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Performance of the Viscously·Damped Vibra­
tion Absorber Applied to Systems Having 

Frequency-Squared Excitation 
BY F. M. SAUER2 AND C. F. GARLAND,' BERKELEY, CALIF. 

The effectiveness of the viscously damped vibration ab­
sorber is presented for the case in which the magnitude of 
the periodic exciting force acting upon the main system 
is proportional to the square of its frequency. Dimen­
sionless expressions for the amplitudes of the main mass 
and absorber mass and for their phase relationships are 
derived as functions of frequency for three cases, namely, 
one in which the absorber is tuned to the natural fre­
quency of the main system, one in which the absorber is 
tuned for maximum effectiveness over a wide range of 
forcing frequencies, and one in which the absorber is cou­
pled to the main system by a viscous fluid only ( the viscous 
Lanchester damper). The influence of main-system 
damping upon the amplitude of vibration of the main 
mass is shown for each case. Diagrams are presented 
showing the optimum damping, the maximum amplitude 
of the main mass, and the maximum relative amplitude be-

. tween the main mass and absorber mass, as functions of 
the mass ratio. The performance of the absorber when 
applied to the system having velocity-squared excitation 
is compared with its performance when applied to the 
system having constant exciting force, published pre­
viously (l, 2).• The tuning and damping for optimum 
performance are found to be different in the two cases. 
A model absorber with controllable tuning and damping, 
constructed for experimental work, is described and experi­
mental data are presented for the case of most favorable 
tuning. 

:'{QMENCLATURB 

The fo llowing nomenclature is used in the paper: 

w exciting frequency, radians per sec 
main mass, lb-sec2/ft 
spring Const.ant of main system, lb / ft 

= natural frequency of main syHtem, radians per sec 

• The theoretical work is based upon a thesis prepared by F. M. 
Sauer under the supervision of C. F. Garland and submitted in June, 
1947, to the University of California in partial satisfaction of the 
requirements for the M.S. degree. 

2 Instructor in Mechanical Engineering, University of California. 
Jun. ASME. 

• Associate Professor of . E ngineering Design, University of Cali­
fornia . Mem. ASME. 

• Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division for presentation 
at the Semi-Annual Meeting, San Francisco, Calif., June 27- 30, 
1949, of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS, 

Discussion of this paper should be addreseed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1949, for publication at a later date. Discussion re­
ceived after the closing date will be returned. 

NOTE : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Paper No. 49-SA-5. 
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absorber spring constant, lb per ft 

~~= natural frequency of absorber, radians per i;ec 

absorber damping constant, lb-sec/ ft 
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ab~orber damping coefficient., dimensionless 
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= freqtrnncy ratio, dimensionless 

inMantaneous displacement of main ma.,ss, ft. 

i11st.antaneous velocity of main mass, fps 

iustant.a.ncous acceleration of main nu1.s::i, ft/sec' 

instantaneous displacement 1Jf absorber mass, ft 

instant.aneous velocity of a.oRo rber mass, fps 

instantaneous accelerntiou oi ab~orher mass, ft / sec' 

amplitude of vibration of main ma.,s, ft 
amplitude of vibration of absorber mass, ft 
relative amplitude of vihrat.ion between ma.in and 

absorber masses, ft 
mass causing rotat.ional uubalance, lb-sec2/ft 
eccentricity oft.he unbalanced mass, ft 
phase angle by which displace1t1ent of main mass 

lags behind exciting force, deg 
phase angle by which displaet\1t1eut of absorber 

mass lags behind exciting force, deg 
phase angle by which relative displacement of 

main and abso·rber masses lR.gR behind exciting 
force, deg 

(.if 
INTRODUCTION 

The practicability of reducing vibration amplitudes in me­
chanical systems by means of the dynamical absorber, with and 
without damping, has been demonstrated previously (I) for 
cases in which the magnitude of the exciting force is independent 
of frequency. Many vibration problems encountered in ma­
chinery installations, however, are caused by unbalanced rotating 
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or reciprocating parts which generate periodi<t disturqing forces 
whose magnitudes vary with the square of their frequencies. The 
performance of a viscously damped absorber attached to a system 
excited in this manner is found to differ markedly from its per­
formance in the presence of an exciting force of constant ampli­
tude. Hence the tuning and damping of the absorber must be 
different in the first case from that in the second if it is to function 
effectively over the full range of operating frequencies. In the 
present, paper the theory of the damped vibration absorber pub­
lished previously (1, 2) is extended to the case of frequency­
squared excitation, and the results of the theoretical analysis are 
compared with experimental data obtained in working with a 
laboratory model. 

R ESPONSE OF THE COUPLED MASS AND ABSORBER SYSTEM TO A 

VELOCITY-SQUARED EXCITING FORCE 

For purposes of analysis the idealized spring-mass system, 
Fig. 1, is assumed to approximate the more complex structure of 
a machine, its mounting, and an absorber. The large mass M 
represents the machine whose motion is to be controlled, con­
nected to its foundation by the spring mounting K. The small 
mass m, represents the absorber coupled to the main mass 
through a spring-damper system. In this analysis viscous damp­
ing and linear springs are assumed. The motion is limited to one 
axis. 

The component of the exciting force in the vertical direction, 
caused by the rotational unbalance, is m,ew2 sin wt, where m, is 
the unbalanced mass with eccentricity e, and w is the rotational 
velocity. The m,e product is a constant of the main system, and 
any case of rotational unbalance may be reduced to an equiva­
lent term of this nature. 

The equations of motion for the two masses are 

= m,ew• sin wt . . .... [l) 

aud 

l'he solution of these simultaneous equations yields the following 
nondimensional expressions for the amplitudes and phase rela­
tionships for the steadv state 

K sin wt 

nest l'os i.ti on 

C 

.-'-~~~ -::::r: ..._ nest Pos i ti on 
~~-· Y2 

Frn. 1 IDEALIZED SYSTEM 

tan c/>21 
- -yR[l - (1 + µ)R 2 ] 

( R )( R) 
.. . ...... [8] 

1 - • j• - • - µf2R• 

f2(r - R 2 ) + -y2R 2 • .. • •• •• • • f9 l 

From Equation [3] it is seen that the amplitude of motion of the 
main mass at a given frequency is a function of three properties 
of the absorber, namely, its mass, its spring constant, and the 
amount of damping. These three properties can be varied inde­
pendently. For any selected value of absorber mass, the opti­
mum damper performance is realized only when both the tuniug 
and damping are set at their most favorable (i.e., "optimum") 
values. 

ABSORBER WITH OPTIMUM TUNING AND DAMPING 

The most desirable absorber would reduce the amplitude of the 
main mass to zero over the entire range of frequencies. This is 
impossible, however, and the best absorber obtainable in the 
practical case minimizes the amplitudes. 

For any given mass ratio µ, and tuning f, there are two fre­
quency ratios Rp and RQ (see Fig. 2), at which the amplitude of 
•the main mass is independent of damping (1, 2). If Equation 
[3 J is written in the form 

a, = ./AHR 
m,e '1c + -y 2D 
M 

the amplitude a, is seen to be independent of damping when A/C 
= B/D, i.e., when 

a, • I er - R2
)

2 + -y2R 2 

m,e = R
2 '1 [(I - R2 ) (f2 - R 2) - µj2R2 ] 2 + -y2R 2 [1 - (1 + µ)R 2 ] 2 • .•• f3 l 

M 

a2 • / f' + -y2R 2 

m,e = R' '1 [(I - R 2 ) (!2 - R 2) - µf2R 2 ]2 + 'Y 2R2 [1 - (1 + µ) R 2 J2 • . . l4J 

M 

a2-a1 

m,e 
M 

tan </>1 er- R 2) [(1 - R 2) (!2- R2 ) - µj2R 2 J + -y 2R 2 [1 - (1 + µ)R•]" [fi] 

ta~<f,2 =p[(l-R2)(j2-R2)-µj2R 2 J+-y2R 2[l-(l +µ)R 2 ) ......... [
7 l 
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j2 - R2 [ 1 J 
(1 - R2) (!2 - R2) - µj2R2 = ± 1 - (l + µ)R2 

With the minus sign this yields 

µR ' = O so that R' = 0 

With 1,hf~ plus Rign the equation becomes 

{( • - 2(!2 + µf2 + l)R2 + ' 2!2 = 0 ..... . . [10] 
2+µ 2+µ 

Equation [10] defines the two values RP and R0 as functions of 
µ. and/. If arbitrary values forµ and/be substituted into Equa­
tion [10], the frequency ratios Rp and R0 can be evaluated and, 
from Equation [3], the amplitudes at these two frequencies can 
be determined. For a given value of µ the relative amplitudes 
at Rp and R0 vary as / is changed, one increasing as the other 
decreases. Hence there is a particular value off for which these 
amplitudes are equal. This value is 

foot = ~l 1 µ . .. . • • . ..••.••..• [11] 

having been est ablished for the condition of optimum tuning, the 
question of optimum damping must next be considered. Refer­
ring to Equation [3 J, it is seen that the shape of the amplitude­
frequency curve, Fig. 2, depends upon the value of 'Y· If 'Y is 
large, the amplitude curve has a single peak at a frequency be­
tween Rp and RQ; if 'Y is quite small, two peaks appear, one,at a 
frequency less than Rp and the other at a frequency greater than 
RQ. It can be demonstrated that no one value of damping will 
produce an amplitude curve with peaks at P and Q simultaneously. 
A value of damping can be determined, however, which approxi­
mates this condition very closely, yielding peaks with nearly 
equal amplitudes at points near P and Q. This process may be 
summarized as follows: 

Solving Equation [3) for the damping coefficient and substi­
tuting 

and 
l + µ 

M 

the resuiting expression for -y2 has the form 

R'J' - 2f2R8 + R8 -
2 

[W - 4R6 + (2/2 + 4)R' - 4j2R2 + f' J 
µ(l + µ) 

. . .. . . . . .. . . . . . . .. . .... . (14) 
2R2 4R' 2( 1 + µ.)R6 

- --- - + -Re 
µ(l + µ) µ. µ 

and is the best or optimum tuning for a given size of absorber 
mass. For a damper tuned to this value the expression for the 
amplitude a.t P and Q, Fig. 2, becomes 

~ µ(l: µ ) .... . ... ....... [12] 

and the correspol)(li11g frequencies are given by the expressions 

2- J 2µ 
11 + µ 

2+µ 
and (13] 

f In order for the amplitude curve to pass horizontally through 
point P it must pass through a neighboring point P' of the same 
amplitude but of frequency• 

R2 
2 - v 2µ; 1 + µ ± a 

2+µ 

Substituting this expressiou for R' into Equation (14], the resul t­
ing equation is of the form 

Ao + A10 + A2§2 + . ... . .. .. .. . .. 
Bo + B,o + B,o2 + .... [J5 J 

The values of ampli1,ude and frequency at points P and Q Equation (15 J assumes the indeterminate from 0/ 0 if 1J = 0, 
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Frn . 2 C oMPAmsoN o F THE OPTIMUM DAMPING C o EFFr ci }JN1'S FOR 

OPTIMU M T U NING 

since point P is independent of damping ; hence Ao = Ro = 0. 
Therefore 

Since the terms in · o of higher order than the first become zero 
when o approaches zero, these terms may be dropped as soon as 
they appear. H f\uce 

ll' 
2(2 - X)o 

± - ----
(2 + µ )• 

3(2-X) 2o 
Jl 6 ± -----

p (2 + µ )' 

4(2- X)3o 
±-----

(2 + µ )' 

Evaluating the numerator (N) and denominator (D) of the right­
hand member of Equation (14) separately 

• This method is employed in reference (3). 
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2 
N = Rp'.f' - 2j2Rp• + Rp8 

- µ(l + ~ [Rp• - 4Rp6 

{ 
2(2-X) + (2f" + 4)Rp' - 4f2Rp 2 + f'] ± o -- · 

. (1 + µ)2(2 + µ)2 

ti(2 - X)" 4(2 - X)" 2 [4(2 - X) ' 
(1 + µ)(2 + µ)3 + (2 + µ )4 - µ(l -+ µ) (2 + µ) 4 

12(2 - X)2 4(3 + 2µ)(2-- X) 4 J} 
- (2 + µ )' + (1 + µ ) (2 + µ 2 - (2 + µ)(1 + µ) ' 

The sum of the first four terms equals zero since both the numer­
ator and denominator are zero when R has the particular value 
Rp; hence 

N 

Similarly 

I) 

Therefore 

=6o[4µ - X(2 + 3µ)] 

(1 + µ) 2(2 + µ) " 

4o[µ - X(l + µ)J 
± - --- - --

µ 1 + µ)(2 + µ)2 

N 3µ(2-X) 

'Y
2 

= n = 2c1 + µ)(2 + µ) 

3µ (2 - ~If) 
2(1 + µ)(2 + µ) ... [161 

To obtain the curve with zero slope at Q the frequency 

_ /z + v2µ/1 + µ = o 
, 2 + µ 

is subs tit.uted iuto Equation [14]. This yields the expression 

3µ (2 + _/ 2
µ ) 

·- 11+µ 
'Y - 2(1 + µ) (2 + µ) ..... ......... [l7 l 

The avernge of the two values of the damping coefficient defined 
by Equations I Hi] and [17] is 

2· - 3µ 
'Y - (I + µ) (2 + µ )' ...... . . . .. . [18) 

12 

I "' II 

10 ... --- '-.. 
,,, 

y' 

The amplitude-frequency curves for these three values of the 
damping coefficient are plotted in Fig. 2, for µ = 1/ 10. It is 
noted that the curve which is horizontal at P attains a larger 
amplitude to the right of Q, while the curve which is horizontal 
at Q attains a larger amplitude to the right of P. The average 
curve is only slightly higher at these poiuts and represents a con­
venient and practicable solution. Equation [18 J then defines 
the optimum damping for the case of optimum tuning. 

In the design of the absorber it is necessary to know the maxi­
mum relative amplitude between the main mass and the absorber, 
since large deflections of the absorber spring may result in ex­
cessively large stresses. Differentiation of Equation [5] leads to 
a complex third-order equation in R• which can be solved only 
numerically for various values of µ. A simple but approximate 
method is to equate the work done per cycle by the exciting 
fore , to the energy dissipated per cycle by damping. This 
yields• 

11.Poa1 sin </>1 = ,rcw(a2 - a1)2 . ... . . ....... [19] 

where Po = m,w2• Assuming sin <J, 1 = LO, and solving for the 
relative amplitude ratio 

or, since 

µ 

this becomes 

m 

M' 'Y 
C 

mf!.' 

("'-") m,e 

M 

aud 

a, 

tn/: 

M 

X mfl,. X ~ 
C fl,, 

R 
w 

a 
.... . . .. . .. .. [20] 

µ')' 

The relative amplitudes obtained by the energy method, and 
those obtained from the solution of Equation [5] are compared 
in Fig. 3. The two solutions are seen to be in close agreement in 

e Reference (2), p. 127. 
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the region of maximum amplitude, the discrnpaucy between the 
two curves at other frequencies being due to the deviation of 
the value of sin <f,1 from unity (see Fig. 4). By substituting the 
amplitude and frequency of point Q into Equation [20], the fol­
lowing approximate expression for the maximum relative ampli­
tude is obtained 

[21] 

The maximum relative amplitude deter111i11ed by Equation [21] 
will always be slightly greater than the true value because at 
frequPncy RQ the value of sin </>1 iR IPsR thn11 unity. 

ABSORBER TuNED To FRE:QtrE~CY m' MAIN SYSTEM 

In the earlier work (I) on the dynamical absorber, it was 
demonstrated that an absorber, tuned to the frequency of the 
main system (i.e., one in which!= 1.0) and damped very lightly, 
will reduce the amplitude of the main system to a minimum 
at its resonant frequency. This tuning resll,lts in unequal ampli­
tudes at P and Q, however, and hence it is not the best if the 
damper is to operate effectively over a wide frequency range. It 
is of interest, nevertheless, to investigate the performance of the 
absorber, so tuned, when applied to the main system having 
velocity-squared excitation. For this case, f = I for all values 
of µ.. Substituting f = I into Equation [10 ], the frequency 
equation becomes 

2 
R4 - 2R2 + - - = 0 ... .. . . .. ...... [22] 

2 + µ. 

which ha.s the roots 

/?.p2 = I - ~~~ µ. and Rl I + · / µ. • • [231 12 + µ. 

The amplitude ratio at P becomes 

(
~) = J2 + µ. + 1 .. . : ..... .. ... [24 J 
m,e 1 µ. - . 
M P 

Similarly, the amplitude ratio at Q becomes 

(25] 

The amplitude at point P is seen to be always larger than that at 
Q, a.s shown in Fig. 5. Hence the amplitude curve with the low­
est peak value over the frequency range must have zero slope at 
P. This curve represents the most favorable damping obtaina­
ble for the arbitrary tuning f = 1. By substituting 

R = J~ - .f_ µ. ~ - ;, (~)· = ·/2+µ + I 1 12 + µ m,e 1~ 
M P 

aml.f = I into Equatfon (14], and letting /i approach zero as be­
fore, the foll owing expression for the optimum damping is 
obtained 

y2 = ~ ( 3 - ~ 
2 

: -; ) ........ . ... . (26 J 

The maximum value of the relative amplitude, found by sub­
stituting the expressions for amplitude and frequency at point 
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Pinto Equation [20 ], is 

Hence 

(

112 -·a1)• 4 [<3 + 2µ) + 2 Vµ(2 + µ)] 
m,e µ 4(9 + 4µ) 

M 

(27) 

From the plot of the several amplitude ratios in Fig. 5, the ampli­
tude obtained by the energy method is seen to be considerably 
higher than the true valut near point P. Hence Equation [27] 
yields a conservative approximation to the value of the maxi­
mum relative amplitude. 

(
a2-a1)' 

m,e 
M 

2 

µ 

~2 :µ 2 
= - . ........ [31 ) 

'JJ.' 

Equation [31] represents a conservative approximation, as 
didEquations [21] and (27] in the cases discussed previously. The 
exact value of the maximum relative ampiitude may be found by 
plotting the amplitude curve for a few values near RQ using 
Equation (5 ]. · 

COMPARISON OF OPTIMUM TUNING AND DAMPING COEFFICIENTS 

FOR SYSTEMS HAVING CONSTANT EXCITATION AND FREQUENCY· 

SQUARED EXCITATION 

The values for optimum tuning and damping for the case of 
frequency-squared excitation are compared with those for the 
case of constant excitation in Table 1. The optimum tuning for 

TABLE l COMPARISON OF OPTIMUM TUNING AND DAMPING WITH CONSTANT EXCITATION 

==========~-S_q_u_a_r_ed_e_x_m_·t_at_io_n_'._-~_-_-_ -_ -__ 
1 
_______ c_o_n_st_a_n_t _e_x_ci_tation ~1 

Tuning Optimum damping Tuning Optimum damping• 

!;o-pt-~-~ :-µ- 'Y 2 = -
0
- +-;'-)~c---2-+--µ-) /opt = l + µ 'Y' = (i°(l t µ)' .. . . I 

I-~ - - - - - ---1- - - ---I-- --- ---· ·---- -----! 
I 1 = 1 'Y' = !!:... ( 8 _ • r µ ) 1 = 1 'Y' = ~~~ ~: ( 

1 + '1~) \ 
I · 2 \/2 + µ -

i--------- -__1___ 2 - ------·-- .---- -- -- 2(l-~-~~--- I 

L 
/= .0 l -y'=2- +µ /=O 1-y•- -~~ I 

! -=--~~~~~-~ µ) I 
• These expression.s are presented in reference (:3). 

LANCHESTER-TYPE ABSORBER W1TH Vrscous DAMPING 

The Lanchester absorber with viscous damping represents a 
special case of the foregoing system in which the damper spring 
is omitted, the absorber mass being coupled to the main system 
through the fluid only. In this case k = 0 and f = 0. Substi­
tut,ing these values into Equation (10 I 

2 
R 4 - - -R' = 0 

2+µ 

2 
from which Rp2 = 0 and RQ' = -- .......... . [28] 

2+µ 

The amplit.ude at Q then becomes 

2 

µ 
. . . .. . .... . . ..... (29] 

the first case is nearer to unity; therefore, if the value f = 
1/(1 + µ) were used for this case, the point Q would have a larger 
amplitude than point P. For optimum tuning, the system hav­
ing frequency-squared excitation requires more damping than 
does the one having constant excitation; for tuning f = 1, the 
reverse is true. 

The effect of the mass ratio upon maximum amplitude of the 
main mass in systems with optimum damping is shown in Fig. 9, 
for the cases off = 0, f = 1, and optimum tuning, respectively. 
In Fig. 10 a similar comparison is made of the relative ampli­
tudes of the two masses. The influence of mass ratio upon 
the value of optimum damping for each of these three values 
of tuning is shown in Fig. 11. 

EFFECT OF DAMPING IN MAIN SYSTEM 

With viscous damping present in the main system the equation 
for the amplitude of motion of the main mass may be shown to he 

. I R 4 [(f' - R 2)2 + -y2R2J 
"((1 - R') (!2 - R2) - µf2R2J2 + -y2R2(1 - (1 + µ)R2]2 + r2R2({f2 - R2)2 + -y2R2) + 2µ-yrR'' ... [32 ) 

For the amplitude curve to pass horizontally through Q, the 
value of the optimum damping becomes 

2 
'Y' = --................... (30] 

2+µ 

The val~e of the maximum relative amplitude may be found 
by the energy method if these values are substituted into Equation 
·120]. · This yields 

Comparing Equation [32] with Equation [3), the two additiona 
terms, r 2R 2 [(!'- R 2)2 + -y2R 2] + 2µ-yrR8, are seen to appear in 
the denominator. These are due to main-system damping. 
The amplitude at P decreases faster with increasing r than does 
the amplitude at Q since (!' - R 2) is positive at P and negative 
at Q. Figs. 12, 13, and 14 show the effects of main-system damp­
ing upon the amplitude coefficient for the three cases of tuning 
considered, with optimum damping in the absorber. For opti-
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main-system amplitude is reduced Lu ap­
proximately one third of that. wi thou t t he 
absorber. 
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10 I 1 \ .,-~ ! Y ENERGY METHOD 

Experiments were conducted using a labo­
ratory model, Fig. 15, consisting of a flexi­
bly supported table A, excited by a vibra­
tion generator B, which employs two un­
balanced shafts rotating in opposite direc­
tions. The vibration absorber C was at­
tached to the framework of the table as 
shown. The speed of the vibration genera­
tqr was varied by means of potentiometers 
in the armature and field circuits of its driv­
ing motor. The steady-state vibrations of 
the table structure were recorded by means 
of the Geiger torsiograph D. The absorber 
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NATURAL FREQUENCY OF MAIN SYSTEM fin consists of a cylinder filled with SAE No. 

FIG. 7 AMPLITUDE RATIOS Fon Viscous LANC H ESTER DAMPER, OPTIMUM DAMPING 

10 oil 11nd is fitted with a diaphragm, or 
piston, attached to a rod extending in both 
directions along the axis of the cylinder. 

mum tuning, the amplitude at P becomes lower than that at Q 
as r is increased while, for f = 1, the amplitude at P is higher at 
first and then gradually decreases below Q as the damping in the 
main system is increased. 

The effectiveness of the absorber diminishes as the main-system 
damping is increased, but even for the rather large value of main­
system· damping il lustrated in .Fig. 12, ( r = 0.100), the 

The diaphragm has adjustable ports for controlling the damping, 
and seals between t he vertical shaft a.nd the cylinder are effected 
by bellows, eliminating the dry friction which would be present 
if stuffing boxes were used. The springs and weights can be 
changed to vary the mass ratio and tuning at will. 

The physical constants of the main system were !is follows: 
M = 4.38 lb-sec2/ ft; K = 6240-Ib per ft; fi n. = 37.8 radians per 
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FIG. 15 LABORATORY M o 1n:1. 

F1< ;. Iii V!HHA1' 10N A BSO RBER 

sec; I' = 0.038. The constants of the viurat ior, generator were 
m, = 0.040li ll>-scc2/ ft,; e = 0.855 in. The contil.ants for the 
abwrbcr uni t, were k = 473 lb per f(; ,n = 0.360 lb-sec2/ ft; wn = 
36.3 radians per sec. (T l,c va lue of m was adJusted to give opti­
mum tuning after k w,ts detcnnined. ) The dimcusionless co­
efficient,s derived from t he foregoing coefficients were: µ = 
0.0823; / opL = 0.!J6l. 

Amplit,ude:; and frequen cies were measured directly from the 
vibrogrnph records. The results of three damper settings are 
presented in Fig. 17. 
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Excellent agreement was found between the experimental re­
sults and the theory, as indicated. The theoretical curve com­
puted from the physical constants was adiusted so that the ampli­
tude of points P and Q corresponded to the experimental values. 
This necessitated an adjustment in the m,e product of 3 per cent. 
The computed values of RP and RQ a re shown on the frequency 
scale in Fig. 17. 

SUMMARY AND CONCLUSIONS 

Dimensionless theoretical expressions for the amplitudes and 
phase relationships, as functions of frequency, tuning, and ab­
sorber damping, have been derived and a re presented in Equa­
tions [3) to [9 ), inclusive. These rela tionships a re presented 
graphically in Figs. 2 to 8, inclusive. 

The optimum tuning for the most effective absorber that 
can be applied to this system is expressed by Equation [11) as a 
function of the mass ratio (the mass ratio is chosen arbi trarily in 
t he pract ical case). 

The optimum amounts of <l amping for the cases of optimum 
tuning, tuning/ = 1, and tuning/ = O, are expressed as function s 
ofµ in Equations [18 ), [26 ], and [30 ], respectively, and are shown 
graphically in Fig. 11. A comparison of t he optimum tuning and 
damping coefficients for .systems having velocity-squared ex­
citation and constant excita tion is summarized in Table 1. 

The theoretical expressions were found to be in excellent agree­
ment with t he experimental results. Therefore it is considered 
pract.ical, by means of a dynamical absorber, tuned and damped 
in accordance with the principles presented herein, to minimize 
vibratiou amplitudes in a structure when those vibrations are ex­
cited over a wid e range of frequencies by rotating or reciprocating 
parts . 
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Thermal Stresses in a 
Clamped Along 

Rectangular Plate 
an Edge

1 

BY B. J. ALECK,' JERSEY CITY, N. J. 

