I 

- I 

0 
• I 

2 0 J 
I I 

f- I 

0 
I I I ( I I 1 

• \ . 
\ . 
\ 
' 

I , ,i J ,l NUM
1
,ER ;~ FR~~ E5 

2i 
' - - _,..., IFRAf1E = px10 - ~SE.C 

31 

,n .08 1----t-·- --+- -+--
w 
1 u 

!· , . . . I 

1 

-

1 4 

-
1 2 

-
I 0 

-
.... 

-. .. 
• -

-

2 

-
I ' I 

3

1

G 
-

0 

~ Oel----l---1----1--h---ll---+---+--~ 3 ~ ; 0~: ,n 

~ O.lll----l----+-,,-J'--+---l--- ---1-- 00'~--+-- -i-- ..,._- ---<2 a 
5 0 / • 

~ (J Q~ 

0 2f.-- -+.c~-1+--+---+-- - !-/-;L-t- - +-- --f-- -;- --1 
/ 

/ 

o µ_..L....L-1--'-'-.1....1---1....,'--'--+--1-..J,.J'4-.L.L-'--l-'-"--'--+--'--'--'-+~--'--+--'-~,-t--~ -'--lo 
4 - - e __ 12-..... l'f' g,o 2

1
~ 2e 3 2 

I 
I J N U MBER OF F R AMES I 1FA.A.ME - 6 G 7 x 10- 5 sec 

Fr( ,. ti 

l, •atb to a thickness of the order of 6 X 10- , in. On the basis of 
this es timate, the effect of the boundary layer will be neglected. 
It should be noted that the present measurements extend to 
minimum bubble sizes larger than this boundary-layer thickness 
although some reduct ion in the effective value of R should be ex-
1" '~1 cd fo r very small R. 

An experimental source of apparent asymmetry in bubble 
shape might be supposed to arise from an overestimate of the 
b11lihlc dimension in the direct ion of its motion which would be 
pr11d11eed by its motion during the time of light exposure (1.5 X 
10 - •1 ~ec). Uo,,·ever, this blurring would give an apparent ex­
lp11sio11 of t,hc irm,ge by approxima tely 10- 3 in. so that this error 
is 11 0!. pa rticula rly significant. 

T emperature and Pressure Conditions in Bubble. It has been 
aRs1111wd in the theoretical calculations that the vapor pressure, 
p., in the bubble, and hence the bubble temperature, remain 
co 11~lant. Clearly, heat must be applied to the bubble to evapo­
rate water and maintain the vapor pressure during growth, a nd 
heat of condensation must be removed during collapse. The 
temperature changes required may be estimated readily. Con­
sider a bubble wi th maximum radius Rm which has a growth 
time r . The total mass of vapor which is evaporated into the 
bubble is (47r/ 3)Um 3 p', where p' is the vapor density. The total 
heat required is 

Q (47r/3)R., 3 p'L 
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where L- is""the latent heat of evaporation. Thus for a bubble 
which grows to a maximum radius Rm = 0.10 in . in 20 frames 
(r = 10- 3 sec), the mass of vapor is 1.17 X 10- • grams, and Q = 
6.8 X 10- • calories. This heat is ta ken out of a water layer sur­
rounding the bubble. If the thermal diffusivi ty of water is D 
(D = 1.43 X 10- 3 sq cm per sec) , t hen the order of magni tude 
of the thickness d of the water layer from which thiR hea t is con­
ducted is 

and for r = 10- 3 sec, d "" 1.2 X 10-3 cm. The volume of the 
wa ter layer from which this heat comes is of the order of magni­
tude 47rRm2 d, and, in the present example, the corresponding 
mass of water is 1.0 X 10- 3 g. Finally, the ternpcrnture drop of 
this water layer is 

(4'r/3)Rm 3 p'L 
4,,Rm2 dpc 

R,,. p'L 

""3-VDr pc 

R,. p'L 

3d pc 

where c is the specific hea t of wa ter. In the present example, ti.T 
(growth) "" 0.7 deg C 1.3 deg F. A typical value of collapse 
time is r "" 10 frames = 0.5 X 10- 3 sec, and the corresponding 
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tl'n1pcmturc change, estimated in this same way, is 

A1' (collapse) "'" 1 deg C = 1.8 deg F 

It is apparent that these temperature changes are insignifi­
rant so that one may take the bubble boundary to have a con­
stant temperature, essentially the same as the water tempera­
tu re, and a constant value of p •. 

This conclusion cannot be accepted uncondit ionally, how­
ever, since evaporation, or condensation, is a process which 
take.· place at a fin ite rate and, if this rate is not sufficiently 
hi1,;h Lo keep up with the rate of volume change of the bubble, 
the vapor in the bubble wi ll behave more like a permanent than a 
co 11 densable gas. This effect definitely limits the range of valid­
it.,· of the particular assumption, p. = const, toward the end 
of the collapse phase where the radial velocity k increases 
rapid ly . This trend toward rapid increase in the calculated 
rnrliitl velocity is illustrated iu Fig. 8. Tbe rate of evaporation, 
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or condensation, can be estimated from elementary kinetic 
theory which says that the mass of gas evaporated (or con­
dPnsed) per unit area per unit time at an absolute temperature 
T is 

. M 
~

-
J = P. 21,B1' 0 ••••••• ••••• •••• • • [OJ 

where Pv again denotes the vapor pressure for a vapor with 
molar mass M, and /3 is the gas constant. If one assumes that 
the vapor obeys the perfect, gas law 

p' 
P = - B1' • M 

which is reasonably accurate in the temperature range of inter­
est (6) , Equation [!J] may be written 

. I B'1' 
j = p' 121rM = p'V . . ..... ... .... . . [lO] 

where V = yB'/'/21rM is the desired velocity to be associated 
with the rate of the evaporation or condensation process. For 
the present problem, at 22.2 C = 72 F, V is approximately 150 
mps "'" 500 fps. Hence unless k is appreciably less than thi;; 
value, one may not assume the constant value for p. . During 
the collapse. when R approaches or exceeds th is value, the col­
lapse velocity would tend to be decreased because the vapor 
will begin to sho"· a rising pressure as it behaves like a pC'rmanent 
gas. 

A furth er effect, of in terest is the shock loss which will appear 
in the vapor when k reaches the gas acoustic velocity . The ef­
fects of compressibility both in the vapor and in the liquid will 
not be considered here, although the problems posed by them are 
of great interest. A solution of these problems will be decisivC' 
for the quantitative determination of the high pressures arising 
toward the end of the bubble collapse, the regrowth or subse­
quent o~rillat.ions of the bubble, and the Round energy radi­
ated. 

Air Content in Bubble and Role of Nuclei ·in Forniation of 
Bubbles. The 11ssumption has been made that any air con­
tained in the bubble does not affect the dynamics of the bubble 
growth and collapse over the range of bubble sizes which have 
been measured and analyzed here. This assumption might be 
considered questionable since the water-tunnel flow experiments 
are made with water containing an appreciable concentration of 
dissolved air. Furthermore in the region of flow in which the 
bubble behavior is studied, the liquid pressure is considerably 
below the liquid static pressure Po at a distance from the model. 
Hence one should expect that the water is supersaturated with 
dissolved 11ir and that diffusion of a ir into the bubble would 
take place. 

An analytic solut ion for such a diffusion problem has been 
carried out by P. S. Epstein and the author, the details of which 
will be presented elsewhere. For the present discussion it is 
necessary only to say that the diffusion process is so slow that it 
does not contribute appreciably to any alteration in the air 
content, of the bubble. 

As will be pointed out later, the initial air co ntent of a bubble 
is very small so that over the range of bubble sizes which are ob­
served and to which the present calcula tions have been applied, 
the effect of the air may be neglected. It must be emphasized, 
however, that the small mass of air in the bubble plays a most 
important role in the initial stages of bubble growth, and also 
may enter in the final stages of the bubble collapse. The ini tia l 
stages of bubble growth in which the air content would be of 
significance, refer to bubble dimensions which a re beyond the 
present range of experimental observation. Similarly, the fina l 
stages of bubble collapse in which the compressibili ty of air, water 
vapor, and liquid are of importance, refer to bubble dimensions 
which lie within the last frame photographed. 3 

A few remarks, nevertheless, may be made concerning the 
ini t ial formation of the bubble. It is the present view that the 
formation of a bubble in cavitating f-low, or in boiling, begins from 
a nucleus within the liquid containing air, or vapor, or both. 
Such gas-phase nuclei arc ordinari ly submicroscopic in size, and 
become evident only upon growth of the nuclei through pressure 
reduction in t he liquid (reduction in the function denoted pre­
viously by P [t]), or through elevation of temperature (increase 
in the func tion denoted by p [R]). The absence of such nuclei 
means that the very large forces or surface tension must be 
overcome to initiate cavitation or boiling. It is well known 
that degassed pure liquids can withstand very large tensionR, 

• Knapp and Hollander (3) assumed that, over the present range 
of observation, the bubble contains essentially only water vapor. 
The present discussion supports this view. 
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or may be superheated considerably, without the formation of 
cavities and bubbles. 

Recently, lfarvey (7) aud sub~equently Pease and Blinks (8) 
have sho\\'n experimentally that \Yater saturated with air also 
has high tensile strength, provided it is denucleated. Harvey's 
method of dcaucleation of water saturated with air consists in 
putting the solution under high pressures (of the order of 10,000 
psi) fnr several minutes. The air nuclei are squeezed into solu­
t inn ~o th:d, when the sol Lt i i on i.; brought back to atmospheric 
prc,;sur<! it ,Jocs uot cavit,ate under the tensions which freely 
produced cavitation before the prcssuriz~ttion. These same pres­
sure-treated air-water solutions also can be superhcate,1 by as 
much as GO to 80 deg C without boiling. 

Presumably in ordinary untreated water the nuclei which 
contain gas :wd v:1.por arc stabi lized on small solid particles. 
The presence of a soliJ, or third µhase, is indicated since the sur­
face energy of a bubblu bounded by a solid surface and a liquid 
, urface mav uc wry low. :\Id hods \\'hereby the probable rate of 
formation of nuclei as <let.ermined by the surface c11orgy may be 
calculat ed have been discussed by Becker and Doring (!J) and 
J{aischew and Stranski (10). The aim of the theory is to calcu­
late the tensile st1·cngtli of liquids, but iL should be applicable 
nlso tu ihe statistics of the number of nuclei which should grow 
Lo macroscopic bubbles for given conditions of liquid temperature 
a.nd pressure. 

Cui\CUJS10N 

The rnai11 purpo,e of the present discussion, aside from touch­
ing upon problems which still :nrni t quantitative solution, has 
been i-.o point out the fo llowing: Liquid f-low can be divided into 
the t hree regimes mentioned; and, since the noncavitating regime 
and the single-cavity regime may be considered to be on a quanti­
ta tive basis, the main concern here has been a clarification of the 
second, or bubble, regime of flow. Also, it has been remarked 
tha t an interesting experiment would be the measurement of the 
pressure cliRtribution over a body in this second regime of flow. 
It has been shown that the macroscopic behavior of cavik,tion 
hubbies may be explained reasonably well by a fairly simple 
equation. 

Finally, it may he pointer! out tJrnt the macroscopic behavior 

of the bubbles formed in a boiling liquid may be considered as en­
t irely analogous to the cavitation lmbhles more spccif-ically con­
sidered here. The growth of bubbles in a liquid has great in terc, t 
at present in the problem of increasing the heat transfer from a 
heated solid to a. liquid. 
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Energy Method for Determining Dynamic 
Characteristics of Mechanisms 

BY B. E. QUINN,1 LAFAYETTE, TND. 

Two types of problems are dealt with in the paper which 
are involved in the design of mechanisms required to have 
specified dynamic characteristics: (1) Determination of 
applied forces required to produce specified dynamic char­
acteristics. (2) Determination of the dynamic character­
is tics which will result from the application of known 
forces. While graphical methods may be used in the solu­
tion of type (1) problems involving more or less complex 
mechanical systems, they do not afford a direct approach 
to type (2) problems. The energy method which will be 
outlined can be applied in eithe r case, although this paper 
\\'ill be primarily concerned with the det·ermination of the 
dynamic characteristics which result when a known force 
is applied to a given mechanism. 

l N'l'lWD IJC'l'ION 

W HEN de. igning circuit breakers a nd other mechanical 
devices i t is often desirable to determine the time re­
quired for U1cse mechanisms t o complete a motion 

r_vc le. H is also deHi rab le to determine the manner in ,Yhi eh the 
vclocit-._v and acceleralion of certain moving par ts, such as contact 
t ips, ll' ill vary d uring the motion of the mecha nism. In designing 
, uch devices the rl csired dyna mi c charac teristics are often the 
hasi~ upon whi cl, the engineer dete rmines the propor tions of the 
va rious li nks in the mecha ni, m. \Ia 11y times these character­
i,tics will determine the fo rces ,d1ich will !Jc required to operate 
li1c device. Before begi1, ning the design of a new circu it b reaker 
the time required to in Lc l'rupt Lhe circuit, may first be estab­
li shed. In addition, certain velocity characteristics may be de­
sired when the moving contacts a re interrupting or closing t he 
circuit. These specified dynamic characteri st ics m:iy th us be the 
basis upon which design calculati ons are made. 

If the cl i mensions of the par(,R in the mechanism a re known, i.nd 
if the accelerntion of one p:trt is given, it is usua lly possible to 
determine the corresponding accelerations of all the other moving 
par ts. It is then possible to dutermine t!tc fo rce whi ch must be 
applied to the d riving member to produce these accclerations.2 
If th is a nalysis is repeated fo r successive posit ions of t he mecha­
ni~m, a curve showing t he magni tude of t he driving fo rce can be 
determined. A force applied to the mecha nism in th is manner 
should then produce the desired dynamic characteristics. 

T n ma uy cases, however, it may be imprac tical to supply a 
dri ving fo rce to t he mechanism which will vary in t he desired 

1 Associate Professor or M arhine D esign, Purdue Univernity . 
M em. ASMK 

' ":vfeclrnni cs or M achinery," by C . W. Ham and E. J. Crane, 
.\fcGrnw-Hill Book Company, Inc., N ew York, N. Y ., l!l38, pp. 338-
:wz. 

Co11 1,ributcd by tl1c Applied Mechanics Division and presented at 
the Ann ual M eeting, New York, N. Y ., November 28-December 3, 
1948, of TH E AMr-:ntcAN SocrnTY 0 1, Mr-:cHANTCAL E N aINEEn s. 

Discussion of t hi s paper should be addressed to the Secretary, 
ASM F. . 20 West 30th Street, N ew York, N . Y. , and will be accepted 
until Octob er 10, Hl49, for publication at a later date. Discussion 
received after the closing date will be returned . 

NoTt,; : Statements and opinions advanced in papers a rc to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 48- A-18. 

manner. The engineer is limi ted to springs, air cylinders, and 
other devices which have definite force-displacement character­
ist ics. Therefore it may be difficul t to modify these devices to 
obtain a special velocity or acceleration characteri s tic in the 
driven mechanism . The problem then arises of determining the 
velocities and accelerations which will resul t when a n ava.ilable 
driving force is used . While other methods 3·' have been sug­
gested for solving this problem, it is the purpose of this paper tn 
present a simple method which does no t, require a n extensive 
mathema tic1il background . It may be well to summari i e 
briefl y the t,rn types of problems which are involved in the design 
of mcchani~ms required to have specified dy na mic charac tt'r­
istics: 

1 D etermination of applied fo rces required to produce spe<'i­
fic cl dyna mi c characteristics. 

2 D etermina Lion of the dynamic charac teristi cs whi ch will 
resul t from the application of known forces. 

In elementary problems in mecha nics there is li ttle d iffo rcncc 
in the method whereby a solution to eit her of the foregoin g prob­
lems ca n be obLaincd . In the mn rn comj)lcx mechanical systems. 
however, the graphical method,' used for solving type ( 1) prob­
ems, docs not afforrl a di rect a pproach to type (2) problems. Tl 11' 
energy method whi ch will be out lined can be ap plied in either 
case, a lthough t hi s pa per will be pri marily concerned with the 
deterrnination of the dynamic characteristics whi ch resul t when a 

kno,n1 fo rce is applied to a given mechanism. 

J'UN IH.MENT A L CONSIDEHA'l'IONS 

It is convenient to consider the mechanical system shown i 11 

Fig. l (a) . Assume that this mechanism is ly ing in a horizont:tl 
plane, that t he links are rigid, and that no friction is present. Tf a 
motor is connected to the crnnkslrnft the mechanism can be 
brought up t o a speed such tha t the crank (2) will rotate with an 
angular velocity """ · If the motor is disconnected the meclm­
nism will cont inue to run. If the piston had maximum velocity 
at the time of release, it a lso ha.cl Lhe maximum kineti c energy 
which it would attain during its motion cycle. When it reaches 
the end of the stroke, however, the velocity will be zero. Where 
then will be the kinet ic energy which was in the piston '/ Since 
a ll members arc constrained to move in a horizon tal pla ne there 
can be no cha nge in the potential energy of the system. Jf the 
links arc rigid , no strain energy will exist. No externa l work can 

be done on t he mechanism, since no fri ction is present . Under 
these concl itions t he total kinetic energy which was presen t, a t the 
time of release will .rern:tin unchanged . This means tha t the 
kinetic energy of the piston rnu: t reappear a.s kinetic energy 
in other links. This will result in a n incre:~-se in the velocit,y of tbe 
other members since neither the mass nor the moment of inertia 
of any member changes. It is thus seen that the velocity of the 
cra nk and connecting rod will vary depending upon the amount 
of kinetic energy which they must possess to keep the Lota! kineti c 
energy in the mechanism the same at all times. The distribuJ.ion 

' "Mccht1nics Applied to Vibrat ions a nd Balancing," by D . L. 
Thorn ton, J oh11 Wiley & Sons, Inc., N ew York, N . Y ., 1940, p. G2. 

• " Dynamical Analysis of Machines," by R. Eksergian, Journal of 
The Franklin Institute., vol. 209, 1930, p. 21. 
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of the kinetic c11crgy therefore must change for successive posi­
tions of the mechanism. 

e, 

(<l ) 

b 

~ 
C o 

(6) 
~ -- STROlff ·--~ 

(c) 

FIG. 1 SLIDER-CRANK MECHANISM 

The kinetic e11ergy (KE) of the mechanism in Fig. 1 (a) can be 
computed as follows 

KE (c rank) ( vb )2 
OB 

...... [1] 

1 
KE (piston) = 2 MpV,2 •••• • . • • . ..... [2] 

KE (con. rod) 

It will be noted that these equations arc finally expressed in terms 
of the linear velocities of various points in the mechanism. These 
velocities can be obtained from the velocity-vector polygon shown 
in F ig. l {b). 

If the velocity of Bis double<l for the indicated position of the 
mechanism, then a ll other velocities will be doubled. Thus it is 
seen that a linear relationship exists between the velocities of all 
t he points in the mechanism for a given position. If Vb is 
doubled, the kinetic energy of the crank will be increased 
fourfold. A fourfold increase will also result in the kinetic 
energy of the piston since V. will be doubled. The con­
necting rod likewise undergoes a similar increase in kinetic 
energy. The total amount of kinetic energy in the mecha-
nism will thus be 4 times the original value. It is im­
portant to note, however, that the per cent of the total 
kinetic energy contained by any link will remain the same 
despite a change in speed. For mechanisms in which there 
is no change in the mass or moment of inertia of the links 
with respect to speed, and in which a linear relationship 
exists between the velocities in a given position, the follow­
ing theorem is advanced: 

"The per cent of the total kinetic energy which the link 
of a mechanism contains will remain the same in any given 
position regardless of the speed." 

This theorem is the basis of the proposed method for 
<letermining the dynamic characteristics of mechanisms. 

PROPOSED METHOD 

cording to the force-displacement diagram shown in Fig. 1 {c). 
The mechanism could t hus represent a single-cylinder steam en­
gine to which the steam is heing adm itted. It is required to 
construct the vulocity-displacen11:nt curve and the displacement­
time curve for the piston. 

The first step in the energy method is to <l etcrmi no the per ceu t, 
of the total kinetic encrg_v contained by each link of the mecha­
nism for a series of sclectc<l positions. In or<ler to do Lhis, how­
ever, t.he velocities ind icated in Equations [l], (2]. [3] must be 
known. According to the theorem , the distribution of the kinetic 
energy is independent of t he ,:;pcecl for a given position. This 
means that if 20 per cent of the total kinetic energy is in t he pis­
ton for the position shown in Fig. l (a), then this value (20 per 
cent) will be obtained regardless of the speed of the mecha nism 
for which the computation was made. Therefore a convenient 
value of velocity is assumed for a link of the mechanism, and Lhe 
kinetic energy of each link is computc<l for the corresponding 
velocity. The sum of the kinetic energies of each link gives the 
total kinetic energy in the mccha 11ism from which Lhe per ce11t 
contained by any li nk can easily be obtainc<l. If this is clone ror a 

series of positions the curves shown in Fig. 2 can be drawn. 
To conserve space, the numerical computations necessary tu 

construct the curves in Fig. 2 have been ornitt,ed. It was neces­
sary to obtain the velocities indicated in Equations [1], (2J. (31 
for successi vc · posit.ions of t he piston. A constant vcloci Ly was 
assumed for point B, aml Lhc correspond ing velocities were 
obtained by the use of ve locity-vector polygons. The toLal 
ki netic energy in the mechanism varied from position to position 
because of the constant velocity selected for poi nt B. This in­
dicated that the crank would not have constant angular velocity 
if the total kinetic energy oft.he mechanism remained uncliangeu. 
The following dat.a were used in making these computations: 

Weight of co11nccting rod, lb ........ . . . . . . .. . . 
Weight of pi8ton, lb .. .. . . .. ............ . . . ...... . 
Weight of crank, lb.. .. . . . . . ... . . .. . 
Moment of inertia of crn11k, slug-ft.' .. ...... . . ...... . 
Moment of inertia of connect in g rod, slug-ft' . . . 
Length of crank, in ......... . 
Length of~nneeting rod , in ... . .. . .. . .... . . . 
Distance BG, in ...... .. . .. . .. ....... .......... . . . . 

3 .7 
4 .0 
4.0 
0 . ow 
0 .016 
4 

16 

4 

The second step in the proced ure consists of drawing the veloc­
ity-displacement curve for the piston. An arbitrary displace-

FLYWHl!EL 

s 

Assume that a force is applied to the head end of the 
piston shown in Fig. 1 {a), which varies along the stroke ac-

FIG. 2 CURVES SHOWING DISTRIBUTION OF KINETIC ENERGY IN 

SLIDER-CRANK MECHANISM 
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mcnt is selected, and from Fig. 1 (c) the work done by the applied 
force is cornputed. This of course wi ll be represented by the area 
under the fo rce-d isplacement curve for t he given displacement. 
Under t,hc conditions previously outlined , Lhis work must appear 
as kinetic energy in the mechan ism. From Fig. 2 the per cent of 
the kinetic energy wh ich will appear in each member can be deter­
mined; hence the amount of kinetic energy which the piston wi ll 
contain after the given displacement can be computed . Knowing 
this va lue, the velocity of the pislon can be obtained by solving 
Equation [2] for V,. Thus the velocity-displacement curve can 
be constructed. 

All of the 11·ork done by the applied fo rce may not appear as 
kinc1 ic energy in the mechanism. lf the mechanism had been in 
a vertical plane, then t he po ten Lia\ energy of the connecting rod 
11·ould have chang,·d. Had the mechanism also compressed a 
spring during the displacement then t he amount of work avai lable 
as kinetic energy would have been still further reduced. In 
ac tual mechanisms friction is present, and machine parts may be 
qui te ela. ti c. Therefore care must be taken in determining the 
amoun t of work which is available as kincLic energy. 

It is possible to deLermine other dynamic characte ristics from 
the velociLy-d ispl:Lccment curve. 13y using the subnormal con­
struction," the acceleration at any displacement can be obtainer!. 
The c11 rve can be i11 Lcgrated to give the time corresponding to a 
sc., lccLcd disph1ccmcnt, from ll'h ich the displacement-time curve 
can be constructed. The other dynamic characteristics can thus 
be determined from the velocity-displacement curve. 

The curves in Fi g. 2 could also be used to determine t he force 
whi ch ll'Ould lw required to produce desired dynamic character­
istics. SuppoHt· that a velocity-displacement curve was selected 
for t he piston, and that Lhc force-displacement curve was the 
characteristic to be obtained. The velocity of the piston would 
then be known in successive posiLions, and the kinetic energy 
of the piston could Urns be comput,ed . F'rom the curves in Fig. 2 
the per cent of t he total kincLic energy of 1,he mecha nism which is 
found in the pisLon fo r t he selected posit ion can be determined. 
The total kineti c energy in the mechanism can thus be computed . 
This kinetic energy must be prnduced by the unknown force 
app!icd to the pisLon acting Lhrough the selected displacement. 
Thor •fo re the average force can be calculated. If small piston 
displacements arc used the forctHlisplacement curve can be 
construc ted. 

ExA~ll'LE 

l 11 Fig.~ is shown a circular disk cam wi th a fl at-faced follower. 
A weight is fastened to a string which is wrapped around a drum 
fastened to the cam. It is required to construct the velocity­
time curve for the fo llower and Lhe weight. The mechanism is 
shown in the position for which t he cam and the follower are con­
sidered as havi11 g no potential energy. The following data are 
to be used : 

Weigh t of earn , lb ...... ... . . . .. ... . ... . ....... . ... . 
Waight of follower, lb ... .... ... .. . ...... . ... . 
Weight W, lb . . . . . .... . • •... .... .. .. . ...... . . ... 
Rad ius of disk ea rn, in . . . . . . . .. .. . . ... . .. ... . . . . . .. . 
H.ad ius of drurr,, in .... . . . .. . .... . . . . . 
Distance B, in . ... ..... ................... . 
Radius of gyration of cam and drum about ccnter of rota-

tion, in.. . ..... ..... . . . ...... . . ... . ...... . . 

3.49 
3.49 

10 
4 
2 
2 

3.46 

The first step is to consider the cam to be rotating with a con­
stant angular velocity. The follower will then move with simple 
harmonic moLion, and its displf1.ccmcnt and velocity can easily be 
computed as shown in Table 1. The weight will t ravel with con­
stant veloci ty, thus t he kinetic energy of the members can be 

'"Kinematics of Machinery ," by C . D. Albert and F . S. Rogers, 
J ohn Wiley & Sons, Inc., New York, N. Y., 1!)38, p. 78. 

determined Pasily for successive cam posiLions. To conserve 
space the calculations a re shown for every 45 deg of an enti re 
revolution of t he cam. From the total kinetic energy the per 
cent contained by each member is calculated and the curves 
shown in Fig. 4 are plotted . It can be seen from Lhese 
curves that the calculations need only be made for one ha lf a rn-

Fw. 3 CA M ME CHANISM 

voluLion of the cam, since I.he values are repeated in the latt,er 
portion of cam rotation. 

In accordance with t he second step in the soluLion, the velocity­
displacement curves can now be constructed for the follower and 
the weight. The downward displacement of the weight is com­
puted for a selected angular displacement of the cam, and the 
work done by the weight in moving this distance is computed. 
The corresponding increase in potenLial energy of the cam and 
follower is calculated, and is sub tracted from the work done to 
obtain the amount of kinetic energy which appears in the system. 
Of this amount, the per cent which is in the weight, cam, and 
follower can be obtained from the curves shown in Fig. 4. The 

FIG. 4 
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CURVES SHOWING D1 STRlllUTI ON OF KINETIC ENERGY I N 

CAM MECHA NISM 

velocity of each member can then be computed when the kinetic 
energy which it possesses is known. The velocity-displacement 
curves can then be constructed . These computations are sho\\·n 
in Table 2. 

By the well-known method of graphical integration, the desired 
velocity-time curves can be obtained from the velocity-displace-
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ment curves. The details of this step are omitted, but the results 
are given in Fig. 5. Equal intervals of time are shown along the 
horizontal axis, above which the corresponding intervals of cam 
rotation are indicated. The slope of the curves thus shown indi­
cates acceleration, and the point where t he foll ower would leave 
the cam contour could be determined. The dy namic character­
istics of the cam mechanism, which will result; from the applica­
tion of the weight, can be obtained. 

Although the method is thus illustrated for a very simple 
mechanism, it can be seen that for analyzing many of the more 
complex mechanical systems the only additional requirement is 
sufficient patience. 

C ONCL USIO NS 

The proposed method consists of two steps which can be sum­
marized briefly as follows: 

1 Determinati on of the dist ributi on of tlic kinetic energy in a 
mechanism. 

2 Determina tion of the velocity of a member by knowing the 
amou nt of kinetic energy which it possesses after the app li ed 
force has acted through a given distance. 

The method has disadvantages which limi t the accuracy of the 
analysis. The effect of friction is cumulative, and the amount of 
error may increase during the motion cycle. This effect is di ffi­
cul t to determine analytically. If the members a rc elastic, some 
of the work done on the mechauism may appear as strain energy 
rather than kinetic energy. Therefore t hese factors in troduce 
error in the computations. 

There a re ad vantages, however, in th is mcLl ,od of an alysis. 
Because accelera tions are not required it is not necessary either 
to construct acceleration polygons or to dete rmine accelera tions 
unalytically . E ither proced ure may be cl ifricul t rn complex 
mechanisms. A velocity-vector polygon will supply all th 
necessary in formation for any selected position. T he required 
velocities could be determined by instant centers or by any other 
method familiar to the individual making t he analysis. How­
ever, the method is versa tile since it can be applied to either of th e 
two fundamental problems outlined in the in troduction. An ex­
tensive mathematical background is not requi red 111 order to 
apply the energy method, although considerable mathematical 
skill is necessary for using other mct hods3 ·

1 of' analysis. I t is thus 

WEIGHr 

I 

\ 

\ 

-:<-. 
\ 

I 

~ --FOLLOW£1f 

~ CAM R OTATION ' 1&08 j~o· 5~0· 7J o· 10 eo· 
~ O l"-''---0-.-,----0-.2----0-.~,~~~/1'1-c--O-.-~(-SE_C_.),_O_S~---+-o .• --..;....-0_1+-

0 ... 