An approximate solution has been obtained for the 
stresses induced by a uniform change in temperature of a 
thin rectangular plate, clamped along an edge. The solu­
tion has been carried to completion for pla.tes whose 
clamped edge is long, i.e., more than 5 times the length of 
the perpendicular free edge. The solution for smaller 
ratios of clamped to perpendicular lengths is expressed in 
terms of six determined functions whose coefficients are to 
he evaluated by satisfying two boundary conditions. The 
thermal-stress problem is first converted to one of specified 
boundary tractions. The normal stress, u., parallel to the 
clamped edge is assumed of the form u. = /1 (x) + y l2(x) + 
y 2fa(x), where l;(x) are as yet undetermined functions, and 
where y is the co-ordinate at right angles to the clamped 
edge. Using the equations of equilibrium and the bound­
ary conditions, r•u and uu are expressed in terms of pow­
ers of y and the derivatives of f,(x). The integral repre­
senting the strain energy is then expressed in terms of the 
expressions for u., uu, and r•u· In accordance with the 
principle of least work, the integral representing the 
strain energy is minimized, using the calculus of varia­
tions. The resulting simultaneous differential equations 

· for l;(x) are solved as a linear combination of twelve func• 
tions (six of which drop out, by symmetry). Given f,(x), 
then f,(x) and f,(x) are determinate by virtue of the simul­
taneous equations. The six coefficients in the expression 
for (1 are evaluated by s.atisfying the boundary conditions 
along the free edges. The maximum normal stress con­
centration, over 10, occurs at .the junction of the free· and 
clamped edges. 

CONVF.RSJON OF THF. PROBLEM IN THERMAL STRESS TO ONE OF 

BOUNDARY TRACTIONS 

CONSIDER a rectangular plate of constant small thickness, 
whoRe height is h' and whose width is b. One of the edges 
of the plate, of length b, is clamped; all other edges are 

free. At temperature T the plate is free of stress. The plate 
material is elastic, obeys Hooke's law, is isotropic, and its co­
efficient of linear expansion is ex. The sign convention and direc­
tions of the x, y co-ordinate system are °indicated in Fig. 1. The 
problem is to determine in an approximate manner the stresses 
produced by the increase of temperature from T to T + t. 

If the plate is imagined cut free, i.e., if the clamped edge were 

1 Abstracted from a thesis submitted in partial fulfillment of the 
requirements for the degree of Master of Science at Cornell Univer­
sity, Ithaca, N. Y ., September, 1947. 

• Special Projects Department, The M. W. Kellogg Company. 
Jun.ASME. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28-December 
3, 1948, of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS, 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y ., and will be accepted 
until July 11, 1949, for publication at a later date. Discussion re­
ceived after the closing date will be returned. 

NoTE: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 48-A-28. 

unclamped, due to the rise in temperature t, each element of the 
body would undergo the unit deformations 

Ez ext ) 
Eu : ext r . , ............. , .... [1) 

'Y.u - 0 J 

Now suppose that compressive stress, u. = -Eat to be applied; 
it would be accompanied by the unit strains 

Ez = -ext 1 
•u = -v(at) r .......... .. ..... [2] 

'Y.u=O J 

Superposing strains, Equations [1] and [2] 

•• = 0 1 
EU = cxt(l - v) r .... , , , , , , , , , •, , (31 

'Yzy = 0 J 

and the state of stress becomes 

u. = -Eat l 
u, = o r .................. [4) 

r,u = 0 J 

The effect of these operations has been to increase the plate 
temperature, to bring each point back to its original x-position, · 
and to increase the height of the plate i_n a uniform manner. This 
new height will be called h. Since ,. and 'Y., are zero, no clamp­
ing forces are required to force points along the clamped edge to 
their original relative position. The plate is then imagined ce­
mented back to the clamping member. Therefore it is con­
cluded that the stress distribution due to the increase in tem­
perature t, would be pure compression equal to Eat, if the plate 
is prevented from expanding longitudinally by means of lateral 
pressure, independent of the clamping along a longitudinal edge. 
The state of the plate is indicated in Fig. l(a). 

Since the original problem did not envisage the application of 
the lateral restraining pressure, that pressure must be removed. 
This is accomplished by superposition upon the simple stress dis­
tribution of Fig. l(a), the stress distribution due to <Tz = EaT, 
applied along the edges of height h of the rectangular plate 
clamped along one edge of length b (see Fig. lb). The solution of 
the problem of Fig. l(b), one of specified surface tractions, thus 
replaces the original thermal-stress problem. 

APPLICATION OF PRINCIPLE OF LEAST WORK 

When the reactions are fixed, the principle of least work states 
that the strain energy will be a minimum for that state of stress, 
among those satisfying the boundary-stress conditions and the 
equations of equilibrium, which also satisfies the conditions of 
compatibility. 

The variational principle has been applied extensively by Dr. 
Eric Reissner (1, 2, 3, 4) 3 to obtain approximate solutions to diffi­
cult problems. His technique, adopted by the author, is to use the 
minimum principle to establish functional coefficients of arbi-

• Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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er, , - Eat ~ 
<Ty ''Txy • 0 

FIG. l(a) PLATE WITH THERMAL STRESSES INTRODUCED BY UNI­

FORM INCREASE IN TEMPERATURE AND RESTRAINT TO LATERAL 
EXPANSION -

FIG. l(b) PLATE CLAMPED ALONG A LONGITUDINAL EDGE SUBJECT 

TO UNIFORM TENSILE 8TREBB ON THE LAT,ERAL EDGES 

trary functions instead of parameters occurring in arbitrarily se­
lected functions. 

The procedure is to assume u:r: in the form 

u. = !,(x) + y htx) + Y2 /,t~) ........... .. (5] 

where f,(x) are yet to be determined functions, and where the 
x, y are the nondimensiona:lized co-ordinates x,/h, y,/h. respec­
tively. The omission of /,(x) in the foregoing expression for u. 
and replacement by y3f,(x), for example, would not be satisfac­
tory, because u. could not then satisfy the boundary condition 
u, = Eat. The.decision to use f ,(x) as coefficients of an as­
cending power series in y was arbitrary. 

The equations of equilibrium are (5) 

au. or •• - + - = 0 . . . ...... ....... .. . (6] 
ox oy 

au. ar.. . 
oy + ox = 0· · · · · · · · · · .. · · · · · · · · 171 

Substituting the expression for <T, from Equation [5] in Equation 
(6], integrating (Orzw/oy) partially with respect to y, and using 
the boundary condition r,. = 0 for y = 0, the following expres­
sion is obtained 

_ - , !2, !a, r•• - Y f, + 
2 

Y /2 + 
3 

Y fa , . , •.... . . (8) 

where the primes indicate differentiation with respect to x. Sub­
stituting the expression for r,u from Equation (8) in Equation (7), 
integrating ("<>u./oy) partially with respect to y, and using the 
boundary condition u• = 0 for y = 0 then 

_!2• !a•..!.,, <Tu -
2 

Y f, + 
6 

Y /2 + 
12 

Y fa • • , • • , •••• (9] 

Expressions for stresses satisfying the boundary stress condi­
tions and the equations of equilibrium have been determined. 
These are now inserted in the expression for strain energy (6) 

b 

V = ...!_ 1h1l [<T,2 + u.2 + (2 + 2v) r 2,• - 2vu,u.] dx dy 
2E o o 

. .... . (10] 

After the substitution of Equations (5), [8). and (9), and upon 

integration with respect toy from O to 1, the expression for V con• 
tains only a sum of many products of functions of z, all terms in 
y having vanished during integration. Calculus of variations 
techniques a.re now applied to minimize V. 

Thus if f1(z), fa(z), f.(x) are to produce a minimum value of V, 
the value of V should remain unchanged by a term to the first 
power in •, an arbitrarily small number, if 

f,(x) is replaced by f1(z) + •'11(x) 

h(x) is replaced by f.(x) + •'lb) 

and 
fa(x) is replaced by fa(z) + •'la(z) 

where 
711(x), 712(z), and 71,(x) 

are arbitrary functions of x. 
Performing the substitution, subtracting the two values of V, 

ignoring terms in powers of • greater than the first, and setting 
the result equal to zero, the following relation is obtained 

b 

1)i l [ ,~ ~ 2 2v ,, 2v • 
E '11 21 I + J2 + - fa - - /1 - - /2 -

3 6 24 

~!•'] 

.. (11] 

Integrating by parts to convert terms in 71' and 71' to terms in 11, 

b b 1ii f'l'dx - - Jr. f'71dx 

..... . ... t12) 



120 JOURNAL OF APPLIED MECHANICS JUNE, 1949 

if 71(0) = 71(b/h) = 71 1(0) = 71 1(b/h) = 0, which is permissible, 
since the .,•s are arbitrary. When Equations [12] are applied in 
relation to Equations [11], the equation becomes a sum of integ­
rals in which .,,, 712, and 713 appear as factors of the respective 
integrands. Since the 'Ii are arbitrary, the condition that the 
sum of the integrals must vanish independent of the values of '7i 

is that the coefficients of 'Ii should vanish. On the basis of this 
argument, the following differential equations result 

[ 2/i - /1' ( ~ + 2v) + ~ f/v J + 

[ , (1 5 ) 1 Iv] fa - f. - + - 2v + - f• + 
2 12 36 

[
2 ( 4 2v) 1 Iv] 3 /1 - la' 15 + 4 + 84 /1 = 0 

[I · , (1 5 2 ) + 1 j iv] i-/i 2+12v 36 1 . + 

[
2 , (1 2v) 1 Iv] 3 /2 - f. 5 + 6 + 126 f. + .. [13] 

[ 1 , (1 7 ) 1 i•J 3 fa - f, 9 + 72 2v + 288 /:i = O 

[
2 • ( 4 2v) l iv] 5 la - !, 63 + 18 + 648 /, = 0 

If 2v = 1/2, these reduce tQ 

( 2'f - f • !.! + !._ f iv) +· (1 - I_? f " + ~ f iv) 
I I 16 lQ 1 2 24 2 36 2 

(
~ 47 • 1 iv) + 3 !, - 120 J, + 84 !, = 0 

.. [14] 

The condition that a solution of the form 

~: : ~ :~ i .......... .... ...... [15] 
f,=Ce>.xJ 

exists is that the symmetrical determinant below vanishes 

11 1 17 1 
2- - x2 + - x• 1- - x2 + - x• 

6 10' 24 36' 

2 47 . 1 -- - x2 + - x• 
3 120 84 

17 1 2 17 1 
1 - - x2 + - x• - - - x2 + - x• 
. 24 36 ' 3 60 126 ' 

= 0. [16] 
l 23 1 - - - x2 + -x• 
2 144 288 

2 47 I l 23 l a - 120 x• + 84. X', 2 ·- 144 x• + 288 x•, 

2 23 1 -- - x2 + - x• 
5 252 648 

As expansion of this determinant involves the repeated subtrac­
tion of nearly equal numbers, six significant figures are not ade­
quate to obtain one-place accuracy of some coefficients. To avoid 
this difficulty, each term is multiplied by the least common de­
nominator (90,720} and all operations are carried out exactly 
(without dropping any numbers) on the resulting whole numbers. 
Equation [16] rewritten in expanded form then becomes 

32,400 w6 - 17,554,320 w6 + l,318,6lq,200 w• ) 
- 52,203,771,648 w3 + 507,935,493,920 w2 f .. [17] 
- 3,219,622,318,080 w + 2,765,319,782,400 = 0 J 

whereX2 = w 

The roots of this equation are 

w, = 460.9306040 
'1.02 = 35.0691295 + i 36.8670015 

w,' = 35.0691295 - i 36.8670015 
w, = 4.8642053 + i 6.9119811 

w,' = 4.8642053 - i 6.9119811 
w, = 1.001159473 

......... [18) 

Associated with each root w, there exists a unique relation be­
tween the A, B, and C of Equations [15]. For each w, this rela­
tion is established using two of Equation (16] in conjunction 
with the value of w under consideration. The symbols for the 
coefficients A, corresponding to each w, and the simultaneous 
value of B / A and C / A are given in Table 1, where also is found 
the values of X = :1:-yw. The number of significant figures is 

TABLE I SYMBOLS FOR COEFFICIE:lfTS 

w 
w, 
w, 
w,' 
w, 
'tvi' 
w, 

,l 
A, 

A.2 + iA2' 
A2-iA2' 
A,+ iA,' 
Ai-iA3' 

A, 

w ±}.-y'w 
w, 21. 46929444 

A 
(- 9 .25970701) 
(-8.33136777 + i 0.1589243793) 
(-8.33136777 - i 0.1589243793) 
(-4.32764770 + i 0.456750600) 
(- 4.32764770 - i 0.456750600) 

-0. 130826469 

w, 6 .555611318 + 2.811922874i 
w,' 6.555611318-2.811922874i 
w, 2. 58032807 + 1. 339360912 i 
w,' 2. 58032807 - 1. 339360912 i 
10, 1 . 000579569 

C 
A 

13. 29296811 
(U'. 188566696 - i O. 429955968) 
(11.188566696 + i O. 429955968) 
( 3.24377169 - i 0.306407564 
( 3 . 24377169 + i O. 306407 564) 

--0. 778698640 
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larger than needed for the particular problem solved; in other 
applications, this number may be required. 

So far, the length of the plate has played no role. If the plate 
is short, it will be convenient to choose the y-axis so that it bi­
sects the length of the plate. By virtue of symmetry, the f,(x) 
must be even functions and, in place of Equations (15), it will be 
more expedient to use the relations 

J, = A cosh AX ) 
f. = B cosh AX / •• • .......• • • .•• . [19] 
Ja = C cosh AX J 

The coefficients , of similar sinh AX terms vanish. The relations 
between B / A and C / A for each X will remain unchanged from 
the values given in Table 1. If, on the other hand, the plate is 
infinitely long, it is more convenient to place the y-axis at. the free 
edge. The coefficients of terms e>.x must vanish if the real part of 
X is positive . . Since the differential Equations [14] are linear, 
the Equations (15] may be rewritten 

J, = Ai'-•x + (A2 + i A,')e>-,x + (A, - i A2')e>-',x + 
(A.:; + i Aa')e''x + (Aa - i Aa')e>.',x + A 4e>-<x 

or 

J, = 2:A, e''x 1 
J. = 2:B, e>-;x / , ....... , . .... , . , [20] 
J, = 'T.C, e>-;x J 

The six A, coefficients are independent; the B, and C, are alge­
braically related to Ai, which are to be determined by the boun­
dary conditions 

Eat 
0 

at 
at 

X = 0} 
X = 0 ..... .... ... (21] 

Translated into teqns of A/s,. for the boundary conditions, the 
following are obtained 

T-A, = Eat 
2;B, = 0 
'2:.Ci = 0 

'2:.A, X, = 0) 
'T.B,X, = 0 / ....... (22] 

2:C; x, = O J 

These six equations are sufficient to determine the six A,. which 
(for Eat = 1) become fixed at 

A, = - 0.53163 
2A2 = 1.1768 

2A2' = 2.9436 

2A, = -1.297 
2Aa' = 2.153 

A, = 1.652 

Using the foregoing, the values of J,. f., and fa are established 
from Equations [20] and used in the Expressions [5], (8), [9] 
for <T,, r, •• and <T.. The results are superposed on those of Fig. 
l(a) and plotted in Figs. 2, 3, and 4. As would be expected from 
Dr. J. N. Goodier's extensicm of the Saint Venant principle 
(7, 8), the effects of the applied stress do not extend more than 
several plate heights into the body. The significance of this 
statement is that the thermal stress is <T, = -Eat for the full 
interior of the plate. 

The stress concentration occurs at the junction of t,he free 
and clamped edge and is <T• = 10.2 Eat. The stress normal to the 
clamped edge <T•· falls off so rapidly as to suggest that a concen­
trated normal force would have been found for an exact solution. 
The shear stress r ••• reaches a maximum, 2. 7 Eat, more gradually, 
and does not seem to indicate the presence of a concentrated 
shearing force for the exact solution. Clamping conditions have 
not been satisfied completely since along y = I, Etz = (<Tx -

vu.) ,;,t, constant for the approximate solution. 
The treatment of this problem has been two-dimensional. 
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Stresses and strains in the third direction have not been men­
tioned. By using Dr. J. N. Goodier's analysis (7, 8), it can be 
shown that three-dimensional effects \vill be important only in 
the region of the clamped edge for distances several plate thick­
nesses away from the clamped edge. 

CONCLUSION 

These results were derived originally to aid in the design of 
thin parapet walls on dams or possibly buildings. Other appli­
cations which suggest themselves fall in the category of bimate­
rial constructions, where the stiffnesses of the components are 
not of the same order of magnitude, and the coefficients of ex­
pansion are different. Examples are thin layers of plastic bonded 
to metal, and thin glazes on ceramic tiles. Cracked brittle lac­
quers in experimental stress-analysis applications are subjected 
to a similar state of stress, if the stress distribution is locally sub- • 
stantially constant. In conjunction with the economical design 
of walls and research into the crazing patterns of glazes, a study of 
the effect of plate length to height ratio on the stress concen­
trations would be valuable. It is anticipated that the end ef­
fects would tend to cancel as the plate length is reduced and thus 
indicate the optimum distance between parapet-wall expansion 
joints. 

If one postulates the maximum stress theory to apply to glazed 
ceramics, the crack spacing of the glaze will be such as to permit 
stresses lower than the maximum allowable to exist. It has in-

deed been shown that as the glaze is cooled rapidly from suc­
cessively higher temperatures, the crack spacing is reduced. 
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Polygonal Approximation Method 
Hodograph Plane 

• 
Ill the 

BY H. PORITSKY,1 SCHENECTADY, N. Y. 

This paper extends the discussion of the approximate 
method of integrating the equations of compressible fluid 
flow in the hodograph plane first presented by the author 
before the Sixth International Congress of Applied Me­
chanics, Paris, France, September, 1948. As an introduc­
tion to the discussion of the polygonal approximation 
method, fundamental fluid-flow equations are reviewed 
briefly. Determination of the flow function of, by the 
"Method of Reflections" is described and an application of 
the method illustrated. How flow in the physical plane 
can be determined by superposition of solutions discussed 
is shown for the simpler incompressible case. 

· 1 INTRODUCTION 

VERY little progress has been made in the direct solution 
of the nonlinear equations of steady two-dimensional flow of 
a compressible fluid in the physical plane, Equations [5] 

and [7]. More success has attended the solution of the linear 
equations of flow in the hodograph plane, Equations (22] and 
[23], that is, the plane in which the velocity components u, v 
are the Cartesian co-ordinates. Yet a great deal of difficulty 
still remains in solving compressible-flow problems arising in 
Aight and industry. 

It has been pointed out by Chaplygin that the differential 
equation satisfied in the hodograph plane by the stream function 
in two-dimensional compressible fluid flow can be reduced to the 
Laplace equation, provided that the equation of state in the 
(p, V)-plane (V = 1/p), Equation [1], be replaced by a straight 
line. Chaplygin chose this straight line as the tangent to the adia­
batic curve at p0 , V 0 corresponding to the stagnation (or impact) 
pressure of the gas. For an object immersed in a field of uniform 
flow (for instance, an airfoil in a uniform air stream) von Karman 
proposed a straight-line tangent to the equation of state at the 
point (p,,,, V ..,) corresponding to the undisturbed uniform flow 
at infinity. This is known as the Karman-Tsien method and 
is widely used in aeronautical engineering. 

A natural extension of the above methods consists in approxi­
mating the equation of state by means of not one but several 
straight-line segments in the (p, 1/ p)-plane. This method was 
discussed by the author in item (1) 2 of the bibliography at the 
end of the paper. 3 In the following this method is fur ther ex­
tended and illustrated. 

' Consulting Engineer, General E lectric Company, Schenectady, 
N . Y. Mem. ASME. 

' Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

a In (1) the constants c; (see Equation [45]) were inadvertently 
replaced by their reciprocals. The author is indebted to his colleague, 
G . Horvay for aid in detecting this error and carrying out its correc­
tion. 

Presented at the National Meeting of the Applied Mechanics 
Division, Chicago, Ill., June 17- 19, 1948, of THE AMERICAN SOCIETY 
OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be ac­
cepted until July 11, 1949, for publication at a later date . Discus­
received after the closing date will be returned. 

NoTE: Statements and opinions advanced in papers are to be 
understood as individual expressions of the author and not those 
of the Society. Paper No. 48-APM-23. 

2 FLUID FLOW EQUATIONS IN THE PHYSICAL AND THE 
HODOGRAPHPLANES 

As an introduction to the polygonal approximation method 
which is explained in the next section, we review briefly the 
fundamental equations. 

Elimination of the pressure from the force and continuity 
equations for the two-dimensional steady flow of a nonviscous 
compressible fluid satisfying a relation 

p = p(p) .. ........ ..... . ..... . fl ] 

leads to the differential equation 

u,.(1 - u2/a2
) + v/1 - v2/a2) - (u, + v,.)uv/a2 = 0 .. [2] 

where subscripts denote partial derivatives, and a is the velocity 
of sound, given by 

a• = dp/ dp ..... .... . .. .' ........ (3) 

If the flow is irrotational, then a velocity potential ,p exists such 
that 

u ="' } V = ,p: ...... .. .... . ........ . [4] 

Introducing "'in Equation [2] leads to the equation 

,p,.,.(1 - ,p_. 2/a2) + ,p,u(l - <Pu 2/a2) - 2<Pzu<f',,p.fa2 = 0 ... . .. [5] 

white in terms of the flow function of,, where• 

pU = fu .t. fl .................. [6) 
pV = ,f,.,-1"., 

[2] becomes& 

(,t,,/ p),(1 - ,t,// p2a2) - (,t,,/ p)u(l - ,t,_.2/ p2a 2) 

+ (,t,_.,t,,/p 2a 2) [(,t,. / p). - (,f,./p),.] = 0 ...... . .. .... . [7] 

Equations [2] and [7] are nonlinear equations, their nonlineari ty 
arising not merely from the squares and products but also from 
the quantities d and p which are related with p and the velocity 
magnitude 

w = (u2 + v2) 1/ 2 .. ....... .... ... .. . [8] 

by means of the Bernoulli equation 

w 2/ 2 + .fv~ clp / p = 0 .. . ... .. ..... .. . (9] 

where p0 is the stagnation pressure at which the gas velocity 
vanishes. When Equation [1] reduces to the adiabatic law 

p = p.p'Y/ p.'Y ... ...... . ........ .. [10] 

Equations [3] and [9] become 

a• = 'YP/p ..... ... .. ..... ...... (11] 

a'+ ('Y - l)w2/ 2 = a0
2 ...... ........ [12] 

• Very often of, is defined by 

o/tu =up/po, - if,,. =vp/ po 

where Po is the "stagnation" density. 
5 This equation, in contrast to Equation (5 ], does not assume that 

the flow is irroti..tional. 

123 
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reHpectively, where a0 is the velocity of sound at the stagnation where M is the Mach number = w/ a. Elimination of <P from 
conditions p

0
, Po, the Rquations [22] leads to 

a.2 = 'YP.IPo· ............... .. . .. [13] 

Except fur desultory attempts at integrating the Equations 
[5J, [7] by successive approximation methods, by numerical 
and experimental methods, comparatively little progress has been 
made in the solution of these equations. Even for a flow around 
a circular cylinder it is not known up to what Mach number a 
solution of Equation [5) exists. 

To translate the problem into the hodograph plane, in which 
11, v are rectangular co-ordinates, and w, () = tan- 1v/u polar co­
ordinates, write Equations [4] and [6] in the form 

d<P = U dx + V dy } 
d l + d 

. " ...•....... .. [14] 
,f, = - pV < ,X pU y 

Solving for dx, dy 

dx = u d<P/ (u 2 + v2
) - v d,f, / p(u.2 + v2

) l 
= COS() d<P/W - sin() d,f, / pw .... . .. [15) 

dy = sin() d<P/W + cos() d<P/ pw 

1,hcn substituting for d<P, d,t, 

d<P = <pvP,W + ,PBde } 
d,t, = ,t,,.dw + ,t,,do · · · · • · · · · · · · · · · · · · [l6) 

there results 

dx = x.,dw + x,do 

= (cos() <P,./w -- sin (J ,J,,,,/pw)dw 

+ (cos() <PB!w - sin O ,f,9/ pw)do 
.. [17] 

,Ly = y,,,dw + y(l(lO 

(sin O <P,./ w + cos() ,J,,./ pw)rlw 

+ (sin() <PB/ W + cos O ,/;e/ pw)d8 

Applying the conditions 

(x..,)e = (x,),. } l 
(y,.), = (y,)., ................... (18 

which render dx, dy perfect differentials, one obtains two equa­
tions, which upon multiplication by sin 0, cos O, then by cos O, 
-sin O and a.ddition, yield 

~ = (.!..)' ,f,9, 1 
W pW 
~ = '!:! ) ...... . . ...... . . [19) 

p,. w2 
Here ' indicates differentiation with respect tu w. Taking dif­
ferentials of Equation [9] and eliminating dp by means of Equa­
tfon [3] one obtains 

dp 

dw 
pW ......... . .. . . .. [20) 
a• 

!!_ (~ y;,.) = ~ ( ~ - ~) y;e, . . [231 
dw p p a.2 w2 

For the adiabatic law, Equation [lO], elimination of p and II re­
duces Equation [23] to the form 

w2,J,,.,. + w P'(w) ,t,,. + G(w) ,f,oo = 0 . . .. . . . . [24] 

where 

F(w) 
( 

'Y - 3 w• ) t - ---
2 a; 

( 
'Y - I w2)' 1 - ---

2 a; 

( 
'Y + J w2 ) 1----

2 a0
2 

[25] 

G(w) 

( 
'Y - I w2) 1 - -- -

2 a; . 

Produc·t solutions of Equation [24] of the form 

,t, = cos k9 wk Yk ......... .. . .. . .. . [26] 

where k is a constant. were obtained by Chaplygin who point~d 
out that by introducing 

r = (-y - l)w 2/ 2a/ . . . . [27] 

an<l substituting Equation [26] in Equations [24] and [25], one 
is led to the hypergeometric differential equation for Y k( r) with 
coefficients which are functions of k and {J. 

If Equation [l] can be represented by a linea.r relat.io11 between 
p and 1/ p 

p = A - B / p ............. ... ... [28] 

where A and B are (positive) constants, then Equation [24] can 
be reduced to the Laplace equation in O and a suitable function 
of w, W(w), as follows. Equations [3] and [9] now yield 

dp/ dp = a 2 = B/p2 ••• • •• •. • . •. .•. . . [29] 

w 2 = a2 - -C = B/ p2 -C ...... . .. .. [301 

where C is an appropriate constant, and one obtains 

1 (w2 ) - - 1 
P2 a.• 

so that Equation [22) reduces to 

w C 
-; <P,,. = - B ,t,o 

w 
- ,f,,. = 'PO 
p 

. [31] 

. . . . . . . . ... ... .. [32J 

and hence If now W is introduced by means of 

d(~;w) = - P~2 - d:~w = ~ (1 - ~) ... .. [21] dW = ~~ : dw . . .... .. .• .. . . .. [33} 

Equations [19] may now be rewritten 

"!! <P,. = ..!_ ( ~ - 1) V'B = ~ (1\,,J2 - 1),/;o 
P P2 a2 P2 

w 
- V',w = 'PO 
p 

1 

l [22] 

then Equation [32] become the Cauchy-Riemann equations in 

the functions ,J,, V B / C <P in the variables W, 9, so that ,f, + 
i VB/C ,p becomes an analytic function of W + ifJ (or of any 
analytic function of it) while at the same time Equation [23} 
reduces to the Laplace equation in W, 0. 

Substitution from Equation [30] in Equation [33] leads to 
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W= ~cf p _ 1-J dw - -dw - V C 
B w - w Vw2 + C 

= -In VG + V w2 + C + "(. . · ,, . . .......... [34] 
·w 

where K is a constant. 
It is also convenient to introduce the complex variable 

l" = r io = eW+io ........ ... . . .... [35] 

where 
r = ew ....... . .. . .. . . .... [36] 

The explicit relation between rand w is given by 

_ K' w _ K
1(W+c - VG) . [37] 

r - VG + v;;.+c: - w 

where K' is a constant. The lines /J constant in the hodo-
graph plane are transformed into the same lines in the l"-plane. 
The radial distance !r J ,,,; r is a function of W, or w, only. Multi­

plying ,t, + i V B/C <P by i, we put 

- ~~ <P + i ,t, = J(l") . . . . . . . . . . . . . [38] . 

thus identifying ,t, with the imaginary part of f(l") in Equation 
[38]. 

It is of interest to note from Equation [38] that <P, ,t, are not 
conjugate harmonics. 

After <P, ,t, have been determined in the hodograph plane, one 
must solve for the flow in the physical plane. Equations [15] 
yield 

The Equations [19] and [22] were obtained by making dx, dy 
perfect differentials, so that the integrals f dx, f dy derived 
from Equation [17] are independent of the path of integration 
and yield x, y as true point functions of w, IJ. At w = w, the 
independence of these integrals of the path of integration must 
be examined separately. Here we must make xe, YB continuous. 
Now from Equation [17] one obtains 

cos /J sin /J 
xe = -- <Po - -- \l'e 

W pW 
... . .. . ..... [43] 

sin /J cos /J 
ye = - <PO + -- if;e 

W pW 

The determinant of <PO, <PO in Equations [43] is equal to 1/ pw2, and 
it, along with the coefficients of <PB, ,t,e, is continuous at w;. Hence 
<PO, ,t,e themselves are continuous across w = w;, and so are <P, ,t,. 
It follows now from Equations [32] for each w-interval that il'w, 
B;/C, <Pw are continuous at w = W;. From the continuity of 
fw = o,t,/ow and from Equation [33], follows that >l'w = oif;/oW 
is discontinuous at W = Wiand that 

S o,t, _ ci+1 o,t, + - I - I 
~B, oW W,- - ~B;+1 oW W, ......... [44l 

the subscripts w, -, W, + in Equation [44] referring to left-hand 
and right-hand derivatives at W = Wi respectively. We shall 
put Equation [44] in the form 

:t I wi + = c. :t J w. - )

1 C· = ~ /Bi+I C, 
' "Ci+1 Bi ) 

.... . ..... . . [45] 

eie 
dz = rlx + i dy = - (d<P + i d,t, / p) ......... [39] In terms of r this condition becomes 

w 

In case Equation [28] holds, utilizing Equations [30], [37], and 
[38], one reduces the above to 

i 8 
[ JC Jw2 + C J 

dz = -;;; - "B Re(df) + i "-8- lm(df) 

= 
2 
~B [ sdf/K' - K' dj/f J .... ... ........ [40] 

where bars denote conjugates. 

3 POLYGONAL APPROXIMA'rION TO 'fHE ADIABA'rrc IN THE 

(p, l/p)-PLAm; 

If the adiabatic relation, Equation [10] is approximated by 
means of several straight lines in the (p, 1/ p)-plane 

p = A--B.jp} 
< ' < ' ······· . ........ [41] 

Pi-1 P Pi 

then relations, Equation [30], with proper values of Bi, C, hold 
in each interval. At the transition points Pi, w takes on values w,, 
yielding circles in the hodograph plane. There the sound ve­
locity a is discontinuous, and one obtains from Equation [9], 
noting that w = 0 for p = Po, 

C1 = B, } 
C,+1- C, = (Bi+i - B,)/p, 2 =-~(a') . · · · · · [

421 

It is convenient to choose the constants K, in Equation [34] so 
that the values of W join on continuously, and similarly for the 
r-values in Equation [37], so that one may consider a single 
(W, /J)-plane and a single l"-plane in which the vertices p,, p, cor­
respond to the straight lines W., and to circles r,, respectively. 

. . . .... [46] 

Similarly, one obtains from the continuity of ,t,, ,t,e, 

O(;? I l 0<;? I 
ow w.+ = 7- ow w.-•· ' . . .. [47] 

trlr.+ = ~- ~lr-· · · · · · · · · · · · · f43l . ' .. 
The ratio of the slopes o,t,/or at r, is the reciprocal of dr/dw at 
the same r,-values. Thus on the hodograph plane o,t, /ow is con­
tinuous, wh1le on the 1-plane, o,t,/or is discontinuous at r,. 

The polygonal approximations, Equations [41], to the adi­
abatic Equation [10] may be viewed in two different ways. One 
way is to suppose that just enough heat is supplied to or taken 
away from the gas as it expands so that it obeys Equation [41]; 
or else one may imagine the existence of a fictitious gas for which 
the adiabatic reduces to Equation [41]. In either case the 
velocity of sound is discontinuous at p,. 

As an example, Fig. 1 shows in the (p, 1/p)-plane the adiabatic 
relation, Equation [10], over the range 1 < p0 / p < 1.6, a three­
interval approximation to it, with pif p0 = 1.2, pzfp0 = 1.4, as 
well as the Chaplygin approximation. The functions are re­
plotted on Fig. 2 in the (p, p)-plane. It will be noted in Fig. 2 
that the E!lope a2 = dp/dp increases with p and p along the adi­
abatic, but decreases asp increases along the approximating hyper­
bolic segments; however, at each vertex Pi the change of slope 
a 2 makes up for accumulated divergence between the a2 values 
throughout the interval. Fig. 3 shows w 2, a2, M 2 plotted versus 
l/p 2 ; the dotted curves give the same quantities for the adiabatic 
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I.;quation [10] (for 'Y = 1 .4) . In the calculations leading to the 
curves of Figs. 1 and 2 and the figures that follow, it is assumed 
that p0 = I, Po = 1. This is not a serious restriction since by a 
choice of units any values of p0 , p0 can be reduced to this case. 
The rcarler who is irked by this procedure, however, will prefer 
to replace w2 by w2p0 / p0 = -yw 2/ a.2, and a2 by a2p0/ p0 = -ya2/a.2. 

On 11ccount of its discontinuities and the gaps in its values, the 
:\1ach number M is obviously not a sui table variable to use in 
the polygonal approximation method. 

Elimination of p, a from Equation [23] under the assumption 
of EquaUon [41] leads to Equation [24] bu t wit.h F, G given not 
by Equation [25] but by 

F(w) 
w' + - ­

w2 + C; 

C· 
G(w) = -;--+' , w c, 

w,_, <w <w, 

1 
J · ... .. ...... . [49] 

Th iel values of P, G from Equations [25] and [49] are plotted on 
'Fig. 4 for the example of Fig. 1 and 2. Also shown on Fig. 4 are 
the values of F, G based on Chaplygin's approximation. 
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The present method may thus be viewed as consisting in 
approximating to the coefficients F, G, Equation [25] in Equa­
tion [24], by means of Equation [49], this choice of the approxi­
mations having the advantage that Equation [24] becomes 
Laplace equation in W, 0. At w, the solutions of, of Equation [24] 
are continuous and so are b,/, jaw. 

The· discrepancies in F, G on Fig. 4, deriving from the slopes 
on Fig. 2, are quite appreciable. To study the discrepancies of 
the solutions, a product type of solution 

of, = wYi(.-)cos 0 .... ... .... . ...... [50] 

of the exact Equations [24] and [25] was compared with a corre­
sponding solution 

,f,=Rcos O } J 
R f t . f R( ) . .. . . .. ... . . [51 

= unc 10n o w = r 

of Equations [24] and [49] choosing R = 0, dR/ dr = 1 atr = 0 su 
that R agrees with wY in value and slope at r = 0. Since R cos 
O is harmonic in the 1-plane, it follows that the factor R in Equa­
tion [51] is a linear combination of rand 1/ r in each interval (r,, 
r ,;1-1). In the first interval the coefficient of 1/r is chosen as 0, 
and in passing from one interval to the next one the new co­
efficients are determined so as to render R continuous and so that 
Equation [51] satisfies the condition, Equation [46]. 

Table I gives the values of wY1, of R3, the function R for the 
three-interval approximation of Fig. 1, and of Re, the function R 
for the Chaplygin approximation. Also shown are the differences 
Ri - wY,, Re - wY,. The values Y1 were taken from Garrick 
and Kaplan (2). The Mach number refers to the exact solution. 
It will be noticed that the discrepancies are far smaller than one 
w.ould expect on the basis of the differences in F and G. The 
table was continued into the supersonic interval where the third 
line segment on Fig. 1 gives a rather poor approximation to the 
adiabatic; the agreement there, while not as good as for w < w,, 
is eurprisingly good. Since the Chaplygin straight line is tang­
ent to the adiabatic at p0 , l /p0 , the discrepancy close tow = 0 
(and as far as w = 0.6) is smaller for the one-interval solution; 
but for larger w-values the Chaplygin l'<olution becomes much 
worse. 

TABLE I 

M -w . Q, · ~ w Y, R, Re R, - <}, Re - Q 
0 0.0000 0.0000 0 0 0 0 

0.1 0.11832 0.1180 0.1177 0.1180 -0.0003 0 
0.2 0 .23575 0.2334 0.2328 0.2335 -0 .0006 0.0001 
0.3 0.35180 0.3441 0.3428 0 .3444 -0.0013 0.0003 
0 . 4 0.46591 0.4481 0.4452 0.4491 -0.0029 0.0010 
0.5 0 .57736 0 . 5438 0 .5398 0.5466 -0.0040 0 .0028 
0.55 0.63194 0 . 5882 0 .5840 0 .5923 -0.0042 0 .0041 
0.60 0.68565 0.6300 0.6262 0 . 6361 -0 .0038 0. 0061 
0 .65 0.73%4 0.6694 0.6658 0.6779 -0.0036 0.0085 
0 . 70 0 .79041 0. 7061 0 . 7019 0 . 7177 - 0 .0042 0.0116 
0. 75 0 . 84133 0.7403 0 . 7358 0 . 7639 -0 .0045 0 .0236 
0.80 0 .89127 0 . 7719 0. 7673 0 . 7916 -0.0046 0.0197 
0 :85 0.94012 0 .8010 0. 7963 0.8257 -0.0047 0 .0247 
0.90 0 .98786 0.8275 0 .8230 0.8580 -0 .0045 0.0305 
0 .95 1.03456 0 . 8516 0.8471 0 . 8887 -0.0045 0.0371 
1.00 1.08013 0.8735 0.8692 0.9177 -0.0043 0.0442 
1.10 1.16788 0 .9105 0.9069 0.9712 -0.0036 0 .0607 
1.20 1 .25108 0.9394 0 .9385 1.0200 -0.0009 0 .0806 
1.30 1.32979 0.9612 0 .9656 1.0620 +0.0044 0.1008 
1.40 1. 40402 0.9769 0 . 9886 1.1004 0 .0117 0 .1235 

4 SOLUTIONS BY THE METHOD OF REFLECTIONS 

The product solution method for the determination of of, was 
explained in (1) and utilized in Table 1. Another method, the 
method of reflections or images, is based on the following proposi­
tion. 

01' 

Let h(W, O) be an arbitrary harmonic function. Then either 

1 - C· l u = h(W, 0) + --' h(2W, - W, 0) iu W > W,, 

1 + C; • l 
2 . 

u = - - = h(W, 0) rn W < W,, 
l + c, 

. f.521 

c, + 1 . . [53] 
·u. = h(W, 0) + c, - J h.(2W, - W, 0) in W <W,, ) 

u = ~h(W,O)inW>W,, 
1 + c, 

furnishes a function u satisfying the boundary condition Equa­
tion [45] at W = W,. Equation [52) is useful in finding a func-
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tion u having the- same singularity as h (for instance, that of a 
point source or vortex) in W > W, and satisfying Equation [45), 
while Equation [53] furnishes a function u satisfying Equation 
(45] and possessing the same singularities ash in W < W;. 

In applying the above to cases with several discontinuiti.es, 
one runs into the difficulty of obtaining images of images. Thus 
consider the case of three-interval approximations with two lines 
of discontinuity at W1, W2, and assume that h has a singularity 
at the point W = B lying between W1, W2. There is no loss 
in generality in assuming W, = 0. This may be accomplished 
by proper choice of K1 in Equation [37). We also put W 2 ~ 
C.6 

Application of Equation (52) at W1 = 0 shows that Equation 
(45] will be satisfied by the addition to h of 

l-c1 
h-, = -- h(-W, IJ) ....... • ..... (54) 

1 + C1 

This term possesses a singularity at W = B-- 1 = -B,, the image 
of n in W = 0, of "strength" 

) + C1 
. . .... . .. . ........ (55] 

Similarly, application of Equation (53] with W2 replaced by C 
shows that to satisfy Equation (45) one may add to h 

C2- l 
h1 = -- h(2C - W, /J) ......... ... [56) 

C2 + 1 

thus placing a singularity at W = B1 = 2G - B, the image of 
Bin W = C, of "strength" 

• 
C2- l 

R2 = --.... .. ........ . . ... (57] 
C2 + 1 

It will be found that the addition of Equation (56] now spoils 
the condition Equation (45) over W = 0, and it is neces~ary to 
add another term, namely 

h-2 = R1h1(-W, o) = R1R.h(W - 2G, /J) .... .. ... (58] 

to restore this condition; this term is singular at W = B - 2 = 
B - 2G, the image of B, in W = 0. Likewise, the addition of 
h-, as well as of h-2 in no way helps the boundary condit.ion 
Equation 45 at W = C, and additional terms are required to re­
store this condition. This process can clearly be continued lead­
ing to further singularities over a periodic array of points B,. 
which are the successive images of B in the two rectilinear boun­
daries, W = 0, W = C (see Fig. 5). The position of these points 
is analogous to what one observes in a room with two parallel 
mirrors on opposite walls. Upon looking into either one, one 
sees one's own successive reflections extending into infini ty and 
obtained by reflections back and forth across each mirror. More­
over, the intensity of each reflection is obtained from the image 

•Notto be confused with C in Equations [30] to [34]. 

B •B·2C .. 
-c 

FIG. 5 

0 8 I B,•2C-B 

I 
C 

REf"LECTION OP SINOULARITY, w. /J-PLANE 

w 

which is being reflect.ed by multiplicat,ion by a prupttr "coefficittn t. 
of reflection," which in thtt present case is equal to R, for reflec­
tion over the left-hand mirror W = 0, and R, for reflection acro~s 
the right-hand mirror. Thern results the following infinit1, series 

+a> L h,,(W, II) for O < W <C . .. . . [,59] 