0 

'!° 

\ 

' _, I 

\ I I 

I 

I 

\ 

I . 
'·· 

,_. 

F IG . 5 VELOCITY CURVES FOR CAM MECHANISM 



TABLE 2 COi\ IPUT . .\TlO NS FOR VELOC IT Y-D ISPL.-1. CEi\l EN T CURVES 

e lw n (aval lab lo ) Xf PE (c ao & roll o·,,;e r) 1-3: ( ava ila b:. e ) KE r = ,t ,cx . ..:: {a } KE -.=%.,KE( a ) JGc :,:xKE ( a) ·; r=1::- . 1 K.!f lo- in v.,,,:s . 8 KS-. •c=-.. 3 KE C .0 
deg ree e in . :1ox,. lb - In 1n , :5 .98 '( r lb - In : P:. ( a) - ?o( c& :· ) % !Gr (lb - ln) ~ KE -. ( lb-l n) "' KEc ( lb- ir) KEr 'l f(l n/oec) rG,,.. v -. ( ln/ sec) KZc w c (rad/ sec) c:: ,. 

/, 

r 
0 0 0 0 0 0 0 0 08 . 8 0 5 1. 2 0 0 0 0 0 0 '.7, 

I 
t=: 

45 l.5708 15 , 7l 0 .596 4. 08 ll , 63 7 , 8 0, 903 ... s . o 5. 2 4 47 , 2 5 . .;.~ ,95 14 ,35 ?. .2, 20 ,15 2 ,34 10 . 0 7 ~ 
t=: 

90 3,1416 31.42 2.0 13 . 96 1, .~o lC5 2 ,53 41. 7 7 ,28 43, 8 7 , 65 l.51 24 .o 2 , 7 23 .a 2. 77 1 1. 9 ~ 
Q 
><: 

135 4 , 71 24 47 , 1 2 3 , 41 4 2 3 , 8 2 3 . 32 7 . 8 l. 82 ·•5 .c 10 , 5 ~ 7 , 2 l l. 0 1.35 20 . 4 3 , 25 28, 6 3 , 32 14,3 
~ :,; 

"' t'."i a: 
180 6,2832 62, 8 3 4, 0 2 7, 92 3L '1 0 0 48 , 8 1 7 .c 51. 2 l 7 , 91 0 0 4 ,13 36,3 4 , 2 4 18 . 2 5 j 

,-., 
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shown Lhat by considering the kinetic energv in a mechanism the 
dynamic characteristics can be detcrrniue<1. 
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Appendix 
1 n this paper the theorem has been applied to relatively simple 

mechanisms. It can be applied, however, to any mechanism 
which satisfies the previously mentioned conditions. The 
followiug proof is thus advanced for a mechanism of p links which 
have plane motion. 

The kinetic energy of link k in a selected position is given by 

in which 

rnk = mass of link k 
vk = absolute velocity of mass ccuter 
l k = moment of inertia 
Vk = relative velocity of any two points on liuk k 
rk = distance between these two points 

The total kinetic energy of the mechanism is then given by 

KEtot .. 1 = ~ I: [m, .. vk2 + I,, ( ~) '] . . .... . . [5] 
k = 1 

The per cent of the total kinetic energy contairu,d in link k is 
then 

Per cent total KE [6] 

Substitute Vk' for Vk in which 

vt' = Cvk ....... . 171 

Since there is a linear relationship between the vdocities 

Vt' = cvk ......... . . [8] 

If there is no change in the mass or momeut of inertia with 
respect to speed (modern machinery does not as yet operate at 
velocities which justify the use of non-Newtonian mechanics) 
Equation [6] becomes 

Per cent total KE 

Thus it can be seen that C is a factor common to all te rms, and 
Equation [9] reduces to Equation [6]. 

The per cent of the total kinetic energy contained by link k is 
therefore independent of the speed. 



Press-Forging Thin Sections: Effect of 
Friction, Area, and Thickness 

on Pressures Required 
BY WILLIAM SCHROEDER1 AN D D. A. WEBSTER, 2 BURBAN K, CALlF. 

The application of press forging to parts with thin sec­
tions is desirable in many instances. It is generally recog­
nized that in forging s uch parts, the pressure required 
may be very high. That this high pressure required is due 
to friction has been reported ;3 however, very little spe­
cific information on the effects of friction, area, and thick-
ness is available. The results of this analysis resemble, 
in some respects, those presented in an analysis of forces 
required in rolling by Nadai. 4 

N 0 :1,!Js N CI,A'l'URE 

T he following nomenclat ure is used in the paper : 

.f uni t fri ction force 
k constant = 0.577 
p normal prcs:,;ure a t, a poin t 

Pa 
P, 

1' 

R 

µ 

average pressu,·e 
cri tical pressure at, which the tra nsit ion from slid-

ing to "sticking" ty pn fri ct,ion resul ts 
radius (variable) 
blank rad ius 
bla nk thickness 
principal :,; t re"ses i11 radia l, circurnferent.ia l, a nd nor­

mal or ax ial direcl,ions, respectively 
pr·incipal na tural s trains in radial, circumferent ia l, 

a nd axia l directions, respecl,ively 
hydrosta tic com1>o ne11 t o f st. ress syst,e lll 
floll' s tress of \\·orkpiece 
r,ocffi cierit of friction 

C r.A SS H ' ICA'l'I ON OF F RICTION E ~' n;crs 

T lw 1,asic forl-!;i11 g conditions selec ted for tJ ri s a na lysis are il­
lustra ted in Fi g. l. It is as:,;u111 ecl that the circular blank is re­
duceri in t lri clrness by pressin g between two fla t-faced dies. F or 
tlw purpose of t, l,i s a11a lysis, it, ma,v also ho assumed t hat the vol­
ume of the pa l' t r·c> mains ~0 11sl.a 11 t dul'in g deformation ; therefore 
t Ire par t grnw~ l:r.rger i II radius as t he-• thick nP~s is rnduced, 
Fig. 2. 

In gc,r ... r:ol , the preHsuro requi rnd for f urµ;iu g depends upou: (a) 

' Research F.11 1!'. itt eer, Lock heed Aircra ft Corporation . Mern 
.\ S :\I E. 

2 Heseard1 E11 g i11ce r , LuckhecU .\ ircra ft, Corµorat. ion. 
:j ' ' Lirni ts o f Forg ing," hy G eo rge Sa chs , il{odern l n.d 11,~t,, ird l"ress . 

.\1a reh, 1()-ll . pp. 9- 10. 
'"The Forces l{c,p1ired fo r Rolling Steel S triµ in T ension," by A. 

Nadai, Jo U H N A L o ,, Al'l' Lllm M~ CH AN JCS, T rans . ASM E. Y O!. 61. 
I !)3 6, p. A-54. 

Contribu ted by the Applied Mechanics Di vision and µresen ted a t 
the Aviation Meeting, Los Angeles, Calif., M ay 26- 29, 1947, of T im 
A M E RI CA N S0(· 11.£: TY o F· l\11~C HAN IC AL ENGINEE HS. 

Discussion of this paper should be addressed to the Secretary , 
A8ME, 29 West 39th Street , New York, N. Y. , a nd will be accepted 
until October lO , I !)49, for publication at a la ter date. Discussion 
received after the closing date will be re turned . 

NoTE: Sta tements a nd opinions advanced in papers are to be 
uu<lerstoud as individual expressions of their im t hors and not those 
of the Society. 

F 

FIG . J D IE A R RA N <:r•J ME NT ~' O R FORGING T EST S 

_L_ 

t 
(a) BLANK GEOMETRY 

(b) STRESS STATE 
ON ELEMENT 

FIG. 2 NOM ENCLAT URE 

the i11herent fl ow stress of the ma teria l; (b) t he st rain patt.ern a~ 
determined by the configuration of the part ; a nd (c) the cffr,<' t,s 
of friction. 

The fl ow-st rc~s properties may be represented satisfactorily by 
a stress-strain diagram. The effect of configuration a nd fri ction 
are in terrelated and, generally , must be considered simul tane­
ously. The results of t his analysis may be summa ri?.ed as fol­
lows: 

Under the conditions assumed the s train is similar to simplP 
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r·u11,prc8sio11 (with some exceptions noted) in that everywhere 
LhPre is a co.mpression iu the one direction and two equal exten­
~ions in the two transverse directions. An exception to this 
strain pattern may result in some cases in the region of the part 
that. is in close proximity to the die surfaces, namely, the surface 
layers. 

In analyzi11g the effect of friction, three special cases arn recog­
uizcd. For a detailed analysis of tlwsc cases, the reader is re­
ferred to the Appendix. However, a brief de~crip1ion nf the 
three cases follows: 

Relative sliding motion occurs !Jctwecn the blaak aruJ die 
surf:,cc at all points except the geometric center of the hl:111k. 

2 llclativP sliding motion between surfaces does no t occur, 
a.nd the spreading action results from shear strain in the blank sur­
face parallel to the die surface. 

3 The intermediate conditiou, where sliding takes place in an 
annular zone near the edge, and sticking (the term is here used to 
signify an ahs,,ncc of sliding) results in the central zone. 

Case I applies when both the coefficient of fri ction(µ) and ratio 
of radius to thickness R/t are small. 

Case 2 is best understood by considering the law of sliding 
friction. The unit fric tion force .f = µ p, where p is the unit 
normal force on the surface. This unit force .f superimposes a 
shear stress of equal value on the existing st ress system. For 
values of .f equal to the shear yield st.ress, large shear deformations 
will resul t in the plane of the shear stress. Tt is demonstrated 
in the Appendix that for coefficients of friction equal to or larger 
than some critical value k, t he entire spreading action of the parts 
will proceed by shear deformation within the blank rather than 
b.r a relative motion of blank to die surface. 

An actual example of this condition of friction is illustrated in 
J<'ig. :3 . Tn this figure it may be no ted that the original surface of 

F1 a . 3 l LLUSTIU'l'JON or,· Dm·11,rn .n · ruN WHEN FRICTION I s HIGH 

the blank, recognizable by the dark circular rng;ion, has not in­
creased appreciably in size. 

The third condition applies whenµ < k and 

R 1 k 
> ~ - ln -

2µ µ 

PRESSURE DISTHIBU'l'ION ON BLANK 

The pressure distribution over the blank surface for the fore­
going conditions, as derived in the Appendix, are expressed by the 
r allowing formulas 

-p < k Case 1: 

( 
II r) }!_ - 2µ , -, 

- e . . . . . . . . . . . . . [111 
uo 

whern uo is the flow stress of the material in the bhtnk. 

Case 2: µ > k 

p 

uo 

Case 3: µ < k and 

1+21c(~ - f) 
p k 
-> -
Uo µ 

(16 ] 

Within the critical circular zone with radius r. the pressure 
may be determined by 

}!_ = ~ + 2k (!..2. - !__) . 
uo µ t t 

... . 1211>] 

where th e value of r, is expressed uy 

r,. R k 
= -- - 111 

2µ µ 

F'or va lue,; of r uetween r. and R where sliding of surfaces results 

p 2µ(.!i _.!.. ) 
_ = e I l 

uo 

AVERAGE PRESSURE REQU IREO 

The average pressures Pa, are expressed as follows for the three 
cases considered 

Case l: 

where 

Case 2: 

Case 3: 

Pa 2 
c2 [(D 

where 

Pa 
cro 

C 

Pa 
uo 

2 C2 (e0 
- C - 1) ... . .. . _. .. . .. . . 123 ] 

2µR 

t 

2k R 
1 + - - ... ... ... ..... .... .. (241 

3 t 

+ l)eC-D - C - l] + Q:. (!:__ + ~ !..2.) .. (25 ] c2 µ 3 t 

D = 2µ r. 

GRAl'HICAL REPRESENTATION IN TJmMS OF NOND!MF!NS!ONAL 

RATIOS 

The equations for pressure as derived arc essentially functions 
of three nondimensional ratiosµ, R/t, and Paluo. Thus t he solu­
tion for one value ofµ and R/t provides a value of p0 /u0 for all 
geometrically similar circular blanks with the same ratio R/l. 
The ratio Paluo is the ratio of average pressure required for the 
actual press forging to the pressure required under simple com­
pression where friction effects and restraint are negligible. 

The pressure equation is represented conveniently by contour 
plotting of Paluo against R/t, for constant values of µ. It is 
necessary to determine for each value of R/t and µ, which of the 
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equations are applicable. Computations for several representa­
tive values ofµ are shown in Fig. 4. 

It should he understood that in press-forging the pressure is 
greatest at the end of the action; hence Pa, uo, R, and t refer to 
the final values. If the forging operation is conducted below the 
recrystallization temperature, uo must be selecled to include an 
amount of strain-hardening correspondiug to that of the forging 
operation. At elevated temperature where the rate of recrystal­
lization is rapid and the forging operation slow, it may be assumed 
that u0 depends mainly upon the temperature, and to a lesser ex­
tent upon the rate of deformatiou, and strain. 

I t may be no ted that Fig. 4 represents all of the three condi­
tions of friction discussed. The approximate rnn~es to which 
each of the cases applies have been indicated. 

ExrE:RIMENTAL DEn~nMINA1'lON OF ~ONDnrnNSIUNAL RATIOS 

FOR V AUIOUS CoNLll'f!ONS OF FORGING 

Test Procedure. An examination o[ Fig. 4 indicates the ex­
treme import ance of maintaining a low coefficient of friction for 
forging when the R/ t ratio is relatively large. For this reason a 
series of tests were performed to determine the relative effective­
ness of a number of lubricants. Suggestions were sought for 
best lubricant for forging from a st,udy of the technical li terature 

fIG . 4 NoNDIMENSIONAL REPRESENTATION 0~" COMPUTED AND 
RooM-T•~MPERATURE FORGING-TEST RESULTS 

and from individuals iu the forging industry. These and some 
of the authors' selections were tested. 

Further tests in which R/ t was varied through a wide range 
were con<lucted using one of t.he lubricants which gave best re­
sults in the foregoi ng comparisuu test. 

Tests of forging at elevated temperature wi thout lubricant were 
conducted bPcause it appeared that 1 his migh t supply some cor­
roboration for the theoretical <leduclion that sticking should re­
sult over the e11t ire blank smface when the coeHicie11t. of fri ction 
is large. 

The invetitigation wa,; couf'ined to lilS alu111i11um a lloy, and 
Dow l\l aud Doll' l<'S magnesium alloys. These were tested both 
at room and at elevated forging temperature. The elevat,ed 
temperature~ used were 700 F for Dow FS; 750 F for Dow i\'1 ; 
and 800 F for GIS-0. 

The dies were heated with electric heati11g coils. Tcn,pera­
tures were measure,) wi th an iron-constantan tlwrmocoupll, 
mounted in the die near the e<lge of the blank , u, ing a Leeds and 
Northrup poten tiometer as an indicator. Blanks l.li2 in. diam 
and with th icknesses of 0.032, O.OG4, 0.125, and 0.250 in . were 
used. The forgi11g pressure was applied with one of two South­
wark-Tate-Emery testing machines having capacities uf 120,000 
and 300,000 lb, respectively. Final t hicknesses were measured 
with a micrometer gage, reading to 0.001 in. Diameters were 
determined by averagiug four rneasurement;; made to t.he near­
C'.St 0.01 in. Reductions in thickness, i11 most cases, were limi ted 
to approximately 20 per cent. 

Curves of flow stress in terms of strain were dcter111inl·d l.,y 

compression-testing test cylinders 1 in. high and .1 .li2 in. diam 
under condi tions of strain rate a nd temperature similar to t.lie 
forging tests. The ends of the test cylinders were lubricated 
with a mixture of silicone grease and flake graphite to reduce 
friction. 

The values of u0 used for computational purposes were n :ad 
from the flow stress-strain curves for values of strain equal to 
those of the forging tests under consideration, thus incorporating 
approximately the effect of strain hardening. 

The value Pa was obtained by dividing the maximum load ap­
plied by the final a rea. Similarly, R/t was computed on the basis 
of the final radius and thickness. The results obtained for vari­
ous lubricants are shown in Figs. 4 and 5. 

- r [ , 1J t · 1 i ' L' 1 1 1 I r--1-r 
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/Jisi'Ussion of Results. The observed effect of friction, area, 
and thickness on press-forging pressures may be summarized 
approximately as follows: 

The resulLs indica te that the p,. / cru value depends upon the 
R / t and lubricant used, but not upon the alloy tested. This would 
be expected from the analysis, provided it can be assumed that 
a pa rticular lubricant gives the same coefficient of friction re­
gardless of the alloy tested and pressure applied . The results 
indica te Lha t the latter is approximately true for those particular 
ubricants tested over a range of R/ t values. 

The curves obtained by plot ting p0 /cro against R / t for a specific 
lubri raut follows in general the Shape of the Clll'VeS computed for 
a constant coefficient of friction. 

2 The values, Fig. 5, for the eleva ted-temperatme tests, using 
no lubricant, agree approximately with the results predictecl for 
Case 2 where sticking of the surface was assumed. Furthermore, 
as was mentioned before, this sticking of the surfaces was actu­
ally observed for these conditions, see Fig. 3. 

The experimental results indica te that the curve of p./cro 
versus R/ t for "sticking" friction is approximately a straight 
line; however, the slope of the experimental line appears to be 
greater than predicted, indicating a value of k possibly larger 
than the theoretical value of 0.577 assumed for the computa­
t,ions. 

3 A marked difference in pressures required was observed for 
different lubricants when other conditions were similar. This is 
attributed to the difference in lubricating quali ty of the lubricnnt 
under Lest conditions. 

Although a number of lubricants were te:-; ted, no claim can be 
made that the best lubricants are represented in the list. In 
view of the extreme importance of lubrication under certain 
conditions of press forging, it is suggested that a more extensive 
invest,igation of lubricants might, prove to be valuable. 

No ab~olute check on the validit,y of the equation for pressure 
required could be made. Since simplifying assumptions were 
made for the stress and strain states and the nature of the mate­
rials, it, may be assumed that the formulas are subject to some 
approximation. However, the formulas may be expected to be 
u:,;eful for predicting approximately the pressures required for 
press-forging parts that are relatively similar to those assumed in 
the ana lysis. This is particularly true if the coefficient of fric­
tion of the lubricant used is evaluated by means of these equa­
tious (a~ in Figs. 4 and 5), for in this case errors will tend to com­
pensate. 

In general, the met.hod of approach used in the deriva­
tion lms been found valuable in analyzing a variety of forging 
conditions. 

Appendix 

Referring to Fig. 1, it is assumed that; a round blank is being 
deformed, plastically, between two parallel-faced dies. As the 
thiekuess of the blank is reduced, the radius is increased. It is 
further assumed that the material is incompressible, homogeneous, 
and isotropic in its properties. For these conditions it follows 
that the three principal natural strains are related by 

•, + •c + •,. = 0 . . . ..... . . . , . . . .. . . [l] 

where 

•, radial natural strain 
•, circumferential natural strain 
•ft normal, thicknesswise, natural strain 

The natural strains may be expressed by 

•, 
dr 

In -
dro 

r 

i 

12] •, In -
To 

I 

En = In -
to 

where the significance of the symbol,; is as shown in Fig. 2. (In 
Fig. 2 the clotted lines indicate the init ial while the solid lines 
indicate the final conditions.) 

01' 

For the assumed conditions 

r 
In 

dr 
In 

dru 

l t 
-- ln -

2 t" 
13/ 

These strain conditions are simila r to those found i11 simple 
compression of a homogeneous isotropic and incompressible mate­
rial. 

Actual conditions will deviate ;:;omewhat from the;:;e condi­
tions, especially when the unit friction force is large. The effect 
of a large deviation from these conditions will he considered 
later. 

DIFF'EREN'l'IA[, EQUA'l'ION OF' STtrn:-;s 0fS'l'IHBU'l'lON 

The differentia l equation for stress dist.rih11 tio11 based upo11 
Fig. 2(b) is 

Our Ur - Ur. 

.;;: + r 
2J 

[41 

where f is the uni t friction force 011 each of the two surfaces. 
Compressive streRses are represented by the positive sign . 

STRESS STA'l'f•: 

It is assumed that the shear-st,rain energy6 is a criterio11 for 
yielding. In terms of Fig. 2 thiR may be expressed hy 

where cr0 is the stress to produce yielding under uniaxial loading 
(simple compression). 

It was noted previously that the strain state conforms t,o that 
of simple compression. Under these conditions the general 
stress state is that of uniaxial compression, combined with a 
hydrostatic pressure in which the n-direction corresponds to the 
directions of the compression; thus 

. ... [6] 

where crh is the hydrostatic-pressure component,. That these 
conditions satisfy Equation [5 J may be verified readily hy sub­
stitution. 

It may be recognized that by the principle of tranRm issibili Ly ot 
forces 

<T,~ = p ... . .. .... . .. [7] 

where p is the pressure applie, l by the die to the elemeut Fig. 2. 

• ''Strength of Metal Under Combined Stresses,'' by Max Gensamer, 
American Society for Metals, Cleveland, Ohio 1940, p. 31 . 
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PnESSUHE DrsTUIBUTION 

J = µ]J . - [8] 

Hy combining Equations 141, [6], [7 J, a nd [8 1 

dp 2µ 
-- = - - dr . 
7, t 

[9] 

A11 expression for pressure may be found by in tegrating Equa­
tio n [9 ] hctween limi ts p =p at r = rand p = o-0 atr = R. Thus 

i "'dp = - ~111 rlr . 
p p l ,. 

[10] 

Upo11 rna rranging 

7J 2µ ( ': - !_) - = e t . . . . [11] 
O"ij 

Th e maximum pressure 1),,., resul ts at r = 0 and is expressed by 
2µR 

Pm= e t [12] 
O"<) 

P1n:ssuRE D1s'l'R1HU 'r10N Ux 1>1m C oNnrTIONS uF Ex·1'HEMF. 

FR1 cnoN FoucF. 

An examination of .Equation [12 J indicates that the value of 
p may hecomc very la rge, depending upon Lh e value of µ,R / t. 
Since it was assumed t;hat f = µ,p, it follows that .f will also be­
come large under the.-e conditions. H owever, from practical 
consideral ions it i~ Pvi<len t that J represen ls a shear stress in the 
surface material a nd t hat this va lu e 11·i ll no t increase to a higher 
value limn the value necessary to produce y ielding or plastic 
Aow. When ll,csc cond ition:-; exis t t he relative s lid ing between 
lh • die a nd blank Rurfacc will be repla<'cd by shear deformation 
in thP surface layers o f the blank. 

Und()r these circumsta nces the ~tn•,;,; state is materially dif­
fcrcn L from thal previously assumed. .For high values off, the 
die offers a la rge resLrain t lo the frne spreading of metal near the 
surface, a nd produces a couditiun approximat.ing a hydrostatic 
pres~ure equa l to p, upon which is superimposed a shea r stress 
J, Fig. fi. 

Fru. 6 

o;.=p 

o;=p <:i;=P 

S'l'REBB STAT E I N 8u u1-· A1·i;; LAn:t, OF Br,ANK UNDER HIGH 

Cot~FFrcrnwr OF FRICTION 

For this condition the criterion for yielding may be restated 
a H follows 

1 V2 V (2/e)2 + fo2 + fo2 = o-0 • • • • • • • • • • • (13 I 

or 

fo = 0.577 uo = kuo, . • • . . ... . . .... (14) 

where 
k = 0.577 

(It is assumed that the hydrostatic pres ·urc does not a ffect uo.) 
The termf0, Equation [14], represents the maximum value for 

f. Substitut ing f = ko-0 in to Equation [4], the basic differen t.ia l 
equation becomes 

2kuo 
dp = - - dr .. . . .. . . . . .. . . . . .. [15 ] 

t 

If it is assumed thatµ 2 k,f = Jo everywhere ou the blank. Tbe 
pressure distribution may be found by inLcgratiug Equation l~ 
between the limits p = o-0 when r = R a nd p = p when r ,;;; r. 
After in tegrating and rearranging 

:
0 

= 1 + 21.: ( ltt - f) . . . I w J 

Another condi tion under which the co ndi t ion J = Jo exists OV('r 
a portion of the blank may be found by substituting .fo fro,n 
Equation [14 ] for f , and Pc for p into Equation [81. Thus 

A:uo = !'-Pc····· .. .. . .. .. . I Iii 
and 

Pc k 
. . . [18] 

O"o µ 

The equali ty f = .fo = ka-0 is satis fied aL all points where 

p k 
- 2 - . -. IWI 
" " µ 

Therefore sticking will result, whenever p > p, even thoughµ < k. 
The radia l range over which Equation [19) is satisfied is found 

by substituting Equation [18) in to Equation [11]. If rc is t he 
value of r at, which p = Pc 

r R 1 k 
-E = - - - In - ... 

t 2µ µ 
1201 

Solving Equation [15) over the range O ~ r ~ r, 

1!... = '& + 2k ( ~ - .::_ ) ... . .. ... .. . [21nl 
uo uo t t 

or 

[:.l l lil 

F or t he region rc ~ r ~ R the pressure is expressed by Equa­
tion [11]. 

The foregoing analysis may be summarized bricAy as follows : 

Condition 1: When 

p k R 1 k - < - or - < - In -
uo µ.' l 2µ µ 

everywhere on the blank, sliding between surfaces result.s. 

Condit.ion 2: Whenµ 2 k = 0.577, the surfaces of the blank 
will stick to the die surfaces and blank displacement, will result 
in shear deformation within the blank. 

Condition 3: When 

p k ll I k 
µ < k but - > - , 01· - > - In -

O"Q µ t" 2µ µ 

sliding between surfaces near the outer Pdgc of !,he bla nk and 
sticking in t he central area resul t . 

AVERAGE DIE PRESSU R~:s 

Average die pressure Pa in the region between r = a. a11d r = I, 

may be obtained for a ny of the conditions cousidered hy suhsti-
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tuting the appropriate function for p into the following equation 
and integrating. The basic expression for average pressure is 

Pa f b 21r rdr = Ib 21rrp dr . .. ... .. ... [22] 

Coudition 1: For the conditions of no sticking, i.e., R/t < 
(1/2µ) In (k / µ), the limits of in tegration are a = 0 and b = R. 

Substituting the value of p from Equation [11 J into [22] and 
integrating between the given limits 

Pa 2 - = - (eC- C - I) .. ....... . . . .. [23] 
<To c• 

where 

C = 2µU 
t 

Condition 2: For the extreme conditiou whereµ ~ k, Equa-
tions [Hi J and [22] may be combined and solved to obtain 

Pa 2k R 
- = l + -
<ro 3 I 

. 12-1] 

for the average pressure ratio for the case of sticking betwee 11 die 
and blank. 

Condition 3: In the in termediate case where 

R 1 k 
µ < k and - > - In -

t 2µ µ 

Equation [22 J may be written 

f ll 

p. rdr J
R 

2
,. 2,.(R-r) 

= uu e I rdr 
C 

r·[k + uo }o ---;: 2k J + t (r 0 - r) rdr 

After integrating aud simplifying 

P 2 /) 2 
( k 2k _a= - [(D + l )e0 - D - C - 1J + - - + -

uo C2 C' µ 3 

where 

n 

r. ) t .. [25 ) 



General Features of Plastic-Elastic 
Problems as Exemplified by Some 

Particular Solutions1 

BY RODNEY HILL,• SHEFFIELD, ENGLAND 

New complete solutions based upon the Reuss equations 
are obtained for various plastic-elastic problems. These 
include the expansion of a spherical shell and of a cylindri­
cal hole in an infinite medium. The solutions are used to 
exemplify certain features common to all plastic-elastic 
problems, with a view to introducing valid approximations 
in more complex cases. 

Tlic following nomenclature is used in the paper: 

o~, uv, az. 

n .. , uo, <T<t, 

Htrcss tensor 
dcviatorie part of stress tensor 
natural strain-increment tensor 
Cartesian :, tress components 
stress components referred to spherical polar co-or­

dinates 
11., uo, u, = s l,rcss components referred to cylindrica l co-ordi-

/J 
fl, /J 

C 

>-., J>,. 
y 

B 
G 
V = 
It = 

V = 

natcs 
in ternal pressure 
internal and external radii of shell or tube 
radius of plast ic-elastic boundary 
factors of proport,ionality in the Reuss equations 
tensile yield stress 
Young's modulu~ 
modulus of shear 
PoisSlHt's rnlio 
radial <lisplacemenl 
radial velocil _v 

I NTIWDUC'l'ION 

The calculation of stresses and strains in a general problem in 
plast ici ty involves following the history of the deforma.tion from 
the initiation of plast ic tlow. This implies much more than a de­
termination of the rhanging shape of plastic surfaces and their in­
fluence upon the stress distribution. The basic physical fact of 
plastic flow is that Uwrc is a relation, not between the current 
stress and the plastic strain, but between the current stress and 
the increment of plastic strain . The approximate theoretical ex­
pression of the experimental dc tc rmiuation of this relation is con­
tained in the Levy-l'v1 ises law. Therefore, a, process of plastic de­
formation has to be considered mat.hem a t i<,ally as a snccesHion of 

' The paper is based upon work forming vart of the writer's dis­
sertation for a doctornte at Cambridge University, February, 1948. 

• The British Iron and Steel Research Association, Metal Flow Re­
search Laboratory, Sheffi eld, England. 

Contributed by the Applied Mechanics Di vision and presented 
at the Annual Meeting, New York, N. Y., November 28- D ecem ber 3, 
1948, of THE AMF~nt CAN Socu:TY OF MECHANICAi, ENGINE>:ns. 

Discussion of this paper should he addressed to the Secretary, 
ASME, 29 West 3!lth Street, New York. N. Y., and will be accepted 
until October lO, l!l4!), for publication at a later date . Discussion 
received after the closing date will be returned. 

NOTE: Statements and opinions advanced in papers arc to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 48- A-13. 
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small increments of distortion, even where the over-all st,rain iR 
so small that the change in external surfaces can be neglected. 