n = - oo 

where 

~~~-~~~ }' 

h-n(W, 0) = R,hn- 1( - W, /J) for n > 0 
h,,(W, IJ) = ll2h1-n(2C - W, 0) for n > 0 

. . . (60] 

The above infinite series converges provides that both R1 and 
R2 are numerically less than l and h does not become infinite "too 
rapidly" at infinity. The convergence is then as rapid as that 
of a geometric series. 

It must be clearly u11dc rstood that, the serinH indicated by 
Equations [59] apply 01,ly in tl1c st,rip O < W < C in Fig. ,'i 
within which the singuh,rity B Ji.,H. \\'hile the series indicated 
by Equatious [59] converge outsi,fo of tha t. strip t.oo, it rnpre~ents 
the analytic continual-ion of the fu11ct in11 iJ., within the strip between 
0 and C across these l,ouudaries, a nd not t.he values of iJ., in 
these regions. Going baek to thn mirror analogy, Equation [59] 
for W < 0 or W > C corn,sponds to the fictitious world of images 
observed in the mirror, and not at all to what is behind the look­
ing glass. The true values of iJ., in W < 0 or W > C are not the 
analytic continuations of iJ., which are continuous along with all 
of their derivatives across the boundaries W = 0, W = C, but 
functions which join on to these in the manner described by the 
boundary condition Equation [45) and the continuity of iJ., itself . 
Within the region W < 0 application of the second Equation 
[52] shows that function iJ., can be obtained by multiplying all 
the terms n ~ 0 in Equation (59) with singularities in W > 0, 
that is, at B, B, , B2 •• • , by the factor l + R,. Jn this way there 
results t.he infinit-0 series 

0, 22: 'f - - -
1 + C1 

n.=0 

h., (W, o) . ff\l J 

for W < 0. Similarly, om· obtains fro111 Equat,iom; [5af and /5!1 / 

-a, 

2c, 2: . iJ., = -- h,.( W , O) .. ... .... . .. . . ((i2 ] I+ c2 
n=O 

for W > C. Thus f is actually free from ~i11gulari ties except at, R. 
Introducing r as in Equation (38], one rPplaccs the lines W = 

0, W = C by the circles r = r1 = 1, r = r, = e0 , while the singular 
point~ Bn are transformed into 

b,, = e1Jn, , . .. , . . , . . . . , ... . ... /631 

so that 

. .. , b-, = ·1/b0 , b0 = b = e», b1 '= e20/b0 , b, = be20, ...... /64] 

The reflections across W = 0, W = C now correspond to inver­
sions across the circles r = 1, r = r2 = e0. An additional singu­
larity at r = 0 corresponding to W = -oo may now appear, 
unless special provi~ions are made to eliminate it. 

In practice it may be convenient to use the series, Equation [61] 
or Equation [62] for computing ,J, in the range O < W < C. This 
is done for Equation [62) by identifying f in Equation (62) with 
u in the second Equation [53], solving for h and substituting in 
the first Equation (53]. 

The nature of Equations (59) through [63) can be clarified by 
means of Fig. 6 which is based on the optical analogy mentioned 
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above, but with the mirrors made "semitransparent." The 
terms in the series Equations (59] through (63] are represented 
by rays which start from the point B of Fig. 6 at a fixed angle with 
the horizontal and are reflected and transmitted at the boundaries 
Wiand W2 with reflection coefficients Ri, R2 given by Equations 
[55] and [56) aud transmission coefficients 

W1<W<'#1 

~~ !!~ 
FIG . 6 REFLEC~'ION RAY ANALOGY FOR FINDING IMAGES OF SINGU­

LARITIES FOR THE CASE OF THREE RECTILINEAR INTERVALS 

Ti=· l + R1 } 'l'. = 1 + R2 . ....... . ....... . .. (651 

The transmitted rays Tih,, Tih., ... can be visualized as originat­
ing from the source points Bi, B2, ••• on the W-axis, the trans­
mitted rays T2h - 1, T2h- 2, .. . as originating from the source 
points B-i, B-2, .. .. 

The optical analogy method is equally applicable to the case 
of more than three intervals. The cas.e of five intervals is repre­
sented in Fig. 7. One now introduces reflection and transmission 
coefficients R,, T, for rays striking W, from the left, R/, T/ for 
rays stri king Wi from the right, where 

H,' = 1 - c, 
l + C; 

T;,' 
2 

= l + R/ 
1 + c, 

c, - 1 

c, + I 
- R.' 

2C,· . 
T; = -- = 1 + R, J 

c, + 1 

....... ... . (66] 

c; being defined by Equation (45]. Corresponding to each ray 
segment there is a term obtained by multiplying the function 

h( . . . , ()) . .. . ....... .......... (67] 

by the coefficient placed on the ray, where the first argument 
is obtained by replacing W by 2W, - W corresponding to each 
reflection the ray suffered on its way from B. (Transmissions 
do not affect the first argument in Equation (67]. 

The increased complexity due to the multiple boundaries as 
the number of intervals increases is partly compensated for by 
the decreased magnitudes of R,, R/. 

It is to be kept in mind that even in relatively simple flows in 
the physical plane, the function if; may be mutliple-valued in 
the hodograph plane. Since in the solutions indicated above h 
is not restricted to single-valued functions, these solutions are 
applicable even to the multiple-valued cases. 

FIG. 7 REFLECTION RAY ANALOGY FOR FtND!NG IMAGES OF SINGU­

LARITIES J 'OR THE CASE OF FrvE R,:cTILINEAR I NTERVALS 

9, 

FIG. 8 REFLECTION OF SINGULARITY, r, II-PLANE 

5 EXAMPLE 

We apply the method of the preceding paragraph to the flow 
function if; which corresponds to a point source at r = b, and put 

h = Im { log(l" - b0 ) )B = llo ............ (68] 

where /Jo is the argument of r - b0 = r - b, that is, the angle 
between this complex vector and the real 1-axis. Inversion of 
f(r) in the circle r = R is accomplished by replacing r by R 2/f 
leading to f(R 2/ f), bars denoting conjugates. For the case 
f(r) = log (r- b), this leads to 

log(R2/ f - b) = log(f - R 2/ b) - log f + log (-b) ... (69] 

With R = 1, R 2/ b = 1/ b = b- i, the imaginary part of Equation 
(69] yields (see Fig. 8) 

- ll-1 + IJ ± 11" l 
11-1 = arg(l" - b- ,) .. ....... .... . (70] 
IJ = arg r 

This leads to 

h-1 = R1(-11-i + II) + ceustant ... . . ...... (71) 

Similar calculations of h. for other n yield 

+co - (I) +oo 

if; = L e.11. - II L e. - ,,. :z=e ...... .. (72] 
n=-oo n=-1 n=l 

for r1 < r < r2 where 

(I = n 

e-i = 
e1 = 

e.::1::2 = 
e:::1:::3 = 

arg (l" - b.) = Im log (l" - b,.) ) 
-R1 
-R2 
R1R2 
e..,, e =• -R1R2R2, ... 

I 

..... (73] 
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Inside the (unit) circle r = r, and outside the circle r = r, one • 
obtains similarly from Equations [61] and [62] 

<X> 

,t, = .,.. + - 2
- '"" e.,(o. - r) ........... [74] 

1 + c, .L....J 
n-0 · 

for r < Ti 

f = /;c,(f e,.o .. - o fe. ) +o . ... ... [75) 
n-o n- 0 

forr> r2 

fn choosing the 0-terms and the constant· terms in Equations 
[72], [74], and [75] a slight departure from direct inversion in 
accordance with Equations [59) and [69] has been made so that 
without violating Equation (46] the function ,t, is made free from 
singularities at r = 0 and vanishes for real i > b. 

As an example, the flow function ,t, was calculated for the case 
of a point source at b = b0 = 1.15 for the (p, p)-approximations 
described in Section 3 of the paper and shown in Figs. 1 and 2. 
The images of the point ~ource occur at 

b, = 1.2861 
b2 = 1.7008 
b, = ]_9021 
b, = 2.5155, ... 

b-, = 
b-2 = 
b- a = 
b- , = 

The coefficien1,s c,, Cz are given by 

lettdinµ; to 

and to 

c, = 1.1388 
C2 = 1.5633 

e-, = - R, = .06490 
e, = - R2 = -.21975 

e- , = e2 = - .0:I 426 
e- 3 = -·.00093 

.8696 

.7776 

.5880 

.5257, . . . 

15 

I"" 

I ~ -
1---. .,~ l--c--

---- .. 
:---. V 

e, = .0031a, 
e-, = e, = .00020, . . 

The Equation:; [72), [74], and [75] become, with o, , ,t, expressed 
in degrees ( tlf = 360 deg for unit point source) 

,t, = 180 deg + .9351(00 - 180 deg) - .2055(0, - 180 deg) 

- .0133(0, - 180 deg) + .0029(/Ja - 180 deg) 

+ .0002(0, - 180 deg) + . _, 
for O ~ r ~ r,, 

,t, = 41.522 deg - .04999 + 80 - .21980, - .014302 

+ .00310, + .00020, + .. + .06490-, - .01430-1 

- .00090-a + .00020, + . , 

If = - .28060 + 1.219800 + .07920- 1 - .01740-2 - .00110-a 

+ .00020- , + .. , 
r ~ r,. 

The plot of the curves ,t, = constant in the i = rei8 plane is 
shown in Fig. 9 for ,t, = 0 deg, 20 deg, 40 deg, ... Fig. 10 shows 
the same flow lines but in the hodograph plane. 

As a furLher example, the field of a point vortex was considered. 
It will be recalled from Equation !38] that the conjugate har­

monic of ,t, is not a possible flux fun ction (since - V B / C <P + i,t, 
is analytic in i and not <P + i,t,). Hence, unlike t he incompres­
sible case, the conjugate harmonic of the point source solution 
will not, do for a point vortex. Going back to Equations [59 
through [62) we put 

h0 = Re [log(.t - b)) = log d. } [76 d
0 

= k-bl .. . . . . . . .. . I 

[t.his idcnt,ifie,;/(i) in Equation (38] with i log (i - b) ]. Inver­
sion in r = R yields (see Fig. 8) 

I ! \ 
f} 1.1_40' I\ 

" \120' ~ 
\ t--

---------

\ -"-. r-- ~o· / 1.0 \ "' \ 
~t;,< ,?,--L--· -i----

r---.. -~ "" ........ 100' I 

V [> V ~r\__ "' .\ I r--... - \0 - 1 I / / I"-. ... 
t--... z 

iii 

I V "' 
.. \ 

"" 
\\ "'-

V I I"-.. I\ I\ \\ 11°· r--... 
I/ 

.5 
~ \ \ \ !\ I r--... I\ 

I I ~ r-.... \ \ \ _\ I 
I I ~I'- 11 \ I 

-; / 
60' 

" ~I'- ' 

f\ ii / v..,,.. k'o· 
....... 

" °\ I\'/, V v ~ 
-1.5 -1 .0 -.5 0 .5 1.0 1. 5 

r cos e 
FIG. 9 STREAMLINES If = CONSTANT IN THE i-Pl, ANE FOR POINT SOURCE AT r = 1.95, 0 = 0 
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FOR POINT SOURCE AT W = .9599, () = 0 

log(1 - b) __. log (R2/f - b) l 
= log (r - f) - log f + log (-b) ....... . . .. [77l 

On applying to R = 1 and taking real parts, one obtain~ 

d
log d~, --=_!obg r + log b } . .. . . . . . . . .... [781 

-1 - .\ I 

Comparison with Equations [70] and [71] shows that 

h- 1 = R,(log d-, - log r) + constant .. ...... [79] 

Application to Equations [60] through [62] with h0 = log r
0 

leads 
to 

for r ~ r1 = 1 

+a> 

+a> 

,t, = -
2
- ~ (- l)"e. log d. , 

1 + c, .L..,; 
n=O 

. .. ..... [80] 

if,= L (- l)"en log dn - log r L e.(- 1)• + K,. [81] 
1,=-m n=-1 

for r 1 ~ r :'.:, r2, 

if, = ~ [~ (-l)"e. log d.] + K2 log r + K, .. (82] 
l + C2 ht 

for r ~ r,. 

where the constants K,, K2, Ka are so determined that y; iH con­
tinuous at r1 and r2, and Equation (46] holds. The latt.cr condi­
tion is best applied by means of 

f °"'!
1 

+ ds = c, f o,J, I - ds .... . . .. . [83] c>r 1, c)r r, 
leading to an equation involying the sum of the coefficients of 
the logarithms whose argument vanishes inside the circle of inte­
gration. 

Substitution of the previous values of r,, r,, b, en, bn, c1, c2 into 
Equations [80] through [82] leads to the following three series 

if, = .9351 log d0 + .2055 log d, - .0133 log d2 - .0029 da 

+.0002 log d.+ ... , 
for r ~ r1, 

y; = - .0120 + .0890 log r + logd0 + .2198 logd1 - .1043 logd, 

- .0031 log da + .0002 log d. + ... -.0649 log d.,- 1 

-.0143 log d- 2 + .0009 log d-3 + .0002 log d-4 + ... , 

forr, ~ r r~2, 

if, = -.0764 + .4387 log r + 1.2198 log d0 - .0792 log d-1 

-.0174 log d-2 + .0011 log d-3 + .0002 log d-, + .. . , 
for 
T ~ T2, . 

The flow lines for the above y; are plotted on Fig. 11 for y; = 
0, ± .2, ± .4, .... · On Fig. 12 the aspect of the same flow lines 
in the hodograph plane is given. 

It must be kept in mind that the examples just discussed, while 
they possess the required point-source singularity, are not unique 
solut ions. It is clear that any solution which is free from singu­
larities in the regions under consideration may be added to the 
above. 

It is believed that the method outlined above is far more con­
venient from computational point of view than other methods 
t.hat have been developed for handling these flows, for instance, 
the one given in (3). 

6 DETERMINATION OF 'rHE FLOW IN THE PHYSICAL PLANE 

The point-source and the point-vortex solutions are of interest 
in connection with the flow through a grid of similar blades, the 
entering flow at infinity corresponding to a point source and a 
point vortex; the exit flow at infinity corresponding to a point 
sink and vortex. It is clear, however, that further functions y; 
would have to be added to the above solutions to obtain blade 
shapes of practical interest. Nevertheless, it is of interest to find 
the aspect of the physical flow arising from a pure point vortex­
source and a point vortex-sink. This can be determined by super­
position of the above solutions and carrying out the integratione 
Equation [40]. For the present, however, this calculation was 
carried out only for the incompressible case for which the above 
equations simplify considerably. 

For the incompressible case, the variable .i' may be directly 
identified with the hodograph variable 

r ~ Ill ei8 = u + iv . ............. .. (84 l 

From Equation [:~8] it. followR that. tho complex potential 

w = <P - iy; / p . .. .... .... . .... ... . [85] 

is an analytic funct.ion of r 

w = f(/') . . . . . . ... . ... [8GJ 

Since 

dw ow 
dz o.r br Po O.T 

l.t + iv = 1 ... ...... [871 

we have 

f t!w 
z = f dz = ; ..... . ...... .... [88] 

Placing the point source and the point vortex, each of unit 
strength, at the point .i' = 1 + i and the point sink and the point 
vortex of similar strength at the point r = 1 - i, we have 

w = A log(.i' - a) + B log(l' - b) l 
A= 1 + i 
B = -. 1 + i l ........ (89] 
a 1 + i 
b = 1-i 

The integration of Equation [88] yields 

z = A f ar + B f-d_r_ 
r (r - a) r(r - b) 
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~--,----,,--,-------,------7'"""1---.---r----::=------=--,-­
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..,.4 1.6 
r cos 8 

FIG, 11 STREAMLINES Y, = CONSTANT IN THE t-PLANE FOR POINT VORTEX AT r = 1.15, 8 = 0 

i I 
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FIG, 12 STREAMLINES ,f, = CoNSTANT IN THE HonoGRAPH PLANE FOR PoINT VoRTEX AT w = 0.8599, 8 = O 

A B =-;; [-log r + log(l"- a)] + b [-log r + log(r - b)J 

. . . .. ... (90) 

For the values indicated in Equation [89] this reduces to 

w = (1 + i) log(r - a) + (-1 + i') log (r - b) . .. [91] 

z = log(l" - a) - log(l"- b) .. ....•...... (92] 

The lines of flow in the hodograph were first obtained by super­
position of the rectilinear flow lines corresponding to the point 

source and the circular flow lines corresponding to the point vor­
tex leading to· equiangular spirals passing through diagonally 
opposite · corners of the resulting sinall squares formed by the 
above radial lines and circles. After the above logarithmic spirals 
have been constructed around the point r = 1 + i, a similar 
set was obtained for the r = 1 -:- i as indicated in Fig. 13, and by 
superposition the streamlines of Fig. 14 were obtained. Finally, 
by substituting the values of r for these flow lines into Equation 
(92) the flow lines in the physical plane were found. These are 
shown on Fig. 15. 

It will be noted from Equation [92] that the integration lead-
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FIG. 13 STREAMLINES Y, = CONSTANT FOR A POINT VORTEX SOURCE 

AT f = 1 + i; ALSO F"OR A POINT VORTEX S INK AT 1 = 1 - i . I N­

C0'1PRESSIBLE CASE. 

V //' ~-......_ '\ 
I / - ---- "r---. \ / / '--

I I/ / ""' .... I -~ --
I / / 

.,.- ...... 
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FIG. 14 STREAMLINES Y, = CONSTANT OBTAINED BY SUPERP OSITION 

OF THE STREAMLINES OF Fro. 13. INCOMPRESSIBLE CASE 

FIG. 15 STREAMLINES Y, = CONSTANT IN PHYSICAL PLANE CORRE­

SPONDING TO FIG. 14 

ing from the hodograph to the physical plane possesses no singu­
larity at the origin .r = 0 as might ordinarily be expected from 
Equation [88]. The resulting flow is smooth and analytic in the 
whole physical plane, and corresponds to a 90-deg turn of the 
flow from its incident direction at infinity to its exit direction at 
infinity. 
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The Shape of a Piston Ring 
Unrestrained State 

• 
Ill Its 

BY CHE-TYAN CHANG,1 PHILADELPHIA, PA. 

It is the purpose of this paper to develop, with mathe­
matical means, a general equation between the free shape 
of a piston ring in its unrestrained state and the conse­
quent radial-pressure pattern against the cylinder wall 
after its installation. It is up to the designer, first to de­
cide upon the proper pressure distribution for his particu­
lar need, and then to use such an equation as a first guide 
to evaluate the proper free shape of the ring so that it will 

· give him the required radial-pressure pattern after its in­
stallation in the cylinder, 

NOMENCLATURE 

The following nomenclature and assumptions are used in this 
paper: 

F = force 
Fz = force component along direction of XX-axis 
Fu = force component along direction of YY-axis 

p = radial pressure; radial pressure tending to close ring is 
considered to be positive • 

:11 = bending moment; bending moment tending to close ring 
is com.idered to be positive 

MA = bending moment acting on neutral fiber of ring about an 
axis at point A and normal to plane of ring (see Fig. 1) 

E = modulus of elasticity of piston-ring material 
I= moment of inertia 
w = face width of ring in its axial direction 
R = radius of curvature referring to neutral fiber of ring in its 

unrestrained state; a variable 
r = radius of curvature referring to neutral fiber of ring in its 

closed state; a constant 
p = radius of vector · 
µ = radial deviation of a point on ring in its unrestrained state 

from its closed state 
Ii, a ·= polar angles 

n = numerical constant 
Z = arbitrary constant 
s = shearing force 
q ~ tensile or compressive force 

Assumptions: 

1 Material of piston ring follows ordinary laws of elasticity. 
2 Thickness of ring in radial direction is comparatively small 

in relation to its diameter. 

INTRODUCTION 

In view of the great popularity of reciprocating-type internal­
combustion engines employed today, the important role played 

1 Engineering Department, Wilkening Manufacturing ·Company. 
Contributed by the Applied Mechanics Division and presented at 

the Annual Meeting, New York, N. Y., November 28-December 3, 
1948, of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1949, for publication at a later date. Discussion re­
ceived after the closing date will be returned. 

NOTE: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
,ftheSociety. Paper No. 48-A-21. 

by a piston ring either as a gas~sealing device or as an oil-con­
trolling device, does not need to be overemphasized. 

Because of the strict requirements imposed upon a ring for its 
proper functioning in the engine, the manufacturing of piston 
rings has been developed into a rather specialized business. 

More emphasis has been placed on the development of high­
strength materials as well as proper free shape of the ring in its 
unrestrained state than ever before, owing to the relatively high 
piston speeds adopted during recent years in the high-output 
aircraft and automotive engines. 

It is quite natural to assume that a ring should exert a uni­
formly distributed radial pressure against the cylinder wall to 
obtain even wear, both of the ring and the wall. However, due 
to the presence of the end gap, it can be easily interpreted that 
the ring is quite similar to two curved cantilever beams joined 
at the back, opposite to the gap. 'At the relatively high running 
speeds of the engine, fluttering of the free ends of the ring fre­
quently occurs if the ring is designed to exert uniform radial 
pressure against the cylinder wall after its installation. Such 
fluttering of the free ends of the ring often induces fatigue failure 
close to the ends. 

To prevent such failures, the free ends must necessarily be 
stiffened. The general practice used today is to control the free 
shape of the ring in its unrestrained state, so that after being 
confined in a cylinder, the ring will exert additional radial pres­
sure near the ends. A piston ring possessing such characteristics 
commonly is defined by the manufacturers as one having a plus 
"circularity" or an "ovality" value. 

It is quite obvious that through the introduction of the addi­
tional pressure near the free ends of the ring, additional forces are 
introduced at the back or at the sides of the ring to balance the 
force statically. The readjustment of the radial-pressure dis­
tribution consequently causes the alteration of the free shape of 
the ring in its unrestrained state. 

The choice of an ideal pressure-distribution pattern is gov­
erned by many other factors, such as wear and lubricating prop­
erties, engine type and service, piston speed, and so forth; conse­
quently no attempt will be made in this paper to set forth any 
such ideal pattern. 

It is the purpose of this paper to develop, with mathematical 
means, a general equation between the free shape of the ring in 
its unrestrained state and the consequent radial-pressure pattern 
against the cylinder wall after its installation. It is up to the de­
signer, first to decide upon the proper pressure distribution for 
his particular need, and then to use such an equation as a first 
guide to evaluate the proper free shape of the ring so that it will 
give him the required radial-pressure pattern after its installation 
in the cylinder. 

GENERAL EQUATION OF RADIAL PRESSURE AND BENDING Mo­

MENT ACTING oN A RING IN ITs CLOSED STATE 

In Fig. 1, suppose ACBB'D is a thin piston ring in its closed 
state, and dF an infinitesimal radial thrust force acting on the 
ring periphery at point Q, then 

dF = pwrd 0 . . . .. . .. . .... . . ... . . . [1] 

134 
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Resolving its components along the two axes 

dFz = dF.cos IJ = pwr cos IJ d IJ •.• •. ••. •. • . (2) 

dF• = dF sin IJ = pwr sin IJ d IJ .. .. . .. .... . . (3] 

Applying conditions of static equilibrium in the plane of the 
ri ng, the following equations must be satisfied 

~dM,..=0 ..... . . . . .. . . . . .... . . (4] 

~ dF• = 0 . . . . .... . . .. . .. .. . . .. . [5) 

= 0 . . .. . .. . .... ......... . (6) 

y 
dF : p w rdd~--1-c __ 

0 

y· 
F10. I 

B .2 
B ' 

Since the ring is symmetrical, referring to XX' axis, it is evident 
that the first two equations of equilibrium are fulfilled. This 
leaves the last equation to be satisfied, i.e., ~ dF % = 0. 

Since from Equation [2) dFz = pwr cos IJ d IJ, then Equation 
[6) becomes 

Jo" pwr cos /J d /J = 0 . . . .. . ... . . .. .. .. [7] 

Now Equation (7) will be satisfied, if the pressure intensity p 
at any point Q on t he ring periphery can be expressed by an ex­
pression like the following 

p = Pe + P2 cos 2/J + p, cos 3/J + .... + p. cos n/J + .. [8] 

Equation (8) obviously is an '.'even" function of the Fourier ex­
pression with the coefficient of the second term in this particular 
case being zero. (An even function is chosen here because 
the ring is symmetrical about the axis passing through the gap.) 

Quoting Cohen (1) :2 "In treatise of analysis, it is proved that 
a function which is single-valued, of bounded variation, and has 
only a finite number of maxima and minima in an interval 2,,­
in length, can be expressed uniquely as a Fourier series." 

No matter what the pressure distribution is after the installa­
tion of the ring within the cylinder, the foregoing condition is 
always satisfied, and it can always be expressed in the form of a 
Fourier series of an even function such as t he one expressed in 
Equation [8). 

The mean pressure in such condition will always be Po, i.e., the 
first term of Equation [8 J; this is because 

1 Numberi in parentheses refer to the Bibliography at the end 
o l the paper. 

11" - p,. cos n!Jd/J = 0 .... .. ... . . .... [9] 
,r 0 

By referring to Fig. l again, suppose dM be the infinitesimal 
bending moment at point Q' due to the infinitesimal radial 
thrust force dF at point Q, then 

dM = dFQ'N 1 
= dF OQ' sin (/J - a) JI 
= dF r sin (IJ - a) 

.•.... . ... [10) 

= pwr2 sin (/J - a) d/J 

where p is a function of the polar angle. 
The resultant bending moment M at any point Q' evidently 

Is produced through the combined effect of all t he infinitesimal 
thrust force dF from point Q' all the -way clockwise until reaching 
the free end B, therefore 

M = L~,dM ) 

": j",." pwr2 sin (IJ - a) d/J 

If the ring has a uniform width, then 

...... [11) 

M = wr2 J:." p sin (/J - a) dO ...... .. . .. [12) 

By the foregoing reasoning, since the pressure in tensity pat any 
point Q' can be expressed by an expression such as Equation (8), 
then by substituting Equation [8] int.o Equation [12) 

M = .{,," po sin (IJ --· a) clO 
wr2 

+ .. Pn C08 n/J sin (/J - a) d!J . . ... . . [13] Ln=nJ:. 
n=-2 a 

The solu tion of the first. term in E quation (13] is 

po (l + COH a) 

The solut.ion (2) oft.he t.erm 

f,," Pn en~ nO sin (0 - a ) dO 

in Equation (13] is 

~ { cos na - cos [(n + l J,r - a) 

2 n + 1 

_ cos na - cos [(n - 1) ,,- + ~ } 
n- 1 . 

Therefore Equation [13] finally will be resolved into t.he fol­
lowing general expression 

M. 
- = Po (1 + CO~ a } 
ivr' 

n-n { cos na - cos [(n + l )) ,r - a) + 1/ 2 p 
n =2 n n + l 

_ cos na - cos [(n - l),r + al} ... . .. . . .. . . . .. .. . [l4] 
n - 1 

GENERAL E QUATION BETWEEN SHAPE OF A RING IN lTs FREE 

STATE A.ND BENDING MOMENT ACTING ON RING IN lTs CLOSED 

STATE 

After' the general expression of the bending moment M at 
any point Q is developed, the free shape of the piston ring in its 
unrestrained state can be determined easily if a definite relation 
can be found between the bending momen.t M and the free shapP 
of the ring. 
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[n Fig. 2, if acbb'd be the shape assumed by a piston ring in its 
free state and ACBB'D be the same ring in its restrained state 
aft.er being confined in the cylinder, then, if R be the radius of 
curvature at any point q on the neutral fiber of the ring at its 
free state, and r be the radius of curvature of the point Q after the 
ring is installed in a cylinder; point Q in the restrained state is 

y 
C 

d y ' 

F'rn. 2 

a~~umed to take the position of point q on the free curve, since the 
closed state of the ring is a circle; therefore r is actually a cohstant 
along the circumference of the closed ring. 

l1'rom Fig. 2 evidently 

P = r + µ . ....... . .... ... .. [15] 

The relationship between the radius vector pat point q and the 
corresponding radius of curvature R at t,he same point can be 
found to be expressed by the following expression, thus (3) 

1 

R 

(dp)2 
r/}p 

p 2 + 2 - -p -
dB d8 2 

. . .. .. ... . . . [16) 

Since (dp)/(dO) in our case is of small magni tude, t he second­
power terms can be neglected, then 

1 

R 

1 1 d'p 
=- - -

p p 2 dO' 
.... . ..... . (1 71 

Differentiating both sides of Equation [15] t,wice with regard 
r.o O since r is a const,ant 