The complet.c solution of a general problem involves the calcu­
lation of stresses and strains in both the plastic and elaRtic region~. 
In the latter the stress is directly connected with the total strain, 
and the equations there are fundamentally different from those 
holding in the plastic region . The solutions in the two regions 
cannot, moreover, be found separately since both dcpcnrl on cer­
tain conditions of continuity in the stresses and displacements 
across the plastic-elastic boundary. This boundary is itself one of 
the unknowns, and is usually of such an awkward shape that even 
the stress distribution in the elastic region can unly be obtained 
(if at all) by laborious numerical methods. 

It is clear that the complete solution of a plastic problem will be 
practicable in relatively few cases. Complete solutions can only 
be hoped for where there is some special symmetry or other simpli­
fying property of the problem. Some of t;hesc solu tions arc de­
scribed in the present, paper. From them it is po~siblc to obtain a 
general insight into the interrelation between the states of stress 
and strain in the elastic and plastic regions. In particular, an e~­
timate can be made of the influence of t he elastic component of 
strain in the plastic region. Reasonable approximations can then 
be suggested which allow solutions to be obt.aincrl for the more 
complicated problems of technical importance. 

The relations between stress and strain increment for an itiO­
tropic clement of material, which is being deformed plastically, arc 
taken to be 

du' ·· 
cl•';; = 

2
;• + u';;d">- . ....... . . . . . . [l] 

and 

(l - 2v) 
de;; = - -E-- du,, . . .. . . . . . . . . . [2] 

E, G, v arc the elastic constants, i.e., Young's mo<lulus, modulus 
of shear, and Poisson's ratio. Tensor d•,; represents an increment 
of true or natural strain, measured with respect to t he current con­
figuration. Factor d>,. is a scalar, essentially positive during con­
tinued loading, but otherwise unspecified. The first. term on the 
right-hand side of Equation [I] is the dcviatoric pnrt of the incre­
ment of elastic strain; the second term is the increment of plastic 
strain. Equation [2] expresses the fact thnt the elastic compressi­
bili ty is unchanged by the plastic flow. It is supposed, further, 
that all the elastic constants remain invariable, provided they are 
defined in terms of the current configuration. These equations are 
due to Reuss (1), 3 who based them on the work of Saint Venant, 
Levy, von Mises, and Prandtl. When the plastic flow is "free" 
and takes place under constant stress, the elastic strain increments 
vanish and the equations are then r:quivalent to the Levy-Mises 
relations 

1 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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d<;; = u',;d).. . ...... ... .......... [3) 

The yield cri terio11 will be taken tu be eith(; r t.liat. of von Mises 

u',;u';; = 2Y2/ 3 ... . . . . . .... . . . ... [4] 

or t.hat of Tresea 

maximum shear stn,ss = Y / 2 .......... .. [5) 

wlicre Y is t.he yield stress in uniaxial tensiou or compression. 
Work hardening will be neglected. 

lJ;-.;rFORM EXTENSION UNorm CONDI TIONS 0~' PLANE STRAl N 

/\s a firs t, example, consider the uniform deformation of a rec­
tangu lar tensile specimen in plane strain. This is a simple prob­
lem (though its solution has not been given previously), but 
from it we may draw a general conclusion which applies to all 
problems of pla ne strain. Let the z-axis be normal lo the planes of 
floll', and tlie x-axis be the direc t. ion of t;he applied pull. There is 
no plas t ic-clast. ic boundary to det.ennine since the whole specimen 
b<•~o n1<'$ plm, tic at. the same mom(•nt. From t he lteuss equat ions 

0 

(2u, - u,)d't,. + du, - vdu, { 

(2u, - u, )d't,. + du, - vrlu, f ... . . 16] 

There is a lso a not.hN equation IYhich determines t.he t ransverse 
s train , if needed. If 11·e adopt Tresc11!s yield crit erion, then 
"• = Y t hroughout the plas tic flo11·. Elin ,inating d't,. from Equa­
tion IGJ a nd integrat ing 

II'(,, -- ,,,, I = (1 - 2,,)(u - vY) / 2 + 3Y 111~ .. f l -
2

"- } [7) 
' 4 2u, · · 

1 - --
' } . 

whcr<' ,,,, = ( I - v') Y/ h,' is Lhe exte11siu11 at I.he first y ielding 
(1Y!wn u, = vY) . ..\s the extension incrnast's, t.he second iern, be­
comes relatively unimport a nt and u,--+ Y /2 exponentia lly . F or 
example, if v = 0.3, then u, is a lrnad_v <~qua! t.o 0.-HJS Y after a plas­
tic :; t,rain of ouly 5 times t.he y ield-poin t strair1. 11ecause of this 
rnpid change in "" the elastic strain increment is its<'li' ini1ially 
cornparahle wit.h the plast ic strain increment, for Iota! ~trains of 3 
or 4 times t he yield-poin t s train. The elas tic s train increments 
then rapidly become aegligible a nd u, can be talrnu equal to Y/ 2, 
i.e. (u, + u,)/2, to a u extremely dose a pproximation . 

. \ similar concluRion l'ollo\l'S if t.lu· von \fises yidd l'l'it,·rion is 
used . TIJ<• integra tion is aw kward, hnl ,·,rn IH' ~implifi,•d by oh­
serving t.hal 

1' 2 = u, 2 - a,a, + u,' = :lu,2/ ~ + (2u, -· ,r, ) 2/ 4 ~ ::lu,2/ 4 

to a good enough approximation for th e 1,r·,,s,•JJt pnrpos ... Yi ,·ld­
ing ll!'gins when 

a .. = vo 7 

The t.e usil e sl.n,Rs rapidh· irJJ·l'l 'fl"( '.~ t·owa rd 11 11 · , ·,11111· 2 r ·v :~·, flll 

apparent " hardening. " 
Generalizing, we can eXJH'"t thal in 1nust plar11•-s t ra in pr,,1,l,.nrs 

it iR valid to \\'rit e 

u, = (u, + u.)/2 . 18) 

to a very good approximation aft.er a plast.i <· strain of sonw !; 

t imes t he yield-poin t strain . This relat iou continues 11: hold ~" 
long a.s there is no subsequenl sharp cha nge in the s t rain pat h. A 
change in the strain path must he n •gan.lcd as sharp if t Ill' l'i ,ange 
in the s tress is of order EX the strain increment. , l'n r thrn t Irr• elas­
tic and plastic strain increments arc co mparable. The s ta. t<'mf'nt 
also requires an obvious modification if t,he init.ial rat.f' of work­
hard(ming is high (of order H). Roughly speaking, tlw n•lation, 

Equation [8), will not t hen become valid until after a plasf ir 
strain corresponding to a greatly reduced ha rdening rate. 

I t is perhaps worth while to point. out t.hat the fo regoiug analysiR 
is immediately applicable to the problem of bending a sheet un­
der conditions of plane Rtrain, so long as the curvature is uol too 
large. The longitudinal strain is dclermincd by the usual for­
mula , which may be subst.itutctl in Equat ion 17] lo give I.he longi­
tudinal stress (with obvious modifications on I. he compression 
side) . The plastic-elastic boundary is found immediat ely from 
the known stresses in the elas tic region. The tra nsverse s train in 
t he plast ic region may be calculated from the third ltcuss relation . 

EXPANSION OF A S PH ERICAL ~r n :r.L BY J N'n : rtNA J. l'rmss 1rn1; 

Consider a spherical shell, 11·it h <'urrent in t.erna l ra dius a and 
external radius h, which is being ex panded by uniformly distrib­
uted internal pressure. No res trirlion is placed on lh e magni­
tude of t he expansion. The Spf'1·ia l feat.urn of this problem is that 
t.he plastic strain pat,!, and I he sha pe of the plastic-elas ti c bound­
ary are d etermined by symmct.ry a lone. The r1 )duced s tress in 
t he plastic region is a constan t U11iax ial con1pn'ss ion, and so t he 
elas t.ic redU<·cd st rain incrernent is ,mro in t. li e pl astic region. 

His easil.v shmn, , in agr('e rnen l wi t.h a n intui tive expectation , 
t hat plas tic fim1· bl'gins ri n the imwr surfal'e. Let c be the radius 
of the plast ic-elast.ic bounda ry a t a ny sul,sequent s tage. Tlw 
yield criterion is 

ao - u, y 

In the elastic regions 

(T = r 
-2Yca (2- ~) 

3 r 3 b3 

2Yc'(l 1) 
uo = " "' = 3 2r3 + b3 

'fhe displacemeu t is 

2Yc 3
[ r (l+v)J u = - ( 1 -- 2v) - + - -

3J,; b3 2 r2 

I\IJ 

1101 

Thus t he solution in the elust.ic region is dependent only or, tire 
parameter c. This is a parti cularly s imple form of intcrrclatiou 
between the solu t ions in t he elas tic a nd plastic regions. l 11 tlw 
plastic region there are two equations involvi11g only the t\1·0 u11-
known s tress components, viz., the yie ld criterion, Equation [\II, 
and the one equilibrium equation which is not idnnt ically tiatis­
fied. Therefore, the problem is Ht.atically determined. Using 
the eomli t.ion for cont.inui ly of tire s tres;cs 011 r = c, aml int< ·­
grat ing the equilibrium equnt.ion, we have immedia tely 

u = - 2 Y lo" . - - I - - · ( ' ') 2Y ( c') 
r f':."l l' r 3 b3 J 

" < r ,,; c . . 111 I 

(
(.' ) 2~ ( - ~ ) ,, =, 2V lug,. + I . .. . 
11 :~ 11" 

11:2 1 

The whol<· s lwll hecome8 pl ,r~ I i<: whe11 p has in cn·as<,d lo t 111 • 

valU(-, 2Y log:0 (/1 / a ) . Furt h,•r i,x pa nsion continues u11d<·r d in1i11-
ishing pressu rn and t.hi; sys tem would prnsumably become uu­
s t.a hl<, in p nw.t icf'. To complete the solu tion we need to rnlate 
,. to eit IH' r p or 11. 1 t is conv<' nif' nt t.o regard rand c as independ-
ent variahlPs , an d to <:xpr<'ss t h,· ,·ornpretisibilit.y equation i11 te rms 
of tlw vPl<H'it .1· ,. ddined as 

1' = ~- 1--- ...... .. . .. 11:ll uu(,·, ")/( ou(r, c)) , 
Qt or 
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where u iH the total displacement, since the first application of 
pressure. This definition regards the motion of the plastic­
elastic boundary flS the scale of "time" or progress of the expan­
sion . The compressibility equation is 

ov 2v (1 - 2v) ( O O) 
- + - = - + v - (u + 2uo) 
or r it oc or ' 

fi ( l - 2v) Y [ 1 ( c') VJ = -- 1 - - + -
B C b3 T 

by usi11g Equations IV] and [ l I]. Radius b of course is regarded 
a.s a constant while the outer surface is s till ela.~tic. Integrating 
and ncglcct.ing Y / E' compared with uni ty 

3(1 - v)Yc2 2Y(l - 2v)r ( _ ~ ) 
I ... .. 114] 

Jtc b3 
/l = -

whNc uHe has b, ·,m 111adc of the boundary Condit.ion 

2Y [ c
3 

l + "] 11 = - ( I - 2v) - + -- on T = C 
H t, 3 2 

ll cnl"e Liu: re lation b,•t.wcen c and th" int.crnal radius a is given by 

d1t 3(1 - v) Y c2 2 Y(l - 2v)a ( c') - = - 1 - - .. . .. [15] 
clc Ea' F:c b' 

Th.is holds aft.er t l11· inner surfa~e has become plastic, which hap­
pens wh"" 

2 )' ( a
3

) "" = - 1 - -3 /1 3 

2Ya [ u
3 

I + "] ll u = - ( l - 2v) - + --
3B l, 3 2 

) [16[ 

For sma ll tot.al strains, a can hi: treated as constant in t he for­
mulas for the stresses. In th is case the radius c and the stresses 
arc kuow n in terms of the pressure p without a calculation of the 
displacement s in the pla.~tic region. This is a feature typical 
of many plastic problems where the strains are small; a limited 
amount of iuformation can oft.en he obtained without a complete 
solution. Of course if the internal displacement is regarded as the 
independent. varii1blP, i.e., if it is asked what are the pressure and 
ti t ress distrihu t ion for a certain displacement, a complete solution 
can not be avoid,•d. By integration of Equation [15] and use of 
Equat ion~ I Hil, t.he tot.al displacement of the internal surface 
, in<'e the first a ppli cation of pressure is 

Ya [~ - v)c" _ 2(1 - 2v) (i _ :..·) 
e "" 3 b3 

- 2(1 - 2v) loge ( ~)l ,. ;;, a ........ [17] 

This ca 11 be cal .. ulated for a ny pressure p from Equation [12]. 
lleu~s ( 1), in l!J:10, considered I.his problem (for small strains) 
a nd correctly for111ulat.ed the equation for compressibili ty in the 
pla.5lic region in terms of the total displacements. He only gave a 
part ial solu tion, and did no t, for example, explicitly evaluate the 
displacement.5 in the plastic regiou. 

For st,rains of any magnitude the displacement u' of the inner 
~urfacc after flrn first yielding is obtained from Equation (15) as 

( u')' 3(1 - v)Y(c' ) 1 + - =l+ , 3- 1 
flo E ao 

fjY (1 - 2v) [ ( :..) - (c 3 
- ao')] -- log. . ..... [18] 

I~ a0 3b3 

where ao is the value of a when pressure is first applied. The total 
displacement is u' + uo. If ao is zero and bis infinite, i.e., the 
hole is expanded from zero radius in an infinite medium, then the 
stress and strain configuration is similar at any stage of the expan­
sion. All variables are func tions of r/ c; c/a is const.ant. and cau 
be found from Equation [15] to be 

.. 11\l\ 

to the usual approximation. The internal pressure is 

p = 2Y [log. ( ~) + n ... .. [201 

Taking medium-carbon steel as an example with v = 0.287, 
E = 20.!) X 1011 dyne / cm 2, Y = 7.7 X 10" dyne/cm' (50 tn / in.2); 
c/ a = 5.05, p = 3.9 Y. For work-hardeued copper, v = 0.356, 
E = 12.3 X 1011 dyne/ cm 2, Y = 2.8 X 109 dy ne/cm•, c/a = 6.1, 
p = 4.3 Y. The only previous work on this problem appears to be 
that of Bishop, Hill, and Mott (2) in 11)45. They neglected elastic 
compressibility in t he plastic region . Their value for c/ a 11' 11S 

[E/ (1 + v)Y)1 13, which is equal to Equation [19] only when v = 
0.5. For the steel, their formul as give c/a = 5.95, and p = 4.2 Y, 
an overestimate of 18 per cent in c/ a and of 8 per cent in p. A 
closer approximation actually would be obtained by neglecting 
volume changes universally. Thus, putting v = 0.5 in Equation 
[19), gives c/a = (2E/ 3Y) 1 13 ; for the s teel, c/a = 5.65 and p = 
4.1 Y, an overestimate of 12 per cent in c/ u a nd of .5.5 per cf'nt 
in p. 

EXPANSION Ot' A CYLINDRICAi., HOLE BY INTERNAL PR~:s,;u 1u: 

We now consider a problem where the shape of the plastic 1·e 
gion is determined by symmetry, but where the plastic strain 
path is no t . A long hollow cylinder is expanded by uniformly dis­
tributed in ternal pressure. Longitudinal extension is supposed to 
be prevented by suitable end forces, so that the problem is one of 
plane strain. Let a and b be the current in ternal and external 
radii, and c the radius of the plast ic-elastic boundary . The y ield 
criterion of von Mises can be written in the form 

3 ( u, + ue)' 
2(ue - o-,l2+2 u,- - -

2
- =2Y2 

.. . •. • [2l] 

Since u, is ini t ially equal to v(u, + ue) and approaches (o, + uo)/ 2 
with iucreasiug plast ic straiu (as can be verified II pnslt-riori), it. i;; 
a good approximation t-0 write 

ue - u, = 2Y/ V3. .... . . . . . 122] 

In effect thi~ is Tresca's criterion wi th a modified y ield ;;tress. 
The approximation effects a considerable analytical simplifica­
tion, since the problem becomes statically determim,d wi th respect 
to the two sl ress components in t he plane. 

In the ela;; tic region 

u, = )i(h- ~) 
<Tf ~(;. +~) 
O" = . 2vYc2 

V3b2 

C,,; T ,,; b .. . . .. . . . 1231 

Use has here been made of the yield criterion on r = c. The radial 
displacement in t he elastic region is 

u. = (1 +v)Yc
2

[ (l-2v)r +~]; c < r < /, ... [241 
V3R b• T 
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In the plastic region, integration of the equilibri11111 equation wit.h 
t he use of Equation [22) gives 

-2Y[ (c) 1 ( c')] <T, = V:3 loge ; + 2 l - b2 ; a ~ r ~ c .. 1251 

Tlw in t,•nial pressure is 

T1 = : 3 [ log. ( ~) + ~ ( 1 -S) J ·.. .. [2fi] 

l'h~s t i,· fiow lwgins at a pressun• 

1· ( ' ) Pu= Vs 1 - ~ . .... ... ... .. . . [27] 

It is again convenient to introduce the velocity v defined in Equa­
l ion [ 13] . T he compressibili ty equation is 

au v (1 - 2v) ( i) i) ) - - + - = --,- - + V - (<T, + <TB + u, ) . . [28] a,. r E 01· a, 
Tl11· ll cuR, equations give also 

+ ( ~ + v~) ,I ac ell' 
[u, - - ,, (u, + u9)) 

j Kr (o 0) = /\ (2u9 - u, - u .) + :-- + 11 -
01' or 

fu9 - v(u, + u,J 

.. (29] 

On el i111ir mting /\ from thc~c equations we have, with Equation 
[28], two relations to determine v a nd u, as functions of r and c. 
The re lations are hyperbolic, the characteris tics in t he (r, c) plane 
hein ii; the lines c = canst, and the pat hr< of t he particles (dr) / (de) 
= 11. When the total strains are small, the characteristics arc 
si111ply c = const. and r = const. A nalyt i<' solution appears im­
possible iu general. 

fn the part icular case when the total titrnin is so small that a 
i,a n IJe trpa ted as constant, a method of numerical small-arc in te­
grat.ion has been formulated by Hill, Lee, aud Tupper (3), 1947, 
in terms of geometrical quantities in a plane diagram. The case 
/, = 2£1 1nts r<olved completely, and it was found t.lmt u, approached 
(uo + u,) / 2 soon after the whole cylinder had become plastic. 
Tiu · appruach was naturally eluscr toward the insic.le of the tubl' 
\\'hure most plastic flow occurs, but even on t he outside surface 
u, was cL1ua l t.o 0.48 Y after a circumferential strain of only 4Y / E. 
This illu~t.rat.es t.hc general conclusion in the sccoud sect.ion of the 
paper. 

We sec also that the complete stress distribution can be c;alcu­
lated Lo a gooc.l approximation after the tube has bcc;ome plastic, 
wi thout needing to know the c.lctails of the expansion up to that 
~tagc. Components u, and uo are known in terms of p at any 
s t.age of the expansion from Equations [25) a nd [26). This is a 
further example of the remark made in t he third section that 
limi ted i11formal ion can oflen be obtained 11·ithout a fu ll solution. 
Component u ,, hO\revcr, cannot be so detcrmirwd in the earl.,· 
stages wheu plastic and elastic strain~ a r,· comparable. Hill, Lee, 
anc.l Tupper found that the errnr in "• which results from neg­
lcctiug elastic s t ra ins in t h<.> plas tic• l'l'g:ion could he as much as 60 
per cent. 

Many earlier solutions have becu proposed for thiic; problem 
when t he st.rains arc small , chiefly because of the connection with 
the autofrcttage of gun barrels. Most are so unsatisfactory as to 
be not. wort.h mentioning ; the fo llowing may be cited as stages in 
t,hc gradual improvement of t he theory . Saint Venant (4), in 
1872. calculated the stres,; distribut .ion in a completely plastic 

tube, and obtained the relation u, = (u, + us)/2 from Levy's 
equations. Nadai (5), in 1930,establishcd formulas for the stresses 
and displacements, but neglected elas t ic strains in the plastic re­
gion. This procedure is no t only subject, to the error already 
mentioned, but. leads to discontinuities in u, and the radial strain 
on the plast.ic-clastic boundary . The first solu tion which allowed 
for clastir, compressibility in the plastic region was c.luc to llelayev 
and Sinitsky (6) in 1938, but the !Icncky st.rc~~-strain equations 
were used instead of t he Reuss equations. Other end conditions 
may be considered in th is problem, for example, the "free" and 
"closed '' end conc.litions. The latt.cr ha.s beeu solved nu merically 
when b = 2a by II ill, Lee, and Tupper (7). The problem is more 
complicati,d since t.hc states of stress in the elastic a nd plastic re 
gions arc connected not only by the continui ty <"o udition on r = 
c, hut also by the end condition in the form of an integral of the 
axia l st.re~s over t he whole section. 

A complete solution in explicit terms can be found for the ca.se 
where a cy lindrical hole is expanded from zero radius in an infi­
nite medimn. All variables are then fun ctions only of the pararne­
t.er O = r/ c. From Equations [22), [25),and [28] 

, V 2(1 - 2v) Y (V ) , 
v + - = _ I - - l (Ou + 2) . . . . . [30] 

0 V 3 E o 

where dashes denote differentia t ion with respPr1 to o, nnd u 1~ 

written for V3 11, / 2Y. From E<]11a1ion [2!1] 

2 (u -- loge 0) 

3/ 2 + lng0 /J - u 

G - 1) (2v - Ou' I 

I - v + vu' (v - 0) - , l a R,j 2YO 
(31) 

ln t he elastic region u, is zero, and therefore equa.! L11 (u, + ue)/2, 
We ca.u expect that u, will also be equal to (u, + u9)/ 2 on r = a. 
where the circumferent.ial strain is infinite. When v = 0.5, u, is 

unive1Mlly equal to (u, + uo)/2 = (2Y loge O) /V3 in the plastic 
region. It can be verified a posteriori that, whe11 v = 0. 3, t he 
grcatcHt difference of u from log. 0 is abou t 20 per c;e11t by pro­
portion, and the greatest difference of u' from I /0 is about 13 per 
cent. H ence it is a reasonable approxirnat io11 to take u = log. 
o in Equation [30], in order to find v. lnt egrution of Equation 

(30) with the boundary condi t i1111 () = 1, v = 2Y( I + ,,)/V3E, 
then givP~ 

- V3(l - 2v) YO (5 - clvJ l ' 
r= + ~ ~-- . 

1,; v'a11·11· 
rt / r· <; 0 ( l .. l:-12] 

On the in1 i,rnal surface 11 = da / dc. Siuce c/ a is co1, ~t,1.1 i1 . J-:qu a­
tion 132] IPa.ds immediately to 

,. [ V3 J,; ] '
1

• 
~1. = cs - 4vJ:v · [33 ] 

Subsl it.u ti11g from Equa tion [32 1 into J-:q11ati11n j:{:31 n11 cl 11 eglcct­
ing Y / R 1•0111pared with unity 

, 2(5 - .J-v ),1 ( 1 2v ) 
1/ ·- + - = 0 . . . . . . [34 I 

30(8 2 - a'/ c') 0 

where q =u - lo~. /J. A liUle care is needed in t he approxirna­
Lion since c2/ a 2 is of order E / Y. Integral.ion of Equat.ion (34] 
with the houudary condition q = 0, 0 = 1, gives 

q ( 
a• ) E/V3Y 11 dO ( 11, ) - E/V3Y 

(] - 2v) 1 - - - 1 - -
c202 o o c•o• 

. ...... . [35J 

For slnel, typical values arc J,,' = 20.H X 1011 , Y = 7.7 X 10' 
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dyne/ cm', v = 0.287. We find c/a = 11 , p = 3.35 Y. For hard­
ened copper, E = 12.3 X 1011 , Y = 2.8 X 109 rlyne/ cm2, v = 
0.356. Th e:;e give c/a = 14.6, p = 3.75 Y. 

By numerical integration of Equation [35] it cau be shown thatq 
has a maximum value of about 0.077 when O = 0.69. For smaller 
values of 0, q tends rnpidly to the va lue zero on r = lt. This again 
exemplifies t he statement that ", approaches closely to the mean 
of the principal stresses in the plane after a strain of a. few times 
the yield-point strain . 

In the preRent problem, the plastic and elastic strains are still 
comparable even when O = 0.5. However, the error in "" which 
would result from neglceting elastic strains in the plastic region, is 
here much less than it is for the tube of fini te thickness in the ini­
tial expansion. We can compare the present solution with that of 
Bishop, Hill , aud Mot,t, (2), in which elastic strains were neglected 

in the plastic region. They found c/a = [V3 E/ 2(1 + v) Y] •!,. 
For the steel, this giveR c/a = 13.5 and p = 3.65 Y. If, in addi­
tion, changes of volume are neglected in the elastic region, c/ a = 
(E/V3Y)'I, = 12.ii, and p = 3.50 Y. These repre~ent fair ap­
proximations. 

ToHSIUN OF A PmSMATIC liAH 

The ~olutiun of the torsion of a nonhardening bar of uniform 
section (the strain being small) is well unders tood in principle. 
It is ment ioned here very briefly for t he sake of completeness and 
as another example of t he in terrelation of the ela~tic nnd plastic 
regions. 

Primarily t l,e Lorsiu11 problem is statically determined since 
there are two equaLicrns involving only the two unknown shear­
~tress componcuts, viz., one equilibrium equation and the yield 
criterion. The problPm is essentially different from those so far 
considr rcd, in t hat, each plastic clement flows under constant. 
stress. The plastic stress distribu tion is determined only by the 
shape of the cxtnnal surface, and t his changes by a negligible 
amoun t while t lu, over-all strain is st ill of order Y /JiJ. The deter­
minat ion of the stress in the plastic region is simple; if the nor­
mals to the extern al contour arc constructed at a ll points, then 
the rcsul1 a11t. sheariug stress is di rected perpendicular to these 

normals and is of magnitude Y /V3. Each shearing-stress tra­
jectory is spac,cd a conRt.ant distancn from the external contour; 
they arc in fact t.he family of evolutes corresponding to the invol­
ute of t;he contour. This can a lso be thought of in terms of 
::,,; adai 's me111bra1H,-roof analogy ; the shape oft.l ie roof is fixed in 
icrms of t he cxt ,·rnal contour. In the plastic rel-(ion the elastic 
strain increments are therefore zero. 

For this reason the Hcncky-N adai and the Prandtl-l{euss equa­
l ions lead to the same warping function, as observed by Prager 
(8) in 1934. The plastic-elastic boundary for a given twist, is de­
termined by the continui ty condi t ions for the stresses. This is the 
remaining diffi culty of the torsion problem, namely, to find the 
stress potentia l <f, in the elastic region satisfying V 2<f, = 2GO (8 = 
twist per unit length), and such th a t <f, and its space derivative 
arc continuous with t lw known plastic solution across the (un­
known) boundary. 

Apart from t he trivia l case of a circular cylinder, there appears 
1 o l,e only um, ot.lrnr cross section for which the complete analyti­
cal solution is known. This is the oval contour obtained by So­
koluw~ky (!I) in 1!)12, from an inverse met hod starting with the 
assumpt ion of an ullipse for the boundary of the elastic region. 

Genera lly, we see that the distribut ion of stress in an elastic­
plastic torsion specimen is determined (for a given twist) inde­
pendently of the strains. Of course the relations between the 
stresses and strains have been used implicitly; for example, in 
showing that there is a possible solu tion in which the warping in 
the plastic regi on iH the same along a line parallel to the axis. The 

determination of t he stresses is independent of the strains in the 
sen~e that there finally result self-sufficient differential equations 
and boundary conditions in the stresses alone. The warping of 
the specimen in the plastic region has to be calculated afterward, 
by in tegrating first through the elastic region and then from the 
elastic-plastic boundary outward along the common normals to 
the shearing-stress t.rajectories. The normals are the charact f'r­
ist.ics of the linear equation for the warping funct.ion. 

GENERAL CONCLUSIONS 

Certain broad conclusions can be drawn from a comparative 
study of the solutions to clastic-pla.~ti~ problems described in the 
paper. It is usually essential to allow for the influence of elastil' 
strain increments in the plastic region whenever the plastic mit­
terial is entirely surrounded by elaBtic material in which the 
displacements arc small (c.f. the expansion of a spherical shell). 
If in this case the st rains happen to be large t hrnughout a consid­
erable part of the plastic regio11, t.hen it. may be a reasonable over­
all approximation to neglect the elastic strain increments 
throughout the plastic region (c.f. the expansion of a cylindrical 
or spherical hole from zero radius) . This means t hat t he Levy­
Mises relations can be used in place of the Reuss equations, and 
this is usually a helpful analytical simplification. The procedure 
may, however, result. in discontinuities in some of the st.resse~ 
across the plast.ic-r lastic boundary. Furthermore, t his bound­
ary will probably be dl'termined lc~ss accurately than the stresses 
themselves. In deta il t he approximation will naturally be less 
good near the plastic-elastic houn<lary where plastic ancl elasti,· 
s train-increments arc of comparable magnitude. 

When the plastic rnatcrial has freedom to flow in some direction 
(for example, into the raised coronet round an advanei11g in­
denter), then the approximation i::hould be still better. This ex­
pectation appears to be well cuufirn11,;1l by experiment.. In t he 
extreme case where a body has become entirely plastic, the elastic 
strain in crements can be neglected t,o a very close approximation 
indeed after a distortion in which the rate of work hardening 
has become of order Y. The approximation remains good so long 
as there is no sharp change in the strain path (r..f. the plam•-st rain 
tensile specimen a nd the cylindrical :shell). 

A main feature of the previous solut.ions was that, whereas for a 
complete determination of all the variables it. is 11ceessary to fol­
low the whole history of the deforrnai ion, a part.ial solut.ion for 
some of the variabh,, can often be obtained without a detailed 
knowledge of t he others. This nN·m" most commonly when the 
material docs not ha rden and whPn t.I1e over-all strain is so small 
that the chauges of external surfar <'s can be neglected in th e: 
boundary conditions for l he stre,;ses. Jt may then happ,·n that. 
with only an impl icit use of the st ress-strain equations and a gen­
eral knowledge of t he strain path, there can be obt ainr.J a self­
sufficient set of differential equations and boundary conditions in 
the st,rcsses alone, or, it ma.,· be, in certain stress components 
only . 

Examples of this have been noted in the torsion uf a uniform 
bar and the expansion uf spherical aud cylind rical shells. The 
stresses in the plastic and elastic regions can t hen be calculat ed 
in terms of t he applied surface forces without, considering the 
strains in detail. Problems of this type are statically determined , 
but by no means all statically determined problems arc of this 
type. It is no t sufficient that there should merely be as man~, 
equations in the stresses alone as there are st ress component s, so 
that the problem is statically determined in Hencky's senste: 
there must also be sufficient boundary conditions in t.lw strc;;sps 
alone. 

If, on the other hand, the over-all strain is not :;mall, aud tllP 
change in external surfaces cannot be neglected and is unknown a 
priori, then it is cl(iar t.hat the strains must be calculatcrl sirnulta-
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neously with the stres~<·,, al a11y raw i11 tJ1c plas tic region. (0cr­
t.ain exceptional cas('s o, ·cur wlicn Lhere j,; some special symmetry, 
for c,xamplc, in t.he later stage~ of t.hc expansion of a spherical shell 
wlH'11 t he strain is so la rge that clasl i<· compressibili t.y can be ig-
1111r, •d . 
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Bending of Rectangular Plates Subjected to 
a Uniformly Distributed Lateral Load 
and to Tensile or Compressive Forces 

in the Plane of the Plate 
BY H. D. CONWAY,' ITHACA, N. Y. 

This paper presents a metho<l of determining the dis­
tribution of deflection and stress in simply supported 
rectangular plates subjected simultaneously to a uniform 
lateral load and to uniform tensile or compressive forces 
in the plane of the plate. The problems are of particular 
importance in the design of a ship's bottom plating and, 
for this reason, graphs arc given whereby the maximum 
stress and deflection may easily be calculated. Illustrative 
examples are included to den1onstrate the use of these 
graphs. An example is also given to illustrate how the 
method may be extended to include the case of hydrostatic 
pressure . 

J N'l'ROl>UV'l' IU'.\ 

I \/ cor1~id,·rinl-( the desil-(n of a sh ip 's l,1111 , the pffeet.s of the 
fo 1·ccs aeti11µ: in th~ plnne ,_,r the pin.I.inµ: rnn 1,n of ,·011, idern-
1,1, , nnport.:.111 ce. rhcsc 101·1· .. s arc <"aused not only l>y the 

bending of the hu ll as a beam but a l~o by the hydrostatic pres­
sure 1d,id1 will bend the plat iug am! tend to pull it from its at-
1achnw11t.". T he exact calculation of the forces is diffi cult but 
they can IJ(' approximated by a method to be indicated later. 

Tiu: plaks ct>vering a hull will be attached to the transverse 
H.11d lon gitudinal framing of the ship and, obviously, bendinµ; 
mo111c11t,: will be set up at these altaehments. From practical 
,·o nsiderntions it is probable that the moments are less than 
those calculated on the assumption that. t he edges of the plate 
are completely built-in, since some yieldinl-( of the attachment 
will almost certain ly occur under the loading. It will also be 
ol,~c rved that although the slopes at the middle of the frames 
will , from symmetry, be zero, the latter will have finite width 
and consequently there will sti ll be a slope at what constitutes 
the Pdges of the plate. Bearing these points in mind and as a 
first approximation , the edges of the plates dealt with in this 
paper are assumed to be simply supported. The clamped-edge 
<·ase would be very difficult to solve. The particular case of zero 
force in the plane of the plate and clamped edges has, in fact, 
only been solved in comparatively recent times (l).2 

Another important assumption made in the analysis is that 
the effects of stretching or comprnssing of the middle plane of 

1 Professor, Mechanics of Engineering, Cornell University. Jun. 
ASME. 

2 Numbers in parentheses refer to Bibliography at end of paper. 
Contribu ted by the Applied Mechanics Division and presented 

at the Annual Meeting, New York, N. Y., November 28- December 3, 
1948, of TttFO AM1•:1<rCAN SocrETY OF MEcHANtcAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1949, for publication at a later date. Discussion 
received after the closing date will be returned. 

NOTE: Statements a~d opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 48-A-12. 
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the platn due to bending are negligible-the so-called Poisson­
Kirchhoff assumption. This assumption is strictly true only 
when the middle plane is bc11t. in to a developable surface, but it 
ll"ill be sufficiently valid if the maximum deflection docs not Px­
<"eed a small fraction of the thickness of the plate. A more exact 
solution, using von Karman's (2) equations to take into account. 
this st rd,ehiug or compressing of the middle plane, would be vPry 
difficult to obtain. 

The problem has been solved with the limitations 111entior1<:d 
in view. The muthod of solution is an extension of that used by 
M. Levy (3) for the particular case in which there is no force in 
the plane of the plate. Therefore the results obtained may Lw 
considmcd as a moro general form of his solution . The maximum 
defied.ions and stn,sses arc obtained in the form of rather cum­
bersome• ,cries which are fortunately rapidly convergent.. The 
result~, as sucl1, would be of little value to the designer; thcn·­
forn t.ht• ~, ,ri f.'s have b,-•,m summed, and graphs and worked ex­
ampl,·s am given to fa<"ilit ain their use in practical problem~. 
l3. I. Slepov (4) and F. V. Volkovi tch (5) have also investigated 
the stresses in sh ip plat inµ: by assuming that one pair of opposite 
edges arc, riµ:idly h11ilt-i11 while the othPr pair arc simply sup­
ported. 

( ,1,: r,; 1,;HAL SOL U'fl0.'1 

The ha.sic "quat ious for the problem arc giveu in books 011 
elasticity, as for example S. Timoshenko's work (1 ), and it is 
not neccs:;ary to repeat their derivation here. A solution to tlu· 
problem is a.bo given in this book (G), using the usual Navi,,r 
method for simp ly supported rcctanl-(ular plates. However. 
this method results in double Fourier series for the deflection, 
and moments which arc slowly convergent and not rwarl~· s11 

easy to sum as those given by the Levy solution. 
\Vith the usual r1nrn<>nelatun·, t.hP diff,,rcntial eq uation to he 

solved is 

0 1w o'w o1w <J p o'w 
V•w = + 2 - - + - = - ± - - ..... [IJ ox·• ox'oy2 oy• D D ox2 

The positive sign 011 tho right-hand side of the equation de11otes 
that the end loa.rl P pPr unit len~th of plate is tensile an d vi,,<' 
versa. 

The liendi11µ: moml·nt.ti and twi5t.ing moments, 
length of plate, are given by 

,'vf z 

.\1. 

(
o2w o'w) = - D - + v -ox2 oy' 

(
o'w o'w) - - D - + V -oy2 ox2 

o2w 
D(l - v)­

oxo11 

again per uni t. 

121 
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FIG. 1 

The uuu;:;ual Hurnenclature is again usPd. Some particular 
r·ases are now considered. 

Uniform Tensile End Load. Fig. 1 shows a diagram of the 
plate together with the system of co-ordinate axes adopted. The 
differential Pquation to be solved is 

o2w 
DV •w = q + P - ..... . .. . . . . .. . .. [3] 

ox2 

Since the edges of the plate are to be assumed simply supported, 
i. he deflections at the edges and bending moments acting in 
planes perpendicular to the edges must vanish. These boundary 
,·onditions arn expressed mathematically by 

X = 0, a 

I, 
!J = ± 2 

c>2w ) ,o = - = 0 
ox2 

o2w 
w= = 0 

oy2 

nnd the problem is thus completely specified. 

. . . . .. ..... [4] 

Considr. r the deflected surface of the plate in the form of the 
sPrie,: 

a, 

'fll1rX 
w = Y.,.sin - - .. . ...... ... . . . [5] 

a. 
m =l 

where Y m is a fun ction uf /J only. This solution, obviously , will 
satisfy the condi t ions that w and (o2w) /(c>x2) vanish at x = 0 
and x = a, and it remains to chouse the function Y m to satisfy the 
other conditions. For convenience, the In.te rn! intensity of load­
in!,!; q is represented b_v n similar geries 

00 

"'""' //'l'Tl'X q = LJq"' sin --;;:- .. .. . . . [6] 
m~l 

Substitutin!!: Equations [5] and [6] in Equation [3], the trigo­
nomPtrical terms vanish to give 

T IV ., 11 2 - - ~ ( p) 
) m - 2am-Ym + a.,. am + D Y m - D · · · · · [7] 

where a,. = mrr/ a. 

The load q is uniformly distributed and, to determine t.he 

coeffi;:cie~t:i:m mrrx rlx = ;:aqm sin2 mrrx dx 

a o a 

1 ;:a( 2mrrx) = 2 gm 
O 

1 - cos - a- dx 

1 
= 2 q.,.a 

2 ;:a rnrrx 
q,. = - q sin - - dx 

a. o a 

4q 
= 0 for ,,,, even and - form odd, 

mrr 

Therefore the function Y,. can be considered as zero for ' ''""" 

values of m and t.he deflections will be represented by 

a, 

"'""' mrrx 
w = LJYm sin--;;:-· [81 

m = l ,3,5 

where Y m is tu be found from t he solution of the equation 

r IV 2 " 2 ( 2 p) = __±,r_ J m - 2am Y m + «m am + D Y m Dm1r 

If this solution is made to satisfy the con di t ions 

Ym = V m" = 0 for y = ± t 
the problem is solved. 

... , 11.01 

The general solution of Equat ion [OJ is found to be 

l' m = A m cosh 'YmY cos "lmY + Bm cosh 'YmY sin "lmY + Cm sinb 

'Y mY cos "lmY + Dm sinh 'Y,nY sin '1/ ,,,y 
4q • 1 + - - --~- - -c-

Dmrr a 2 (a 2 + ~) 
m m D 

. r 11 J 

where 

2~ 2 = - a 2 +a ~'a2 +~ 
·,m m m"" m D 

and Am, B,., Cm, and Dm are constants of integration . The plate 
and its loading are, however, symmetrical about the axis of x, and 
the constants Bm and Cm, therefore must Le zero. The remain­
ing constants are found from the foregoin!!: bounda ry condi t ions. 

These conditions give 

Am 
4q l ~

p 'Y,.b "lmb . 'Ymb . 1/mb 
- cosh - cos - + a smh - sm -
D 2 2 "' 2 2 

= - Drnrr a ,.2 ( a,,,2 + ~) 

D,. 
4q l 

Dmrr ( P) am• °'mz + [) 
~

p . 'Ymb . 71,.b y,.b 11,.b 
- smh - sm - - a cosh - cos -
D 2 2 '" 2 2 

~ ( 'Ymb 'l'/mb . 'Ymb 11,,.b) cosh 2 - cos 2 - + smh2 - sin2 -
2 2 2 2 

, .. . . .. (12) 
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The maximum deflection will occur at the center of the plate and from Equation f 5) is given by 

. h -y.,b . .,,.,b ~ /P I -y .. b .,,.,b 
m-1 

4q "' l 

D1r L ;;; ( 
a,. sm 2 sm 2 + "D cos 1 2 cos 2 

1 - ------------- - --- ---,-
~ /P ( 'Ymb '1/mb 'Ymb '1/,,.b) 

(- 1)- 2- . ... 1131 

~) m-1,3,5 °'"'2 a.,•+ 1n cosh2 2 cos• 2 + sinh 2 2 sin• 2 

The maximum bendin g moments Ms(maxJ and M•<mn) will also occur at the center and can be found from Equations [2]. They 
are given by 

j\.fs- (mu ) ::ic: 

"' 1 1 
4q I: 

[ ( J>) J -y,,.b 11,,.b ~ p -y .. b .,,,.b 
va a • + - - a 3 sinh - sin -- - a 2 - cosh - cos - m-1 

mm D"' 2 2 "'D 2 2 + a.,• (- 1)- 2-

1r ma • (a 2 + ~) 
. _ m m D 
m - 1,3,.5, ~ ( -y,,.b .,,,,.b -y.,b .,,,.b) 

- cosh2 - cos• - + sinh 2 - sin 2 -
D 2 2 2 2 

1H.,<m1u:) 

[ ( l') J 'Y b 'I/ b ~ p a a 2 + - ·- va 3 sinh _.".'_ sin ~ - va 2 - cosh mm l)"' 2 2 m D 
'Ymb 11.,JJ 
- cos-

2 2 
m-1 

(- 1)_ 2_ 

~
p ( 'Ymb '1/mb . -y,,.b . .,,,,.b) - cosh 2 - cos 2 - + srnh 2 - srn 2 -
D 2 2 2 2 

The resul ts for the pruticular case uf zero end IoaJ cannot be 
obtained from Equations [13] and [14] by merely putting P 
equal to zero since, if this is done, indeterminate equations of 
the type 0/ 0 result. However, a sol11t,ion is obtained by integrat­
ing the different ial equation 

ym1v - 2 am 2)'"m" + am.4} -m . [15] 

The eeries derived from the solution of thi:s differential equat ion 
are given by Timoshenko (1) and will not be considered here. 

The problem of the bending of a uniformly loaded rectangular 
plat e subjected to a tensile end load has now been solved. How­
ever, the results as they sta nd arc valueless from a practical poin t 
of view, and the series for 1naximum deliection and bending 
moments have to be summed. Fortunately, the series are all 
rapidly convergent and it is necessary to consider only the first 
one or two terms. 

The series in Equations [13] and (14] have been summed for 
various values of P / D and ratio of plate sides a/ b. In doing so 
it is convenient to introduce a nondimension.al parameter P / PE 
where PE = 41r2D/b2

• It is then possible to give the maximum 
values of deflection an<l bending moments in the forms 

Mz(mn) 

Mw(rua.x) 

qb• 
c, · ­

F:h• 

p. qb' 

where «, {3 , and -y are constants dependent upon the ratio a/ b 
and the parameter P /PE· Values of a, {3, and -y are plotted 
against values of P / PE for various values of a/bin Figs. 2, 3, and 
4, respectively. Poisson's ratio v is taken as 0.3 for the purpose 
of these calculations. For convenience in practical examples, 

__ __ . [14) 

a, {3 , anJ 'Y are also plotted against va lues of a /b fur various values 
of P/ Pgin Figs. 5, 6, and 7, respectively . 

For small values of a/ b, the effec t of supporting the short ~ides 
of the plate will be negligible and, except at points near the 
short ends, the deliected surface will be cylindrical. The equa­
tions for the maximum defl ection and bending momeut~ then 
become 

Wm :lX qD ( I 
p - ') + 

qa' 
p2 (I sr• 

cosh -
~!) 2 

qi) ( I ~(') p a 
cnsh 2 

M:c(m:u) 

Uniform Compressive Bnd /_,oad. The differential equation to 
be solved in this case is 

Dv•w 
- i)'w 

q - JJ -, _ 
ox' 

Proceeding in the usual rnamrnr , we obtain 

lV 2 !" ,, 2 2 ' ( p) 
Y m - 2a ,,. } ,,. + a,,. a., - !) } "' 

The general solution of this equation is 

[IGI 

4q 
- . . . (171 
D1n1r 

Y,,. = A,,. cosh 'Ym?I + B., sinb 'YmY + C'" cush 11 .. .11 

. 4q I 
+ Dm srnh 11,,.?J + - - ( Dm1r 

am 2 am,2 )

-- -. 1181 

-f 



o~s.--- - ~-~ 

() ,.____ -t-- -1---1--- _J_- ~ 
2 3 4 5 

p 

PE -­
Fro. 4 
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when• 

"'2+"' JE 
m m 1D 

,7 2 = a 2 - a J~ 
m m m"D 

The constants B,. and Dm arc again zero, and the remaining 
c:onstants found from the boundary condi tions are 

2q71m 2 l h "(,.b 
sec -

a,.3 VPDm1r 2 P 2 
"'"' - D 

..... [19] 
2q'Ym 2 1 71,..b 

------ sech -
a,. 3 VPDm1r 2 P 2 

CX. .m - n 

Wmax term = 

qa• [ 8 ~,,,b J ~_! --- b' + - (sech - - 1) (- 1) 2 
41r 3 Dm3 {m 2 2 

j\,f•(max) term = 

qa• [ ~mb J m-1 - - b2a 2 - 4(2v - l) (sech -- - 1) (- ! ) 2 
~'m' "' 2 

M ~<mu> term = 

qa• [ ~ .. b J m-1 
- - vb'a .. • - 4(2 - v)(sech - - 1) (- 1) 2 
41r 3 m 3 2 

[24 1 

As in the tensile case, the results are of lit.tie value as they stand 
Suhstitut,ing i11 Eq uations [18] and [5). the maximum deflection and the series were summed. Once again, they are found to be 
1s rapidly convergent in most cases, and it is necessary to calcu-

W max 
oo [2 = 4.q "'"' !_ l a,. 

D1r L..J m I' 
m-1,3,5, a .. •(a,,,2 - 0) 

~

p -y.,b 11,,,b 11 .. I, 'Y,./1] 
- cash - cos .- + ~ 2 cosh - - 'Y 2 cash - m - 1 D 2 2 .,,. . 2 "' 2 -

- (- 1) 2 

~

I' 'Ymb 11,.b 
2a - cash - cosh --

"' D 2 2 

... :201 

The maximum bending moments found from Equation [2] are then 

11m V"fm - <>'m + am' (- 1)_ 2_ 
Af~ { rnu ) 

00 [ { '( 2 ' ) 4q I: !_ · 'Ym v71,. - a .. 
- p 
7r m , • p 71,.b 

m=l,3,5 a,,. ( a,,, · - 0) 2am ~ri cosh 2 

'( 2 ') } m -1 

~

p 'Y,,,b 
2a - cash -

m !) 2 
.. . . [21 ) 

M11(max ) 

~q Loo !_ J _ { 'Y,,,
2(77m~- - vam2

) _ ?],,,' ( -y,. 2 
- va .. 

2
) 

( p) ~ ~ 1r m 2 • P 11mb P "(,.b 
m= 1, 3,5 °'m a,,.· - 0 2am D cosh 2 2am [) cash 2 } 

m-1 

+ va ,.' (- 1)_2 _ 

As before, the particular case of zero en<l load cannot be obtained 
from these ()(1Uations by merely putting P equal to zero, as inde­
terminate forms of the type 0/ 0 result. This case can be solved 
as previously mentioned. 

Another indeterminacy \Yill occur if <>m' = P / D, i.e., if the 
term (Pa2) / (1r2D) happens to be the square of an odd integer. 
If this is so, the differential equatifJn to be solved simplifies 
somewh11.t to 

the general solution of which is 

4q 
Dm1r · . . . . [22] 

. qa'y' 
Y m = A,. + B,.y + C,,. cosh l;,.y + D,. smh t,.y - J)- ma 11"3 

. . . . . . [23] 

where 

These equat ions will of course hold for only one value of m, and 
for other values the equations previously given will apply. 

Proceeding in the usu11.l manner, the following terms in the ex­
pressions for Wrnnx, M,rmsx) and M u(max) are obtained 

late only the first two or three terms. The exception to this is 
in the cases of large values of a/ I, where it is sometimes necessary 
to calculate five or six terms. 

For convenience, the nondimensional parameter P / P 8 is again 
introduced where PE = 41r2 D/ b'. lt is then possible to \Hite 

qb• 
Wm :u a . E'h 3 

M:r(m u.x) {J • qb' 

'Y • qb' 

where a, {J , and 'Y are constants dependent on a/ b and P / P E· 
Values of a, {J , and 'Y are plotted against values of a/ b forcer­
tain values of P/PE in Figs. 8, 9, and 10, respectively. It was 
not thought an advantage to plot a, (J , and 'Y against P / f' E for 
values of a/b . 

As would be expected, the curves coincide at a value of a/ b 
somewhat greater than 3, thus signify ing that the maximum de­
flection and bending moments are independent of the end !oar! P . 
Therefore, at a/ b > 3, the values can be calculated from 

Wmax = 

Mr(rnax) 

5qb4 

384D 

11b' 
V -

8 

qb' 
0.1422 -

//,'h' 

0.0375 qb' 
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\) •.Ji+ f----+-----1-----t----+----+-- - -+- ---, 

Q l__ __ _L ___ .,_ __ __, ___ _,_ ___ ~--~---~ 

l 2 ~ ,~ 
!l.~ 
b 

FIO. 8 

qb' 
M•(mn) ~ S = 0.1250 qb2 

which refer to a uniformly loaded strip of length b and with zero 
end load. For small values of a/b, the effect of supporting the 
shurt sides of the plate will be negligible. Except at points very 
n(·ar the short ends, the deflected surface will be cylindrical, and 
Lhc equations for the maximum deflection and bending moments 
an; 

qD ( l ) qa
2 

W(max) = J.>2 a ~p - l - 8 p 
cos - -

2 J) 

,1 /) ( 1 ) M,<,,,.,> = - ~ - - I p a p 
cos - -

2 /) 

Mr(mux) = 0 

A peculiar property of the curves for compressive end loads is 
observed; viz., that for certai n values of a/b the end load may 
be increased with a decrease in the values of maximum deflec tion 
and bending moments. It thus appears that, for certain in­
creases in the compressive force, the central portion of the plate 
becomes flatter. 

NE1m FOR FURTHER DATA 

Problems of the type dealt with in this paper are of frequent 
occurrence and few data exi~t for designers. Information on the 
follm,·ing topics would be of considerable value. 

A treatment of the problems of this paper with graphs for 
values of a/ b from 0- 1. Knoll'ledge of the limiting values of 
a/ b for which the formulas for a long plate (cylindrical surface) 
become invalid. 

2 E xtension of the problems t-0 include tensile or compressive 
forces on all four edges. 

3 Analysis of the end loads set up by the bending of a plate 
whose sides are of similar magnitude 
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Appendix 1 
CALCULATION O F FORCES IN PLAN!c OF PLATI·: 

Before calculating the maximum deflection and stress in th fl 
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plate, it is necessary to estimate the magnitude of the forces 
acting in its plane. As has already been indicated, the exact 
calculation of these forces is difficult but they can be approxi­
mated to by a method given by Timoshenko (1). 

If, for the purpose of calculating the forces, we may neglect 
the effects of the longitudinal frames, then we are dealing with 
long plates carrying forces in the directions of the short sides. 
The deflected surface of the plates will be cylindrical except near 
the short sides. If an elementary strip parallel to the short sides 
is considered, then, on bending, it may be shown that the hori­
zontal distance between the long sides of the strip will decrease 
by an amount 

>-. = - cw dx 11°(1 )' 
2 o dx 

Due to the bending of the hull of the ship as a beam, the ends of 
the strip are assumed to approach one another by an amount b.. 

The amount by which the strip is stretched by the force P per 
unit length is therefore 

Pa 11° (dw)' - (l - v') = - - dx - b. 
Eh 2 o dx 

[25] 

If the right-hand side of this expression is negative, the force P 
will be compressive. 

The deflected form of a uniformly loaded and simply supported 
strip subjected to a tensile end load is easily shown to be 

[ 
( 2x) J cosh u 1 - -

qa'x qa' a 
- (a - x) + - - - 1 . . [26] 
8u'D 16u'D cosh u 

where the origin is taken at one end of the strip and u 2 = Pa• 
/(4D). Similarly for a compressive end load 

[

cos u ( 1 - ~) J qa'x qa• a 
- (a - x) + -- --- 1 .. [27] 
8u'D lGu'D cos u 

w = 

If the end load is tensile, Equation [26] is substituted in Equa­
tion [25] to obtain 

E'h" 

q'(l - v') 'a' 

3at. 
-+u' 
h' 135 tanh u 27 tanh' u 135 - --+- - -- -

16 u• 16 u' l6u8 

9 + - .... [28] 
8u1 

If the end load is compressive, Equation [27] is substituted in 
Equation [25] to obtain 

3at. ---u• 
E'h8 h' 135 tan u 27 tan• u 135 

q'(l - ~') 'a8 u' = - 16 7 + 16 ~ + 16u8 

9 
+ sus· . . . [29] 

Fig. 11 shows diagrammatically the longitudinal and trans­
verse cross sections of the ship. Let b be the width of the ship 
and let 

A 
I 
C = 

total cross-sectional area 
moment of inertia about neutral axis 
distance from neutral axis to bottom plates 

Denote by A,, Ii, and c1 these three quantities when the bottom 

plates are removed. The relationship between the quantities 
is then 

A 1 = A - bh 

Ac 

A, 

/ 1 = T - bhc' - A 1(c, - c)' 

The total force acting in the plane of the plate is Pb and this 
produces a displacement b., where 

The displacement t., due to the bending moment M of the 
sign shown in Fig. 11 is 

t., = 

l'b 

Fw.11 

Hence the resultant displacement is 

u'h' 

3a(l - v2) 

(1, + b;:')- :;~· .. ... .. ... . . [30] 

Having due regard to sign and substituting Equation [30] in 
Equation [28] or [29], depending upon whether the end load is 
tensile or compressive, an expression for u and hence P may 
be obtained. This may be solved by trial and orror. 

Appendix 2 

EXAMPLES IN UsE OF GRAPHS 

To clarify the use of the graphs, two practical examples have 
been worked out; one of a plate having a tensile end load, and 
the other of a plate having a compressive end load. 

Tensile End Load: 

Length of plate = a = 80 In. 
Breadth of plate = b = 40 in. 
Thickness of plate = h = 0.5 in. 
Uniform hydrostatic pressure = q = 9 psi 
Tensile end load = P = 10,000 lb per in. 

. . . Eh' 30 X 108 X (0.5) 3 

Flexural ng1d1ty = D = 12(1 _ v•) 12(1 _ [0.3]') 

= 344,000 lb-in 

41r2 X 344,000 
------- = 

40 X 40 
8500 lb per in. 

1.18 
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From Figs. 2, 3, and 4, it is found, for this particular value of 
P/ P8 anda/b = 2,that 

a = 0.063, f3 = 0.0255, -y = 0.057 

Hence 

Maximum deflection wmu 
aqb• 

Eh3 

0.063 X 9 X 40' 

30 X 101 X (0.5) 3 

= 0.387 in. 

Maximum bending moment M,(max) {3 . qb• = 
0.0255 X 9 X 402 

= 368 lb-in. per in. 

Maximum bending moment Mr(mnx) = -y. qb' 

Longitudinal bending stress 

Direct stress = 20,000 psi 

6M,(mnx) 
h2 

:. Resultant stresses 20,000 "" 8830 

= 0.057 X 9 X 402 

= 820 lb-in. per in. 

6 X 368 
--- = 8830 psi 

(0.5) 2 

= 28,830 and 11,170 psi (both tensile) 

, . 6Mll'(max} 
1 rans verse bend mg stress = --h-, -

6 X 820 
--- = 19 700 psi 

(0.5)' ' 
Direct stress is zero. 
Resultant stresses = 19,700 psi (tensile and compressive) 

Compressive End Load. Data as in tensile case but with a 
longitudinal compressive load of 2000 lb per in. 

P 2000 
- = - - 0.236 
P 8 8500 

From Figs. 8, 9. and 10, it is found that 

a = 0.136, {3 = 0.055, -y = 0.155 

As before 

Wmax = 
qb' 

a·~ 
Rh' 

0.136 X 9 X 40' 
30 X 10' X (0.5) 3 = 0.835 in. 

{3 • qb2 = 0.055 X 9 X 40' ~ 792 lb-in. per in. 

-y · qb' = 0.115 X g X 40' 

6M,cmu> 
Longitudinal bending stress = 

lz2 

Direct stress = 4000 psi 

1655 lb-in. per in. 

6 X 792 

(0.5) 2 
19,000 

psi 

:.Resultant stresses = 4000 "= 19,000 
= 23,000 (compressive), 1.5,000 (tensile), psi 

6Mv(max) = 6 X 1655 
h' (0.5) 2 

Transverse bending stress 39,700 
psi 

Direct stress is zero 
:. Resultant stresses = 39,700 psi ( tensile or compressive) 

In many practical problems the lateral loading is not uniformly 
distributed because the top edges of the plate are nearer the water 
surface. Therefore it is necessary to be able to analyze the 
problem in which the intensity of loading varies uniformly from 
zero along the top edge to a maximum q along the bottom edge. 

It will be obvious that if the end loads are unaltered, the values 
of the deflections and stresses at the centcr of the plate will be 
one half of those obtained for the case of q uniformly distributed. 
These deflections and stresses will vary but liU!e from the maxi­
mum values. 

A further example will serve to illustrate how the solution to 
such a problem may be obtained. 

Tensile End Load. Data as in previous tensi le case but with 
a hydrostatic pressure varying from 9 psi along one edge to l l psi 
along the opposite edge. 

From Figs. 2, 3, and 4, it is found, as before, that 

a ~ O.OG3, f3 ~ 0.0255, -y ~ 0.057 

1 
Therefore, for a uniformly distributed loading of - (11-9) = I 

2 

Maximum deflection ~m .. -
qb' 

a·-
Jj,'lz3 

0.063 X I X 40' 

30 X 106 X (0.5)' 

psi 

~ 0.043 in. 

Maximum bending moment .111.<m•x> ~ {3 • qb• = 

Maximum bending moment Mv<m•x> 

= 0.0255 X 1 X 402 

= 40.8 lb-in. per in. 

"Y. qb• 
= 0.057 X 1 X 40 2 

= 91.2 lb-in. per in. 

Hence the total values of the deflection and bending moments are 

Wmax 0.043 + 0.387 = 0.430 in. 

Mz(ma.x) 

Mvcma.x> 

40.8 + 368 = 408.8 lb-in. per in . 

91. 2 + 820 = Dl 1.2 lb-in. per in. 

and the stresses follow as before 



The Dynamic Response of a Simple Elastic 
System to Antisy1nmetric Forcing Func­

tions Characteristic of Airplanes in 
Unsym1netric Landing Impact 

Bv JOSEPH B. WOODSON,' WASHINGTON, D. C. 