d2p d2µ 

dO' = do2 • ••• 
... [18] 

We can also write Equation (15] in another way, thus 

p = r ( 1 + -; ) ........ .. ...... . (19] 

Substituting these expressions into Equation [17) 

1 

R 
l 1 d 2µ 

( ) ( ) 

....... . (20] 

r 1. + -; r2 1 + "7 2 

,dO' 

Since (µ / r) 2 < 1, we can apply the bi nominal theorem to expand 
the terms in the preceding equation, after multiplying out all 
the expanded terms and neglecting all high order of infiniteilimals, 
Equation (20] finally can be reduced to 

!._ - _!__ = _.!:_ ( µ + d'µ ) ............ (21] 
r R r 2 do' 

From any t reatise on elasticity or strength of materials (4), the 
change of curvature at point q due to the bending moment M act­
ing on the same point is given by the expression 

1 1 M 
--- - = -R EI . . .. .. . [22] 

Combining Equations [2 1] and [22], ·finally, we arrive at 

Mr' 
.. ... . . . . .. . ..... [23] 

EI 

Now Equation 123] is a simple linear equation of second order, 
the complete solu tion of which is 

Mr' 
µ = A cos o + B sin o + ~in o f - cos Odo 

EI 

• Mr' . ' 
- cos Of El sm O dO ...... . ... [24] 

where A and B are two constants of in tegration. 

GENERAL EQUATION BETWEJ<JN FREE SHAPE OF A Rrna IN ITs 
UNRESTRAINED STATE AND RADIAL PRESSURE ACTING ON RIN G 

IN !Ts CLOSED STATE 

It can also be shown that through the following treatment a 
direct relationship between the radial-pressure distribution and 
the free shape of the ring in its unrestrained state can be expressed 
mathematically. The evolution of the bending moment in this 
case is not required as an intermediate step. 

Consider an elementary portion of t he ring as a free body. 
After the ring is installed in the cylinder, the system of forces 
acting on this portion is shown in the accompanying free-body 
diagram, Fig. 3. 

Referring to Fig. 3, applying general principles of static equilib­
rium of coplanar forces, we can easily arrive at the following thr11e 
equations 

pwr do = ds + q do . .. . .. . .... . .. . . (25] 

s dB = dq.. .. . ...... ... [26] 

d M = dq r. . . .. . . . . . . .. .. . ... [27] 

dF 

0

Enl.;~~d V,ew ol' 
.Se7me11t mn V- l/ 

Fw. 3 
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By rearrangement, these three equations can also be written as 

1 ds 1 
p = - - + -q ................ [28] 

wr do wr 

-~ s - do· .. . ................ . [29] 

1 dM dq -; d6 = de ........... .... . ... [30] 

Differentiate both sides of Equation [29] with regard to angle 0 

ds d'q 
-=-
do do2 

.. . . . . . .. .... [31] 

Differentiating both sides of Equation [30] with regard to angle 0 

1 d'M = d2q 

r d02 d0 2 
.. . ..... . ... [32] 

Combining Equations [31] and [32] we have 

ds 1 d'M 
d(J = -;: diz . . . .. . .... . . . ... . [33} 

By integrating both sides of Equation [27] 

M = r q +C ........... . ....... [34] 

where C is a constant of integration, at the free end of the ring 

q = 0 and M = 0 and so, C = 0 

or 

M = r q. . .. . .... .. .. .. [3.5] 

which is just the same as 

1'd 
q [36] 

r 

Substituting Equations [33] and [36] into Equation [28], we 

get an equation of the following form 

p = 2__ (M + d'M)... . . . . . (37] 
wr' d:82 

The solution of Equation [37] evidently will be the same as that 
given by Equation [14] provide<l the pressure distribution follows 
the same pattern. 

From Equation [23] we already have a relationship between 
the free shape of the ring in its unrestrained state and the coms­
sponding bending moment after its installations, which is 

d'µ, ~Mr2 

,,, + do2 ff! 

which is the same as 

EI (. d'µ,) M=- ,,,+-
r' dO' 

.... .. . . . . ... . . [3S j 

By differentiating Equation [38] with regard to angle O 

~; = ~~ (~ + ~~)- ........ ... .. [39] 

By differentiating Equation [39] again with regard to angle O 

~: = ~~e~ + :~) .. .... ....... [40] 

Substituting Equations [38] and [40] back into Equation [37], 

finally we ~rrive at an equation showing the general relationship 
between the free shape of the ring in its unrestrained state and the 
corresponding radial pressure expected after its installation in 
the cylinder; thus 

wr' d2µ, d'µ. 
p EI = µ. + 2 dO' + d04 • •••••••• • ••• [4ll 

Equation [41] evidently is a linear equation of the 4th order; 
the solution of this equation is 

EI 
- µ, = (C1 + C,o) cos o + (C, + C4 8) sin 8 
wr4 

- 1/, [cos o f p sin 8 d8 - sin of p cos /J d8] 

- 1/, [cos/Jf fpcos8(d8) 2 +sinlJf fpsinO(d8) 2] 

. ... ..... [42] 

where C,, C,, C,, C, arc four constants of integration. Since we 
usually select XX' axis in such a way so that it is the axis of sym­
metry with regard to the two halves of the ring, in that case the 
values ofµ, must be the same regardless of the sign of 8; therefore 
C, = 0, and C, = 0. Supposing again, we choose the YY' axis 
in such a way that the values of µ at 8 = 0, and at 8 = .,,. be the 
same, then C, = 0. Thereby Equation [42] can be reduced to 

EI 
- µ, = C8 sin /J - '/, [cos 8f p sin 8 d8 - sin of p cos 8 d8] 
wr' 

-'/, [cos 8 ff p cos 8 (d8) 2 + sin IJ ff p sin O (d/J) 2] . • .• [43] 

whore C evidently is the same as C, and can be determined by 
applying the condition at the free end, namely, at 8 = ir, M = 0, 
or from Equation [38] 

[ d'µ] 1 
/J, + - -o d82 - t · · · · ... , ....... [44] 

8 = 1T J 

By its general appearance, Equation [43] does look compli­
cated. On the other hand, we do arrive at the conclusion that if 
the pressure distribution.is definite, i.e., if p is a definite function 
of 8, then the free shape of the ring in its unrestrained state also 
is definite and can be determined mathematically. 

ILLUSTRATIVE EXAMPLES 

At this point it seems desirable to introduce some examples to 
illustrate the general application of Equation [43]. 

For our purpose of illustrating, we might consider two special 
cases of pressure distribution: the first is the case of uniform pres­
sure distribution; the other is the case of a pressure distribution 
of the form p = po(l + Z cos 28), which represents condition of a 
ring possessing high tip pressures. 

These two cases evidently are special cases of the Fourier ex­
pression, Equation [8] ; in the first case, we consider the first 
term only, and in the second case we consider two terms together. 

Case 1. Uniform Pressure Distribution. In case the pressure 
distribution around the periphery of the ring is uniform, all the 
coefficients in Equation [8] starting from the second term are 
zero, or p = po. 

Equation [43] then becomes 

El p 
- µ, = CIJ sin /J - -

2
° [cos Of sin IJ dO - sin Of cos O d/J] 

wr4 

- "i [cos Off cos O (d0) 2 + sin Off sin 8 (dO)'} 

The solution of this equation is 
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EI 
- µ = Cl/sin II + P•· ............. [45] 
wr• 

Differentiate both sides of Equation [45] twice with regard 
to a.ngle II 

EI d2µ . 
- -d = -C II Sill II+ 2 C cos II .. .. . . ..• (46] 
wr• 112 

Add Equations [45] and (46] together 

EI ( d2µ) 
- µ + d- = Po + 2 C cos II . .... . ... [47] 
wr' 112 

Applying the condition given by Equation [44], i.e., Equation 
(47] should be zero at II = 1r, we find C = p0/2. 

Substituting the value of the constant back into Equation 
f 4.5], finally, we have 

powr 4 
• 

µ = IiJ (1 + 11/2 sm II) . ... . . .. .... [48] 

Case 2. Pressure Distribution of the Form. In case the pres­
sure intensity p is a function of II of the form 

p = po (1 + Z cos 2 II) . . ............. [49] 

Equation (49] evidently is also a special case of the Fourier 
series Equation [8] with the coefficient p2 of the second term 

In a similar way, the solution of the last term of the right side 
of Equation (50] is 

Po 
2 (1 + (5/ 1)Z cos 28] 

Therefore the solution of Equation [50] is 

EI . 
- µ = Cl/ Sill()+ po (1 + Z/9 cos 20] . . . . ... (51 ] 
wr• 

Differentiate both sides of Equation (51] twice with regard 
toangle8 

EI d2µ 
- - = 2 C cos II - CO sin /J - •; . po Z cos 211 . . . . [52) 
wr4 d/J 2 

Add Equations (51] and [52] together, 

EI( d2,_.) 
- µ. + - = 2 C cos /J + Po - 4/3 po cos 2 /J . . 1,53] 
wr• d02 

When /J = 1r, the right side of Equation [53] becomes 

-2C + po-Z/3po 

Applying the condition given by Equation (44], or 

-2C + po - Z/3 po = 0 
equal to Zpo and the coefficients of all the subsequent terms equal we find 
to zero. 

Equation 143] in this case becomes 

El 
-µ = C /Jsin II 
wr' 

~ j' J -- 2 icoti O (J + Z cos 20) sin /J d/J - sin () (1 + Z cos 2/J) 

cos OdOJ - ~ [cosoJ J (1 + Z cos 20) cos o (d0) 2 

+ sin IJ ff (1 + Z cos 211) sin II (dl/) 2] •• • ••••• (50] 

The solution of thP second term of the right side of the equa­
tion is 

- ~ [ - cos 2 IJ + Z co;() (- co~ 
311 + cos /J)- sin2 IJ 

_ Z si; o ( si~ 30 + ~in 11) J 
By grouping the terms, and since cos 2 () + sin2 /J = 1, cos2 () -

sin 2 () = cos 2/J and cos 20 = cos 3/J cos() + sin 30 sin 0, the second 
term of the right sidr, of the equation finally is reduced to 

~ (1 - Z/3 cos 20) 
2 

C = ~ (l - Z/3) 
2 

Substituting the value of the constant C back into 1!;4.uatiun 
[51], after multiplying out the terms and grouping them, finally 
we have 

powr' [ ( cos 2/J)] µ = EI 1 + 0/ 2 sin /J - Z/3 IJ/2 sin /J - -
3

- .. (54) 
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Numerical Solution of Elastoplastic Torsion 
of a Shaft of Rotational Symmetry1 

BY R. P. EDDY2 AND F. s. SHA w• 

Using relaxation methods, an approximate numerical 
solution is found of the stress distribution in a shaft of 
rotational symmetry, which is subjected to a torque of 
sufficient magnitude to cause portions of the material to 
yield. It is assumed that the material of which the shaft 
is composed is isotropic and yields according to the condi­
tion of von Mises. The particular problem investigated 
is a shaft with a collar; results are presented showing the 
elastoplastic boundary, and the stress di;tribution, for 
two different amounts of plastic deformation. 

INTRODUCTION 

I. N this paper numerical relaxation methods ,are used to find , 
approximately, the ~tress ~istribution.i~ a ~haft ot rotational 

· symmetry and variable diameter, which 1s subJected to a 
wrque sufficiently large to cause a µortion of the material to 
yield. 

It is assumed that the material is isotropic, and that below the 
yield µoint the behavior is perfec!; " elastic. It is also assumed 
that after yield the material exhibits perfect plasticity (i.e., 
there is no strain-hardening), while .the yield condition requires 
that the maximum shearing stress has the constant value k equal 
to the yield stress in pure shear. 

In essence, the method of solution is a development of the idea 
behind the Prandtl-Nadai soap-film sand-heap analogy for the 
Saint Venant torsion problem. A plastic stress function is intro­
duced and, then, bn the assumption that a portion of the mate­
rial has yielded, it is possible, numerically, to construct the func­
tion. Using relaxation techniques, equilibrium requirements 
then enable the common boundary of the plastic and elastic 
domains to be located and the plastic and elastic stress functions 
r0 he fonncl. 

ELASTIC BEHAVIOR 

Let Fig. l represent a shaft of circular crOSf! section and variable 
,Jiameter, with equal and opposite torques T, applied at the ends. 
Then, on making certain assumptions, it can be shown (1)' that 
rhe problem of finding the resulting stress distribution reduces to 
that of finding a stress function <P which satisfies the equation 

1 The conclusions presented in this paper were obtained in the 
course of research conducted under Contract N 7 onr-358 sponsored 
jointly by the Office of Naval Research and the Bureau of Ships. 

2 Naval Ordnance Laboratory, Washington, D. C.; formerly 
<>f Brown University, Providence, R. I. 

' Division of Aeronautics, Council for Scientific and Industrial 
Research, Melbourne, Australia; formerly of Brown University, 
Providence, R. I. 

'Numbers in parentheses refer to the Bibliography at .the end of 
rLe paper. 

02<P 3 ocp 02cp 
or2 - ; or + oz' = O · · · · · · · · · · · · · · [l] 

on AGJK, Fig. 2, together with appropriate boundary conditions. 
In obtaining this equation it is assumed that the only two non­

zero stresses are -r,o, TO,, and these in fact are sufficient to give a 
resultant which is equivalent to a pure torque only. 

FIG. 1 

G 

~ 
I I L_ _____ _J __ t 
J K 

FIG. 2 

Given the stress function <P, then from the equations of equilib­
rium the stresses are given by 

1 0<{) 

l Tr9 =-- -
r' oz 

.. [2] 
1 0<{) 

TO* = r' or 
and the resultant stress q, by 

q = (Tr91 + T9,2) t/• 

1 { (Ocp) 2 (Ocp) 2} t/, ;. or + ~ .... .... . [3] 

The requirement that the lateral surface of the shaft be free of 
external tractions leads to the condition that <P be constant on 
AG,i.e. 

<P = <PB· · ·· • · · · · · · · . .. .•.. . . . • [4] 

On the center line, symmetry demands that TrO = O, which re­
quires that 

'PJK = const = 0 . . . . . . . ...... . . ... [51 

Contributed by the Applied Mechanics Division and presented 
st the Annual Meeting, New York, N. Y., November 28-December 3, 
l948, of THE AMERICAN SocIETY OF MECHANICAL ENGINEERS. 

without loss of generality. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1949, for publication at a later date. Discussion re­
Jcivcd after the closing date will be returned. 

NOTE: Statements and opinions advanced in papers are to be 
mderstood as individual expressions of their authors and not those 
)f the Society. Paper No. 48- A-20. 
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With these values of <P, the applied torque is then given by 

T = fo'A 21rr · r-r8, • dr = 21r<PB . • . •. • ..• . • [6) 

For this problem, the yield condition requires that 

Trf2 + Tfh2 = k2 . . • . .. .. • .. • • . . . . . • [7] 
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so that, for the behavior to be everywhere elaBtic, it is necessary 
that 

that is 

[(o )' (0 )']'/, if. + o: mu< krz .. ... • •. • . ... [81 

PLASTIC BEHAVIOR 

Ati for the plastic problem, assuming that at yield the only two 
uunzero stress components are rr8, "io,, the equations of equili­
brium are satisfied by the introduction of a plastic stress function 
ij, such that 

1 orp 
Tr9 = --

r' oz 
\ !'ll I 

l orp I TO• = 
r' or J 

Using the yield condition, Equation [71, and Equations [9J, d,e 
equation to be satisfied by the plastic 8tres8 function is 

[ (~)2 + (~YT' = kr2
.• • ••••••• [10] 

Also, for the same reason as before, it is required that on the 
boundary 

.:;, = const = <PB· .. .. ..... . . . ... .. [11] 

It is known that, for the elastic problem, the maximum result­
ant stress qmax, occurs on the surface of the shaft; consequently, 
the material will first commence to yield at some point on the 
boundary AG, and further increase in torque will be accompanied 
by the growth of a region of plastic material in the neighborhood 
of that point. 

At the common boundary of the elastic and plastic domains, 
-consideration of the equilibrium of an element of material de­
mands that 

Tr(J =T r(J 

that is 

orj, 
=-oz 

.... . ........ . ... . . .. [12] 
orj, . 

or or 

From these, if C is the common boundary, we obtain 

(o"') (orj,) 
ot c ot c 

where (oq,/ot)c means the tangential derivative of"' on C. Hence 
onC 

<Pc = <Pc + const 

Without loss of generality we may put 

<PB = <PB•·•··•··· 

And consequently, require th~t 

.. .. [13] 

<Pc = <PC•······ . ·· ...... .... . [14] 

together with Equations [12] . Note, however, that the actual 
position of C is unknown; in fact, its determination forms t.hfl core 
of the problem. 

CoMPLE1'E STATEMEN'r OF PROBLEM 

To sum up, then, the complete elastoplastic problem reduces 
to the following: 

(a) In the elastic region E, Fig. 3 

o2q, 3 oq, o''P - - - - + - = 0 ll l or' r or oz' ... ... . . .. .. . . 

together with th" overriding condition 

[ (o"') 2 (o"') ']'/, -;;;. + ~ . < kr2 
•• • • 

(b) In the plastic region P 

The boundary condi tions are 

(c) OnJK 

(d) OnABDFG 

kr' . 

'P = 0 .. 

. <PB = ij,8 = const ..... 

. .. [81 

[101 

.. [5 1 

. [131 

(e) The position uf the common boundary BHP is unknown, bui 
onit 

<Pc = <PC··· · ·· · · · · · • · · · 
together with 

c>q, oij, 

or or' 
112] 

Stress-free Boundary 
( 

'~~ 
z 

FIG. 3 F10. 4 

THE PLASTIC STRESS FuNC'rION 

Let Fig. 4 represent a portion of t he plastic region, tog,,rh .. , 
with the stress-free profile. 

At some point Q on the shaft. boundary 

oij, bij, . oq; 
- = - sin a + - . cos a 
c>r c>n ot 

c) -<P . = - Slll ex 
on 

since ij, is constant on the boundary. 
Similarly 

Oij, bij, 
= -cosa 

oz on 

so that from Equation [10) 

[(o~"'-r-) , + (oozii>)']'/• Oij, = - = kr2 .... ..... [15 ] 
c>n 

'This relation is also t rue for any contour 

q; = const. = C, 



EDDY, SHAW-NUMERICAL SOLUTION OF TORSION OF SHAFT OF ROTATIONAL SYMMETRY 141 

where (i = 1, 2, ... ) within the plastic regiqn. 
If now it is assumed that a certain region adjacent to the shaft 

boundary has yielded, it is possible, approximately,li to construct 
the plastic stress function ip within that region. For, let -Aip be 
a constant decrement of the plastic stress function; then, from 
Equation [15], we have 

tl,j, • 
tln = - - . . . . .. . ... . . ..... . . [16) 

kr0
2 

where rQ = rQ(z) is the radius of the shaft at the point Q con­
sidered. Hence starting from the shaft boundary on which 
ip = 'PB, from Equation [16) increments tin (of the inner normal) 
may be calculated at points along the boundary to give points 
like Q, which in turn constitute a contour 

ip = const = ,j,8 - tl,j, 

Using the now known position of Q,, a better 
,j;1, may then be found from the relation 

Aij, ( 2 )' tln,=-k ~ 

approximation 

. . ... [17) 

In general, the length An, will vary with the boundary point 
chosen, so that the contour ,p1 = const, will not be parallel to the 
contour <PB· Having obtained the ij,1 contour, the procedure may 
be repeated to give other contours ij,2 = const, ipa = const, etc. 
The normals used in constructing ij,2 are now measured at right 
angles to ij,,. This is illustrated in Fig. 5. 

z 
Fw. 5 

constant 

= constant 

</J,. = constant 

Thus with 'PB( =,p8) given, for any assumed plastic region, 
ip, and consequently o,j,/oz, oij,/ or can be found uniquely every­
where within that region to within the limits of accuracy of the 
construction outlined. 

N ONDIM}!NSIONA!, TR!cA'fMllN'l' 

In the numerical solution of problems, some generality can be 
obtained by making the quantities concerned nondimensional. 
To do this, let L be som1! suitable reference length pertinent to 
the problem, and put 

r = pl.1 

'P = D<t> 
z = tL 
<P = D,~ 

h. aL 

where D, D, are two constants having the dimensions of torque. 
Using these, the differential Equation [1) becomes 

o'<t> 3 o<t> 02<1> 
op• - -P b + -;;. = o ......... . ... [3a] 

p l 

the stresses are given by 

1 It is also possible to obtain an analytical solution for the plastic 
eiress function ,j,; however, its numerical evaluation would be rather 
tedious since it involves nontabulat.ed elliptical functions. 

where 

Tr8 = i r'ez 1

1 
I) 

ro. = V r'oz 

. ... . ...... • ... .. [2b) 

I 
Tr8 

' T8z 

D 
q = - q' . . ...... . . . .. .. . . . .. [3bl 

f.,3 

_ _!_ocJ>) 
P' or 

..... . .. . .. .. .. [2a] 
1 o<t> 
p• op 

q' = :. [ (~)2 + (~~) ]/, . [3a.] 

and the torque T is given by 

T = 21rD,t>8 .......... . . . .. . [(in] 

Here the nondimensional stresses r',e , etc., are mere nwnbers, 
and for a given shape of shaft can be computed once and for all 
when <t> B has been prescribed. Thus if any actual stress com~ 
ponent or resultant is known (or is desired to be attained) at a 
particular point a, say, the value of D can be computed. For 
examl?le, from Equation [3b] 

D = L" q./qa' .... . ... [181 

and eliminating D between Equation [6a] and [18) yields a rela­
tion between the stress result.ant at a particular point, and the 
torque which produees it., namely 

[HI] 

Let q".' he the maximum nondimensional resultant stress,• 
and let D,, T, denote the values of D and T corresponding to the 
commencement of yield. Then, from Equations [6a] and [18] 

n. : t:%~iJJ } ... .... .. .. ... .. 1201 

and from Equation [21) 

T. = 21rL2<l>nk/qm'. . ........... . [21] 

Thus when k has been determined experimentally for the material 
of which the shaft is composed, and qm' has been computed for 
the shape of the shaft in quest.ion, the torque at which the shaft 
first commences to yield is easily computed. 

As the torque increases from T. to T,, say, the plastic region 
will commence to grow; in it, however, the stress resultant re­
mains constant, i.e., q,...x = k. Hence since D. remains constant., 
it is necessary to modify Equation [Sa). To do this let 

'l'1 = 131',; {3 > 1 

then the required relation is 

T, = 21rD.{31>8 ....... ..•.•... . .. [221 

To construct the plastic stress function the nondimensiona 
l relation is 

M• 
~JI= - •••• • • • ••••••.• • •.• [231 

qm 1
P2 

where n = Lv. ~'inally, the conditions to be satisfied at the 

• q.,' is of courHe still a number, and can be found from the non­
dimensional elastic solution. 



142 . JOURNAL OF APPLIED MECHANICS .JUNE, 194!) 

elastoplastie boundary are 

4>c = <l>c . .•. ................ (14a] 

together with either 

ur ; : i) ··· ··· ····· · ······[1~] 

Lt i~ ea~y to 8how that the satisfaction of Equation [14a] to­
gether with one of Equation [12a] inRu1'eR the EatiRfaction of the 
othPr relation of Equation [12a]. 

METHOD oF SoLU'.l'ION 

In linding an approximate numerical solution to a particular 
prohlem hy relaxation methods, two main steps are involved: 
(a) The apprnpriate governing equation is replaced by its finite 
difforeuce equation, so that, by inscribing a mesh of lines on the 
actual domain of the problem we obtain for each intersection 
point of the mesh a simple algebraic equation: (b) Using the 
relaxation techniques, the resulting set of simultaneous equations 
is then approximately solved numerically. 

With respect to the latter step, familiarity with terminology 
and details of the modus operandi of relaxation methods iR aR­
sumed hcrc;7 and accordingly no description will be given. 

Let Fig. 6 rcpres('nt a portion nf the superimposed mesh. Then 

<P, 

<I>, ,,, 0 ,,,.,. 

"'· pl-+ ~poo 

i----a----1 

~ -------- - ··--
~ 

FIG. 6 

the linite-difference approximation to Equation (la] is given by 

(1-::.) <t>, + <l>2 + (1 + ::.) <l>a + <t>, - 4<t>o = 0 .. [lb] 
and for the stress components, r,;quations [2a], expressions likB 

<t>,-<l>2 
=---

2a 
are available.• 

For the purpose of discussion, let it be assumed that the elastic 
problem (i.e., no portion of ABDFG, Fig. 3, has as yet yielded) 
has been solved, so that the (nondimensional) numerical set of 
values of the stress function is available. Using this, the elasto­
plastic solution for some particular·torque T,, may be found in the 
following manner: 

1 From the elastic solution, compute the shear stress com­
pommts, Equations [2a], and so, from Equation [3a], obtain t,hc 
values of the resultant shear stress at each mesh point, including 
those on the outer boundary. A\though the maximum resu\tant 
stress qm', will occur on the boundary, it is unlikely that it will 
occur at a mesh point; consequently, plotting the values of q' 

7 Details are available in several papers; see, for example, refer­
ence (2). 

• Further discussion on finite-<lifferenee approximations is given 
in Appendix 2. 

along the boundary in the neighborhoud of the maximum enables 
both the value and position of q,,.' to be determined. 

Since the elastic solution is nondimensional, this maximum 
may be regarded as the stress at which yielding commences, 
Equation [7]. Thus a numerical value is available for k, and 
so the plastic stress function may be constructed within any de­
sired region. 

This is the situation represented in Fig. 7 where it is con­
venient to consider the elastic and plastic stress functions as 
being plotted with ordinates normal to the Pt-plane. The curves 
represent the trace of the elastic and plastic stress-function sur­
faces on a plane perpendicular to the Pi"-plane at the point of 
maximum resultant stress. 

n 

-<I> =:<P 
B B 

<P 

2 Multiply the elastic solution by the chosen constant (:J 

('1'1 = f3Tv, {3 > 1), so that on the boundary the stress function 
will have the value <t>n1. Since <I>n1 = 4>n1, in so far as the plastic 
stress function is concerned, the alteration merely entails adding 
a constant everywhere, of value <l>n1 - <l>n, to the solution already 
constructed. In the neighborhood of 01e point of initial yield 
the new elastic stress function <111, will have values less than those 
of the new plastic stress-function surface, and it is a simple 
matter to determine (by interpolation formulas) the line o'.f inter­
section of the two surfaces, represented by point 1 in Fig. 8. 
Obviously, the conditions of tangency, Equation [12a], at point 
1, i.e., at the meet of the two surfaces, will nnt be satisfied. 

Modified Elastic 
Solution ..,, 

\ .--::::-
4',<P ~:-:~ '\ 

3 1 

~ast;ic So:!,ution +- constant 

n 

FIG. 8 

3 Adjust the position of the common boundary, alwayH lrnep­
ing it on the ;j;1 surface, keeping all other values of 1'1 held fixed, 
until the tangent condition is satisfied approximately. This is 
easily done using an appropriate finite-difference formula for the 
fi.rst derivative and wi\\ give a new po,1it~on lor <l>c, repre,11•nlcu 
by point 2 in Fig. 8. 

4 Now, however, as both the position of the boundary C of the 
elastic portion of the problem, and also the values of the elastic 
stress function 1>0 on that boundary have been modified, at points 
like 3 the elastic differential equation [la] will no longer be satis­
fied. Renee keeping the new posit.ion of G and the new value~ of 
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<l>c held fixed, compute the residuals at points like 3 and so, by re­
laxation, satisfy the differential equation in the elastic portion of 
the problem. This can be done, but at the expense of again 
violating the tangent condition, and leads to the modified elastic 
solution as shown in Fig. 8. Now, however, the lack of agree­
ment in the tangent condition will not be as bad as that of the 
first step. 

5 Readjust the position of the common boundary, and re­
peat the general procedure until all conditions are satisfied. In 
practice it will be found that three or four (shrewdly chosen) posi­
tions of the common boundary are all that are necessary. 

RtJSU LTS 

· The problem solved was that of a shaftV with a collar, details of 
which are given in Fig. 9. Due to symmetry it was necessary 
to treat only one quarter of it, i.e., the portion ABCDEF. 