This paper presents an analysis of the dynamic response 
of an undamped mechanical system with one degree of 
freedom subjected to disturbances which are described by 
antisymmetric forcing functions. The analysis was under­
taken to throw light on the effect on the vibration of the 
wings caused by unsymmetric landing impact of an air­
plane. Two types of disturbances are considered; a full­
sine-wave pulse, and a pulse which is the difference be­
tween two overlapping half sine waves. The results are 
presented in the form of dynamic-response curves and 
dynamic-response-factor curves. The numerically great­
est dynamic-response factors, approximately 3.24 and 
- 3.26, resulted for a full-sine-wave pulse disturbance 
with a ratio of duration of impact to natural period, 1~/T~ 
1. ll. When T;/T is in the neighborhood of I, the first 
positive peak of dynamic response is numerically less than 
the negative and positive peaks which follow it. For much 
of the range, the positive and negative dynamic-response 
factors are numerically approximately equal. The analy­
sis was confined to values of T;/1' between 0.33 and 12. As 
1'./1' increases without limit, the positive and negative 
dynamic-response factors tend to I and -I, respectively. 

I NTRODUC'l'ION 

COKSIDERATION of the velocity of descent of large air­
planes, the possible angle of roll just prior to landing im­
pact, and the measured duration of impact for large a ir­

planes indicated that for planes using tricycle landing gears the 
time difference between contact of the two main wheels might 
be co mparable to the duration of impact at each wheel. Recent 
tests by Westfall,' of a large bomber-type a irplanc confirm this 
spcculal io11 . Sul' h landin~s may develop as much dynamic re­
sponse i11 I he antisymmetric modes of t,he airpla,nc as in the sym­
mel ric modvs. It \\·as considernd desirable therefore to develop 
d_\'11amic-response c· urves [or typical antisymmetric forcing func­
tions, and t.o sho\\' ho\\' they might be used to determine the dy­
nami,· l.,,~h:wior due to l:wd ing impal' t; of an ai rplane with two 
main landing: wh eels. 

1 1\ .Ic r·hani cal En,e: incc r, Engineering 1\1 echanics Section, National 
Bureau of Standards. 
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Discu sion of this paper should be addressed to t he Secretary, 
ASl\ft,:, 2!l West :mu, Street, Kew York, N. Y., and will be accepted 
until Oc tober 10, 1049, for publication at a later date. Discu ssion 
rc, ·Pived after t he closing date will be returned. 

No·m: :-italerncnts and opinions advanced in papers are to be 
unde rs tood as indiYidual expressions o f their au thors and not those 
of the Society. Paper No. 48- A-lfl. 

The analysis in this report is based on the g,:neral mathematical 
theory of transients in an undamped elastic structure given by 
Biot and Bisplinghoff. 3 The results of the investigation are ex­
pected t.o be of use in analyzing experiment.a l data obtained in 
unsymmctric-model drop tests performed as part o[ a project on 
landing impact. of structural models. This rroject was initiated 
by the Bureau of Aeronautics, Department nf the Navy, to pro­
vide an experimental check on analy tical m<'lhods for rletcrmin­
ing the transient oscillations in the structure of an airplane dur­
ing landing impact. 

EQUA1'10NS FOR 'fRANSH1NT W1:sa-T11• DJSPLACEMEN'I' IS ANY 

MooE; Fonc1:sa FuNCTIO:ss 

In this paper we consider an airplann mak ing ini t ia l contact 
with the ground in two-point landing. \.Ye dnnot.e the landing 
impact force-time relation for the first a lightin g gear by P,(t ) 
and fo r the second alighting µ;ear by P2(t). For both P, (t) and 
P2(t ), the origin of time is taken as the instant when the first. 
alighting gear touches the µ;round. Any one of four follo\\'in g 
landing eo11dit ions is possible: 

(1) The lamlinµ; impact forces , P,(t) and P 2 (t), begin simul­
t.aneously and have identical time histories, so that P,(t) = 
P2(t). 

(2) The landing impact forces, /', (t) and P2(t), begin simul­
taneously but have different time histories. 

(3) There is a t ime delay 'l'd betwm•n t he l.,cµ;inninµ; or P, (t) and 
the beginning of P 2(t), but except for this tinrn delay their time 
histories are identical, so that P,(t) = P,(t - '/',i). 

(4) There is a time delay 1'd between the beµ;inninµ; of P,(t) and 
the beginning of P,(t), and their time histories arc essentially di[­
fcrent, so that P1(t) 7"' P,(t - 'I 'd). 

\Ve shall show that fo r a symmetrically construded a irplanc 
each sym metric mode of vibration is excited by a quantity pro­
portional t.o P,(t) + P,(t), while C'ach antisymmetric mode is ex­
cited by a quantity proportional to /', (l) - 1',(t). For such :rn 
a irplane, t hercforc, when landing concliLion (1 ) occurs, the sy m­
rndric modes only arc excited; whi lt!, for condi tions (2), (3), and 
(4), \\'C have unsymmet.ric imp:wt anrl both sy mmet.ric and a nt i­
symmetric modes are excited. l\fost actua l airp lanc land in gs 
probably satisfy condition (4) (the rnost geni,ral condition), but 
can be approximated by condition (3). 'In t.hc present reporl, 
the impact problem is simplified by neglecting; damping and aero­
dynamic fo rces. 

It can be shown that t.he deformation of a n a irplane due to 
landing impact may be represented by the superposition of an in­
finite number of modes, as Ionµ; as the ai rplane acts as a linear 
elastic structure. H damping; is neglected, t he modes arc un-

J "Dynamic l.oads on Airplane Struct ures During Landing/' by 
M.A. Hiot and H.. L. Bisplinghoff, N AC A AlUl 41110, October, 194-1 . 
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coupled, a nd the response in each mode under the landing impact 
force will be independent of every other mode. 

We now fix our att.ention upon a pa rticu lar mode which we call 
(j ), and employ U1 e following notation : 

qcn(l ) is the trnnsient wing-tip displacement in the mode, positive 
upward for the wing tip on 1he side of the plane which 
firs t contaci,s t,he ground 

q,C1> is t he normalized deflection fun ction describing the win i.r 
mode shape 

wu> is tl ,c r·irnilar natural frequency in the mode 
'l.'Cil is the natural period in the mode and equals 21r/wu> 

Q(i) (t) is the " g<:ncralizPd force" in the mode, defined by 

wlicre q,Cil P i is t he norma lized deflection in the mode a t the 
s lalion where P, (t) is appl ied, etc. 

/I f ; is the "g1!11 e rali ?.ed ma.·s" in the mode, defin ed by 

M u> = f I q,W ] 2 dm 

where dn, is an clement nf mass 

As . l1 owu by J3iot and Bisplinghoff' q(i)(l) satisfies the criuation 

1\1 u><iw (t ) + M (i)w' cMei> (t) = Qw (t) 

and q(i)( l ) 111 ay be found provided Q(i)(l) and the constants of the 
equation arc known. ] f \\·e kcl'p in mind that this equation ap­
plies to a n:v mode (j), 1r P may drop the (j)'s and write 

M ii(t) + Jlf w'q(t) = Q(t) .. ... . .. . . .. ... [ 1] 

If the ma~: distrilrn tio11 of the airplanc is the s::unc on cit,hcr 
side of the ccntcr of gravity, a nd if the a light ing gears arc sym­
metric-ally locall'd with respect to t he center of i.:ravity (condi­
tions which a rc closely realized , usually), then it is true that in 
•ach syn ,m..t.ri c mode, <J,,, , =</>p, a 11 d 

Q(t) = </>P1[l\(t) + P 2(t) J . . . .. . .. . .. . . . [2] 

while in l'ach ant.isy rnmclrie mode, </>Pt = - ,t, p, a nd 

Q(t) = </>,,, 1/', (t) - P,(t)J ....... . ...... . [3] 

In symmetric modes the quallLit.y 1'1(t ) + P~(t) is designated 
P (t) and ('all 'd the sy n, mcLric forcinµ; fun ction 

l '(t ) = P, (t) + l ',(t) . .. . . ...... . . .. . . [ 4) 

Simila rl _v , in :wt.isymmetric mod<'s the quantity P,(t) - P ,(t) is 
designa t,Pd i '(t) and called the antisymmetric fo rcing fun ction 

I' (t) = P,(t) - P2(t) ... ........ . ...... [5] 

Either Equation [4] or Equation (5) may be written in the 
form P(t) = P .,,,., p (t ), where p(t) is the dimension less forcing 
fun ction or "dist urbance" (for symmetric or antisymmetric 
modes as the case may he) and has maximum value 1. E ither 
Equation [2] or Equal.ion (3) may be written in the form 

Q(t) = fq,,,,JP,,, •• p(t), or Q(t) / Qm .. = p(t) 

where 

We now define q, = Qm0 , / !tfw2• The ratio q(t)/ q, is called 
"dy namic response, " or more briefly "response," and is denoted 
byu(t). Equatio11 (J] maybe written 

w- 2u(t) + u(t) = p(t) ....... """ " . . (6] 

As an aid to visua li?.ation, we note that Equation [1] is the 

• Appendix I , referen ce 3. 

equation of motion for an undamped mechanical sys tem of one 
degree of freedom, consisting of a lin ear spring of stiffness K and 
a mass M acted upon by a force (J (t), F ig. 1. ln this system, K = 
Mw'; thus we see that q, is t he static disp lacement which would 
result from the application of a static force eq ual to Q,...,. 

NATURJ•: O~' FonCI :'i'G Fu:-rc'l'toNS IN U:-.sY.1Dm·1·m c h1PACT 

\Ve define t, as t,he dura t ion o f ti me for which P, (t) is different 
from zero, and 'l ',1 us t he tilll<' dl'lay separnt in g the ueµ;inning of 
P,(t) and the bc>ginning of P 1 (l) . The total duration of impac t. 
T,, is given by the eq uation 

'J', = 'I'd + t, ..... . .. . .... .. .... . [7J 

The ratio, total duration of impact to natural period, is given by 

'!'J - 'l'd + t. - (! '£:_,) ~ ' 
'1' - 7' - 2 + 21., '1 ' . .. .• . ... . . . . . · 181 

Considerat ion will 1101,· Lie µ: i ven Lo fo rcing fun ctions produced 
by landings in which P, (t) a nd P.,(t) a rc ident ical, except, in gen-

"' 

Displacement, q(t) 

Force, Q(t) 

(Frlcllonl•,, guld, , .) 

Fw. I EQu1v-<LJo:NT l\'feeHAN l CAL SYSTEM ,·ott ANY l\lonE OF 

VJUHA'l'!ON Ot' AN Arncn .u ·T STHUCTun;: 

I 
,., .... 

I \ 
I \ 
I \ 

L"L 
4(o) lb) 

~ . 
... /' ' 

6h 
\ / 

\ ... _/ (c) 
•./ 

Time, t-

F 1Gs. 2, 3, 4 , 5 8YMME T111 c AND ANT1SYMMETn1c F o RCING FUNC­

TIONS FOR V AHIOUS LANDING IMPACT FORCES 

(In each figure for [a], Td = O; for [b ], Td:,; ['/ , ]!,; for [cl, Td ~ ['/, ]!i . l 
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end , for a time delay between them (compare conditions [l] and 
[31 of the preceding section). It is assumed that the airplane 
is nearly symmetrically constructed, so that we may obtain the 
forcing functions from Equations [4] and [5]. 

Figs. 2, 3, 4, and 5 illustrate four assumed shapes of the landing 
impact force, similar to shapes recorded in model drop tests. In 
each figure, the symmetric and antisymmetric forcing functions 
which result for three different values of 'I'd, ranging from zero to 
about t1/ 2 arc illustrated. As 'J'd increases from zero to t./2, the 
figures show that (1) the total duration of impact is increased; 
(2) the peak value of the sy mmetric forcing function P,(t) + 
P2(t) decreases; (3) the peak value of t,he antisymmetric forcing 
fun ction F'i(t) - P,(t) increases. Thus the relative importance 
of the antisymmetric forcing function increases as 'I'd increases 
relative tot,. For any particular value of 'I'd, the duration of the 
antisymmetric fo rcing fun ction is the same as the duration of the 
sy mmetric forcing function; each has the duration T,. For 
Td = 0, P,(i.) - P,(t) = 0, and therefore the antisymmetric 
modes are not excited. 

DYNAMIC RES PONSE TO SIMPL E ANTI SYM~mTRIC FORCING 

FUNC'l'IONS 

Case I : Dynamic Response to Full Sine-1-Vave Pulse. We may 

-( 

FIG. 0 FULL- S INE-WAVE PnLSE D1S1'UHBANCE, CASE I 

(a) 

approximate antisymmetric forcing fun ctions like those of Figs. 
2(b, c), 3(c), and 4(c) by a full sine wave havinR the same duration 
1', and the same maximum positive value Pmnx· The disturb­
ance (Fig. 6) is 

p(t) = sin (21rt / T, ) for O ~ t ~ '!', } 
p(t) = 0 fort > 'l', · · · · [\:I] 

As shown in the Appendix, the resulting dynamic response is 

u(t) = q(t) /q, 

u(t) = q(t)/q, 

l 1 
(T;/'1') [sin wt - (TJL') sin (21rt/'L',)) j .. [IO I 

for O ~ t ~ '/', J 

2 sin (w'l './2) , 
--- ---- cos w(t - T / 2) fort >'L · 
(T / 7',) - ('L'J L') ' ' 

[ Ill 

Since wt = ('1'./'l ' ) X (t / T, )21r, it is seen that u(t) i8 a !unction of 
the dimensionless t ime t/ 'J', and of the ratio of total duration of 
impact to natural period 'l'./ '1 '. 

In Fig. 7 dynamic-response curvci; resulting fo r various values 
of T./T arc plotted. The dyn:11n ic-rcspunsc curve for 'J'; / '1' = 1, 
for which Equations [ 10 I and [ J I J a rc indeterm inate, was com­
puted from Equation [1 41 in t he J\ppencJix. It is seen from Fig. 7 
that the response u(t) follows t he forcin g fun ction v(t) closely fur 
1', = 121', the longest duration of impact corrn irlcrcd. For 

~ s 
<i,' 

g ~ ~ - , - - -l-- --l---".\.--i'---1--l-- -4j,--+----+-~ 

i \ 
~ \ 

0 -,; Ttine, t 

(b) 

\ ' --+----t·-f 

0 fT; T; Time, t 

(c) 

FIG. 7 DYNAMIC RESPONSE TO A FULL SINE-WAVE PULSE, C ABE I FOR VARIOUS VALUES OF T,/ T 
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smalh·I' values of '/', the amplitude of oscillation of u(t) around 
p(t) in creases unt,il for 'l', = 1.11 '1', Fig. 7, u(t) has maximum 
positive and ne!,(at,ive peak values more t han 3 times as large as 
the maximum value of v(t). For 'l', < 1.11 'l' the peak value of 
u(t) decreaSl'S, until for 'l', = 0.5'1', the shortest duration of im­
pact consiJere<l, the peak values of u(t) and v(t) are nearly equal. 
For st,ill s n1a ll,!r values of 'l',, Equations [10] and [11] show that 
u(t) becomes pro!-(rnssively smaller cnmpa1w l wi th v(t), and be­
romes zero fo r '/\ = 0. 

To ohlain the dynamic-response facLors, the peak posit ive and 
peak n"ga1.ivc vahws ( y,, and y ,,, respectively) of u(t) occurring 
duri11 !-( t he in1pact. (i.e., for O _.:; t _.:; '/',) were ddcrmincd from the 
curves in Fil-(. 7. Simila rly , the peak posiliv<) an<l peak negative 
values (,,,,' and y,.', respectively) of u (t) occurring after the im­
pact (i.e., fort> '/ ',) were determi11cd from these curves. Values 
y,,. y ,., y ,, ' , and y,,' arc plotted as fun ctions of the corresponding 
vahws of '/ ',./ '/ ' in J(ig;. 8. The disconf.inuitiPs in the slopes o f Yp 

a11d y ,, n •sult fl'o 111 the fact that for some values of 'l'./1' the first 
peak i11 u(t) is most serious, while for other values of 'l' j 'l' tbc 
s,·,· ,>11d or s1 d>S!!quent peaks may hn more s1•rious. 

f T-i~-+---- Y,, : Peak post/we response during impact 
I \ Y,,' : after 
/ ' Y,,' 'Y,; : negative during • 
I I 

2 
I \ J;;': after 

-3 t---<-il---+-----+----+--

0 6 8 10 12 7/T 

Fw. 8 D n,A MIC-REsPONSE FACTOH ,,·on A FULL St NE-WAv E PULSE, 

C AS1•: f 

When 1'./ 'l' is an inlc;?:cr g;rcatcr than 1, y " = y. because u(t) 
has sy mmdry about the poin t ('l'./2, 0); and y,,' = 'Yn' = 0 be­
cause of the absence of free response after t = '/',. 

For the range of durat ion of impact 1 < 'l'./'1' < 2, y,, is nu­
nwrica lly greater Uian either y,, or y,,'. .Furthermore, it can be 
noted from F ig;. 8 that for 0.5 _.:; 'J'J'f.' ::; 1.6 (approximately), 
y 1, ' > y "; that is to say, for values of 'l'./ '1' near 1, the most seri­
ous peak of posit ive response occurs a fter the impact is over. 
For 1';/ 1' < l , the most serious peak of negative response like­
wise occurs afte r the impact is over; whereas for T./T > 1, the 
most serious pea k of negative response is reached at a time some­
what less than '/',. 

.For values of 1'J 'I' in excess of about 1.6, the most serious peaks 
of posit ive a nd negative response always occur during the im­
pact and arc approximately in phase with the maximum positive 
and negative values of the driving force v(t). For values of t 
in excess of '1',, the idea lized system discussed here shows an os­
cillatory response which continues indefinitely (except when 

'l'./'I' has integral values greater than 1). Mosl actua l air­
plane structures, however, would have enough damping to re­
duce this response to a negligible amount a fter a few cycles. 

Biot and IlisplinghofP give a dynamic-response-factor curve 
which is an envelope for the dynamic-response factors due to 
various forcing funct,ions in symmetric impact. It is probable 
that this curve will also serve as an envelope for the dynamic­
response factors due to many symmetric forcing fun ctions which 
arise in unsymmctric impact. In view of the fac t th at the nu­
merically greatest values of dynamic-response factor given by 
that curve arc only 1.91 and - 1.85, respectively, it appears t,hat, 
for sufficiently short impacts, t he i,,;ravest ant isymmetric mode 
may show more dynamic response than any sy mmetric mode. 
In actua l landin gs so abrupt that the duration of impact is 
nearly equa l to the natural period of the gravest ant iRy mnw tric 
mode, wr- ma_v expect dyna mic response as great as 3 in that, mode 
only . 

Ca.se If : Dynamic llesponse to P ulse Which I s Dijferimce B e­
tween Two Overla.vpin(J H a/J Sine W w ·es. \Y c shall consider 
here antisymmetric forcing fun ctions having a shap1) shown by the 
solid curve in Fig. \). Such an antisymmetric forC'ing fun clion 
would occur if the force on each main landing; wheel of the air­
plane were a half sine-,Yave pulse of durat ion t., (dotted curves 
a. and b in F ig. 9), and if the t ime delay between cont.act of the 
two main wheels were Td. \Ve shall limi t ourselves to values of 
1'd _.:; t;/2. The antisymmetric forcing funct ion is obta ined as 
the difference between curves a. and b. 

a b -.... / 
' I 

.... 
' \: 

I \ 
I \ 

I \ 
I 
\ 
\ 
I 
\ 

'-

\ 
\ 
\ 
\ 
I 
\ 
I 
\ 
\ 

Time, t 

F rG. 9 ANTISYMMETHI C Fo1w1NG F u :,cTION H issu 1.T 1NG FnoM 
OVE HLAPPI NG HALF S 1NE-\V AVF. L A~ DI NG h 1P:\t:'l' F O HCES 

The dynamic-response equations 1d1ich result are given in t he 
Appemlix, Equat ions [ 15], [ lG], [ 171, and [ LS] . Dynamic­
response curves 11-e re calculated for two different values of 1'd 
as follows: 

Case II (a.): 1'd = t j 2. By using Equation [71 or Equation 
[8], this relation may be expressed 

or 

Td = 'l'./3 or '1'; / '1' 

Casc II(b) : Td=t;/3,thatis 

Td = TJ l 

(3/4) X (21./7') 

T;/T = (2/3) X (2t;/T) 

The dynamic-response curves for Cases JI(a) and (b) are shown 
in Figs. 10 and 11, respectively. D ynamic-response-factor points 
are shown plotted in Fig. 12. The response-factor curves for Case 

6 Fig. 13. reference 3. 
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Fw. 10 DYNAMIC RESPONSE TO A PuLS E WHI CH Is DIFFERENCE 

B1, T WE E N Two OVERLAPPI NG HALF SINE W AVES WITH Td = 
( 1/,) 'l';; CASE II(a) 

fr, 27i liine,t 

FIG. 11 DYNA,IIC R E SPONSE TO A PU LSE \VHI CH Is D I FFERENCE 

B E T\VEl, N T wo O V E H LAPPI N G HALF S I N E \VAVES \ V r T H Td = ('/ •) 1';; 
C ASE II (b) 

I, Fig. 8, are a lso shown in part in Fig. 12, to show the effect uf 
shape of the fo rcing function on dynamic-response factor. The 
good agreement (r.;encrally within about 20 per cent) shows that 
the shape of t he forcing; func t ion, over the range considered, has 
only a min or effect on the dynamic response. 

CoM rAm s oN B ETWEEN C A SE S I, II(a), AND II(b) 

Figs. 13, 14c, 15, and 16 correspond to four different rat ios of 
1'./'1' a nd show superimposed plots of dynamic response fo r Case 
I and Case II(a) and / or Case II(b). In each figure, '1', is the same 
for each case, as is t he maximum value of p(t) . For a given ratio 
o f 7'./'l', it, is seen tha t the dynamic responses arc similar, but 
not identical, because of the effect of the different disturbance 
profiles. 

The response fo r Case I is initially greater than t he response for 
either Case II(a) or Case II(b) . This is probably due t o the 
hii;hcr rate of a pplication of the disturbance for Case I during 
0 :'.S: t:'.S: 'J';/4. 

D rsc ussroN 

It has been poin ted out that due to t ime delay between contact 
of the two main la nding wheels of an airplane, during; landing 
impact, antisymmetric forc ing functions arise which may cause 
the response of the airplane in antisymmetric modes to be as 
serious as the response in symmetric modes. 

The method of computing the ant isymmetric fo rcing functions 
from t he force-t ime history at t he two main wheels has been pre­
sented. Dynamic-response curves have been obtained fo r t hree 
simple ant isymmet ric fo rcing functions which approximate t he 
funct ions which might be expect ed in landing impact of air­
planes. A range of values of duration of impact t o natural 
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(The Case I response factor iM shown for comparison.) 

period of mode is considered. It is shown that for the func t ions 
considered, the peak response is insensitive to the shape of the 
forcing function. 
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Appendix 
DEHIVAT!O N Ob' DYN AM LC- ll8SP ON S J•; E Q UAl 'lO NS 

General. Frankland6 gives the resul ts of integration of Eq uat ion 
[6] when p(t) is a half-sine-wave pulse of durat ion t,; the dis­
t urbance is 

JJ1(t) = 0 fo r t< 0 l 
p1(t) = sin (1rt/ t.) for O :'.S: t :'.S: l; ... . . .. . . [12J 
p 1(t) = 0 fort> t, 

and the resulting dynamic response is 

1 
ui(t) = (T / 2t,) - (2tJ1') X 

[sin wt - (2t./T ) sin (1rt/t;) ] for O :'.S: t :'.S: t, 
.. [ 13] 

1 

(T /2t; ) - (2t./T ) X 

[ (1 + cos wti) sin wt - sin wl; cos wt] for t > t, 

6 " Effects of Impact on Simple Elastic Structures, " by J . M. F rnnk­
land , David W. Taylor Model Basin, Repor t 481 , Ap ri l, 1942. 
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4~ ---,------,------, 
~-u,-ve-s ---<-n--- - 1 
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I 
I 

l"rc. 13 DYNAMIC RESPONSE FOR CAs~,s I AND II(b) WITH T;/T = 
1.111 ... 

Fr c. 14 DYNAMIC RESPONS,~ FOR CASES I AND II (a) WITH T;/T = 
1.25 

Cuse I. We make use of these results as follows: Consider the 
system in Fig. 1 to be acted upon by a disturbance p1(l) followed 
by a disturbance p,(l) defined by 

p,(t) = -p,(t - t,) 

ft follows that u2 (t) = -u,(t - l;). Also Pi(t) + p,(t) = p(t), 
where p(t) is the full sine-wave pulse of duration 2t, = 7',, de­
fined by Equations [OJ; thus u(l), the response to p(t), is given 
by u(t) = ui(l) + u,(l). 

Fur O ~ l ~ 7', we may use Equations [13] merely by substi­
tutin g 'l'; for 2t, 

1 
u(t) = X 

('l'/'l'.) - ('l'.J'/' ) 

T, -fr, Time,! 

Frn. 15 DYNAMIC RESPONSE FOR CASES !, !I(a) AND !I(b) WITH 

T;/T = 1.666 ... 

Frn. 16 DYNAMIC RESPONSE FOR CASES I, II(a), AND II(b) WITH 

T;/T = 8 

In case 7';/7' = 1, Equations [ 13] arc indeterminate. The 
proper equations are6 

u,(t) = (1/2) (sin wt - wt cos wt) for O ~ t ~ ti 

1l1 (t) = - (,r /2) COS wt for t > t, 

From these equations we obtain 

u(t) = (1/2) X (sin wt - wt cos wt) for O ~ t ~ '1', ) 

u(t) = - (1r/2) cos wt + (1r/2) cos w(t - 'l';/2) ( 

= - ,r cos wt for t > 7', ) 

.. [14] 

Case II. Consider the system in Fig. 1 acted upon by a dis­
turbance p3 (t) defined by 

1 
p,(t) = . ( 'J' / t) p,(t ) 

Slll 1r d i 

[s in '"1 - ('I'./'/') sin (2 1rt / 'l';) l for O ~ t ~ 'l'; followed by a disturbance 

l 
u(.I ) = u, (t) + 11,(t) = { [ 1 + cos (w'l',·/2) ] X 

('i' /'1'.) -- (TJJ.') 

sin wt - sin (w'l'j 2) cos ,,,t - [ I. + cos (w'l'./2)] si n ,a(t -

7';/2) + sin (w'l\/2) cos w(t - 7';/2) ) for t > T; 

whid, n,duces tu 

l . . fl \ 

u(t) = ('/' / 7'.) _ ('/'JI' ) [sin wt - sm w(t - I ol 

or 

u (I) 2 sin (w'l'./2) (t - T-/2) f t > T 
(7'/'I',) _ ('l'./7') cos w . , or , 

Since the Case II disturbance, p(t), is given by p(t) 
p.(t), the response is given by u(t) = u,(t) + u 1 (t ) or 

We therefore obtain 

l 
u(t) = X 

[sin (1rTJ/tJ] X [(1' / 2t.) - (2tJI')] 

p,(t) + 

[sin wt - (2t./T) sin (1rl/t,)J for O ~ t ~ TJ ........ [15] 
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!sin (,,-Td/ l;)J X [(T / 2t,) - (2t;/'l')J X 

I Rill ..,/, - (2tJT) sin (1rt/ t,) - sin w(t -- 1'd) 

+ (2tfl') Rill [ ,r( l - Td ) / 1.] l fo r 'l'd < t ::; l, . . [ 16] 

l 
I sin (1r'l'a/ t, )J X [(7'/ 21,) - (2tJ1')J I (1 + ,·,,s wt, ) sin wt 

- Hin wl; cos wt - s in w(t - 'l'd ) 

(21;/'/') si rr[,r (I - Td)/ t,J l fo rt, < 1::; '/'" + I,= 7', .. [17] 

1 
t1(t) = . , [( 1 + co.· wl -) sin ,,I 

[sm (,,-'J d/ t,)] X I ('l' / 2t,) - (2t;/'/ ') J ' 

- sin wt, cos wt - ( I + 1·<>S wl,) sin w(l - 'l',1) + 

sin wt, cos w (t - 'I'd) I fort > 'I', .... . . ..... .. . 1181 

Since TJ T = ( I / 2 + '/'"/ 21.) (21;/'/') , we sec tlral for a ny pa.rlicu­
lar ratio of Td/ t;, 11(/ ) is ,i f111H'I ion or dimcnsionlt•ss Limf' l /1, nnd 
of TJ T. 



Discussion 

Flov,, 'Through a Pipe With a 
Porous WalP 

II. PomTSKY. 2 Tbc author mentions the difl-iculty of solving 
1 he highly 11 011 lincar equations which represent tbe flow in a pipe 
11·ith n openings. It is 11·orth pointing out tbat a convenient 
method of I reati 11 g these is afforded by the direct-current board. 
This is mcr-cly a collection of resistances with a telephone switch­
lJoard which al lows them to be connected i11 nny manner so as 
to corrcspo11d to any network. By connecting them as a filter 
so t hat the series resistances correspond to the fluid-flow resist­
ances in the pipe, while the parallel resistances correspond to the 
duct-flow resistances, one obtains an electrical analogy to the fluid­
fl ow problem. The nonlincar features arc obtained by adjusting 
the resistan ces as proper function s of the currents, by trial and 
error, that is, a11 assumed set of resistances is firs t used to represent 
an ini tial (best) guess; read ings of voltages an<l cuJTcnts arc then 
l:ikc·n, and tli c relation between the currents and the resistances 
checked against the fluid-flow pressure drop ; the resistances are 
then read justed to corr(·spond to the currents, and the process 
is repeated u11til 110 fu rtlrer adjustment is needed. 

In ac.lc.litio11 Lo venti lating-sterilizing applications of the au­
thor's th eor·y, it is of interest to point out a further, physiological, 
app lication of iL, namely, Lo the flow of blood in a bloo<l vessel. 
l.ll ood vc-ss(' ls a rc permeab le to flow of plasma, resulting in a con­
tinuous sc'cpage t lr rough the vessels. In shock, as is well known , 
the pcrmcance of the blood vessels becomes large and the seepage 
increases to a degree disas trous to the individua l. 

E. A. H.rc nARDSON . 3 Unfortuna tc· ly, lbc author is interested 
in a specific and not a genera l case. l Tc deals with one condition 
11·hich is not typical of the normal porous tube. In the case of 
the t ube under c.liscussion, the author assumes t hat the fluid 
passes through orifices with practically no friction. As a result, 
1 he jct issues with the velocity head which exists along the 
length. 

In th e normal porous tube there is a relatively high pressure 
drop with only a small, perhaps even negligible, portion of the 
pressure drop as velocity head of outflow. 

The writer of this discussion has taken as an example a high­
resistance porous wall with negligible velocity head on outflow 
for detailed consideration. Obviously, this marks the other ex­
treme. Obviously, also, most of the practical cases will lie 
somewhere between these limits. 

It is felt that this subject is of sufficient importance to warrant 
11n extended discussion. Porous tubes, as a whole, will become 
increasingly important in various ways. One of the important 
fi elds of applica1,ion is high-temperature protection in aviation. 
This happens to be on ly one of many possibilities. 

In order to make this discussion an extension of the paper and 
1 io in with it,, the equation numbers used by him are retained and 
a ron ti nuation of these numbers used in prescn ting the new work. 

It is assumed tlrat dW / dx = - KDP'h. This is equivalent to 

1 By F . C. W. Olson, published in the March, 1949, issue of the 
J OURNAL OF APJ>J.J J.;D MECHANICS, Trans. ASME, vol. 71, pp. 53-54. 

' Consulting Engineer, General Electric Company, Schenectady, 
N. Y. Mem. Ac,I\Ll,; . 

'Special Engi neer, Publication and Consultation, Bethlehem 
Steel Company; Partner, Edward (Nellie), and George Richardson, 
Bethlehem, J'a. Mem. ASME. 

assuming that each hole in the pipe wall is substantially friction­
less so that the full potential head appears as velocity of outflow . 

Now, in the case of a considerable proportion of true pornu~ 
tubes the very high resistance to permeation may result in a ve­
locity of outflow which corresponds to a kinetic energy very sma ll 
compared with the potential energy inside of the tube. In suclr 
a case the equation corresponding to Equation [l] of the papc·r 
will be 

dW /dx = -KDP ............... [20\ 

It seems well to inv,,stigate tire solution in th is special case arrd 
it is recommended to the author that in the closure he exp,1ncl 
his paper to cover the intermediate cases, if that should seem 
practicable and desirable to him. In what follows, the assump­
tion of laminar flow in the tube will be retained. 

Equations [2], [3], and [ 4] of the paper remain unchanged 

. f2 1 \ 

The auxilia ry equation is 

. . . ... \22J 

so that 

a= ± Vlrok1 = ± V(l28 µK) / (grrpD 3) •.••.• [2:~J 

and 

P = A sinh ax + 13 cosh ax ........ ... . . [24] 

From Equation [l] of the paper 

W = -(A/a)k1 cosh ax - (Bki/a) sinh ax + C .. .. [25) 

Substituting in Equation [2] of the paper, it is seen that C = () 
When 

x = 0, W = Wo; when x = L, lV = 0 

IVo = - -(Aki/a) 

Hence 

A= - -aWo/ k1 = - Vko / k1 IVo ....... • ... [2GI 

0 = Wo cosh aL - (B1c1/ a) sinh aL ... . . , . .. [27] 

Hence 

B (aWo/ k1) coth a.L = Vl.:o/ k, Wo coth aL ..... (28] 

and 

P = - V/c0/k, Wo sinh ax + Vko/k 1 Wo coth aL cosh a.r 
.. \WJ 

The flow 
W = W 0 (cosh ax - coth aL sinh ax) ..... ... [30] 

The rate of outflow per foot of length is easily found as 

dW/dx = aWo(sinhax -cothaLcoshax) . ....• [31] 

where the minus sign indicates outflow. 
It is always important to make sure that flow does occur 

through the wall throughout the length of the pipe, for with cer­
tain coefficients in these equations, it wi ll be found that prac­
tically the whole discharge occurs in the first portion of the pipe 
and little or none from the rest. Term a is really the reciprocal 
of a characteristic length L 0 , so that if L/L. = aL is small, out­
flow will occur throughout the pipe length ; but if large, most of 
the flow will be found in the first portion of the pipe. 
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lt is interesting to note that these equations are closely related 
mathematically to the temperatures in a shaft. which is heatca 
locally over a short length, with the res t of the ;;haft free to give 
up heat by convection and radiation to the surrounding air. In 
such cases it is surprising how rapidly the temperature falls so 
that within a very few diameters thP temperature is close to tha t 
or the air. 

.\. H. SHAPmo.• The type of problem which the author has 
fornmlated may in time prove to have many more practical ap­
plications than seem apparent now, and therefore the writer 
feeb that this type of analysis is of considerable utility. 

The type of solution obtained by the author not only represents 
a limiting case, but is in fact the limiting case of a limiting case. 
\Vit.hin the assumptions of the paper, it is applicable only when 
i l1t , amount of flow through the wall per unit length of wall is 
vanishingly small. For the more general case, Equation [2] of the 
papl'r must be modified to take into account momentum effects. 

Following the author's convention that dW represents the "in­
crease" in mass flow through the duct in the length dx, and as­
suminµ; that the leakage flow as it enters the porous wall has no 
fo rward component of velocity (this must be so if the hole is small 
compared to the pipe diameter), the incoming momentum flux to 
th<' l,·ng;thdxis 

11 llile the outgoing momentum flux is 

,,. l>'(G + dG) (G + dG) 
4 p(/ 

1-1,·nce the momentum equation is 

7r 
- - D 2 dP - r 1rDdx l ,. 

,,-D2 
[(G + dG) 2 - G2] 

4p(J 

,,. ( dG) = - D 2 2G -
4 p(J 

where r w is the shearing sf rcss at t hl' wal I. K oting that 

nrn.l that 

G 

and using 

r = T w 

w/,r n2 : d(i 4 . 

lti 
J= - ­

DG/ µ 

JW 1~ 02 

there is finally ohl:1i11< ·, I 

,IP__ = _E§_/1-_ W - ~ ~ WdW 
d:c 1r[JpD' 1r2(Jp dx 

i11 pla<'e of the author's Equations [3] and [ 4]. 
111 ma ny practica l problems, the second term on the right-hand 

,id,· of this equation, representing inertia effects, cannot be ig­
nored compared to the first term on the right-hand side, represent­
ing frictional effects. 

I t m:1y also be worth noting that if dW /dx is not negligible, the 
laminar-flow formula, f = 16/ R, will not be applicable because 
flH' flow pattern, especially near the wall where frictional effects 

' Assor· i:, te Professor of Mechanical Engineering, J\,fassachusetts 
I11 s tit11t u o f Technology, Cambridge. Mass. Mem. ASME. 

arc most, important, will not correspond to Hag<'n-Pois,;euille 
flow. 

AuT11on's C r,osurrn 

The interest shown in the author's paper i~ a ppreciated allll, 
to a certain degree, unexpected, pa rticularly since it was the 
author's in tention rnercly to prnsen t an instance where the use of 
Weierstrass functions leads to a simple solution of ready ap­
plicability. Perhaps for this reason, sufficient attrmtion was not 
paid to the ch oice of title, whieh, as the last two discussers show, 
implies more than is given in the paper. 

It seems tha t a mathematical treatment of the intermediate 
cases mentioned by Mr. Richardson hardly would be advisable. 
This would involve raising P in Equatio11 [20] of t lic paper to 
some power between 1 /2 aud unity . Only for a few particular 
cases could one hope to obtain closed analyt.ical solutions and 
these no doub t would be of such complexity as to rend er them of 
little va lue. An elect riea.l analyzor of the type ,lcscril,<"d hy Dr. 
Poritsky would be of ddi11i te value in this case. 

Finally, the a.ut hor would like to ca ll at ten Lion to a n excellent 
paper by J . D. K eller.5 In it, the momentum effects discuss()d 
by Professor Shapiro are taken into consid0rnJ ion . 

On the Impact Behavior of a 
11\1.aterial With .a Yield Point 1 

E. H. LEE. 2 There is one difficulty in the t lwory used by the 
author, which, in principle, is clarified by so111e work 110w being 
carried out at Brown University. It is assumed in the paper 
that it is necessary to reach t he upper yield stress before plastic 
flow occurs, but that instanta neously the ebstic s tress falls to 
the lower dynamic yield stress. It would seem that, si nce da.st ic 
loading is possible up to the upper yield stress, the i ni I ia l 
elastic stress would produee an 1,lastic wave starting with the same 
magnitude. In order to consid er (.his change from upper to lower 
yield stress, it is necessary to use a. s tress-s t rain rcla t.ionship in­
volving overstress, and such a rclat ionsl,ip oft.he si111plcst type is 

d. du 
lEo - = ~ + k[cr - u,(.)J 

dt dt 

where Ea is Youug;'s modulus, k a viscosity cu 1tslaut, and cr0(<) tl,e 
static stress-strain relationship for plac, l.ic flow. This rclalion­
ship consid ers the rate of strain to be a comJ.inalion of elastic 
and viscoplast ic components. Using such a rebt.iom;hip, the 
plastic wave equations become more complica ted hut solul,lu by 
the method of characteristics. The upper yield-point stress, I o 
which a section of the rod is subjec ted prior to pl:u;lic flow, i11i­
tiates an elastic wave, the magni tude of wl,ich d"cre:1.sL·s Lo wa rd 
the lower yield st.ress as t!,e wave prop:1g;a.Les. Th e ra,:e of de­
crease depends upon k, and for a cer tain range of k the ,;l re~s 
dec reases to the lower yield strcs,; very rapidly to give 11i;rcw,w11L 
with the a nalys is in the paper. 

It would seelll that this aµ;reemeat woul,1 IH, closer for lonK 
specimens than for sLwrL, si11 cc th e lo1 1gcr times involved would 
permit the execs;; s tress to dissipate itself. Solu tio, ,s using a 
simpler form of this type of law h:w c iJc-eu consid ered by cokolo\·­
ski. 3 

• "The Manifold Problem," by J. D. Keller, J ou1<NAL "" AP­
PLIED MECHANT CS, March, 194\l, Trans. ASME, vol. 71, pp. 77- 85. 

1 13y l\'1. P . \\'hitc, published in the M a rch, l\l4 1) , issue of the .Jou1<­
NAL 01, APPLIED M gcHA N1cs, T rans. ASME, vol. 71, pp. au-52. 

2 Graduate Division of Applied MaLhc111atics, Brown Uni vcrsiLy. 
Providence, 11. I. Mcrn. ASME. 

3 "The Propagation of Elas tic-Viscous-Plastic Waves in Bars," 
Akad. Nauk SSSR, Prikladnaia l',foternalika i M eklumika, vol. 12, 
I!l48, pp. 2Gl-280. (See Mathematical R eviews, March, 1!)49, p . 2 10. ) 



DISCUSSION 3Hl 

A. NADA L ' The a uthor of this paper refers to a number of 
important experiment:d facts which may deserve fur ther careful 
considerations when the mechanism under which a localized de­
f orrnat ion propagates a long a tension har is described. It is 
highly Lo be co n11nended that the author calls attention to the de­
pendence of the upper yield stress in mild steel on the rnt.e of 
strain. Wi thout entering into fur ther detaib, it ma,.v prove useful 
to extend the \\' :ty in which a localized deformation propagates 
a long a tension bar by including abo in the a nalysis a plausible 
assumption as Lo the ualure of the speed dcpendcuce. It seems 
t hat most recent tests have indicated that the upper yield point 
increases wi U1 t,he elastic strain rate preceding yielding, accord­
ing to a logaril hrnic fun ction. 

There is a.nother µoint which might be mentioned. It has been 
hmu ,.(ht out by P. P. B ij laa rd that in compact specimens sub­
jected to i u1 1sio11 the fir~t plastic layer (Li.iders ' fl ow layer) usually 
fo r1 11~ und,·r :11 1 :111gle of ·15 deg with respect to Lhe :~xis of the bar, 
wh iln 11,e i ncl i11 aLion of flow layers in lht specimens in materials 
havi ng r, sharp y i,•ld poi nt is by HO means 45 deg, and may vary. 
It, is a lso in terest,i11g Lo note that t he state of stress and strain 
11·ith ir1 t li c fi rst flow layer in tl1e case of a compact specimen is a 
stu.tc of s in1p le shear. According to the theory of the octahed ral 
Rhrari 11g :;tress , y ielding under simple shear requires a yield stress 
15 pl'r ccnL higher when expressed in terms of she:1,ring stress than 
t li c uniform yielding of the eritire cross section in a round bar 
unucr si1nple tension. Furthermore, a fter t he firs t formation of a 
thin byer, in which a :;tale of simple shear prevails, a "working 
zu 11e" fo rms ll'ith which the plastic zone advances along a speci­
lll<' r1 u11der sLa.t.ic cond itions of testing. In thi s working zone 
t li•· s1 r:iins cli :Lllge frnm t.he froHt in which they are of the order 
uf 0.00.1 to t he higher values of 2-3 per cent strain a.s observed 
:.1ft,·r tl ,n y ield-point elongation is completed in static testing. 
Thi,; may have the consequeuce t,hat wit.hin l,he working zone 
again a complex s i.ate of stress and stra in must exist t.hrough which 
a ll materia l clPmcnt.s must gradually pass when the pl::istic zone 
advances a long tl1e tensile specimen. The hope may be ex­
pressed Llr a l, some of these most in teresting mechanical condi­
tions 1nif(hL be fur tlHJr inve~ligated in the future analysis of tlw 
way l,ars y ield of m:i,tc ria l having a sh:1rp y ield poi nt boLh under 
s ta1.ie as well as und <:r dy11amic condi tions. 

A J1TI-IUH' ::; CLOS UR I, 

The a uLhur is gmldul to D rs. L·c and Nada i for their valuable 
a 11d inLeretil.inµ, co11tribulio11s. He agrees ll'ith Dr. Lee that the 
actua l proc,·ss of yielding is probably less simple than tha t as­
sumed in the original paper. The data t hat were analyzcd there 
shOll'l!d enouµ; h scatter to make a ny attempt at refinement, such 
as that mentioned by Dr. Lee, entirely useless. However, as 
better data a rc obtained this and simila r rcfuwments in theory 
will be useful. The author docs not foci that the assumption of 
discontinuous behavior in a material is necessarily a diffi culty. 
Certainly , discont inui t ies a rc useful concepts ill shock-wave 
th(;ory , and Lh uy appear to be useful in the theo ry of propagation 
of pl ,lsLicity as well. The author believes that in metals with 
1n,ll-dd i1wd y i,·kl points, a sleady-st!tte plastic wave form is 
possi lJlc. Tl1is wave is ,i shock wave, or W!LVC of very nearly zero 
length, I.he le11 gt.h being determined by the dependence of stress 
on strain rate, as in a ~hock wave in a gas. In this case the mag­
nitude of t he stress in the wave, and the residual strain produced 
by ii am const:wt along the specimen to the point where inter­
ference ll'ith another wave occurs. 

As Dr. Nadai points out, the region of yielding in a specimen 
with a defi ni te yield point is certainly behaving in a very corn-

• Consulting Mecha nical Engineer, Westinghouse Electric Corpora­
ti on, Research Labo ratories, E ast P ittsburgh, Pa. Mem. ASME. 

plicated way. I t seems likely that this behavior is b!Lsically I.Ill' 

same under static and under dynamic conditions in spite of till' 
great difference in speeds of propagation. It appears only t hat i11 
dynamic yielding the amount of yielding is not constant but in­
creases with the intensity of the propag,iting stress wave. It 
seems likely that careful investigation of what happens dynami­
cally may help cast light on what happens st:1tically, a 11cl 
vice versa. Cer tainly , hoth investiga lions migh t be pursued s i11111l­
taneously with profit. 

Investigation of the Variation 
of Point Unit Heat-Transfer 

Coefficients for Laminar 
Flow Over an Inclined 

Flat Plate1 

E. B. l'i·:xROJJ .2 Thi:; paper makes an important conl,rilrntion 
to lhc tcclrnicrd liternture by presenting info rmat ion 0 11 hea.t 
transmission from a nonisothermal inclined fi at plat.e ir1 laminar 
flow. I t was stated that the temperature at the center of the 
ribbon was kepi, only a few degrees above the free a ir lempera.i.ure 
in all runs. _\Tevert heless, it would be of interest to know (a) 
what the temperature gradient was in the direction of Lho length 
of t he ribbon, and (b) the magnitude of t he temperature de~ia­
t iou for a similar isothermal flat plate in b111inar flow. 

In making a study of heat trnnsfcr from a. cylindrical 8Ul'face 
to a ir in pnrallel flow, J akob and Dow 3 took in to con:;idcra.tiou the 
effect of the hydrodynamic starting il·n!(th of the specimen (the 
ratio of the surface area of the :;tarting piece Lo t he perimeter of 
the healing cylinder) . W:1:; the apparat,us used here, dPsiµ; ncd 
so that the effect of the hvdmdyua.mic st:uti1w lmwt.h 11"1" 11 P"­
ligibly small? · 

0 

"' • ' - ~ 

The coPfficients of heat transfe r from a solid :;mface to a gas 
according t.o .J:i kob and Dow are a bou t 31 per cent smaller tha n 
tli:1t rnpor ied by Siegel and J Lawkins. 4 Tl1e fornH·r investig:1tors 
used a cyli,1dric:d ::;utfacc, while the laLt.cr a 1-l:t t plat.c. It, would 
be of considcrablu in terest. if the a uthor would calculate the v:1.luc 
of the coetficie11i of he::i.t transfer from his d :1.l:t for a fbt pla.te and 
convert it by the use of t he curvature f:rcto r to the equivak11L 
value fo r :t cyli nd rical ,mrfacc 1.3 in . OD. If this could ue done, 
the author':; result s could he corn1x1rcd wi th those of .Jakol, a nd 
Dow, and nlso those of Slegi,l and Hawkins. 

.-\ l/ 'l'IIOR' ::; C LOSUHJ,: 

The tc rnpcr,Li.urc at the cen Lcr of the nichrnme ribbon wa.s, at 
the doll'nst ream ond of the plat.u for any run, not more than 15 F 
above free stream air temperature, nor l,•ss than 10 F a bove fre,· 
stream air tcmpl'raturc. The J,•ading udgc of t,he plat,! w:ts at 
csscnti:tlly t.hc free strl·: rn1 air tc mp<' ralurn. The corn pa.rahlc 
isotherma l surface pl!Li<, then would h,! :tt a 10 F to 15 F te mpera­
ture dilfore nco wi th tho free st ream a ir tcmpurnLure, ov,•r the 
whole plate surface. 

As is staLcu in the pa per, the ratio of the unheated start ing 
length io the total length is 0.0313 and thus is negligibly sm,tll. 

1 By R. M. Drake, Jr. , published in the J\Tarch, ]\).HJ, issue of the 
JouHNAL OF ArP1.11m l\fi;r.11AN1cs , Trans. ASI\LE, vol. 71, pp. 1- 8. 

2 Head, Departmen t of Mechanical Engineering, Universit,y of 
K entucky , Lexington, Ky. Mem . ASME. 

3 "Heat Transfer From a Cyl in<lrical Surface to Air in Parallel 
Flow \\·ith and Without Unheated Starti ng Sections," by Max ,Jakob 
and W. M. Dow, Trans. ASME., vol. 68, 1!)46, pp. 12:1-134. 

' "Heat Transfer From a Vertical Plate to !Ln Air Stream," by L. 
Siegel and G. A. H awkins, Research Series no. 07, Engineering E xperi­
ment Station , vol. 30, May, 1946. 
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Tiu, experiment.al <la la of .Jakob and IJ011· have been to some 
1·x1.<,11 L substant iated by Slack5 in experiments on a 1.90-in-OD 
probe having a hemispherical nose. In this experinH·nt-, the nose 
was to some extent heated and no start ing hmgth correction was 
1tppli1• d. It. is thus concluded tJmt the avurage heat,..t ransfer 
,·oi,flic:ic•nt. from such a prnhc• 111a~· ht! sp,•c,ifi,•d by the c;quation 

lu ( U.r) "· &J - = 0 .028 - . 
k V 

. 11 J 

for air in axi,d fl o\\·, u11ck1· c·o11ditio11s in which tlw preponderant 
nmmmt. of hl'a.l. Lra.11sf, •r oc·curs from tlH· c~·lindrica.! surface of the 
probe. Thu dinrnnsion .r in Uw given co rrelation is the ratio of 
t.!1,· surface area to t.lrn perimeter of the cylinder, \\·hich in the 
cast , of a hemispherical nose as was used by Slack, results in a 

lrng;t,h mcasurnd a long the axis of symmet.ry of t;he probe. Such 
a. 111msure111ent can be valid only when the length of t.h,, cylinder 
is la.rg;c romparud with its di:.unetcr. 

('o nsiL!t·ri11 g I Ju , state of knowlt,dgc concern ing the boundary­
layer flow on a body of the type considered, the compari son to 
fla t phtc conditions is to some ext,mt unwa rranted. The correc­
t ion for bou ndary-layer curv:tture as calculated by Jakob and 
Dow, ~hould ind,·,·d apply if t he boundary layer would begin wit.h 
~ .. ro thickness al , some point along the cylindrical surface, when 
r could lw considerod zero. Unfortunatdy, the development of 
l,h., boundar.v 1:t.ver on the spherical nose section is of su<' h cha r­
acl<' r as to maki, f:tlla.cious the comparison ,,·ith Ha t-phte condi-
1.ions :, s implied in t.h:, characte ristic IP- n!!th as quoted in Lht• given 
.. qu,ttions. 

To nmke a comparison with 1 ht , fla t plat,c, so111e bouncbry-layer 
dinwnsion should be chosen as Hignificaut, and it. is expected 
t.hat, in a relat,ion of the ty pe 

I:!_ = C (!!._ oo li)"·'. 
k V 

. . ... [21 

tJw constant. C' would be rclat."d for proh" a nti pla te only h.v the 
curva t.ure rl'l:tt:ion prev ioesly ~i tc,d. On the basis of this r,'nson­
ing, it appc•:u·s t.h:tt t.h ,• b m ndary-1,ty,·r thick1wss implicit.ly as­
sunu,d in Equ:tt.i<on 11 J is too Sl!l '.dl. 

On the Design of Large Elevator 
Platforms1 

L . R. R1sst.1m. 2 The usefulness of the principle of superposi­
tion for the solution of sLaLic:tlly indt'l erminant ~t.ruc tures is 
quite ev ident in this prrper. H !ms been the writPr's experience 
that, in genera l, t.he s impler approach to I. he solu tion of a st.al i­
cnl ly indet.c rrnina11t struct.urn is hy the use of t he theorem of 
C:1.st.igliano. The author'~ straigh tfo rward solu t ion of th is 
problem is obvious. 

The dist.ribution of lo:td in a m::tt has rat her a wide application, 
especially in the building indust ry. The author's paper points 
t;he w:iy for n m.tion:1./ me/;/wtl of :ipprollch iJ1 the soJectio11 of 

floor members for many types of 8Lrucl ures. I t is p:,rticl!larly 
uscfl!f fo r elevator-platfo rm design, because it is ne cessary for 
t;hem to he as light in weight as possible. I t would seem t hat 
an expanded application of the author's paper must take into 
account the two assumptions upon which it has its foundation. 

~ urhulent Heat Transfer With High Surface Temperature ; 
Experimental Inves t.igation With a Cylindrical Probe in an Axial 
Air Flow," unpublished Master of Science Thesis, 1948, by E. G. 
S\nck. University o{ C!l.lilornia . Berkeley. Cahl. . 

\ By "F. l1yma.n~. {)\.\b\\sh cd \n tbc Ma.rcb, \{,)4.~ , \ SSUC o \ the J o"UR-
NAL O>" APPL\ ED MECH.,NICB. Trans. Af\M.F,. vol. 7\, pp. \)- 18 . 

2 Section Engineer, Apparatus Development, Westinghouse Elec­
tric Corporation, Jersey City, N. J . 

There a.re cases, which the writer can visualiz<·, whHre the as­
sumpt ions will not, hold . One case would he where· I he stringer 
stiffness is large compared to the be:un s t ilfoess. Under this 
condition, an appreciable part of the load would l1t • carric,d by 
more than three beams. 

AUTHOR' S C t,US UHJ-: 

I wish to thank l\Ir . Rissler for his discussion of my paper. 
The problem dealt \\'ith in it is of coursc1 orn, wit.h fa r i.oo many 
redundant elements for t.he application of Cast igli nno 's theorem. 
~ ' ith reference to the last t hrnc p,t ragraphs of Ll11, clis<'ussion, 
I wish to refc1· !Vfr. llissl<-r to the explan,d ion t>ff<'rc·d Parlv irt the 
paper in justif-ic:tl ion of Assumption I. Later in t,l1 e paper, in 
connect,ion with the numerical examples, he will lint! a discussion 
of its validity. Obviously, this or any other as~umption is per­
missible as Jong as it leads to result s Lhat arc 011 t l11 , safP. side. 

The l\1anifold Problem1 

R . 'IV. Pow"1.1,.' The effo rt t,o collecL and encl ify the scat. I ererl 
material on the flow in manifolrls is very corn1ne11d,tlile. 1 [ow­
cver, the :u1t.hur has overlooked some of the public-al ions of civi l 
engineers on th e suhj e!'t. I t is dcsil'Cd espc,c i,dly lo c,dl altnulioi, 
to an arlicle nn t.he manifold for navigalion locks,3 a nd discus­
sious of it hy J ohn S. i\fcNown a nd the writer. Those discus­
sions were prepared indPpcndcnLly, a nd arc efforts to <'Xp l:.tin and 
evaluate the discrepancies bct.wcen the autl,or's Equat;ion 18 I 
and the actual situation . AL ea.eh btcrnl-discl,argc, opening 
there is an increase in pressure du e to the d ecele ration, but it 
is uot as much as Equation 181 would i11dicat.n, th at is, there is 
an enP. rg;y loss a t each opening besides the ordin :try fri ction loss 
in the pipe bet wcc11 dpenings. 

The original I rmtmcnt by E1 ,ger and Levy of a continuous 
side slot assU1ned th:tt the liquid leaving ll ,rough t he slot keeps 
all of i ts for\\'ard velocit.y. 011 th is ba, iti the 1110111c11 tum treat­
ment checkR the energy Lrcat111c11 t ( Be, n 'lull i'8 theorem) \\'i thout 
loss. Bu t with la.Lcrnl pipeti a t right a11g;ics t,o t hn main pipe, 
if it is assumed that t he liquid flows in Lo tlw I tl era! p ,·rp,•11 d icu­
larly to the direction of flow in t.he main pipe, the 111011w11 t um 
treatment sl10w8 that t.he recovery of head i,.; twice that given 
by Bernoulli's cqu,·,t ion wit.hou l, less. The aetu,d fact; i, tli:tL the 
liquid ns it. leaves through tl ,e por t has not hee 11 turned thrnL1gh 
the whole 90 deg. 

Soucek and Zelni ck c: t!led the llow in the m:tin pipe ups tream 
from the port; Q,, and downst.rc:tm Q,. The flow ou t. through the 
port Q:i, was taken as P,,Q,. Then Q2 = ( l - P,1 )Q1• Thi11king 
of Q1 ns Q2 + Q.,, they assunwd t.hat. the · momentum of only 
Q, + kdQ" would need be considered in the equal.ion, as a forward 
moment.nm corrPspondi11g to ( l - k., )Q, would be carried ou t 
in to the por t. This gives a n equation 

which reduces to 

(Q2 + k/). )V, 

f//J 

Q,V2 

/Jll 

gv(p2 - p,) = 2(Pd + k,/>d - P/)V1 2 

This agrees with Equation [8] if kd = Pd/ 2, which is t he same as 
taking McNown's c as 0.5, that is, t he a uthor's treatment con­
siders the energy loss in the port as zero. But the experiments 
recorded in the reference cited 3 show that, with the possibl e 

, 1',y J. D. Ke\\er. \,ub\isbed in tbe Marcb, rn4\), issue ol the .l oun­
N,\.t. O>' l\.\>PLlEn M .1'.eH '-N\ CB, Trans . . 1\\-:,Nl'F,, vo\ . 7\, pp.11 - 85. 

2 I'rolessor ol Mec1,anics, Ohio St>ite University. 
• "Lock Manifold Experiments." by Edward Soucek and E. \'\'. 

Zelnick, Trans. ASCE, vol. 110, 1945, pp. 1357- 1400. 
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exc<!pt ion of t l, e cas" of t he cont inuous slot, this enPrgy loss is 
far from ncµ:ligibl e. The wri ter's discussion a lso points out. the 
effect of t.111' 11rm1111iform distribu tion of velocity in both the 
downst rf'a.m 111ain pipe and the lateral. These statements will 
no t b .. l'l!JH,ated here, nor th e importa nt remarks m:1de hy :V[e­
i\ow n in \,he !at ter pa.rt. of l1i s di scussion, a nd t.lH! rPpl v of Souenk 
aud ,',clni ck t,lll'retu. 

H. I I. Su 1,1·:~1. 1 The scope of the pa.per is of course t,he 
prop,•r pr11p11rlioni11µ: of How through a seri e.~ of ports in a mani­
fold. Tl11 • author has given nn excellent, amtlysis of n commou 
problem i11 pract.iea.l everyday gas and hc:;t.ing applica.tions 
1d1ich it, sePms has had very lilt.le aLl,ent.ion i11 the past. 