A 

FIG. 9 

For computation it was found convenient to take L = R/8, 
<1> 8 = 4096, R being the radius of the parallel portion of the shaft. 

Fig. 10 gives the elastic solution. 10 It shows values of the 
stress function, and values and contours of the resultant stress 
q'. As can be seen, the magnitude of the maximum stress q,.', is 
49, compared with 32 on the boundary of the parallel portion of 
the shaft where the stress is constant. There is thus a stress­
concentration factor of 1.53. 

From Equations [rn] and [21] the relations between actual 
stresses and torques are 

and 

T = 161rR•(q4 /qa') 

T• = 16,,. R 3k/ 49 

In order t-0 confine the region of yield to the neighborhood of 
the stress concentration, the elastoplastic problem was solved 
for an applied torque of T 1 = l.50T.. The result is given in Fig. 
ll. Fig. 12 shows the region adjacent·to the yielded portion in 
rather more detail. As well as the final position of the common 
boundary, it shows the initial intersection of the two stress­
function surfaces which forms the starting approximation. 

Fig. 13 is the result of applying still more torque, of amount 
T1 = 1.55 T.. As indicated, the torque is now sufficient 'to pro­
duce a narrow strip of plast ic material all along the surface of the 
parallel port.ion of the shaft. 

l DISCUSSION 

At first sight the result shown in Fig. 11 is rather surprising. 
Although the applied torque is Ph times the torque at which 
yielding commences, the area that has yielded is quite small. 

' The elastic solution for this shaft has already been found by 
finite-difference methods some time ago (see refereBces 3 and 4). 

1• The figure 1e actually a composite one. For the main portion of 
the shaft a was taken as 1; however, in the neighborhood of the 
stress concentration, a = 1/ , . 

This is due of course to the fact that in the neighborhood of the 
stress concentration the stress gradient is quite large; for more 
spectacular results it would be necessary to decrease the stress 
concentration by using a larger corner radius. 

The result of Fig. 11 may, however, be misleading. Thus let 
T 8 be the value of the applied torque at which the surface of the 
parallel portion of the shaft commences to yield. Then it can be 
shown11 that the torque necessary to produce yielding over the 
entire cross section of the shaft is l1 /• T 8 • 

Hence, although a torque of 1.53T. merely produces the small 
region of yielded material shown in Fig. 11, a torque of 2.04 T• 
( = 1.53 X 1.3 T.) is sufficient to insure complete yield, and so 
failure of the shaft. 

In a paper by Weigand (5), there are given the results of experi­
mentally determined stress-concentration factors for shafts of a 
somewhat similar nature12 to that investigated here. In so far 
as it is possible to extrapolate from the experimental results 
given, the agreement with the value of 1.53 given here is excellent. 

It is obvious that the procedure used here may be applied with­
out much modification to the problem of a hollow shaft. If the 
inner surface should happen to contain a re-entrant corner having 
a small root radius, then it is quite possible that yielding may 
first start at the root. To solve such a problem merely entails 
the construction of a second plastic stress function "attached" to 
the inner boundary (on which cf> = 0), the rest of the procedure 
being unchanged. 

Appendix 1 
ANALYTICAL SOLUTION OF ELASTOPLASTIC PROBLEM IN A UNI­

FORM: CIRCULAR SHAFT 

For a shaft of uniform radius R, using the independent variable 
p = r/R, the elastic stress function Equation [3] reduces to t.he 
equation 

the solution of which is 

The requirement 

gives 

'P = cp• + d 

,p(O) = 0 

d=O 

leaving the constant c still to be determined. 
The plastic stress function q, is required to satisfy the equation 

which, using the boundary condition 

q,(l) = 'PB = 'J'/ 2,r 

has the solution 

It i,s now required to find the value po, of p, and the constant 
c, such that the conditions of the free boundary, Equations [12] 
and [14] are satisfied. 

From Equations [14] is obtained 

4cpo3 = kR 3po2 

u See Appendix 1. 
12 Weigand's results are for stepped shafts. However, for the di­

mensions of the shaft with collar treated herein, the difference in the 
stress distribution at the stress concentration would be very small. 
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whence 

c = kR3/4po .. . . ... .... . . . ...... (24] 

while continuity of the ~tress functions, Equation (14], gives 

kR3 

Cpo• = 'PB - 3 (I - po3) •••••••• . •• • • (25] 

Elimination of c between Equations (24] and [25] gives, finally 

q,8 = k:• (1- q-} .. .. ...... .... (26] 

Obviously, for 

iJo = kR'/ 4, Po = 1. .. . . . . .. .... . .. (27] 

and for 

iJo = kR3/ 3, Po = 0 .. . ...... . .. .. .. [28] 

Let T. = 21r,j;8 , = 21rkR 3/4 be the torque at which the surface 
of the sh!lft commences to yield. Then, for a greater torque T, = 
{JT• = 2r{JkR'/ 4, the value of po is given by 

Pe' = 4 [1 _ 2._ ( (3kR' )] 
· kR 3 4 

= 4 - 3{J 
that is 

PO= (4 - 3{J)'h ... . ... . ......... [29] 

Thus it is evident that a uniform shaft fails by complete 
yielding for an applied torque of amount 1.3 times that for which 
the surface of the shaft commences to yield. 

. ./ . 
1 ,I 

T/ = -p 

,I 

1.0 1.1 1.2 l.) /3 

F10. 14 

The actual torque required to cause failure is, from Equation 
(27) 

TF = 21rR'k/3 

The relation, Equation [29], is shown graphically in Fig. 14. 
The dotted curve, 71 = 1 - po2

, indicates the relative amount of 
the cross section of the shaft that has yielded for a given {J. 
The runaway nature of the failure is evident. 

The stress components in the two regions are given by the 
following: 

(a) Elastic region 

TrB = 0 

kp 
(4 - 3{J)'h 

(b) PlWltic region 

as is to be expected. 

TrS = 0 

1 ()q, 
re, = R'p2 ()p 

= k 

Appendix 2 
FINITE Dn'FERENci,; APPROXIMATION ADJACENT To Ci,;NTER 

LINE JK 

Along the first mesh line above the axis, the expression (1 -
3h/ 2ro), Equation [lb] is negative, which means that an increase 
in <l> at any point on the second line above the axis will decrease 
the residual at the point below it. Such anomalous behaviot· 
leads to false results, and must be circumvented by use of a dif­
ferent expression for the residual on the liner = h (i.e., p = a) . 

To develop suitable formulas, use is made of the fact that due 
to axial symmetry <I> is an even function of p fo r 1 = const. 

Use of t he fourt.h-degree curve 

<I> = n + bp2 + cp' 

leads tot.he equation (for the line p = a) 

1 22 
<I>, + - <1>2 + <I>, + 5<1>, - - <l>o = 0 

3 3 

l/3 
p= 2a 

1 -2% 1 
P=CJ. 

_j__ 
·- p = 0 

Frn. 15 

7/4 P = 2a 
3/ 2 p : 3 a 

1 22/3 1 p = Cl. 

1 1 -4 1 p:2 0I 

--·- P=O 
1;3 p = a. 

FIG. 16 

From this, in the usual manner t,hc rcsiclual operalor, Fig. Ii\, a 11d 
the relaxation opcrat.ors, FigH. In and 17, are obt.aillf,rl. 

BIBLIOGIUPHY 

l ''Theory of E lasticity," by S. Timoshenko, .McGraw-Hill 
Book Company, Inc., New York, N. Y., 1934, p. 276. 

2 "An Introduction to Relaxation Methods," by f '. S. Shaw, 
CSIR Division of Aeronautics, Report SM 78, Reptember, 1946. 

3 "Relaxation Methods in Theoretical Physics," hy H. V. 
Southwell, Oxford University Pres.,, London, England, 1946, 
p. 152. 

· 4 "The Solution of the Torsion Prohleru for Circular ::ihaftH of 
Varying Radius," by A. Thom and ,T. Orr, Proceedings of the 
Royal Society of London, Bngland, serieR A, vol. 131, 19:{], pp. 
30-37 . 

5 "Determination of the StrnHs Concentration Factor of a 8tepped 
Shaft Stressed in Torsion by Means of Precision Strain Gagp,s,' ' by 
A. Weigand, N ACA TM no. 1179. Sp,ptember, 194 7. 



Stress Concentration Around a Triaxial 
Ellipsoidal Cavity1 

BY M. A. SAD0WSKY 2 AND E. STERNBERG.a CHICAGO, ILL. 

Previous investigations• have been concerned with the 
stress concentrations around internal cavities in the 
shape of an ellipsoid of revolution. This paper contains 
an exact closed solution, in terms of Jacobian elliptic func­
tions, for the stress distribution around a general triaxial 
ellipsoidal cavity in an infinite elastic body. The body at 
infinity is in a uniform state of stress whose principal 
directions are parallel to the axes of the cavity, the magni­
tudes of the principal stresses at infinity being arbitrary. 
The solution covers as limiting cases the known results for 
spherical and spheroidal cavities. The technically im­
portant aspects of the ensuing stress concentration are 
discussed in detail. 

N OM~JNCLA'l'Unt; 

The following nomenclature is used in the paper: 

(x, y, z) Cartesian co-ordinates 
(u, v, w); (11,, · • · r,,, · · ·) = Cartesian components of dis­

placement and stress, re­
spectively 

e dilatation 
orthogonal curvilinear co­

ordinates jn general, and 
ellipsoidal co-ordinates in 
particular 

( tti, n2, u,); ( ru, · · · r2,, · · ·) orthogonal curvilinear com­
ponents of displacement. 
and stress, respectively 

harmonic stress functions 
Laplacian operator 

X, Y,Z,1" 
A 

G, p 

(a, b, c) 

b C 
PI -, P2 

b a 

shear modulus and Poisson's 
ratio, respectively 

semiaxes of the ellipsoidal 
cavity 

shape ratios of cavity 

X y Z · 
;, 7J = b, r = ; = dimensionless co-ordinates 

$TATEMENT m' PROBLEM 

We consider a homogeneous, isotropic, elastic body of infinite 

1 This investigation was carried on as part of a research program 
conducted by the Armour Research Foundation under Contract Nobs 
28377 with the David Taylor Model Basin, Washington, D. C. 

2 Associate Professor of Mathematics, Illinois Institute of Tech­
nology. Mcm. ASME. 

'Associate Professor of Mechanics, Illinois Institute of Technology. 
Mem. ASME. 

'See reference (3), p. 93, et seq., and reference (4). Numbers in 
parentheses refer to the Bibliography at the end of the paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28-December 
3, 1948, of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS. 
. Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N . Y., and will he accepted 
until .July 11 , 1949, for publication at a later date. Discussion re­
ceived after the closing date will be returned. 

NOTE: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 48-A-29. 

extent which possesses a cavity in the shape of a triaxial ellipsoid, 
and assume that the body at infinity is in a uniform state of stress 
whose principal directions are parallel5 to the axes of the cavity. 
If the Cartesian co-ordinate axes are chosen coincident with the 
axes of the ellipsoid, Fig. 1, the stress field at infinity is charac­
terized by 

<Tz = u1, uu = u2, u = 0'3} ) ..: 0 .......... . . (1 
T:z:11 = T11• = 'Tz:z; 

where ui, u2, ua are arbitrarily prescribed principal stresses. The 
problem to be treated presently consists of the determination of 

'I 

FIG. 1 ELLIPSOIDAL CAVITY AND CARTESIAN Co-ORDINATE SY8TIIII 

the stress distribution induced by the given loading at infinity. 
The surface of the cavity is to be free from boundary stresses. 

In the absence of body forces, the foregoing problem is equiva­
lent to establishing a displacement field [u, v, wJ which satisfies 
the equations of equilibrium 

1 
[~u, Av, Aw] - - - grade= 0 

2P-1 

e = div[u, v, w] 

and gives rise to an associated field of stress 

l · .. ... [2) 

2PG c>u 
--- e + 2G ;:-, ... , ... 
1 - 2v uX 

) .... .... [3[' 

'Tu,= a(c>w+~) .... , ... 
c>y c>z . 

which conforms to conditions [1] at infinity, while leaving the 
internal boundary of the ellipsoidal cavity free from surface trac­
tions . 

• The case of an arbitrary orientation of the principal stress direc­
tions relative to the axes of the cavity presents, essentially, no diffi­
culties beyond those encountered in the current loading case. 

• Formulas not given explicitly are obtained by cyclic permuia­
tions. 

149 
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BASIC SoLUTIONS IN ORTHOGONAL CURVILINEAR Co-0RDINATES7 

In order to render manageable the boundary conditions for the 
surface of the cavity, it is imperative to introduce curvilinear 
co-ordinates. For this purpose, we recall here that a curvilinear co­
ordinate system is defined by a transformation 

x = x(a1, a2, a3); .•. ; •.•.............. [4] 

and that the corresponding co-ordinate surfaces, a, = const, are 
mutually orthogonal provided that 

ox ox oy oy oz oz 
--+--+--=0 
Oai Oa; Oa, Oa; Oa; Oa; 

(i ," j) 
l · [5[ 

The differential of arc length is given by ,. ' 

~ (da -)2 ds2 = ~ ,; .... ... ....... ... [6] 
i-1 1 

where 

h\ = c:J + (::Y + (:~J .......... !7J 

and the direction cosines of the co-ordinate lines with respect to 
the Cartesian co-ordinate axes obey 

ox 
cos (a;, x) = h; :;:- , ... , ... . . . . · .. . .... [8J 

uai 

Finally, we note that 

oa; 
ox 

OX 
h,2 - , ••••••••.••••• • •.••.•. [9] 

oa, · 

and record the curvilinear transforms of the gradient and the 
Laplacian operator 

grad= [h1 ~' h, ~, h, ~] .......... [10] 
oa, oa2 Oa3 

o ( h2 o ) o(· h, o )] + - -- +- - - ...... [llJ 
oa, h,h1 oa2 oa, h1h2 oa3 

The problem formulated previously will be approached on the 
b~is of the following general solutions of Equations [2], which 
are due to J. Boussinesq8 and admit the vectorial representation 

(a) 2G[u, v, wJ = x grad X- [(3 - 4 v)X, 0, OJ 
(b) 2G[u, v, wJ = y grad Y - [O, (3 - 4v) Y, OJ 
(c) 2G[u, v, wJ = z grad z- [O, O, (3-4v)ZJ 
(d) 2G[u, v, wJ = grad F 

where 

l · .[12)' 

AX = AY = AZ = AF = 0 ............ [13] 

The displacement fields given by Equations [ 12J and genera­
ted by the arbitrary harmonic functions X, Y, Z, and F, will 
be referred to as basic solutions (a), (b), (c), and (d), respectively. 

7 For a treatment of -general , orthogonal. curvilinear co-ordinates 
and their applications in the theory of elasticity, see, for example, 
reference (1), arts. 19-22C, 58, 96. 

8 Reference (2). In this connection see also references (3) and ( 4). 
• The unessential coefficient 2G is introduced for computational con­

venience. 

By aid of Equations [ lOJ, [ 8] we obtain for the curvilinear sca­
lar com'ponents u, (i = 1, 2, 3) of the displacement fields associated 
with the basic solutions, Equations [ 12], the intrinsic forms 

(a) 2Gu., = h; [x oX - (3-4v) ox x] 
oa.; oa; 

(b) 

(c) 

of" 
(d) 2Gu = h- -

1 i Oai 

. .... [14'J 

The corresponding stress fields are most conveniently established 
by applying to Equations [14J the displacement-stress relations10 

referred to orthogonal curvilinear co-ordinates. This computa­
tion yields 

( 
ox ox ox ox ox ox) +2v h12- - - h,2 - - -h,2 - -
oa1oa, oa2oa, oa,ocq 

(a) 

( 
oh3 ox oh. ox) + h, ~ - +h3 -c-- X 
oa, oa, oa, oa, 

(
ox oX ox oX) 

- (l-2v) h2h, - - + - -
oa, oa2 oa, oa,, 

.[15J 11 

(d) 

02F oh, oF oh, oF 
h,h, --- +h,--+h,--

Oa2 oa, oa, oa2 oa2 oa, 

ELLIPSOIDAL Co-ORDINATES AND ELLIPSOIDAL HARMONicsU 

In the particular problem under consideration, the shape of 
the internal boundary suggests the use of ellipsoidal co-ordinates. 
The corresponding co-ordinate transformation, which relates the 
Cartesian co-ordinates x, y, z to the ellipsoidal co-ordinates a;(i = 
1, 2, 3), is most conveniently introduced by aid of the Jacobian 
elliptic functions13 sn a,, en a,, and dn a,. For reasons of symme-

10 See reference (1), p . 54, equations (36], and p. 102, equation• 
(18), 

u Equations [15b, c] are obtained from Equations [15a] by re­
placing :i:, X successively with y, Y and z. Z. 

u See reference (5), chap. XXIII, and reference (6), chap. XI. 
u An exposition of the theory of Jacobian elliptic functions is given 

in reference (5), chap. XXII. 
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try it is expedient to define auxiliary complex arguments /3,(i = 
l, 2, 3) as follows 

/3, = a, + iK' ) 
/32 = K + ia;,i. . .. . ... ..... .. . . [16] 
/33 = a3 

where 4K and 2iK' are the real and imaginary periods of 
fo{3j(j = 1, 2, 3) corresponding to the modulus k. For the com­
plementary modulus k' we have 

k' = ~ .. .... .... .... .... (17] 

Furt,hermore, let 

s, = sn /3,, c, = en {3,, d, = dn {3, ..... . . [18]1' 

By Equations [ 16], [ 18], ·and well-known identities for elliptic 
functions, we obtain 

1 1 
S1 -

ksna, ' 82 = I , 
dn(% k) 

83 = Bna3 

dna, -ik'sn(a2, k') 
.. [19] c, = - -

' C2 = C3 = cna1 
iksna1 dn(a2, k') 

d, = ~na,, d2 = 
k'cn(a2, k') 

d 3 = dna3 
isna, dn(a2, k') J 

With the notation of Equations [ 18) the co-ordinate trans­
formation in question may now be written as 

X = kms18283 

km 
Y = - k' C1C,C3 .. . ...... . . .. [20] 15 

im 
Z = kk' d,d.d3 

The moduli k and k' as well as the parameter mare related to the 
semiaxes a, b, c of the ellipsoidal cavity, Fig. 1, in accordance 
with 

a2-b2 - - -

~

-
k = -.--,, m = Va2 -b2 ........ [2l)U 

a• - c 

tiod a, b, c arc assumed to be ordered by 

81 ° = sn(a1 ° + i K') = - 1
-

0 
= !!_ ... . . . .. [25) 

ksnon m 

we confirm by Equations (23), (21), and the identities 

c,2 = l - s;, d,2 = 1 - k2s,2 • • ••••••••• (26) 

that the ellipsoid a, = a, 0 has semiaxes a, b, c and thus coincides 

- a.,• consl. 

Fw. 2 Co-ORDINATE SURFACES OF ELLI1'>10rnAr, Co-ORDINATE 

SYSTEM 

with the surface of the cavity, ':Vhich accounts for the form of 
Equations [21). 

The local scale coefficients h,, according to Equations (7), [20], 
here become 

with 

1 
h,= -­

kmq3q1' 

. 't 
h3 = k- - .. .. . . . [271 

mq,q, 

q, = Vs,2 - Sa 2, q, = iVs, 2 - S3 2, q, = Vs,• - s 2
1 .. (28) 

The remaining differential-geometric elements appropriate to 
ellipsoidal co-ordinates are readily computed. In particular, 
if U(fJi, /3,, /3,) is harmonic, Laplace's equation by Equations 
(11), [16), (27), (28) appears as 

t:.U b2U b2U b'U 
--- = q,'- + q,•- + q.• - = 0 . .... [291 
kmh,h,h. b/31 2 b/3:2 "i,/331 

0 < c < b < a . .. . .. . ........ . .. (22) Equation (29) is separable, and is satisfied by the Lam6 products 
Rquations (20) imply 

~ - __JC_ - k2z• = 1.. ........... [23] m•s,• m•c,2 m'd,1 

tind by inspection of Equations [23J, (191, we note that the co­
ordinate surfaces a1 = const., a, = const, and ·a 3 = const form a 
triply orthogonal17 family of ellipsoids, hyperboloids of one sheet 
and hyperboloids of two sheets, respectively, Fig. 2. As the 
ellip~oidal co-ordinates a, traverse the ranges 

0 <a, ~ K, K' ;;, a2;;, 0, K ;;,a3 ;;, 0 ...... [24] 

the foregoing quadrics cover the first octant of the Cartesian 
space.'• If a1 ° is chosen such that 

" The modulus of any elliptic function is under11tood to be k unless 
otherwise specified; see, for example, s,, c,, d: in Equations (19 J. 

'-' Although the subsequent computations involve complex-valued 
functions, any result which possesses geometric or physical signi­
ficance is real, as is readily verified by aid of Equations (19]. 

11 This particular choice of k and m is explained subsequently. 
1. 7 The orthogonality may be verified at once by Equations [5]. 
11 It should be noted that the infinit.y of the Cartesian space cor­

responds to a, = 0. 

U = A1(f31)A1(f32)A,(f31) . .. ... • .•.•... . . [30J 

provided that A,(/3,) (i = 1, 2, 3) are solutions of the Lam6 equa­
tion 

d2A-
-d ,' - [n(n + l)k2s,1 - p(l + k1)1A, = 0 . ... . [311 

/3; . 

The arbitrary separation constants n, p determine the degree and 
the species, respectively, of the foregoing ellipsoidal harmonics. 
Corresponding to each nonnegative integral value of n, there 
a.re 2n + 1 distinct values of p for which Equation [31) has peri­
odic solutions. These solutions, which are known as Lam6 
functions of the first kind and degree n, will be denoted by 
An Cvl(f3,). The associated second solution of Lam6's equation, Le., 
the Lam6 fwictions of the second kind here :denoted by An <vl(fJ,), 
are obtainable from An <vl by a quadrature which we refer to the 
real a.rguments a, instead of the former complex arguments 
/3, 

1Ui dt 
A/Pl(a,) = An<vl(a,) [AnCv>(t)]!' ' . . . . ... [32J 
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It will be essential to keep in mind that the functions An<P>(a;) 
are not periodic. Furthermore, from Equations (32) 

A,.<P>(O) = 0 ................ . ... (33) 

According to Equation [30), and using the foregoing notation 
for the Lame functions of the first and second kind, the product 
solutions of Laplace's Equation (29) take the form 

u.<Pl(a,, a2, a,) = ~ [x .. <Pl(a;) or A,.(Pl(a,)] l 
i- l 

p = 1,2, . . .. 2n + 1 

n = 0, 1, 2, 3, .. . . 

CONSTRUCTION OF SOLUTION TO CAVITY PROBLEM 

... (34) 

The initial step in the solution of the problem stated previously 
consists of extending the uniform stress field, Equations (1), 
throughout the entire space. As this will violate the boundary 
conditions for the surface of the cavity 

Ta = T12 = T13 = 0 at a, = a, 0 
•• ••.•. . •• • (35] 

we shall have to determine next a solution which, when super­
imposed on the uniform stress field, removes the stress residuals 
at a1 = a 1 °, while leaving undisturbed the stresses at infinity, 
Equations (l]. The solution sought, consequently, must vanish 
at infinity. With a view toward this procedure, we first trans­
form the uniform stress field, given by Equations [l], into ellip­
soidal co-ordinates. By means of Equations [1], [8), [27] and the 
law of transformation 19 for the components of stress, we obtain 

1'11 = 
. . [36) 

We now have to construct the aggregate of solutions needed 
to eliminate the residual stresses Ta, T12, T1a at a, = a1 ° of the stress 
distribution, Equations [36]. This is achieved by appropriate 
choice of the stress functions (displacement potentials) X, Y, Z, 
F appearing in Equations (15]. In selecting these harmonic 
functions, we are guided by the requirements that the stress fields 
so generated are to be regular in the region exterior to the cavity 
and must vanish at infinity; they furthermore must possess the 
periodic structure and symmetry with respect to a2, a 3 which is 
inherent in the uniform field, Equations (36] . . · It follows, in par­
ticular, that Lame functions of the first kind in a1 and those of 
the second kind in a2 or a 3 are not. admissible in Equations (34). 

1t Reference ll), Equatione [9 J, p. 80. 

A survey of all available Lame products reveals that the only 
stress functions with the required properties are as follows 

(I) X = m.S,s2s, 

(2) y -m 
= -- C,c2c, 

k' 

(3) 
• im 
Z = k•k' D,d.,d, 

•••. ... . . ... [37J20 

(4) F 1 = km2a 1 

(5) F2 = km2L,l,,l, 

The preceding ellipsoidal harmonics involve the Lame functions 
of the first kind S; = sn/j;, c, = cn/3;, d, = dn/3,, 1, and l,, where 

2 
l, = l(f:J;) = -~;" - p(l + k•) .. . . .. .. . ... [38] 

and p will be given subsequently . 
The Lame functions of the 1;econd kind 8 1, C,, D,, a,, and L, , 

whose argument is a,, correspond, respect.ively, to the functions 
of the first kind s,, c,, d,, 1, li, and may be obtained by a direct. 
application of the quadrature Formula (32). Carrying out Uu· 
necessary integrations, and thereafter dropping inconvenie111 
constant multipliers, we arrive at, 

j [39[ 

where 

E(a1) = Jc/' dn2ult ..........• . .. . [40) 

is the incomplete elliptic integral of the second kind. 
The three separate factors in each of the five Lame products 

appearing in Equations [37) belong to the same pair of values of 
n and p in Lame's Equations [31 J. The values of n and p corre­
sponding to these five products in Equations (37) are listed here 

(1) n = I, p = 1 

(2) n = 1, 
1 

p = -·--
1 + k• 

(3) n = I, 
k• 

P = I+ k 2 
. . .. [41] 

(4) n = 0, p = 0 

v1 - k2 + k' 
(5) n = 2, P = 2< ~ >2 1 + k• 

We note that a single ellipsoidal harmonic of the first degree is 
to be used in connection with each of the basic solutions (a), (b), 
and (c), whereas two distinct harmonic functions of degree two 
in addition to one of zero degree are admissible in conjunction 
with basic solution (d). Thus it appears that we have at our 
disposal six solutions for the purpose at hand\: . However, the 
six solutions which so arise are found to be linearly dependent . 

•• The unessential constant coefficients are introduced for future 
computational convenience. 
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This linear dependence is eliminated by deleting the ambiguity 
of sign of the fifth of Equations {41], and retaining merely the 
positive sign.. Equations [37] then lee.d to five linearly inde­
pendent solutions which will be designated e.s Solutions 1, 2, 3, 
4, and 5, respectively. The corresponding stress fields a.re es­
tablished by means of Equations [15 ], [27 ), [28 ], [37 ], (38 ], [93 ), 
[40). We now record the results of this l~ngthy computation 

Solution 1 

• . (42) 

Solution 2 

.. (43] 

Solution 3 

Solut.ion 4 

s,c,d, 
Ta= - -­

kq,•q,< 

.. [44) 

s,c,d1 
TU= - - - -

kq,'q,2 ..... . ...... (45) 

Tt, = 0 

s,c,d, 
T31 = - --

kq1q24q3 

s2c2d, 
T12 = -- - - -

kq,q,q,' 

Solution 5 

- 1 
,-22 = ·-- f6k 2s,2 - p(l + k 2)] 1~,l,l, 

kq,•q,• 

2(q3
2 - qi') 2s3

2c3
2d3

2 

+ ---- s,•c,'d,•L,l, + - -- Lil, 
kq, 'q, 4 kq, 'q,• 

s,c,d1 
- k- - L, 'l,l, 

.q,'q,' 

.. [46) 



154 JOURNAL OF APPLIED MECHANICS .JUN!<:, HJ49 

2s2C%<12&acadaL1 

kq1'q2q3 

= _ s3c3dal2 [q.•Li' _ 8(1 - p) J 
TI) kq1q24q3 3p 

s.c2d2la [ 2 L , + 8(1 - p)J 
Ttt = - --- ~6 ./J 

kq1q,,qa4 3p 

. . (46) 
(cont.) 

With regard to solution (5), it should be observed that accord­
ing to Equations [41] 

v1 -k2 + k• 
p = 2 + 2 l + k2 ..... .. . . . ... [47] 

11.nd by Equations (39], (40], and [16] 

dL1 dL1 2L181C1d1 8(1 - p) 
Li' - - = - = --l1- + 3pl1 . ' .. .. [48] 

da1 d{Ji 

The c9mplete solution to our problcmjs given by a linear com­
bination of the uniform stress field, Equations (36], and the five 
component solutions, Equations (42, 43, 44, 45, 46] . We may 
wri te symbolically 

5 

[Sol] = [uniform field) + L AN[Sol N ] . .. . (49) 

N-1 

where the coefficients AN are to be determined consistent with 
the boundary condit.ions for the surface of the cavity, Equations 
(35] . These boundary conditions demand that for a 1 = a , 0 the 
stress components T11, r 12, ria vanish identically in the arguments 
a2, aa (or equivalenUy, in /12, /1a). By imposing the foregoing re­
quirement upon the linear combination, Equations (49], we are 
led to sixteen linear equations in the coefficients of superposi­
tion, AN(N = I. 2 . . .'i). The system of equations so obtained is 
compatible, and can be reduced to the following five linearly inde­
pendent equations which we now record in matrix form: 

r- k<.d. -ks,d, 

''"° l St (k') 2c1 (k')'d1 

_ k .,,c,d, 
- kS1C1d1 k 3B1C1d1 

[::] (k ')2 (k') 2 

1,.:,d, 
0 

_,,,:,d,' J k81C1 3d1 
(k')2 (k') • 

0 0 

Equ11tions [50) involve U,e auxiliary not.ation~ 

8(1 - p) 
p - -·a;---

T1 = (l - · 2v) (1 + 2S,c,di] 