T l11! aulhor has assunH,d a discharge coefficient, of O.ti2 fur 
F. in Equal.ion [l] . It would he well for the author to discuss 
furl her th e eff,·cl s of wid e varia tions in this K-factor as experi­
enced in pr:i cLic,·. fo the writ er's experience, it generally has 
bcP11 found I hat ii is µ:ood prac tice to use ports drilled frnm a 
No. 28-MT]) (or ' / s i11.) down to a No. 60-MTD. H owever 
liH'se pra cLic:.d li111il s var,· wid ely in t he field, depending upor; 
wh ether ra is<'d port, ar•· us<'d or simple drilled ports. \fr. 
Barthol11111ae of Pit tshurµ:11 recommended use of rather large ports 
ranµ:i11g fro111 i\o. E-MTD (or ' / , ill .) down to 1/ 8 ill. Such a 
range of port sizes 111ight, change Lhis K-facto r from a hi µ: h of 80 
per c:e11t to :Ls loll' as 40 per cell t ill the case of very small ports 
occasiona lly used. 

Another ill'lll discussed by the author is the area ratio. It 
has been t'I" • writer's mq.Jcricnce that a safe rule is to use a factor 
of LO Lu J.2 ; if this is exceeded, rather uneven a nti often un­
stable flan)( •,; l'l.!Kul t . This is alsn borne out by the :mUwr's 
calcu lal io11s. In an a rt icle by B . .E. J3artholom:w,5 t hP author 
rccn1111n, ·11ds Ll1al, :L t,otal port area of a drilled-pipe burner 111:iy 
be fro111 1.75 to 2 t,imes the cross-section al area of the pipe. With 
fairly large port,,; and rcasuna bly long burner pipC's with L/ D = 
60 to 80, no doubt, rea~o11ahly good result s w,·re obtai11,·,I. 

The author of the present pa per rccon1111emls tha l,, to comp,·n­
satc for variations in flow through ports a l, various loca.t.ions, t li e 
ports must·, h,! placed on closer or greater centers depending upon 
the port ion of tl11\ hunwr requi rin!,( more or less How. T n a 
hun11 •r tl1 crc is 111' r·o1irs,; 111<, important [actor of H.a111e t-.n,v .. J, 
and , if these CP11 tcrs were lo sprPad a nd the pnrl s ll'ere sma ll , 
fla me t ravel wn11ld hecn1ne quit·e :L prohlPm. l'n a shurt burn"r, 
wh ere t,he rnLio of /,/ D = 10, the pipe would he so short gent•r­
a lly t ha L iL hardly wou ld be prncl ical to vary (.he ,;pacing ovPr t hr• 
hurncr le11gt.h. 

To some extent in pracLicc, the amou11t. of preheat i11g of the 
gas-nir rnix turn in Lhe pipe Lurner will reduce the specific gravity 
of the ga .. ~ a nd, a t the same time, expand it so the effective port, 
area is reduced at the end of the run. This to some extent 
occasionally lcuds in a practi~al manner to offset the importance 
of t he l, / D factor. 

The design of Lhe "simple" drill ed pipe burner so commonly 
em pl oyed dl'H('l'vns snme real comprehensive research. The 
paJ.J< •r co11cr,i·11s iLself primari ly with proper distribution of flow 
to a ll ports. 'J'he writer would like to propose an additional 
step, na moly, (,o lay ou t tables on various popular pipe sizes 
from 3/ 8 to ~ in. for various lengt hs. Such a study would involve 
the facLors in the preHent paper, that is, the ratios of L/ D, the 
ratio of areas of ports to cross-sectional area; a deLermination of 
ideal port sixes for universal gas use involving : (a) elimination of 
backfiring or tla., hback; (b) noise; (c) clogging; (d) flame travel; 
and por t centcrs, as discussed in this paper, for proper flow dis­
tribution a nd proper main tenance of flame travel. Such tables 

' Solem Machine Company, Rockford, Ill. 
• Equitable Gas Company, article by B. E. Bartholomae, Pitts­

burgh. Dcc~mber, 1943, reprinted Industrial Gas. 

could be calculated a11d would, it, is believed, then staudardiz<· 
a ll commercial gas-dr;llcd pipe hurners, or Lhc homemad c 
burner, when drilled i11 t.hc average shop. This \\'ould then 
"refi11 e" an it.em which is ll<>W so ,·ommonplacc t.hat it. has heen 
neglected. 

.\ I 'THOR' " ( '1.nsUl!I•; 

The discnssions h:v Prnf, ·ssor 1'1111· .. I I a nd by :\fr. So!P111 :trl' 
apprcciakd. 

The mfL•rence by Professor l'mn•l l t,o the Soucek-Zelnick \\'urk 
is a valuable one, but t,rn limit-alions should be pointed 11u1. 
First, Soucek and '.Zl'lnick did nnt make tests on a nnmber of P"rt.~ 
along a conduit; th1:y had six ports, but only one at a t ime ll'a~ 
discharging. This docs noL cnrrnspond to a manifold, 1d1cn · 
the How condiLions at any outld , arc certainly inAucnced l,y t,lu · 
How distortions which havt: ,wemTed at the other outkts furl h,!r 
ups tream. Second, Soucek a11d Zelnick based their diseha rg;,• 
coefficients on an "offecl.ivl' h<·rul " obtained by extrapoiat,i11g t hu 
upstrn:1m gradient tn t.hi: cent.,•r line of lhu port, Lhat is, UH!Y took 
nn accoun t of the ri su of pressu re in the manifold at, or lw \'1111d l lw 
port caused by the longi tudina l deceleration. · 

Nevertheless, in vinw of Professor Powell 's discussion, ii a p­
pears, in reference to the present paper, lh,tt a sharp,·r <list in el ion 
must, be made bet1rnen (1) a cont-inuous slot, in t hu sid i: of a n1 a 11i­
fold, and (2) :.1 series of separate holes, especially ll'h<·11 t.111' holi,s 
arc comparat ively fow in nunilH ·r a nd far apart rel:d.ivu tn the 
dia meter of t lw manifold. For 1n:un· s111:dl hoks close t.ogutlwr, 
it, is believed t,hat t,he derivat ion for the l'onlinuous slo t is pral'­
Lically correct. As AQ changes to dQ, t,lw mo ment um-il11,11n· n ,­
sul ts coincide with the energy-theory n·s1rlt s . a~ shmrn i,; th,· 
discussion of Var.sonyi's theory in th <' .\ppt· 1ulix. 

A point nut sufficient ly ernphasir.ed in the pa pt! r is t l11 ! ,·1-ra.ti,· 
character of the fl ow from t.ht· rnanifold OJ.Jl' lli ngs ll'hun t Ill' a n ,a. 
ratio is considerably gr·catc r than uni ty, a nd t lw author is glad 
t.o note Lhat M r. Solem has poin ted this ou t . To cite a sp,·c ifi , 
case, in the ma nifold sl11rn·n in Fig. :3, I ht! great.est. can· ll'as n·­
quin•d in it s construction, t.o obtain even the modurnt.eh· u11ifor111 
varic1 tion nf jc t heigh ts indil"a k d by I.he photographs.· With out 
the outlet tub,·s (that is, with plain drilled holes) it was impos­
sible to oht,ain a n_v uniformity. Even with lhe tubes, with wal ,· r, 
Pig. 3(b), occasional slight variations of unknmrn origin ll'ould 
eauso somo nnu of the jets IH'ar Lhc inlet end Lo spur t much higher 
Limn its neighhors; this va ri ation would persist fo r a time, t.h,:11 
disappear, a nd lat~r occur at some other outlet,. The fl a m, ·s in 
Fig. 3(a) wc1°<! photographed when burning a mixture of gas a nd 
air, but with rrrn· na.turnl gas, by imprnssing ever so slight a vari­
ation of pn·ssurc at the inlet, tlw flames could bti made l,o da nce 
along th<· ma nifold length, alternately high at the inlet Plld a nd 
low at t.ht! dead end, and vice versa. As a flow-dis tribut.inµ: ,!<·­
vice, a ma nifold of large a rea-ratio is therefore l'xtrnmch- nnn·-
liablc. · 

Mr. Solrnn raises Lhe <1w·stion of the effect of variation of the 
dischargt• coeffi cient. ln the papnr it was explained h1111· this 
can be taken care of in a simple ma nner, provided t.l1c col'flici,·n t 
is the same for all ports; but if it varies from one port to a r111thur 
(with the pressure or head, for cxampl<,) the correction is mnre 
, lifficul t. 

The effect of the transfer of heat Lu Lhe combustible mixt urn 
in pipe burners, as pointed out by Mr. Solem, is to pruduc,· a.11 
acce!Pmtion which tends to counteract, the effect of the dcceh·ra­
tion a nd ht• ncc to equalize the discharge ; but in most cases, 11·ith 
pipe burners in the open, thu magnitude of this effec t is belit·ved 
to bo migligiblc in practice. With pipe burners in ovens, it, ma.,· 
in some cases be of importance. · 

In t,he present paper it was desired to cover many otl11,r 111a11i-
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fold problems besides those of pipe burners, but, a more intensive 

,tndy of th is particular device, as suggested by Mr. Solem, would 

,·, •rtninly be t!csirnble. Perhaps he will carry this out in the com­

J>l'ehcnsive manner he lrns outlined. 
Hefcrcnces which should h" added to thusc given in the paper, 

aside from lhose cit<·d by Prnf,·s~or Pmn,11 and \Irr . Solem, are as 
fo llows: 

".Jets From Manifold Tubes," by ,facob l, uriz , Tr:111, . . \,.;!\£E. 
vol. 53, 1931, Paper No. APM-53-14, p. 181. 

"Hyriraulic Losses in Short Tubes Deter111i11Pd L:v E,p.,ri1111,r1 b," 
by .J. R. Oakey, Enui:neerinu News-Record, vol. 110, J,1111• I , 1 !l:l:~. pp. 
717- 718. 

" Hydraulics of Spriakliug Systems for Irrigation," by J . J,;. Chris­
tiansen, Trans. ASCE, vol. 107, 1942, pp. 220- 23!) and discussio11. 

"Flow Through a Pipe \.Yith a Porous Wall," by F. C. W. Olsen. 
.Tou nNAL oF APPLJF:n MBCH,INIC><, Trans . ARME, vol. 71. l'l4!l. pp . 
53- 5!. 



Book Revievvs 

Fluid Mechanics 
Ftlttm;n lJ URCH DIE S'.l'ROMUNGSLEHRE (Abriss dcr Str6111ungslehre.) 

By L. Prandtl. F. Vieweg and Son, Brunswick, Germany, fifth 
edi tion, 1949. Bound in cardboard, 6' /• X 91 /, in., 247 figs., 407 
pp., no price li sted. 

RF; VIEWED BY J. P. D F:N HARTOG' 

..-['HIS book is a substantially enlarged new editiou of a volume 
which first, appeared in l\!31 under the tit.le "Abriss der 

Stri:imungsldire." An Engli~h translation was published in 
193G, entitled "The Physics of Solids and Fluirls," Blackie & 
Sons, Gla.sgow, S•sotland. 

The next, edition, much larger than the first, oue, appeared in 
the middle of the war in Germany and was renamed "Fuhrer" 
inslead of "Abriss." A few copies of that edition were picked 
up in Germn,ny in 1945 and found their way to allied countries, 
but i1 ,s existence remained virtually unknown outside of Germany. 
Now, duriug lhe postwar years, the great master of fluid me­
chanics has not only revised the text, incorporating in it all the 
new mate rial di~covered by the Germans during the war, but has 
increased it,~ ~ize from 300 to 400 pages. The new material deals 
principally with applications to meteorology and to heat transfer. 

Readers of the earlier edition will remember it as a beautiful 
book, ~imple rwd lucid, with many striking explanations of 
phy:sical cxperimP-n ts as well as mathemntical developments, 
giving much understanding for compara tively little difficulty. 
In its prescflt new edition the book covers the entire fie ld of 
fluid mechanics in its brondest sense, describing and explaining 
th e fund:1111 en t:d laws as well as all irnpnrtan t technical applica­
ti<ms. 

Mauy of the t,opics in the book origiualed or were materially 
advrrnced by either Professor l'randtl himself or by his advice to 
the great number of students nn d assistants who did their work in 
his laborntnry. This book is a fitting monument to the father 
of modPrn fluid nwchanics. An English translation will be pub­
lishwl early in 1950 b~· 13lack ie & Sons, Glasgow, Scotland. 

Reissner Anniversary Volume 
H1c:1ssNF1 n AN NIVE Rs .,nY VOLUME- Contribution to Applied 

Mechanics. Edited by The Staff of the Department of Aero­
nautical Engineering and Applied Mechanics of the Polytechnic 
Institute of Brooklyn. J . W. Edwards, Ann Arbor, Mich., 1949. 
Cloth , 91 / , X ti' /, in., viii and '193 pp., figs., ill us. $6.50, 

REvrnwED BY \V. R. S,EARS2 

,.-['l-lESE pnpers on applied mechanics were contributed in 
honor of Prof. H ans J. Reissner on the occasion of his 

seventy-fifth birthday. The volume begins with a biographical 
sketch prepared by three of his colleagues at the P olytechnic In­
st,ituf e of Brooklyn, and a list of his more than ninety published 
works. There follow thirty-two papers in the fields of aerody­
namics, elasticity and structures, electricity, mathematical 
methods, plasticity, and propulsion, contributed by invP-stigators 
on both sides of the Atlantic. 

It is impossibl P- for the reviewer to report on each of the papers 

1 Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Ca1nbrjdgo, Mass. Mem. ASME. 

2 Director, Graduate School of Aeronautical Engineering, Cornell 
University. Ith1wa, N. Y. 

presented, but perhaps it is permissible for him to mention a few 
that seemed particularly interesting to him, in order to give some 
idea of the character of the volume. If so, he would mention L. H. 
Donnell's extension of the concept of critical axial loads in li,u,s t,, 
include both compression and tension, by virtue of genera.lity of end 
conditions; Theodore von K:irm:in's note on thrust augnientation , 
which shows t,hat surprising results may appear if nonuniform en­
trance conditions are permitted; and J. J. Stoker's idea or pre­
stressing a circular plate to stiffen it against normal buckling. ,.\11 

important section of the book is devoted to a series of five pa,imrs 
on concentrated load effects in reinforced monocoque sfrnd,ure:;, 
submitted by personnel of the Airplane Structures Resear<"h Staff 
at the P.I.B. 

The range of subject matter covered in the volume is brn,,dP.r 
than might be suggested by these samples. It includes, for ex­
ample, Reinhold Riidenberg's paper on the electron gun, Rufu~ 
Oldenburger's discus.5ion of a new type 0f constant-speed drive, 
and Alexander Weinstein on separation theorems for eigenvalues, 
The list of contributors is impressive, inclurling, as it does. n. P . 
Riabouchinsky writing on the open-channel analogy to compreHsi­
ble flow, Walter Tollmien on a hodograph method, K. 0. Fried­
richs, Eric Reissner, R. Gramme!, R. von Mises, and otlll'r~ of 
comparable scientific stature. 

In style and appearance, as well as in content, the Reiss111 ,r 
volume is a complete success, and its editors are to be compli­
mented. It stands as an appropriate tribute to one of the Grnnd 
Old Men of applied mechnnics. 

Elements of Mechanical Vibration 
ELEMENTS OF MECHANICAL VIBRATION. By c. R. Freberg nnd 

Emory N. Kemler. John Wiley & Sons, Inc., New York, N. Y., 
Second edition, 1949. Cloth, 6 X 9 in. , figs., illus. , bibliogrnph,v, 
xiii and 227 pp., $3 .75. 

REVlE\VED BY DANA YouNG3 

AN nnd~rst~nding of vi~rati~n phen~me?a has become a 
necessity m many engmecnng apphcahons, and cour~e, 

dealing with vibrations have been introduced into many engineer­
ing colleges. As a result a, need has arisen for elementary texts 
on vibrations for those who do not have sufficient theoretie:d 
background or the time to study the subject very deeply. Thi, 
book, which is now in its second edition, has been planned to fit 
this type of demand. 

As stated in the preface, it, is the purpose of this book to discuss 
the more elementary phases of vibrations and reduce them to a 
form in which they can be applied to pracLical problems. Ju 
order to achieve these a ims it has been necessary to sacrific,• 
mathemati~aJ rigor and, to a certain extent, some of the mori· 
fundnmcnt a l winriples of vibrating systems. A theoretical ly ill­
clined reader will find much to criticize. 

The first part of the book follows along conventional lines, 
Vibrations of a one-degree-of-freedom system are discussed in 
reasonable detail. This is followed by a brief treatment of sys­
tems with several degrees of freedom including the application uf 
1-Iolzer's method. A chapter is devoted to vibration isolation aud 
absorbers, and another chapter discusses methods of reducing: 
various mech anical systems to equivalent disk and shaft systems, 

a Professor of Applied Mechanics, University of Texas, Austin , 
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The vibration of beams is trnateJ wi t h princiµril emphasis upon 
Hayleigh's energy method. 

The lat te r part of the book includes three subjects of a more 
specializcJ uature, namely, noise and its reduction, the mobility 
method , and elecLrical-analog systems. 

Theory of Propellers 
T1rnoH Y O F P1toP8LL1'RS. By Tl,eudur-e Theodorsen. McGraw-Hill 

Publications in Aeronautical Science. McGraw-Hill Book Com­
pany, Inc., New York, N . Y.,1n4i<. Cloth. (i X 9 in. , illus., viii and 
I G4 pp., $3.50. 

REVIEW ED BY H UGl-1 L. DRYDEN' 

f N THIS monograph of 164 pages, Theodorsen paints in brnad 
te rms the theory of prnpellers in a nonviscous incompressible 

flui d with very brief discussions of approximate allowances for the 
effects of the prnfile drag of 1 he blades and of the general natme of 
compressibility effects. The main content is the potential theory 
of the flow about prnpellers with fini te number of blaJes and with 
the optimum lift distribution along the blades to give minimum 
losses. It is thus comp:isable to the theory of airfoil systems 
of minimum inJuced Jrng in the potenti a l flow of a nonviscous 
fluid . 

Theodorscn has made ma ny original contributions to this sub­
ject, skt.l'ting from Go!Jstein's solut.ion fol' ,1 ligh tly loaded single­
rntat.ion propeller of small advance rntio. Theodorsen showed 
tha t the Goldstein fun ctions :ire a.pplic:cble to heavily loaded pro­
pellers provided that parnmeters of the helix surface far behind 
the prnpell er are used ra t.her than the parameters of the surface at 
the propeller itself. H e also developed an electrical-a.nalog 
method of determining t he potential function for optimum load 
distribution on single n.nd dual ro tat ion µrnp ellers, which is rather 
in,id equa.te ly dcscribeJ in cliapt r·r 5 of the book. 

Th e prnct.ical designer 11·ill fo,d th,· pn :sentation dilficult to 
u11Jerstand and will consiJer the restrict ion of applicability of the 
thflo ry to design opernting conditions and low tip speeds where the 
Mow a pproximates potential flow ,is a severe limitation. .N"cver­
theless, if he does master the fundamm1tal c011cepts, he will have a 
pm1·ei-ful aid in :1ssessing the general effects of changes in the de­
sign vr1riablcs and of boJy ialeiforence. 

C lmpter I is an exceedingly brief intrnduction which outlines 
tl,<' goncnd content of the book. Chapter 2 presents various 
gl'nernl theor(•rns with regn.rd to opt imum loading. Chapter 3 
sketch es the solution of the opti1uum-clistribution problem, giving 
tabular results for two-blade am! four-blade single-rotation pro­
pelle rs as computed by various authors. Ctrnpter 4 introduces the 
propeller mass coefficient as a paramete r for heavily loaded pro­
pellers, and gives formulas for thrust, torque, energy loss in wake, 
and ideal prnpeller efficiency, as well as the distribution of energy 
los,1es in the wake between the axial, tangential, and radial mo­
tion,. Chapter 5, as already rnontioned, describes an electrical 
a 11 a lng for determining tlw loading func tion and the mass co­
eflici ent. 

Chapter 6 presents design relalim,s and procedures for single 
and dual prnpellers. The design proceeds frnm assumptions as to 
!"he power, Jensity, vel ocity, rotation speed, diameter, and num­
ber of blades. The power coefficient is computed, thence the 
corTesponding ratio of helix displacement velocity at infinity to 
forwa.rd speed. From tables, the mass coefficient, advance ratio of 
Lhc lielix , and load distribution are obtained. Choosing a selected 
ideal lift coefficient, th e chords at vr1rious radii are computed. 
The loss frnm prnfile drng is then computed a nd used to correct 
t.lie estimated efficiency and useful power. 

4 Director of Aeronautical Research, National Advisory Committee 
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Chapter 7 discusses th e slip-stream contrnction; Clrnpter 8 
describes propeller-selection problems, a nd Chapter 9 sketches 
the treatment of body-interference problems. 

The reviewer considers the compact prcsc11tatio11 as an ex­
cellent commentary on propeller theory by a lnad in g expert in the 
field. 

Theory of Osc11lations 
THEORY o,· Oscn,LA~'IONS by A. A. A11dronow a11d C. K Chnikiu. 

English lan guage edi tion by S. Lcfscbctz. Prinr,cton university 
Press, Princeton, N. J., 1949. Cloth , 5'/ , X () in .. 3 13 figs., ix and 
358 pp, price $(i. 

H.EvrnwED BY .J.P. D'"N JlAH'l"OG'' 

QNCE upon a time, in 1877, Lord Ray leigl, published a book 
entitled "Theory of Sound," which was the first text.boo k on 

vibration. The subject has grown grcaLly since that day a nd 
many other books have foJ!owcd it. These newer books usually 
contain Jiscussions of many modern applications, but a ll of those 
are explained on the basis of Rayleigh's original tl1t·nries, so thnt it 
can be stated wit .bout much exaggeration I.hat nu borJk on vibra­
tion has appenrcd since 1877 which differ~ etsentiully from the 
great classic. 

Now, J, owever, we have bcforn us a publication in a11 enti rely 
different class, written by two Russian sci1:11tis t, , originally pub­
lished in Moscow in 1937, and reccntly made avai la ble i11 an 
E nglish tedition. (March, 1949.) The work of Rayleigh a nd of 
most of his successors deals with the vibrntions of lineur systems 
only. Scattered papers have appeared ou nonlincar vi bratio ns, 
most of which go back to an epoch-making one by Van di,r Po l on 
"Relaxation Oscillations," in 1926. Otlwr papers in t his field 
arc on the general mathematical tl,cory, prima rily by the gn,at 
French mathematician Poincare, but these are so difficul t as not 
to be unders tanda ble to most engin eers, even to th ose spec ia lir,ed 
in vibration, such as the reviewer. 

The present book by Andrnnow a nd C'haikin is written by en­
gineers for engineers. I t treats the general theory of 11onli11car· 
systems, but in each chapter a number of rnthcr familiar physical 
cases are discussed in detail f-irst, before the gcncrnlizations arc 
drawn. Thus each step of abstrnct theory is made much ,nore 
easily understandable by reference to the bchavior of a fa rnilia r 
example. These examples include the squea king door, the 
pendulum with a rotating axle in its pivot wi th fricti.,11 , vibrating 
systems with dry friction or square velocity damping, vacuum­
tube oscillators, cathode-ray sweep circuits, and many others. 
Most of the examples deal with mechanical or electrical syst1:ms, 
but they extend beyond that: the case is discussed of t he two 
kinds of fish in the ocean, one of which foeds on plants and the 
other of which feeds on the first kind of fish. Thus the second 
kind cannot exist without the first; the population of either kind 
goes up and clown with time in regular cycles. 

The mathematical methods by which all of the~,· ra t l,m com­
plicated phenomena are discussed arc surprisingly simple: the 
wincipal feature is that for each case a diagram is made where 
clisplacemont is plotted against velocity. This has been done in 
the past (among others inevitably by R ayleigh in 1877 for linear 
systems, and later by Van clcr Pol), but the innovation is that a 
systematic study of these displacement-velocity diagrams revea ls 
the most significant properties of the bcbavior of all nonlinmr 
systems. 

It is ckar that we have before us an importaut publication. 
The English edition is not just a translation; it has been "edited" 
by Professor Lefschetz of Princeton University, who explains in 

6 Professor of Mechanical Engineering, Massachusetts In stitute of 
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tlw preface that he has shortened the book considerably by re­
t ai 11 i 11µ; all t li u phys ical examples a11d by omitting many existence 
a11d co11Vl' l'ge11cu proofs. This u11douhtedly has made the book 
very 111uch easiur a 11d 111o rc profita ble to engineers. Many 
read,·r:s will be grateful Lo l'rof,·ssor Ldschctz for the survice he 
has i,/111. · re11dured U1 e prof1 •ssiou. 

J t is unforLunat.u i11deed that. tl,e authors, Andrunow and 
Chaiki11, are 11011· spiritually separated from us by a set of circum­
sta11ce:s which aru even more complicated and certa inly more 
Sl' rious tha11 no11li11ear vibrations. Thu ruvicwer ends by ex­
press i11 1,!; hi s regret that such is t lie case and by stating his convic­
tion t,ha t if t husu authors could appea r before us at one of our 
Soci,·ty 's mr:eLings they would be given a warm welcome and re­
r r·i ve 1n·ll-desurvud applause fo r a IX'autiful joh well do 11e. 

Distribution of Deformation 
llisT11II H1'l' ION o r,· D,woRMA1'ION (a New Met hod of Strnctura.l 

Analys is). Hy C . V. Kloucck. Trnnsllltcd from the Czech and 
Gcl'l11an erli l. ions hy A. H. Wadclell-Za lucl ancl F. H. Zalud . 
P11l>Ji sl, cd 1,y C. V. ]{luucck , Prague, Cz0cltoslovakia, l949. 
Paper. fl' h X G1/, i11. , 2 l5 figs .. 5l0 pp. (This fir st. English ed it ion 
l,ns i>c•Cll printed only in :{:";0 <·o pit•S for t, J,~ i11forn 1:tt. ion of fore ign 
, p0,·ia lis t.s.) 

Tli.;vrnwf:D BY JA CK H. 13 1•: N.JA)IIN " 

,...r JI L method of rigid fram e :i11 a ly,;is developed in this uook is 
bnscd on a consideration of the defonnation of the frame when 

t.hc joints rotate. The Lenn " distribu tion of deformation" refers 
lo the di8trilrnLion of angular joint rotation throughout the frame 
whP11 one joint is rotated. This is not. a method of successive 
a pproxi rrmtion, hut :1,11 algebraii, 1nethod wherein the structural 
:1ct.io11 i,; evaluated before loads :in· applied. Application of loads 
t,lt un res1ilts in direct computat. in11 of joint. rotat,ions which, when 
,:ombi11, •cl with the ac tion of tJre loads, y ields the span-end 
111111T1L· 1rt s. Tir e solution of simuli:ur eou~ equations is not required 
a11d :i cn1racy is limited only by the norm:il s t.ruc turnl assump­
tion,. Th e fund a mental eriuations :ire• ~imple a nd easily applied 
wi th n·.sul ts compa.rahle in speed with those of moment. dis tribu­
tio11 . 

Aln1os t Lhe exact san1e met.!11,cl has been presented in the 
Uni ted States by Eva ns, "H.igid l•'rames"; in Sweden by Efsen, 
" .\fol.hod of Primary Moments.'' By a.n exlension the results of 
Lin , "A Direct Mctl11,d of Monwnt Dist.ribut.ion" arc obtained. 
The8e and other comparable methods are derived on a different 
basi8, hut the end results a nd eq11 a.t.ions a re fundamentally the 
same. 

The extension of the method to include chord rotations is 
st..u1dard until the problem of multistoried frames is attacked. 
Solution of sidesway in multistoried frames is handled by the use 
of a substitute cantilever beam with knots of stiffness at each floor 
level. The substitute cantilever is then used to calculate story 
deflections from which moments are obtained. The substitute 
cnntilever works well for simple stm ctures, but, with more difficult 
problems the method increases greatly in complexity. Extension 
of t he cantilever beam with knots to a horizontal beam with knots 
affords a new solu tion to the Vierendeel truss. 

The theoretical development is logical and thorough and the 
investiµ;ation of accuracy of the method and simplifications is 
comple te. The operation of the method is illustrated by many 
exam plus . 

This book once again points out. that purely algebraic methods 
can colllpete wi th the methods of successive approximation. The 
method used by any designer then is a matter of personal pref­
eren ce rtnd experience. 

6 Assistant Professor of C ivil 1!:ngineoring, S t.,mford University, 
St.anfurcl University , Calif. 

International Association for Bridge 
and Structural Engineering 

lNTEHNATIONAL ASSOCIATION FOR BmDCE: AND S'l'HUCTUHAL ENG I­
NEERING. Third Congress, Liege, Belgium, Sept. 13- 18, 1948, 
preliminary publication. Edited by F. Stucssi :111d P. Lardy. 
Eidgcnossische T echnischc Hochschulc , Zurich, Switzer-land; Ecole 
Polytechnique Fcderalc, Zurich ; Swiss F edera l Instit.ut.c of Tech­
nology, Zurich, 1948. Clo th, 7 X !l'/ , in., illus .. diagrams, charts, 
tables, 697 pp., 400 Belgian fr; 300 Belgian fr \,o mernhcrs of 
IABSE. 

.llE:VIBWED BY N. J. Ho F F7 

1...,HIS carelully printed and illus trated volu mu contains ad-
vance copies of papers prepared for present a t ion at thu Third 

Congress of the International Association for Bridg1J a nd Struc­
tural Engineering which was held in Liege, Belgium, in Scp!Pm­
ber, 1!)48. The association was organizC'd in 1!)2!) and has its 
offices a t the Federal Polytechnic Institute of Zurich, Swi tzer­
land . It is of some interest to compare the publicat.ion of this 
first congrPsS after World War II with those of the tll'o ,:arl iur 
ones. 