'L'2 = (l - - 2v) [1 - - --~ S1C1d1 ] . (k')• 

....... (.'iO) 

, ,.11 

J 

..... [.'il] 
(<·ont.) 

It should lie emphasized that, all functions of a 1 appearing in 
Equ~tions (50], (51] are to be evaluated21 at a, 0 • An explicit 
presentation of the solution for the unknown AN is quite lengthy 
and will be omitted here. Indeed, it is more advantageous to 
solve Equations (50] subsequent to the substitution of the nu­
merical values appropriate to a cavity of a particular shape. 
In any case, Equations (49, 36, 42, 43, 44, 45, 46], together with 
the solution of Equations [50] constitute the complete solution 
of the problem under consideration. 

NUMlcRICAL EVALUATION AND DISCUSSION OF' TlcCHNICALLY 

SIGNIFICANT STRESS C ONCENTRATI01'S 

The solution for the stress distribution around a triaxial ellip-
11oidal cavity, established in the preceding section, uepends upon 
the values of the principal stresses u1, u2, u3 at infinit,y, the posi­
tion parameters (ellipsoidal co-ordinates) a,, a2, aa, and the 
shape ratios p1 = b/ a, p2 = c/ b where a, b, c are the semiaxes 
of the cavity as indicated in F ig. 1. The solution, furthermore, 
involves Poisson's ratio v . For fixed values of u 1, u2, u, , Pi, p2, and 
v, the stress components are found to depend solely upon the 
dimensionless co-ordinates t = x/a, ,, = y / b, r = z/c. It follows 
that the maximum stress concentrations are functions of the 
loads, the shape of the cavity, as well as the elastic properties of 
the medium, but are not influenced by t,he absolute size of the 
cavity. Analogous conclusions a.re, clearly, characteristic of 
all problems of the type under discussion . 

. 21 The superscript zero which these funct,ions ought to bear was 
suppressed for t,he sake of convenience. 
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The shape ratios p1, P2 enter the stress distribution implicitly 
through the modulus k and the cavity parameter a1 °. Jn view 
of Equations [21), [25), we have the relations 

k = 
1 - Pl2 

and from Equation [22) 

b C 
0 < p2 = b < 1 ........ [53] 0 < PI = < I, 

IL 

Fig. 3, which is ba,ied on the first of Equations [52], shows 
"isomodular" curves, that is, the lines k2 = constant in the 
p1, pz-plane (shape plane). As the square O ,;;; p1,;;; 1, 0,;;; P2,;;; 1 
is traversed, the ellipsoidal cavity assumes all possible shapes. 
This diagram, in particular, also indicates the various degener­
ate cases which ~'Orrespond to the limiting shape ratios p1 = 0, l 
and p2 = 0, I. The dependence upon Pt and p2 of any displace­
ment or stress component for fixed values of I;, 11, r may be repre­
sented by a surface erected over the unit square in the shape 
plane. Once k and sn a1 °, corresponding to a given pair of shape 
ratios are determined, all remaining shape-dependent elements 
of the solution are readily computed by aid of available tables 22 

of Jacobian elliptic functions or theta functions, Jacobi's zeta 
function, and complete elliptic integrals. In particular, for any 
specific choice of u1, u2, ua, and ", the solution of Equations [50] 
for the coefficients of supnposition AN(N = 1, 2, ... 5) is now 
numerically obtainable. 

Since the significant stress concentrations occur along the Car­
tesian co-ordinate axes Oxyz, the following relations are pertinent. 
to the evaluation of the component solutions, Equations [42, 43, 
44, 4.5, 46], at interior and i-urface points of the body 
for 

y = 11 = 0, z = r = o, x;;i>a 

) 
X sna1 0 

!; = - = a2 = K', a, =K ... .. [54] 
a sna1 

u,. = Tn, "• = T:rn, <T• = T:t2 

for 

x=i;=O, z=.1=0, y ;;i> b 

+-1~1 
for 

X = /; = 0, Y = 11 = 0, Z ;;i> C l . [56] 
z sna1 ° cna1 

r= - = a2=a,=O 
c .ma1 cna1 ° ' 

The 11urmal stresses ff,, "•• u, are principal stresses along Oxyz, 
as is apparent at once from considerations of symmetry. The 
foregoing formulas permit the determination of a 1, corresponding 
to a given value of I;, 11, or r, belonging to a point chosen on either 
the x, y, or z-axis for a cavity of prescribed shape. With a 1, a 2, 

a3 known, the remaining position-dependent elements of the 
solution, for points on the Cartesian co-ordinate axes, are again 
readily found by means of the numerical tables . previously re­
ferred to. 

In connection with the numerical evaluation of the incomplete 

" See referenr.es (7, 8, 9, 10). 

elliptic integral of the second kind, Equation [40], it should be 
recalled that 

E(a1) = Z(a1) + a~E· ...... . . ..... [57)23 

where Z(a1) is the zeta function of Jacobi. Here Kand E = E(K) 

23 Equation [57] is needed in the use of reference (10), which con­
tains extensive tabulations of the zeta function of Jacobi. 

20 

19 

II 

17 

16 

15 

14 

13 

12 

II 

10 

7 

' 
4 

pz•O.I 

P•={; 
V = 0.3 

0 ., - .. -·t-··--4 ' p,=-l-
0 0.1 0.2 0.3 0 .4 0.5 0.6 0.7 0 .8 0 .9 1.0 

FIG. 4 UNIAXIAL TENSION"• = 1 AT 00 "• AT POIN1' A FOR 
V ARIOUB 8HAPF. RATIOS 

p, = 0.1 

V • 0.~ 

r----..!P:.:_•= o.3 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

°FIG. 5 UNIAXIAL TENSION "• = 1 AT oo <ru AT POINT A ~-011 

VARIOUS SHAPE RATIOS 



15ti .JO URN AL OF APPLIED MECHANICS .IUNl•:, Hl49 

are at the same time the complete elliptic integrals of the 
first. anrl ~econd kind associated with the modulus k 

K = (o ,,;2 dt 

}o V 1 - k2 si;2 t ........ [58] 

We now turn to a discussion of the numerical results obtained, 
and confine our attention to the technically most interesting 
case in which the uniform state of stress at infinity is one of unit 
uniaxial tension parallel to the smallest semiaxis c of the cavity. 
We thus put 

in Equations [50]. 

Oz 
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The important stress concentrations in this instance take place 
at the extremities of the semiaxes a and b, i.e., at points A and B, 
Fig. 1. Figs. 4 and 5 show "• and tru at point A as a function 
of the shape ratio p1, for various values of the shape ratio p2. 

The analogous diagrams for 1r, and trz at point Bare given in Figs. 
6 and 7. All of these curves are based upon Poisson's ratio ,, = 
0.3, and may be interpreted as profiles of the respective stress 
surfaces erected over the basic unit square in the shape plane, 
Fig. 3. · 

The curves for pz = 1 apply to a cavity in the shape of a prolate 
ellipsoid of revolution, and coincide with the results obtained by 
the authors in a previous investigation.•• The stress values for 

"See reference (4), Figs. 7, 8, 10, ll. 

Pi = 1, i.e., the right end point,; of the curves under consideration, 
are in agreement with the corresponding result.~ given by H. 
Neuber25 for the case where the boundary of the cavity is an ob­
late ellipsoid of revolution. In particular, the stress-concentra­
tion factors reduce to those appropriate to a spherical cavity for 
pi = p2 = 1. The limiting stress values as p1 approaches zero, 
i.e., the left end points of the foregoing curves, are of special in-

21 Reference (3), eqmltion 133 on p . 98 and equatio11 136 on 
p. 99. See also Fig. 58. 
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terest since they are representative of an internal line crack along 
the x-axis. It should be recognized that the ellipsoids in the 
neighborhood of the line crack possess an elliptic cross section in 
the plane Oyz, which ranges from a circle to a straight-line seg­
ment parallel to the y-axis as p2 traverses the range from unity to 
zero. ·We note that the line crack induces finite stress concen­
trations as long as p2 > 0. As was to be anticipated, the line­
crack values of u, at point B, Fig. 6, coincide with the hoop 
stresses which arise in the presence of an infinitely long, elliptic 
cylindrical hole at the end points of the major axi~of its cross 
section . The plane solution of the problem to which we are re­
ferring is due to C. E. Inglis. 2s 

Regardless of the value of p,, all of the stress-concentration 
factors under discussion rise rapidly and tend to infinity as the 
shape ratio p2 decreases and approaches the limiting value zero 
which corresponds to a flat, elliptic crack27 in the plane Oxy. 
With the exception of "• at point A, the stress-concentration 
factors for fixed values of p 2 are found to be monotone decreasing 
functions of p,, and thus steadily decline as the cavity is inflated 
from the line crack to an oblate ellipsoid of revolution. "• at 
point A, Fig. 5, rises with increasing p, in the neighborhood of 
the prolate spheroidal cavity, given by p2 = 1. However, the 
values of this stress component throughout the range of p2, for 
which the reversal of its monotone character occurs, are seen 
to be insignificantly small. It is interesting to observe that for 
all shapes other than the oblate spheroid, u, and u, at the point 
B a.re larger, respectively, than u, and "• at the point A. The 
maximum stress concentration is found in u, at the point B. 

Fig. 8 illustrates the variation along the x-axis of the principal 
stresses u., "•• and u,. The curves shown are based upon the 
sample shape ratios Pi = p2 = 1/3 and again on the Poisson ratio 
v = 0.3. This diagram indicates the rate of decay of the stress 
concentration. The stresses u• and u, are steadily decreasing 
functions of ~ whereas u, attains its interior maximum approxi­
mately at~ = 1.009. We observe that the state of stress in the 
vicinity of point A is one of triaxial tension, and that the uni­
form, uniaxial state of stress u, = 1 is practically restored at 
~ = 1.2. 

Finally, we consider the influence of Poisson's ratio " upon the 
stresses at point A, illustrated by the curves in Fig. 9, which 
again refer to the sample shape ratios p, = p2 = 1/, . It is seen 
that while the stress u,, which acts parallel to the uniform stress 
field at infinity, is essentially unaffected by changes in", the trans­
verse stress "• depends sensitively upon Poisson's ratio. 
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Stability of Linear Oscillating Systems 
With Constant Time Lag 

lh H. I. ANSOFF,1 PROVIDENCE, R. I. 

This paper discusses the influence of constant time delay 
in transmission of the control signal upon the output sys­
tem of a closed-cycle control device. The use of Nyquist's 
stability criterion permits investigation of the control 
signal proportional to any derivative of the displacement. 

· The stability criteria are given in closed form. 

lNTROUUCTION 

IT is well known that closed-cycle control systems exhibit 
a time lag between the input and the output signal. This 
time lag is due partly to the inertia and damping present in 

the system and partly to the inherent delay in transmission 
of the control signal. This paper discusses the effect of a time 
delay due to the transmission of the signal upon the stability of 
the output system of a closed-cycle control device. 

The feedback is assumed to be proportional to the nth deriva­
t.ive of the displacement and to be delayed by a constant time 
•. The system is further assumed to be linear and to possess 
viscous damping. 

Under these conditions, it is shown that steady-state modes2 

will exist only with a very critical combination of the parameters 
of the system. The problem of stability is then investigated by 
means of the Nyquist stability criterion. For n ~ 2, it is shown 
that under appropriate conditions there exists a band spectrum 
of values of T for which the system will be stable. For n > 2 the 
system is shown to be unconditionally unstable. The case of 
n = 1 corresponds to a combination of the. viscous and the "error­
rate damping" used in servomechanism design. 

The following nomenclature is used: 

T = 
/J 

/ ) 
R r 
K ) 

s 

independent variable, time 
constant time lag 
dependent variable 

eonHtant parameters of system 

magnitude of feedback signal 

STAUJMENT OF THE PROBLEM 

The differential equation of the freely oscillating output syH­
tmn of a closed-cycle control device with viscous damping i~ 
!(iv,•n hy I 1)' 

lii(t) + RiJ(t) + K/J(t) = 0 ............. . [l] 

1 Fonrn,rly Hcticarch Assistant, Brown University. Now Mathe­
matician, The Rand Corporation, Ranta Monica, Calif. Jun. ASME. 

• Here and in the following the term "steady-state" will be used, 
as in electrical engineering, to designate continuous oscillations of 
constant amplitude. 

3 Numbers in parentheses refer to Bibliography at end of paper. 
Contributed by the Applied Mechanics Division and presented at 

the Annual Meeting, New York, N. Y., November 28-December 3, 
1948, of THE AMERICAN SOCIETY 0~' MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1949, for publication at a later date. Discussion re­
ceived after the closing date will be returned. 

NoTE: Statements and opinions advanced in papers are to be 
understood as individual expressions of their ant.hors and not those 
oft.he Ro"iety. Paper No. 48- A-22. 

where dots indicate differentiation, and I, R, and K arc taken a~ 
real and positive. 

We introduce a feedback term proportional to iJ(t), of constant 
magnitude S, and lagging behind iJ(l) by a constant T. Equation 
(1) becomes 

/ij(t) + RiJ(t) + K/J(t) 

A solution of thiR is given by 

-SiJ(t-r) . . . [2] 

N 

/) = ~ (Jneznt ... • .. , . . •. , , ... . . 13] 

n=O 

Substituting this into Equation [2] and equating the coeffi­
cients for each n, we obtain the characterist.ic equation 

z/l + ZnR + Szne-ZnT + K = 0 .. . ..... . . .. [4J 

If e-zn, is expanded into its seriCH, it is easily seen that, in gen­
eral, Equation [4] possesses an infinity of roots. Therefore, rather 
than attempt a solution in closed form given by Equation [31, we 
are forced to seek the stability conditions for the system Equa­
tion [2] in terms of the parameters of the system. 

This. problem has been attacked by numerous writers. Th,· 
present treatment differs from the otlwrs in its application 
of the Nyquist stability criterion to the operational form of Equa­
tion [2) and in presenting the final results in an easily computed 
closed form. This paper is of wider scope than the majority of 
the preceding ones, since it formulates stability conditions for 

feedback proportional to any derivat.iVf~ of /J. 

STEADY-STAn, SouJTIU1'.S 

If Equation [2] has steady-state Holutions, some values of Zn 

in Equation [3] will be purely imaginary. Setting z. = iw. "' 
real, and substituting this into Equation [4], we obtain 

-w2I + iwR + iSwe-iwr + K = 0 .... . .. .. . . [.51 

Separa.ting the real and the imaginary parts, we obtain 

U .. . .. , , . . . . . . [Or1 j S COS WT 

SwsinwT w'l - K .. ..... .. . . . . . . [6/J: 

Siuce S aud R are real and positive it. follows from Equatiu1, 
[6a) that for integer n 

1r O + 2n) ~ WT ~ 1r (t + 2n).. [7 ! 

With t.hi~ in mind, Equat.ion" 16] 1~1w 1,., wriU.en 

sin wr [K/li 

lw' - - K 
. . . . . . .. . [8bf .-ilU WT 

~ow, if the system of Equations [8] has :,olutions for real valm,~: 
of w, then the system described by Equation [2] will poR""'" ' 
steady-i-t.ate mode8 of oscillation. 
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( ,ivtm the positive real parameters of the systum I, R, K, and 
S , and the time lag r, we can determine the existence of solutions 
, ,f Equations 18] by the following procedure: Plot the graphs of sin 
wr alHl (/w2 - K)/(Sw) V!'r><us w. Because of condition given by 
Equation [7], wr has a limit.cd periodic range which is indicated 
by a solid line in Fig. 1. On the same graph we draw two lines 

± v' 1 - (R/ S)2 parallel to the w-axis. Now if the three graphs 
have a. common point of intersection (such as A in Fig. 1), sys­
tem, Equa.tions [8], has a steady-state mode, and the value of w 

IW2-K ./ R2 
Sw 1 ., 

I 
I 

I 

0 I w 
I 

I , 
_/ -J 1~ 

FIG. 1 SOLUTION OF EQUATION [8) 

at the common point of intersection is the steady-state fre­
quency. Since I, K, and S are positive and real, the graph of 
(lw' - K)/ (Sw) will be monotonically increasing in w. It will 

have only two points in common with the lines '*' V 1-(R/ S) 2, 

and the system of Equations [8] can, consequently, have at most 
two steady-state modes for a given combination of parameters 
I, ll, K, S, and r. 

On the other hand, given the parameters of the system I, R, K, 
and S, we can determine whether a steady-state solution exists 
and also what value of r is required for its existence. As before, 

we plot (Iw2 - K)/(Sw) and ±-V 1- (R/S) 2 versus w. Denote 
the co-ordinates of the two points of intersect.ion by (w,., a,.), 
when• n = 1, 2. Then a time lag 

. -1 
SIii a, . 

T,. = - --, (n = 1, 2) .. . . . .. . .. . . . . (9) 
w,. 

will produce a steady-state mode, provided Equation (7) is satis­
fied . 

It should be clear from the foregoing that only a very critical 
combination of constants of the system will produce steady-state 
solutions. Therefore, in the derivation of the stability criterion 
for almost all systems, we will be safe in aRsuming that Equation 
(4] h11.~ no pure imaginary roots. 

A MncHANICAL MooEL 

:::lome of the foregoing resuits are easily interpreted in terms 
of a mechanical model used by Minorsky. • 

This model consists of an oscillating pendulum of moment. of 
inertia I and equivalent Hpring constant K (for small deflections). 
The lowor end is immersed in a viscous bath which produces a 
viscous resistance R. A small gyroscope mounted on the pendu­
·111m transmits a signal to an electric motor. The motor in turn 

• Although the general method of approach in this section follows 
closely that of Minorsky, t.he present. resnlts disagree with his find­
ings: eee reference (4). 

moves a weight which produces a feedback torque on the pendu­
lum. The coupling between the gyro and t.he motor can be ad­
justed to produce a feedback tmquc proportional t.o iJ(t), which 
is t.he t.ime derivative of the angular displacement .. 

Applied to this system, Equation [2] becomes the equation of 
motion; the term Iii(t) represents the torque due to inertia, 
RiJ(t) the torque due to viscous resistance, K8(t) the torque due 
to gravity, and SiJ(t - r) the feedback torque due to the counter­
weight. 

If again we assume existence of steady-state Holutions and suh­
stitute 8 = 80e'"'1 into Equation [2], we get 

- 8ow2Ie'"" + i8owlle'"'1 + ilJ0wSe'"'(I-,) + 80Ki"'1 = 0 ... [10] 

which leads directly to Equation [4]. 
Equation (10) can be represented by means of a vector diagram, 

Fig. 2, similar to the impedance diagrams used in alternating-cur­
rent circuit analysis. Using polar co-ordinates we plot IJ0K along 
the initial ray and - 80w 2I, 180 deg ahead of it (the common term 
e'"'1 is left out) . The term i8owR is plotted along the 90-deg ray, 
and the term iOowSe-'"'T along the ray which forms an angle-wr 
with the 90-deg ray. 

It is now clear that in order for the equation of motion, Equa­
tion [10], to be satisfied, the vectors in Fig. 2 must be in equilib-

Frn. 2 

0 

EQUILIBRIUM VECTOR DIAGRAM 

p-plane 

C 
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rium. This requires that the vector iwSe-'"'T be in either the 
third or the fourth quadrant (which is just a different form of 
stating Equation [7]). It is further necessary that S ~ R. Inter­
preted physically, this means that in order to maintain oscilla­
tions, the power supplied by the feedback torque (given by w 2S) 
should be at least as great as the power dissipated by the pendu­
lum (given by w 2R). (It should be noted that because of phase 
considerations the condition w•S > w 2R does not necessarily 
imply instability.) 

THE STABILITY CRITERION ~'OR FEEDBACK PROPOR'rlONAL ·ro 
li(t- r) 

Denoting the Laplace transform• of 8(t) by Flp), we have 

F(p) == £ [O(t)] 

Taking the transform of Equation [2], we get (6) 

(p2
[ + pR + K + Spe-TP)F(p) = pl8o + Ilio + RBo . .. [11] 

where 60 and Oo are used to denote the values at t = 0. 
Letting 

and 
L(p) = pl6o + Ioo + R6o 

Y(p) = p'l + pR + K 
) ............ [12] 

we get• 

F - L(p) 
(p) - Y(p) + Spe-PT 

L(p) l 
Y(p) l pe-PT 

+ S p'l + pR + K 

.. [13] 

Whence by Mellin's inversion theorem (6, 7) 

O(t) = - -- ePI dp for t > O 
l j L(p) 1 

21ri r Y(p) 1 + S pe-PT 

p•J + pR + K 

............ . . [14] 

where r is a contour enclosing all of the roots of the denominator 
in the p-plane. 

Evaluating this integral by the method of residues we would 
obtain 

n 

6(t) = L A 0 ePnl ..... . ........... [15] 
0 

where p,. are the values of the roots of the denominator. In the 
"Statement of the Problem," we have shown, however, that 
there is an infinity of roots. Therefore a closed form of solution 
is not obtainable by this method. 

Turning to the question of stability, we note that if Equation 
[15] contains p,. with positive real parts, the solution represents 
an unstable system, and 6(t) will increase without limit. The 
existence of p,. with positive real parts thus becomes a criterion 
of stability. This means that we must determine the existence 
of any poles of the integrand of Equation [14] in the right half of 
the p-plane or, which is the same thing, the existence of zeros of 
the denominator of the integrand in the right half of the p-plane. 

Now consider Y(p) which is the first factor of the denominator 
in Equation [14]. Consulting Equations [12], we see that Y(p) is 
the transform of a system described by the differential Equation 

• Taking of the Laplace transform of an unknown function natu­
rally raises the question of its existence. Since we are seeking a com­
bination of parameters leading to a solution which is stable in t (we 
exclude even the steady-state modes), 8(t) will satisfy the convergence 
requirements of the Laplace integral. 

6 For other examples of this procedure see reference (2). 

[l]. The solution of this equation is known to be stable. There­
fore Y(p) will have no zeros in the right half of the p-plane. 

It remains to examine the solutions of 

pe-PT . 
1 + S = 0 ............. [16J 

p21 + pR + K 

In order to do this, we make use of the Cauchy index theorem, 7 

which may be stated as follows: 

Hypothe.~is: 1 w = f(p) is an analytic function in a simply 
connected domain D bounded by a contour {3 

2 f (p) ;& 0 for p on /3 
Conclusion: If p traverses {3 in a counterclockwise direction, 

then w will traverse a closed curve in the w­
plane. Further, the number of zeros of f(p) 
in D i~ equal to the number of times thr con­
tour in the w-plane encircles the origin. 

For /3 we choose a Bromwich contour shown in Fig. 3. Since 
we assume that there are no roots on the imaginary axis, we are 
assured of enclosing all of the roots in the right half of the p-plane 
by setting c = 0. 

Examining the behavior of Equation [16] along the contour, 
we note that for p = ± i ro 

pe-PT 
- ---- =0 

p2l + pR + K 

Consequently, we may limit our study of Equation [16] to the 
straight-line contour along the imaginary axes in the range - i oo 

;;;i; p ;;;i; iro.8 

Before proceeding with the application of the theorem, we di­
vide the second factor of Equation (16) by K and set the re.suit 
equal tof(p). We get 

where 

pe-PT 
f(p) = A ............. [17a] 

ap2 + bp + 1 

A. 
s 
K' 

I 
a=­K' b 

R 
K' .......... [17b] 

Letting p = ia in Equations [17] and simplifying the result, we 
get 

f(ia) 
aAe-i(aT-¥') 

[(1 - a 2a) 2 + (b a)•] 'I•········· [l8a] 

where 

tan"' 
-aa2 + 1 --~-.. . .... . ....... . 

ba 
[18b] 

A graph of Equation [18a] is shown in Fig. 4, for - ro < a ;;;i; 0. 
It is a sensed spiral starting at the origin when a = - ro and re­
turning to the origin when a = 0. As a increases from O to + ro, 

the graph follows the second branch of the spiral which is sym­
metrical to the first branch with respect to the real axis. 

We are now ready to apply the Cauchy index theorem. Equa­
tion [16) can be rewritten in the form 

f(p) + 1 = 0..... .. .. .. .. ..... [19] 

Now as p varies along the imaginary axis between - i ro and 
+ i ro, the contour r encloses all of the roots in the right half of 
the p-plane and the number of timesf(p) encloses point (-1, 0) 
in Fig. 4 will be equal to the number of the3e roots. Because of 

7 See, for example, A. Hurwitz, reference (8). 
s See Appendix of this paper for a proof showing that Equation 

[17a) remains zero along the closing semicircular path of the contour. 
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the ~ymmetry of the two branches, unstable roots will occur in 
pairs. Therefore we need only to investigate the behavior of 
one of the branches of f(p). 

It is now possible to give the first formulation of the stability 
criterion for Hie syst~m represented by Equation [2). The sys-

w-pl::ine 

Fw. 4 GRAPH m' EQUATIONS (18a] ~'OR - 00 <"' ~ 0 

1,em will he stable if and only if the graph of f(p) does not en­
close the point (-1, 0). By direct examination it follows that 
if b > ,1 in Equation [18a), then l/(ia)I < 1 and the system 
cannot possibly become unstable. Reference to Equation [17a) 
show,; that this implies that the system will always be stable if 

R>S 

This coincides with the conclusions at the end of the section, 
"A Mechanical Model," and means that in this case the power 
dissipated is greater than the feedback power. 

Assuming that S > R(S = R is t.rivial for all practical purposes) 
:-:nt 

Aa 
[(l - a 2a) 2 + (b a) 2) •/, = :1: 1. · · · · · · · [20J 

11,JLc..l solving for a we gel, 

- (b' - 2n - A') ± V(/J2 - 2a - A 2) 2 - 4a2 

2a• .. [21] 

Thus there are, in general, four rnal values of a (two for each 
branch of the curve) for which I/Ua)I = 1. The conditions for 
wdstenc:e of these values are 

/J 2 - 2a - A 2 < 0 

anc..l 

(i1 2 - 2a - A 2)"- 4a' > 0 

lf Um~" arc combined with the aid of Equation [17b) we get 
8 > R. Therefore a danger of instability exists whenever S > R. 

Since the magnitude of the radius vector of the spiral, as given 
by the left side of Equation [20], is a continuous function of a, 
we may differentiate it in order to determine its extremum values. 
It turns out to have only one maximum for each branch which 
occurs at a = ± 1/a'I,. 

Thus on each branch the magnitude of the radius vector of the 

spiral attains the value of 1 twice, say, at a, and a 2, and a maxi­
mum once. It follows that the magnitude of the radius will be 
greater than 1 between a 1 and a 2 and will be less than l every­
where else. Along the positive branch (a ~ 0) let 

and l ..... ........ [22a) 

J 
and along the negative branch (a ~ 0) 

and 

fJ, = -a,r + '1'2 - ,r ................. [22b) 

(the subtraction of r is made necessary by the factor a in frout 
of Equation [18a). This form of Equations (22) makes the radiuM 
vector always positive.) 

Note from Equation [18b) that as a increases along each brauch 
the phase angle in Equations [22) decreases monotonically along 
each branch from r / 2 to - r/2. Hence if a 1 > a 2 (on cit-her 