The fu·8t congress of the association was held i11 Pariti i11 1932. 
It was attundcd mostly by Central European e11!,rinrers 11·ho had 
startud the o rganization. The papers wt·rc submitted to thu con­
gress in Frnnch, Gc,rman, or English and were printed in I h<' 683-
page Pn•limina ry Publication in the original language- prn­
domiuan t ly German-and in French transla tion. Only two con­
tribution,; ll'ere accepted from England and one frum tlH· United 
States. Summaries of all papers were publish1•d in I ho t hrec 
" ·orkin1?; languages of the congress. The pr,· limin:1.1-y pul,li,·a.tion 
of 1111· s1 :co11d co11gress, held in Berlin in l(J3(l, has a ll I.he L·arr11:-1.1·ks 
of lhu lavishnuss of a dictatorship which w:1nts to i111pn·ti~ o ther 
coun tries with its appruciation of engineering science. A s,•parate 
volume \\' ll-S published in each of t.he officia l languaµ;es- Vre11 ch, 
English, and German- containing thu original 01· a complui,e 
tm11 Hlat ion of every paper accepted by the general secre ta.ri us 
and technical advisers. The English edit ion contaiu,·d 1583 
pag,•s. In spite of the large number of papers there wern only 
three E nglish and five Frenrh authors with 1t sprinkling of 
Sca.ndinnvia ns and men from the Low Countries. All Lile other 
contributious wore of Central Europea n origin . 

Judging from t he pr<'sent volumC', the geographi,· ,·, ·ntcr of the 
activities of the associaLion shifted t.o the 'W,·st. aud l\"orl h afte r 
World War II. Coutributions from J.he various countries arc 
distributed as follows: France 18, Engla nd(), Sweden 8, Bulgium 
7, Holland 4-, Switzerland 3, U. 8. A. 3, Czuchoslovakia 2, l'oland 
2, D enmark 1, a nd Spain I. Papers were accepted i11 onn of the 
three official languages and printed as received . lL appuars, how­
ever, that many of the European, particularly Scandi11av ia.11, 
authors prufcr English to the other two langua.gus. The volume 
contains altogether 32 papers in French, 21 in E 11glish, and 5 in 
Germa 11. Again, a ll summaries appear i11 cac·lr of t.he three 
languages. 

The papurs arc arranged in five groups. Those in t.he firs t den! 
with connections and design details of steel structures. Their 
importance follows from the observatio·n that, failures of bridges 
are a lmost always caused by incorrect detail design rather than 
errors in Lhe general layout and analysis. One of the details that 
has caused much trouble in recent years is the welded joint- one 
has to think only of the Liberty ships. Four papers deal with prob­
lems of welding. It is observed that triaxial status of s tress pre­
vailing because of the residual stresses lead to brittle failure. The 
"weldability" of a steel depends just as much upon design duta.ils 
as upon the composition of the material. Othur problems of 
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interest are the optimum arrangement of stiffeners to retard the 
buckling of the web of a beam subjected to bending, the calcula­
tion of the buckling; stress of plates beyond the elustic limit, and 
the behavior of t.hiu sheet elements of built-up girders after 
buckling. 

The second part, comprising more than one third of the book, 
deals with concrete, reinforced concrete, and prestrcsscd concrete 
structures. The trend toward rational, instead of empirical 
methods is noticeable in this part as well as in the preceding one. 
The first eight papers contain analytical and experimental studies 
of the optimum grain sizes and the composition of concrete; of 
the properties of vibrated concrete; resistance of concrete to 
frost; crack formation in reinforced concrete; the supersonic 
method of testing concrete structural elements; the determina­
tion of the bending moment that causes failure in a rectangular 
reinforced-concrete beam; and the effect of transverse grate-type 
reinforcements upon tlw strength of rectangular concrete columns. 

The remaining thir1L·cn papers of the second part describe rein­
forced-concreLe structures, mostly bridges, erected since 1936 in 
Belgium, Holland, fspain, France, Czechoslovakia, England, and 
Swed<'n. lfrasorn, t1re given for the choice of the particular type 
of coustrnctim1; dimensions, loads, bending moments, and 
stresses are quoted; photographs show the completed strncturcs, 
sketches explain dPsign features, and methods of erection are dis­
cussed. It is worth noting that some of the reinforced-concrete 
bridges 1kscri b1•d replace earlier suspension bridges. Of partirn­
lar inten·st are descriptions of a number of structun·~ utilizing 
prcstressed concrete. Prestrcssing eliminates cracks in the con­
crl'te to such an ext1·nt that pipe lines can be constructed which 
remain watertight when subjectc1d to internal pressure. 

Part 3 is entitled "Developments in Long-Span Steel Bridges." 
It deals rno,tly with suspension bridges which have becom1) the 
pref1·1Tud dwice for very long spans. Because of the intrinsic 
complexity of the theory of the suspension bridge, research men 
in this field have to make use of advanced mathematical methods. 
The "elastic" theory has long been superseded by the "defleetion" 
theory, but even the accuracy of the accepted versiou of the latter 
is put to ihe tl'st. in the firsl three articles of this section. It is 
found by means of worked out numerical examples that thr, maxi­
mum rnonwnts in the stiffoning girder may be in error up tu 7 pm 
cent if lhe horizontal displacements of the cab!<, are disregard1,d 
(Mdan's i;quation), and up to about 4 per cent if the effeet of the 
ha11g1·r deflections is neglected. Results of prPliminary wind­
tunnel t1,sts arc given 011 the influence of design details of stiffen­
ing trnss, deck construction, handrailing, etc. upon t.lie aero­
dynamic instability of suspension bridges. Plans for the con­
struction of a special wind-tunnel accommodating bridgP models 
up lo a lungth of 50 feet are disclosed. 

Ileinforced-concrete slabs and thin-walled shr, lls an, the subject 
matt.er of Part. 4. In the analytical treatment of these problems 
difficulties arise, as a rule, from satisfying the boundary condi­
tions. AL Ll,c same time the complexity of an c;xact ma thematical 
treatment is oflen not warranted because of the uncertainties in­
volved in the evaluation of the actual boundary conditions. 
Three papers in this group treat of the rigorous, apprnximate, 
and experimental determination of the strength and stability of 
continuous slabs. Two more describe actually completed 
st.n1clures. 

The fifth and las t part of the volume deals with 4ue,;tions of 
safety and dynamic loads. Six papers discuss the general con­
cept of safety a.nd point out the need for a statistical approach to 
the problem. H is shown that results of strength tests do not 
follow the probability curve of Gauss. One artiele emphasizes 
the importanc1) of inelastic deformations in the load-carrying 
capacity of structures. Advances made in thP undPrstanding of 
dynamic i,ff1·d~ ,in• ,k~erib<:d in five papers. ( )f partic11ln.1· in-

terest are two articles on th,, vibration of beams under 11,,. i11-
fluence of moving loads. 

In conclusion, it may be stated that the average level ol 1.iw 
papers is high and it is regrettable that so little interest wa, 
shown on this side of the Atlant ic in the work of the Congl'l·,s. 
The only three American coutributors arc 0. H. Amman, "G1,1,­
eral Report on Developments in Long-Span Steel Bridges"; (;_ 
Winter, "Performance of Thin Steel Compression Flanges"; irnd 
A. M. Freudenthal, "Inelastic Behavior and Safety of Stnw­
tures." A greater participation by American civil engineer, in 
the deliberations of the next congress should benefit the art a11d 
contribute to a better understanding between at least one group 
of people in Europe and the United States. 

The Aeronautical Quarterly 
THE AERONAUTICAi, QUARTERLY. Vol. 1, Part I, May 194\J. Pub­

lished by the Hoyal Aerona.utica.l Society, Lo11do11, England. St.iff 
paper,()' / , X 9' / , in., !Os. 

B,:vn:w1,m BY AL,:XANDBR KL1,M1N8 

EVERY branch of appli1 ,d sciem,e proceeds steadily from LLe 
simple to the complex. Before World \Var I several uwr, 

could justifiably say that thny had rPad all the teclniical iwn,­
nautical literature of the day. Today that would be an impossil.,I, · 
task. When in every scientifically minded country there issuns a 
flood of research reports and technieal studins in aviat.iou, Lhc 
problem for the serious worker is to select what should be n·ad 
and what should be retained or at least indexed, and what t,, 
discard as of ephemeral interest. The new A cronaulicu.l (/uur­
terly should help the situation. The first number is impec1·:1.blv 
edited, the mathematics are well set out, the editorial board ha, 
selected its seven papers or articles wisely. 

The first paper is on "Control R,,versal Effects on Swept.-lhu;k 
Wings" by Haydn Templeton, which is one of the most dilli1·ul1 
and most modern problems in airplanc design. The author i11 1,i , 
summary says "\Vith the d1•script.ivc treatment adoptl'd , il11 · 
analysis is of necessity broa.d a.nd geueral but is designed to a pp1·,d 
to those not too familiar with Lhe subject.." lL is this s 11t 1·r11:i · 
which shows why the (J,wrterlu will be v:du:,ble. Auth111·., :i11d 
editorial board apparently uudcrsLaJl(l that iL is impossil,f,, f<,r 
any technician to understand the srwci:diz,·d rnallwni:, I i, ·s of 
every field without proper background. 

G. N. \Yard in "Calculation of Down wash Lkliind a H111wr, ,,11i, · 
Wing" makes use of the thoug;ht that once the lincariz ,·d lilt.­
problem for a sup1·rsonic wing has been solved, the eompl,·t ,. ll11w 
round the wing and i he down wash behind the wing 111:1_, · 1, ,. 
found. His treatment is difficult, and ulLr:Lmathcrnatical. 

It is a uuisance wlwn studying airpla ne dyrrnmic stability a.11d 
changing a parnmd1•r to ha ve to solve all the equatious. IC 
Mitclwll in "Estimation of the Effect of a Parameter Cha11g1: ori 
the Roots of Stability Equations" shows how the effects of swl, 
changlis on tlw roots may be dd.ermiucd fairly quickly. 

\V .. J. Durn·an is :m int.ernational authority on fiutkr. I" 
"Flutter of Systems With Many .Fn•1,dorns" he discus,-,·s t Ill' 
choice of a minimum set of freedom and how Lo conduct llut\.l·r 
calculations so as lo m£n:imize labor, an ol,j,,ctive that will app1·:, I 

to many readers. 
E. C. Pike's "Note on l'rnpt>ller-Turbirn: !{eduction i\frt l,1111.;· 

deals with an interesting topic. Methods of prcscntatiofl :i11d 

reduction in this field have not yet become standardized. 
That I.he Quarterly will br: catholic in its viewpoint is pr11v,·d In 

G. \V. Truvelyan and D . R. Dhu1<kll's "Dclermination of Drag 
of Jd-Propelled Aircraft in Flight.'' becaus1, t.his is a pnu,ti,;al 
topic discussed by practicing m1gi1w1,rs. F. Urscll 's ":\ 111, ·.s "' ' 
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1 lw Li11i,ar Tlwory of lncomµrussi bl, · Flow Hound Symnwtrical 
i3w<:pt-Back Wing;s at. Zi,ro Lift'' i~ a fin" linca rized treatment of 
"difficul t, problem. 

The forcwon.1 says ill part "It, iR Uw prinmry object of the 
<:ditmial board of The Aeronautical Quarterly to encourag<' work­
,·,·s to submi t papers describiug; nmv and urigiual work, or papers 
n,viewi11g; th,, progress in some speciidiz,·d fiuld of activity and 
. .. . Lo n1aku tlw n,sults of thuHe r,,sl'areheR avaibble to all work­
<:rs or d,·sig;n µ;ruups conccrrn·d with aviat·-iou. " If the Quarterly 
ennti11u,:,-; as i t has lwgun, it - shoul<I arhirve the object thus 
,!,•fined. 

Advances m Applied Mechanics 
.\1, vANC 1-:B I N ArP1.1 1-:o ME<:IIAKt cR . 1':ditPd l,y Hir·h:ird vnn Miscs and 

Tl"'odore vo11 Karman. Vol. l. Aendernic Press Inc ., New York, 
N . Y .. 1!148. CloU,, Ji X \l i11. , w:l pp., ill11si.ratec l. !!l{i.80. 

H1w11-:w1-:u BY 1,; ,uc Tl.E[ SSN En9 

'"(' 11 J·: pn•sc, 111, .""o!, is thn firs I .of "s,·ries intonde~ ~r>r g1:aduato 
- s111do11t.s, scll'nt1sls, and i,11g;111c•c•r,-; who arc fa.m1har with the 

,·11 111 c·1it s of t< ,xlbooks and ha1 ull)ook ti in f".11 <' field of applied me­
r· ha11ie,-;, hut who fc,i,I in need of i11t.,•grated surv"~'~ of the results 
and mc· t hods co11t.ai11c,d in tJw n•c,·11t- pnriodica l lit.,•ra.turc. This 
11c·c·d IH ·c·orn<,s morn and mon, prC"ssing; wit.It t it<· increased volumn 
"i n·s,·arch which is carric·d on i11 fluid a1ul g;as dynami cs, ill clas-
1 ieily a nd plasLicit.y, 1111d n,latc·cl suhjcr. ts . Both experimental 
and maU1emnt.ir::d t.,,d111iqu1·.,-; an, becoming more refined and 
111un· a 11d 1110n , 11·,· an, wil,n<"ssi ng; extrc·rnn specinlization among 
n:sc·11.rd1 workc· r,-;. \Vhil ,, f.11·,·11ty or so y<·ars ago many a man 
crmld r: l:ii111 fa111iliarit.y with t,111 · sl-atc· of knowlc·dg;P in applied 
1111·eh:u1ic· ,-; i11 g;cn,·rnl, todny II'<' find rnany who arl' hnving diffi­
c11l1.ic·, in k,·eping; up wit.I, JH'oµ:r, ·ss outsid!' their ol\'n Specialty. 
I 11 vic,11· of this trend it is ext-n·11u,ly eomnw11dahle that the two 
o.\'/irlrl-n ·11m1·1u,d "di1.,11·s havi, undnrl:i.k, ,n f.lw ta,-;k of assembling 
, urv,,v ,-; of various fiel,b ll'hic:h will f:1-eilit -11 t.,• , for I-hose who foci 
!11111. Lhis is worth wl1il, ·, lhc· iask of b,•co111i11g; acquainted with 
rc·cc· 11i-progmss in many of th<" s11hrl ivisio11 s of appli<·rl ml'chanics. 
It is va hmLlc ad vici, which t-ll!' edilor.s giv1· 1,_v saying "1.h<'- more 
n·sC":irc·h i11 m,,cli:rn ics <,Xp:uub, iJll' 1110n , i11t,c,rc01 111,•et.io11s of 
,,·,·111 i11gly far distant, fic ·lds b,·con11· apparent.' ' 011<' nePds to 
1 l1i11k ,11d,v how 111ai.11em:tl.ical t11<·l liods fro111 supersonic ar,ro­
dy11:uuic0 a rc 110w lH,inµ: ut.iliwd in tl1,· 111,•nry of plasticity and 
11011· ea rly tndliods in plasticit .. 1· li:1v1 · l11•c•11 r1 •discov,:n •d b.1· gas 
•l\'11a111icists. 

Coming tot.he contents of volunw I, 11·,, tind first a summary 
,,f ad vances since 1938 concerning; hrn1ndary-l :ty,•r flow, written 
hy II. L. Dryden. Among t.hPsn a-dvanc<·s is t.hc experimenta l 
verifie11 lion of 1uaLliumatica l-s tability thl'ory by means of low­
turbulence 1vind-tu1111c;I tes ts and t.hc phenomenon of s tabilization 
of tlH' ho1111dary layer hy nwans of suet.ion through slo ts or porous 
walk 

:-;. 1\linorsky g;iws an informal.iv<: aceoirnt, of qualitative and 
•1ua11titaLiv" proccdun,,-; for the, solution of second-order non­
li11ear ordinary difforcnti:d equa.Lions. In particular we find dis­

c: u~sion 111' periodic s11 l11lions aml a1rnly~is of nonlincar resonance. 
('_ B. Biczc:110 survi,ys contribut.inns to elasticity published dur­

ing- U"' 1wriod 19-10 to !!)-Hi in llolland. Quite a large number of 
pnpc:rs 1111 pla ne, s t.n·s~. h,·:uns, pinks, and shells a rc abstracted in 
this urf i<:lc ·. 

J. :\L Burg;c, r~ is co 11 ee1;H'd ll'il Ii t.lll' st.ati81,ical tlwory of turbu­
lence. Thi s is a11 e11lig;hk11i11g; di ~c· 11 ss io11 of a mat.hematical 
model, t.liaL is, of a system of "qua tions 8impl<•r than tlin Xavier­
::,tokc·s "'l llat.iC1 11 .s hu l. i11 corpora.t.i11g C"ssi•ntial f,•alurcs of Hwse 

~ ProfC'ssor of Mai.hP111atirs, M:1s"l<'h11scl,f.s f11 s1-i tuf.p of Ted1-
11nlogy, ( ;a11ihridg<•, lvfa:,;:-; .. h111. :\~\11·:. 

equal ion s. ,\lt-hnuµ:h progrnss is cvick11t, rnueh work npp,·ars st.ill 
to be r<'11uin•d 1,don• 011 ,: c:1.11 spr•ak of :L r:dio11al solution of <'Ven 
the, 8impkst pmblc,ms of t l1l' sl:t t ist i,·:1.l t.lwm:,· of t mliul,·nci,. 

Hilda (h,irillg;er pn,s,•nf,s Lll'o finil" di1T1·n,1110<· nu·lhnds for \.lw 
analysis oi probl<"ll1S of 011e-dinw11 si1111:il wave· pmpagat ion in 
compressihl<' fluids. One of th,·sc nwt.l1ods is \iy 1 \11· author , ilw 
oth er om, by J. vo11 i'\r,umarn1. Both li:, v,· 111>1 lw, ·11 i.:,· 11,·rnllv 
available lwn·tufon,. · 

It von :\1ises and M . Schiffer uff,·r a. li!C'id i111n,d111·t-io11 111 flu , 
met.hod of Stnfan 13erg;man for in kg;mt.ion of tll<' li11C':1r p:1rtial 
diffcrcnt.ial equation which governs 1.11(' probl<"lll oft 1,·u-di111p11,-;io11al 
stead~· compn·ssibl<, flow when vdocit y con1po11e11ts inst, ·:1< 1 of 
spar>e co-orrl inat.<,s are i11t roduc"d as indep,•11d,·11t. variahlc·s. Th t> 
discussion is carric•d out, for an iscntropic· g;a$ a nd for a hypolllt' t i­
ca l gas nwn· 11,•a rly isentropic than tl" · oru, with li1"•ar l"·,·ss1m,­
volume rrlntio11. One may hope tlint. a f111un· :i.rtic·lc· 11·ill hri11µ; 
a discttssion of asso!' iating 1 he ~olut.ions whirh an , o!.1 ai11,•cl ll'it h 
the physical flow prob!,•ms whieh arn IH·rc of intC"n·st .. 

The appt•araJJCI' of this volunu, l of "Adva11c<"s in .\ppli,·d 
Mechanics" is a noteworthy <'Vent. Otw look,; forward to addi­
tional volu111es of this series, ass<,mhl< •d :rnd writlC'11 i11 t h" spirit 
of t,hn pr<"scmt first· vnhtm<•. 

Memoires et Tra vaux 
MEM011u;SETT11AVAUX DE LA SocrETf: HYDRO~'ECHNIQUb u1·: F1tANCE. 

Vol. 1, HJ48. Published by Societe Hy<lrotcdrni(Jue <le Frnncc, 1!)\J 
RnP. rl c Grencllc, Paris 7, France. Paper, 81 /2 X J 11 / 2 in. 

Ri,;vrnwED BY An-r1-1un T. Irl'EJ',; w 

I N:l'EHEST iu hydrodynamics and c~pc<'ia lly applil'd hydrn11-
lics ha;a expanded to a very remarkable dl'gn ·c: i11 Fr:1.nc1• since 

t he war's cw ! as evidenced by t,he op1mi11g :L11d r1•111arkahl<' g;rowt h 
of several m:ccllcnt laboratories and by !IH· a ln ·:u l.v ,n•ll-k11m111 
pcrioclica.J La II ouille Blanche. The Soc:ietc Tryd rot<-clrniqu,· d<• 
l<'rn1rnc has now ventured to publish by agrt'< ,11H ·11I-11"itli f,n Hou ii.le 
Ulanche two edi tions yearly of its own " :\l,·111oin•,-; d Tra.­
vaux." These will appear as special numbcrs of /,11 l1011illr· 
Blanche dedicated exclusively to the co111miUec, work am! field of 
interest of the Socicte Hydrotech11ique. TIH' tir~t numh,·r in this 
series contains 1,he minutes of two 11wcti11g~ of t.!1<· technical corn­
mittee of the society held on Novumi.Jl,i· Hl, 19Hl, and April 29, 
1947, with extensive discussions of a number of paµc ,rn puhlislt!!d 
in La Ilouil/e Blanche or other scientific journa!f' by t-hc members. 
This 11umber thus is to bring up to date tbe records uf the: soci<·ty 
since the brc,ak in publication in 19-15. Summaries of Iakr n11 ·<"t­
ings arc to appear in the fo llowing issue, . ;\. scrirs of paperR an• 
also co11tain!'d t-lH'n,in, the t itles of which may I>< · givc11 hc ·n· 1.0 

elucidate the scope of the scientific field covered. 
Mr. R. Legc•ndre in troduces corrective forms int;o l,hc h Ann:i n 

logarithmic equation for velocity distribution in pip,•s lo ext<·11d 
the validity to the zone near the pipe axis, in his pa.p,·r ,m " The 
distribution of mean velocities for turbulent flow in <;y[indrical 
pipes." Mr. L. Escandc extends the water-hamm,·r t.he<~ry to tlw 
cas" of " The maximum prcsRurc surge obtained in t.hc g;ov.,rning 
of hydroPb·tric units equipped with rclid valves." Mr. U. 
Labay(• has summarizrd and evaluated crit icallv ll11, results on 
the "transport of sediments by streams" obta.inc~rl in t,lu, past, by 
investig;at ors of all countri<"s. 

Mr. A. Kizery compares the problem of "Co11st.:u1t-dcpLh waves 
in the 11cighborhood of a jetty" to Llw optical prohl<"Jn of diffrac­
tion of ligh t at the edg,e of a large semen. l\<Ir. (L H.cmeni<mLS 
invcs t.igat1;s t hC' "possibility of direct co11vcrsin11 of th<, ctwrgy 
of a fluid strea m into electric power" by p:1~sing; the stream 

10 Profp:-- :--or of H.,·rlraulic~, ·i\fassar. lntsPt.t~ In~t.it11te of 'r\•,:li11olog_v, 
C:1111hridgp :rn. ~ra ss . 1V[Prn. A~:\fJ ,;_ 
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l,hro11)!;h a. llla)!;H<'li,· field. The conclusion is lhat this would h" 
pract.ical unl_v for th,1 hypothetical case that the energy of the 
prirnar.v fluid could he efficicnt,ly transmit tcd to an intcnrnldiatP 
fluid of high nl ,•ct rie cnnductivi ty. The direct application of t.he 
mdhod for v,•locity mt·asm·i,mcnts by A. Kolin is well known 
and will prohabl_y remain its primary function . Nevertheless, it 
is oft,m inst ruct.ive to specula te. :\fr. YL Parde comprPhensively 
and appreciati v..Jy surveys tht' American attacks on the problem 
of floods in "Arn.,ri.,an studi.,.9 of floods" with conch.rnion~ applied 
to his o\1·n cuu nt,ry. 

.fudging from t lw variL·ty of prohbns dna lt, wit. Ii ir1 th is first, 
i8~1lt' of " '\krnnires t't Travaux" in stwh a usdul and <'Xcdlent 
mann,·r, it e:ui b, i wt'II n·comrn<'ndt!<l to a ll hy<lraulic engin t!!'rs in 
the U. S. as representative of the b,·st, efforts of t lwir Enrn1w1u1 
collPtlgues. 

Computation Curves for Compres­
sible Fluid Problems 

C oMPlJT.1T10N Cu1wEs FOR CoMPRESSTB1.E F1.urn Prwn1.EMR. llv C . 
L. Daile.v and F. C. Wood. John Wi ley & Sons, foe., Nl'w ~;ork, 
N . Y. , and Chapman and Hall, Ltd .. London , Englaml. 1!l4!l . 
Paper. 8 ' /, X 11 in ., graphs, figs., x and :ci:1 pp., $2. 

H.1sVIEWED BY ASCHER J-I. Sf!APLR011 

TO TUE gr~wing n~mber of useful aids in working out de~iµ:_" 
problems III the high-speed !low of gases may be added this 

compilation of charts covering many of the comprPssibl!'-tlo\\" 
functions most commonly employed. 

Th,· scope of th e work may best be indic:Lted by outlining; the 
variou~ groups of curves: 

fa1mlrop £c Flow. Curves of temperature ratio, pressure ra.t,io• 
density ratio, and arPa ratio, all v!'rsus :Wach number (from Oto 
4 ), and fur specific-hea t ratios from 1.25 to 1.40. 

One-Dimensional Heal Addition Without Fr-ic/.ion in a Constant­
Area Channel . CttrV<'S for finding final 1\fach number, pressure 
ratio, and stagna t ion pressure ra tio as functions of ini t ial Mn.eh 
number (from O to 4) an<l of stagnation temperature ratio, for 
specific-heat ratios from 1.25 to 1.-IO. 

Oblique Shocks. \\'i th initial Mach number (from Oto 4) and 
turning angle (from O to 38 deg) as independent parameters, 
curves of shock angle, stagnation pressure ratio, pressure ratio, 
density r:tl io, temperature ratio, final Mach number, n.n<l en­
trop_v change. The normal shock is shown as a limi ting cnse. All 
curves :tre for a specific-heat ratio of 1.4. 

l'randtl-Meyer Flow. For a specific-heat ratio of 1.4, stream 
turning angle versus Mach number (from O to 4.0). 

Conical Sharks. With ini tial Mach number (from O to 4.0) 
a.ml cone a ngle (from O to 52 deg) as in<lepen<lent parameters, 
curves fo r finding shock angle, stagnation pressure, Mach number, 
velocity, pressure, and stream direct.ion at the surface of Llw ,·one 
and in the region between the shock and the cone. 

The curve sheets arc preceded by a short text giving th,· under-

11 Associate Professor of Mechanical Engineering, M assa<·.hn,etr.s 
Instit11te of Technology, Cambridge, Mass. Mem. ASME. 

lying assumptions and derivat.ions of the formulas 011 which th, • 
curves are based . 

Although curves can hardly be expected to yield tl11, prccisio1 1 
of tables, the scales of th e curves are sufficiently brge for t.he 
accuracy require<l of most e11 gineering computations. Great. c:tre 
has obviously been giv,•n to the organization, drawing, an<l bind­
ing of the charts. This, together with the importance of the sub­
ject matter, makes the collPction of graphs a valuable too! as a 
supplement to some of the n~t,,usivn numerical t.abulat ions 11'1,ich 
are alrearly available . 

Practical Solution of Torsional 
Vibration Problems 

P1u c TICAL 801,u•rwr,; •JF TuRSI01'AI , VIBRATION Prwuu, Ms. By W. 
K<c'r Wi lson. John Wi le.,· & 8011,, Ine .. N ew York , N. Y., HJ48. 
Cloth 5•/, X 8• /, in. \'ol. I . xx and 7:11 pp., ill11s.; Vol. II, xxi rwd 
li\l4 pp .. illu, . Each rn lume $ 10, U.S. A. 

H.1-:Vll')\l' l•:I) HY( ; _ s. C 1H:l\NJAK12 

A FTl~R bci11g out of print for several years, the ~econd e<l i­
fi lion of this book has been n'printed and is again available. 
The purpose of this review is primarily t.o :urnouncc the reissue of 
this va lu able publication to nw.ny who, like the revi.,wcr, have 
been fruitlessly attempti ng to locat.n a copy for the past several 
years. It also might not be remiss tu exa1nine briefly t.hP content. 
or the benefit of those who have not ha<l occasion nor t h,, oppor­
umity to use this reference. 

Dr. \Vilson's books represent one of the most ,·01n pl..t.e l,11t l,y 
no means all-inclusive sources of data on techni41ies for the a11aly­
sis of torsional systems and the measurement or such v ihra li<>1 1s. 
Volume I comprises chapters on the following: Torsional Vibra­
tion, Natural Frequ<incy Cal<·ulations, Equi valent Osci lla ting; 
Systems, Flexible Couplings, Geared Systems, Detennination of 
Stresses D ue to Torsional Vibration at Nom esonant Sp1;l'<ls, 
Effective Inertia M ethot.I of Torsional-Vibration A1mlysis, Aero­
Engine Air-Screw Systems. Volume 11 deals wit,h the following : 
Determination of Stresses Due to Torsional Vibration at Heso­
nant Speeds, l\1easurement of Tor~ional Vibration Ampli lu<lcs 
and Stresses, Analysis of Torsiogra ph Records, Torsional \"il ,rn.­
tion Damping Devices, Rotatin g Pen dulum Vibration Ah~orh,·rs, 
Dynamic Characteristics of Electrica l Generati 11g Sets. 

The presentation of th is material is lucid a nd amply illustrated 
by numerous examples. An excellent bibliography is includ .. d, 
as well as a selected list of patents rein.ting t,o vibration study . 
Naturally, the cmrent printi ng docs not contain any references tn 
recent publications such n.s the SAE compilations 011 "Evrtlua­
t ion of Effects of Torsiona.l Vibration" and "Co-( )perative Ti,st,i ng; 
of Torsiographs and Ca librations." It is also rngrdt,ahlc that t,hl· 
very recenUy publishe<l methods of extending t h,· I fob ,r method 
to forced damped vihra.t.ions (J. P. Den Hartog and ,J . P. Li, 
T rans. ASME HI-J.6; and T. W. Sp:wtµ:, ,ns' ARM!•: p:q,i,r ·1!1-
APM-12) could not of ,·unrsP be inclu<led. 

12 Chief Engiru•er. Li~s:-:<:"118 and A:-;sociates, Inc. , Bo:--1011 , :\la:--:-1. 
Jun. ASMK 
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