branch) we have -a2 > - a, and '1'2 < <P•· Consequently, if 
a, > a,, {32 > {J 1 or, in other words, the angle {J, shown on Fiit. 1">, 

is a monotone decreasing in a. 

Now we know from the foregoing that as a, increases to a, the 
magnitude of the radius remains greater than l. Then fJ, > fJ, 
and the shaded sector in Fig. 5, obtained by a positive (counter­
clockwise) rotation from the smaller to the larger value of {J, will 
enclose all of the values of the radius vector which are great.er 
than 1. 

Thus the i<tability criterion is reduced t-0 the requirement. that 

(-1,0 

w-pl1ine --........ 

" " "\ 

\ 
\ 
I 

FIG. 5 A STABLE CONFIGU RATION 

the shaded sector on Fig. 5 docs not include the negative real 
axis. This can be stated as follows: 

The system will be stable if no integer n can be found such that 

{3, ~ (2n + l),r ~ fJ2 .. .... ....... . .. [23) 

Clearly, if l/3, - /3,I > 21r, the system becomes unstable since 
then there is a complete turn of the spiral with the magnitude 
of the radius vector greater than 1. If ltJ1 - /3,I < 21r, Condition 
[23) can be satisfied within a ce.rtain range of values of the time 
lag r which will now be determined. The extrciue case is shown 
in Fig. 6. As seen from Fig. 6, if fJ, > fJ1 we must. have for sta­
bility 

{J, < (2n + l),r } 
(2 + 1) 2 (2 1) 

....... [24) 
{J 1 > n 1r - ,r = n - r 

Using J~quation [22a) and keeping in mind that r ~ 0, we ob-
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tain after simple transformations the following range in ,,. within 
which the system will be stable 

if'• + (2n - l),r 1()1 + (2n + l),r [ ] ------ < ,,. < · ..... . 25 
a1 

where a, ), a, and n is allowed integer positive values. 
If Equation [22b) is used, it can be shown that Formula [25) 

remains valid if magnitudes of a 2 and a 1 are used in the denomi­
nator. 

w-plane 

Fro. 6 A CRITICAL CONFIGURATION 

Examination of Formula [25) shows that, in general, for any 
given system (fixed a1, a 2 and 'Pi, 1()2) ,,. is allowed a band spectrum 
of values for increasing n with the band width given by Formula 
[25). It should be noted, however, that the spectrum will termi­
nate at some-value of n after which 

1()2 + (2n - l),r > 'PI + (2n + 1),,._ . .. • .... [261 
a2 a1 

This is due to the fact that {3 2 - {3 1 increases with increasing -r 

and Condition [26) corresponds to {32 - {3 1 exceeding 2,r (see 
sentence after Formula (23). · 

STABILITY CRITERION F'OR FEEDBACK PROPORTIONAL •ro 1/(t - 'T) 

For this case Equation (2) becomes 

[O(t) + RiJ(t) + K6(t) = -Sll(t - T) . . .. .. . .. (27] 

The discussion of the steady-state behavior is similar to the 
sections, "Steady-State Solutions," and "A Mechanical Model," 
with one important difference. Since t he feedback power is now 
given by Sw and the power dissipated is still w'R, the system 
will have no steady-state frequendeR at w > S/R. 

F:quation (14) now becomes 

I ;: L(p) 1 1/(l) = -: - - ·-- ----- ePI dp,, , , 
21r1, r Y(p) e-p, 

1 +s - ---­
p2I + pR + K 

[28] 

.r:quations [15) and [16) still itpply and Equation [17a) becomes 

f(p ) = A ap' + bp + 1 [29] 

with A, a, b still given by Equation [17b). 
As before, f( ± i oo) = 0, and we use a contour consisting of tht­

~maginary axis. 

Equations [18] become 

Ae-i(a,-¥') 

f(ia) = [(I _ a•a)' + (ba)'] ,;, · ... . .. . . [30aJ 

and 

- ba 
tau if' ----.. .... .... .. .. . [30b] 

-a a 2 + 1 

A graph of Equation [30a) is shown in Fig. 7 for - CD < 
a< 0. It is a sensed spiral with the intercept SJ Kon the positive 
real axis when a = 0. The graph is symmetrical with respect 
to the real axis. The radius vector has a minimum at a = 0 and 
maxima.at 

a = ± (2a - b')'I• 
2a2 

Now if (2a - b2)/(2a2) < 0 and S/K ~ 1, the spiral cannot 
possibly enclose the point (-1, 0) . Using Equation [17b), we get 

S < K; R2 > 2IK .. ............. .. [31) 

which are the conditions under which the system is always stable. 
Setting the amplitude of Equation [30a] equal to 1 and solvin~ 

we obtain 

-(b2 - 2a) ± V(b2 - 2a) 2 - 4(1 - A 2)a2 

~= .. ~ 
2a2 

If Equation [32) has no positive a 2, S < K is automatically im­
plied, and the system is stable (note that the converse is not 
true; S < K does not guarantee stability) . 

w-plane 

II 1, 
, ....... __ _.....// 

.l<'rn. 7 GRAPH Of' EQUATION [30a J FOR -CD < a ~ 0 

If Equation [32) has positive a2, the system iH in danger of in­
~tability. The following cases are possible : 

(a) Equation [32) has two a 2 > 0 (in this case 2IK > R2 and 
8 < K). This case is identical to the last case of the preceding 
Hection. Criteria [23] and [25) apply. 

(b) Equation [32) has one distinct a 2 > 0. Then if S < K , 
using Equation [30a) and a > 0, we get the following stability 
criterion (this is the Cl\Se of equal roots) 

mr + if' 
,,. ¥- --. .. . .... . . . .... .... [33] 

a 
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with n, any odd integer. 
Thus the system will be stable for all values of the time lag 

.,. save for those specified by Equation [33). 
(c) Equation [32) has one a 2 > 0. Then if S;;;;; K, we get the 

most stringent stability criterion. Using a > 0 and Equation 
[30a), we obtain the following stability criterion 

7r + (() 
0 <.,. < ~ - . . .. . . . . . . ... . . . . . (34] 

a 

STAIIILITY CRITl!:RION FOR FE~:DBACK PROPORTIONAL TO O(t - -r) 

For this case Equation [2) becomes 

Iii(t) + RB(t) + KIJ(t) = -Sii(t - -r) . .. . ..... (35] 

Equation (14) now becomes 

O(t) = - -- e P1 dp . . [36) 
1 ;: 1 L (p) 

21ri p'e-P• Y (p) 
r 1 +s--- ---

p2I + pR + K 

Equations [15] and [16) still apply and Equation [17a) be­
comes 

f (p) = ap' + bp + 1 · · · · · · · · · · · · · . . [37J 

with A, a, b still given by Equation [17b). 
Now asp-+ ± i oo , if(± i oo ) I - (A / a) = (S/ 1). The graph 

of Equation (37] for the range - oo < a ;;;, 0 is shown in Fig. 8. 

w-plane 

FIG . 8 G RAPH OF EQUATION [39a] ~'OR - 0:, < a ~ 0 

The branch of the graph for O ~ a < ro is symmetrical to the 
branch shown with respect to the real axis. 

It is clear from the preceding that if S/ 1 > 1 the sys!,em cannot 
possibly he stable, since the spiral will eventually enclose the 
point (-1, 0) as a tends to oo ; consequently the system will be 
unstable if S > I. 

The radius vector of Equation (37) has a minimum a t a = 0 
and at 

( 
2 )'/• a - ± - --

2a - b' 

as shown by elementary differentiation, conse4uently the system 
will always be stable if 

S < I and R 2 > 2IK . . .. . . . . . ..... . . (38) 

Now setting p = i a in Equa tion [37), and reducing it to our 
usual form we get 

J(ia) ((1 - a2a)2 + (ba)'] •!, .. .. ... .. [39a] 

and 

. ba 
tan 'P = a a• _ 

1 
. .. ... . ..... . . .. 1391>] 

Setting the amplitude equal to ± 1 and solving, we get 

2a-b' ± V(2a-b2)'-4(a-A) 
a' = 2(a - A) . . . . .. [40] 

According to Equation [17b], (a - A) > 0 implies I > S which 
we have already shown to be a necessary condition for stability. 
Therefore we need consider only I > Sin Equation (40). But 
this makes Equation (40) identical in behavior to Equation (21) . 
Similarly, the total angle of Equations (39) can be shown to be 
monotone decreasing in a. Consequently, the conclusions fol­
lowing Equations (22) apply to this case, and the stability cri­
terion will be given by Equation (23], and the allowable range in 
.,. by Equation [25). 

STABILITY ~' OR Fl!:ls!JBACK PROPORTION AL TO HIGHER 

DERIVATIVES 

Consider a general case of feedback proportional to the nt-h 
derivative of IJ(t). 

Equation [2) is generalized to 

19 + Re(t) + KIJ(t) ~ - S~<n> (t - -r) . .. . . . . (41 J 

Then by a now familiar procedure we obtain 

Ap~-p . 
f(p ) = . . .. . . . . . .. . . .. . J42) 

ap' + bp + 1 

Now, referring to Fig. 4, let p = 0. Then IJ(p)I = 0 excepi 
when n = 0 in Equation [42]. 

Tfp- ·± i oo 

Thus lJ(p)I -+ oo except for n = 0, 1, 2. The istability of the 
system has been discussed for these three values of n in the three 
preceding sections of the paper. For all other values of n, the 

. graph of (7.2) will necessarily enclose the point (-1, 0). We 
conclude: 

If the feedback signal is proportional to /Jft (t - -r) the sysl~~rn 
will be unconditionally unstable whenever n > 2. 

S U MMARY 

For purpose,; of comparison, Fig. 9(a, b, c), show the general 
behavior of the magnitude of the radius vector p versus a for the 
three cases in which stability is possihle. Fig. 9(d) shows Orn 
general behavior for n > 2. 

The results of the t hree ~ections ou "8t.abili ty Criteria for 

F eedback," and Fig. !), show that for n ~ 2, the system will be . 
unconditionally stable, if certain relations between the parame­
ters of the system are satisfied in each case. The grea test 
latitude in the choice of the parameters is found for n = 1, where 
the condition R > Sis sufficient to insure titability. The narrow­
est restriction occur~ for n = 2, where S > I is sufficient to pro­
duce instability. 

If the foregoing requirements for unconditional istability ar,, 
not satisfied, the Rystem may still be stable for a specified range 
in the time lag -r. In the mo~t general casr, it i~ possible to oh-
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tain a band spectrum of values of r for which a given system 
will he stable. The band width tends to zero as the value of r is 
increased. This indicates that in systems of this type large 
time lags will produce instability. 

It should be kept in mind that the systems treated in this paper 
were assumed to be linear. Any comparison of experimental re­
sults to our conclusions should involve allowance for the exist­
ing nonlinearity. Thus, for example, the band spectrum de­
scribed would produce hunting in an actual system rather than a . 
physical breakdown due to excessive vibrations, as predicted by 
our results. 
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Appendix 
BEHAVIOR ON SEMICIRCLg OF BROMWICH CONTOUR 

We still have to justify the assumption made in the tltree 
sections, "Stability Criteria for Feedback," that f(p) -+ 0 along 
the semicircle of the contour as r-+ oo. 

Let 

p = re'8 = r(cos 8 + i sin 8) 

and substitute into Equation [42) 

. [43) 

and note that for any fixed (Jin the range 1r/2 > 8 > - 1r/ 2 

jf(ri8) i _,. ~ r"- 2 e-r cos 8 -+ 0 as r-+ oo .. ... [441 , a 

for all n. 



Dynamic Capacity of Rolling Bearings 
lh GUSTAF LUNDBERG1 AN D ARVID PALMGREN2 

This paper is a condensation of a comprehensive theory 
for fatigue failure in rolling bearings. 3 The character of 
bearing fatigue failures is analyzed, and the effect of the 
volume of stressed material is assessed by means of modi­
fication of Weibull's statistical theory of failure. The 
variables affecting bearing capacity are examined, and 
gene ral formula s are set up relating the variables to the 
bea rin g capacity . Unknown exponents in the formulas 
are evaluated hy means of extensive tests, and the final 
formulas are compared to experimental results. 

C:\ I.( T I. .\ T IU :\ 11f i ll<' dy na 111i c capacity of rolling bearings 
ha~ pn,v in11s ly lw"n hased on empirical fo rmulas which 
lmvt, i><,t ,r1 11 ~.,d wit-h considernble success for b,,aring types 

,,r ,·oll venl io 11 a l dcsigll . In this pap" r the founda tion is la id for a 
.u11ifind t,heory of t he dy na mic capacity for ro lling bearings, in 
1d,id1 n ,gard is tako11 of th e dispcrsi,m in materia l fa tigue streng th 
fro lll one volu me clement to a nother. I ler tz's theory fo r contact 
.fa tigue s trength h 1L~ ueen developed aud extended fo r calcula­
tion nf the stress variation which can be taken to bo the most 
da11 gernus when bod ies roll with respect tu each other. Although 
t l, e 11ew theory sti ll docs not take account o f a ll facto rs which 
alfoct the life, it, does give a satis factory agreement with experi-
111 .. nt a l 1Pst.s. 

i\l AGN ITUDE OF 8 H ViAR-8TRE:;S A~! Pl ,I TUDE 

A 11 1111dorsta11ding of the cha racter of fatigue failure ca n be 
, il,t a i11l'd from a study of the cha nge in the material which takes 
place in bearing rings under rolli ng; loads. The fatigue cracks 
st.art from cer tain weak points , for example, s lag inclusions 
ll" itl,iu t ho material. These weak poin ts give rise to strong local 
s lJ·pss co11c(ml.rrtl,ions in the surrounding materia l. Befo re the 
fa t igue crack dnvelops, Hlip takes place in the material. There­
fore the <"ause,; of fa t. igui, can he sought in the slip, which changes 
the cha ractt,ristics of t he ma t.cria l in the immediate neighborhood 
,,f the weak poi11 t. 

Fig. I shows a cross section cu t through the raceway in the 
n,iddle of a fatigued bearing ring. 

Slag inclusions are usually elongated in t he process of rolling, 
;rnd 1-hcreforc the fatigue cracks sta rt in directions parallel to the 
direction of roll i11 g. At times slag inclusions have more of a 
sharp-cornered shaJ?c, whereupon fa t igue crackH occasionally ex­
t e11d in a 45-dcg direction. 

Fig. 2 shows how t he shear stres.-es occurring in the direction of 
rolling vary wi t.h tlw dep th zo, where this shear s t.ress has its 
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greatest value. The distances a and bare contact. ellipse half-axe~, 
q the maximum pressure in the contact area. 

Introduce an auxiliary quantity t, from which the shape of the 
pressure area is determined so that 
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b 

a 
vu• - 1) (21 - 1) .............. (11 

The depth of the point of maximum stress is obtained from 

Z = Zo = /;b 

. 1 

r = (t + 1) v21 - c · · · · · · · · · · · · · · · (21 

Research shows that the largest number of fatigue cracks start 
at this depth. 

Table 1 presents corresponding values of t, b, T, and /;. 

TABLE DEPENDENCE ON t OF BEARING CONFORMITY 
FACTORS 

t 1 1.02 1.05 1.1 1.2 1.2808 
b/a 0 0.2050 0.3358 0.5020 0. 7849 1 

T 0.2500 0.2475 0.2436 0.2371 0.2241 0.2139 
r 0.5000 0.4854 0.4651 0.4347 0.3842 0.3509 

The magnitude of the shear-stress amplitude is 

Tf = Tq' 
v~ 

T = 2t(t + 1) .............. [3] 

During the passage of one roll body the shear stress varies be­
tween ± Tq. The determining factor for material fatigue is twice 
the amplitude of the relative shear stress (i.e., 2T). Fig. 3 shows 
how 2T varies with the shape of the contact area. As a com-

0. 5 

0,4 
J!st . l~L 
, I I i 

0.3 

0,2 

0.1 

0 
0 0,5 

Fra. 3 

parison, the relative shear stress decisive at static loading T,t, is 
drawn in. The comparison shows that this static stress cannot 
be taken as a basis for the estimation of fatigue failure. 

STATISTICAL METHOD FOR TREATING FATIGUE PROBLEMS 

For a statistical treatment of fatigue problems, consideration 
must be given to the fact that the material changes little by little 
through the action of repeated. loads. Plastic flow appears in 
th~ neighborhood of the weak points of the material and con­
tinually increases in size until finally a microscopic crack forms 
which grows slowly to macroscopic magnitude. At this point 
the macroscopic stress distribution is disturbed and the fatigue no 
longer follows the expected course since the assumptions for 
calculating the macroscopic stresses are no longer valid. How­
ever, that is only in an advanced stage of fatigue, a stage where 
the continuance of the destructive process swiftly leads to rupture. 

Changes in the material condition can, as long as the fatigue 
crack has a microscopic extent, be taken as dependent chiefly 
on the extent of the macroscopic stress in the element of volume 
considered, that is, on t~e stress amplitude in the plane which is 
most dangerous from a fatigue viewpoint, and on the amol).nt of 

material in the element of volume. It is also possible that 
changes in the amount of material are dependent on the depth of 
the volume element below the surface. That assumption has been 
shown to be necessary for the presentation of fatigue failure in 
rolling bearings. 

A useful resultant formula for statistical presentation of dif­
ferent fatigue problems is thus 

log S(~) rv Jv [..£: 5'[T(n); z]dn ]" dV . ....... [4] 

where S(N) is the probability that the material will endure N 
million stresses, T(n) thf,) stress amplitude at the depth z with the 
nth loading, dV the infinitesimal element of volume, and V the 
whole volume. 

For highly concentrated loads, as, for example, in rolling bear­
ings, considerable simplifications can be introduced in the calcu­
lation if it is observed that only the conditions in the neighbor­
hood of the point where the maximum fatigue-stress amplitude 
occurs are decisive for the probability of fatigue. 

LIFE FORMULA FOR ROLLING BEARINGS 

When setting up the life formula, the known fact that the 
more concentrated the load, the greater the endurance, must be 
considered. 

This fact has been proved by Neuber, among others, in a study 
of concentrated stress conditions in fillets and by Foppl-Huber 
with a study of the first flow lines occurring for contact between 
a cylindrical and a plane body. Neuber and Foppl-Huber sought 
the explanation of the dependence on volume in the crystalline 
nature of the material. 

Comprehensive investigations by Weibull of the static break­
ing strength of brittle bodies have resulted in a statistical theory 
of strength based on the theory of probability, where the de­
pendenci of strength on volume is explained by the dispersion 
in material strength. 

Weibull's theory, however, is based on the assumption that 
the first crack results in a breal;:. The frequent examples of 
cracks which do not reach the surface seem to show that this 
assumption is not valid for fatigue failure in rolling bearings. 
Therefore, in setting up the life formula, consideration should be 
given to the fact that the probability of a fatigue break occur­
ring must be taken to be dependent on the depth zo at which the 
most dangerous stress occurs. 

The life formula therefore should be written 

1 
log S = 5'(To, N, zo) V . ........ . ...... [5] 

For practical reasons it is desirable to give the functional re­
lationship as a power function 

TocNt1 
5'(To, N, zo) ,...., -h- . ................ [6 J 

Zo. 

Here Sis the proba,bility tha,t the material will endure for N mil­
lion stress cycles, -ro is the decisive stress a,mplitude, and V is the 
volume representative of the stress conc~ntration. 

If h = 0, a, life formula, corresponding to Weibull's theory is ob­
ta,ined. 

As a,n expression for the ma,gnitude of the stressed volume, one 
ca,n choose 

V ,...., azol • ....•.•••....•....... [7] 

where 

a = major ha,lf-a,xis of pressure ellipse 
l = circular length of raceway 
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The three lengths, a, l, and zo, give an expression for the stress 
extension within the raceway in the directions of width, length, 
and depth. 

As a result of the expressions given for zo and ro in Equations 
[2] and [3] and with the help of Equations [5], [6], and [7] is 
found 

1 T•al ( Q)• 
log S "' (l;b)h-1 ~ N• .. . .. .. . .... .. [8] 

where Q is the roll-body load. 
For point contact according to Hertz's t heory of elastic contact 

a "' b "' ~ . . ...... . .... . ..... [9] 

For line contact 

a"' z., b"' ~ ..... . .......... [10] 

where l0 is the roll body's length of contact, D 0 t he roll-body 
diameter. 

If u is the number of stress cycles per revolution and L is t.he 
life in millions of revolutions, then from Equations [8] to [10] 

log ~"' [_g_Jc-~+
2 

D •- h u•V l. ......... [11] 
S D.• • 

with point contact, and 

l [ Q Jc-~+1 [D•Jc-~-1 
log S "' D.2 T; D.•- h u• L• l .... [12] 

with line contact, where the proportionali ty factor depends upon 
the conformi ty between rolling body and bearing race. 

The li fe Formulas [11] and [12) give the life L which with 
the probability S occurs for t he roll-body load Q. Specifically, 
for L = 1 and S = 0.9, t he dynamic-capacity value is found 
corresponding to the load Q •. 

Since l "'D0 , from Equations [11] and [12] 

2c+h-5 
c-h+2 

Q. "' D0 •••• •• • ••• • ••••••• [13] 

with point contact and 

c+h-3 c-h-1 
c-h+l c-h+l 

Q. "'D0 l0 • , •••••••••••• (14] 

with line contact. 
Since the roll-body load is proportional to the bearing load, Q. 

and Q are proportional to the basic dynamic capacity C, and the 
actual bearing load F, respectively. 

From Equations (11] and [12] 

[, = (~Y ......... ........... [1.5] 

where 

c - h + 2 
p = 

3 
....... . .. . ....... [l6] e . 

with point contact, and 

c-h + 1 
P = 2e .................. [17] 

with line contact. 
For radial bearings, the load on the rolling element depends 

upon the position of the rolling element. In that case, Q. and Q, 
respectively, represent mean values of the rolling-element loads, 
that is, equivalent rolling-element loads. 

With rotation, each point of the rotating inner ring paser.1s 
through the loaded zone. All points on the inner ring are thus 
equally stressed, but the loads on the rolling elements, and 
hence the stress amplitudes, vary cyclically with the rotation. 
For a load which varies periodically with time, introduce the 
cubic mean value as the approximate mean load 

~

1 
Q .. = - fQ 3(,t,)d,f, . .. ... .. . 

2.,.. 
. ... [18] 

where the angle if, gives the position of the roll body. 
Each point of the stationary outer ring supports, under rota­

tion, a constant rolling-element load and therefore a constant 
stress amplitude. The rolling-element load and consequently 
the stress amplitude are dependent upon the position of the point 
in the outer ring. The probability that the whole outer ring, l .,. 
1r D., will endure is the product of probabilities that the different 
sections of the ring will endure. Therefore it is found from Equa­
tion [11] or (12] that 

1 f D. log - "' Q"(,f,) V - d,f, = Q .... L• 1r D • . .. ... [19] s. 2 

where the equivalent roll-body load 

1 

Q ........ [2~ f Q"(,f,)d,f, r ....... [20] 

Here 

w = pe ... .... ....... . . ...... [21 ] 

DETERMINATION OF EXPONENTS IN LIFE F ORMULA 

The exponents c, h, and e occurring in the formulas for life 
dispersion,"Equations (11] and [12], can be regarded as material 
characteristics and determined experimentally . The exponents 
can be found by determining the exponent p in the life formula , 
Equation [15], the dependence of the basic dynamic capacity upon 
the bearing size (the exponent of D0 , Formula [13] for point 
contact), and the dispersion of bearing li fe under uniform condi­
tions of operation. 

The logarithms of Equations [11] and [12] for constant service 
conditions are 

1 
log log S = elog L + .. ... .......... [22] 

Therefore the probability S, for a sufficiently large test series, 
gives the relative number of bearings which will endure L million 
revolutions. In a graph with co-ordinates log 1/ S and L, set up 
on logarithmic scales, the life formula is represented by a straight 
line, whose slope gives the magnitude of the exponent e. 

Fig. 4 shows test series with self-aligning ball bearings, 4 and 
deep-groove ball bearings.6 The step diagram obtained with a 
finite number of bearings agrees very well in both cases with a 
straight line having the slope e = 10/ 9. 

Fig. 5 shows a test series for spherical roller bearings. 6 The 
exponent e for this test series is 1.5. 

The dispersion in material strength characteristics can vary 
quite appreciably for different test series. Therefore it is quite 
natural that the exponent e may have appreciably different values 

4 SKF, 1309. 
6 SKF,6309. 
6 SKF, I-37906. 
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for ball bearings than for roller bearings, as shown by the research 
results in Fige. 4 and 5. 

For the purpose of determining the exponent p for ball bear­
ings, there are at present available extensive results from tests 
with self-aligning ball bearings,• and deep-groove ball bearings.' 
.In these test series, great care has been taken to see that the ma­
terial and the manufacture in the different series are statistically 
similar. The test results are given in Fig. 6 where each point 
represents the median life of a group of 30 bearings. In this 
series the exponent, p = 3, corresponds to the solid line. For 
determination of the exponent p for roller bearings, no similar 
reliable test series is now available. The indications are, however, 
that the exponent p may be somewhat higher for roller bearings 
than for ball bearings. 

However, there would be very great practical difficulties if the 
exponent p were taken as different for point and line contact. 
Hence it seems justifiable from a practical viewpoint to calculate 
for all bearings with a common value, p = 3, without regard to 
whether point or line contact is present. 

For determination of the dependence of the basic dynamic 
capacity on the size of the bearings, the results from tests on ap­
proximately 1500 bearings are given in Fig. 7. This shows that 
within the test range from D4 = 1.5 mm up to 25 mm, the basic 
dynamic capacity C = FL'I• can be taken as proportional to 
D4

1•8 corresponding to the solid line. 
In Table 2 respective values of the exponents corresponding 

toe = 10/9 and 3/2 are given for p = 3 and an exponent of 1.8 
for D. with point contact. For the assumed values of the expo­
nents in the life formulas by study of the dependence of capacity 
upon the conformity between roll body and bearing rings, accord­
ing to Equations [13] or [14] 

[
21-{, r Jo.H [ l ,.. D. ;:s al'" (D•)"·' _ . 

Q. = A. - ·-- ' - D.1.• z-1 
D r - R [ D cos <>] /, d o l :± _ _ •__ m 

d,. 
... . . [23) 

for point contact, and 

for different test series of the same bearing. To determine with 
certainty whether the exponent e is dependent on the bearing type 
or not, an investigation should be carried out with test series of 
different bearing types in such a manner that the material in 
the different bearing types can be considered statistically similar. 
No such research series is as yet available. The available sta­
t.istical mat.erial indicates that the exponent e ha8 a lower value 

[ 
Da COS a]"/17 

1,,: ---d (D )'I• Q = 8 '" ~ D "I" z 'I• z-i [24f 
• [ D ]'/, d " a ~ .. I± aCOSa m 

d,,. 

for line contact where 

B = 10.82 A "I" . . . . . . ..... . .... [25] 
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TABLE 3 CONVENTIONAL BEARING TYPES 

Typel Point Contact of Ball Bearings I Line Contact of Roller Bearings 

C I /,/as'°·7 z-13 D!.a I /, la i1!9 z•!, D!9/11 l!'l 

,. I [ 2 r; r··· g,fi fa 2 r;-D. I gl /1 /1 
1 

I g. 
\ 

[ I + ( ~:Yo/3 ]-0.3 [ I + (~:r'·r·'9 

c. 
I 

,, . 2, -D r·•t I [l··J'9 I • ' - • c. I - /, -
,, 2 ,.-D. I 1., 

Radial Thrust Bearing -- Radial I Thrust Bearing 
Type I Bearing I ex• 90 I ex= 90 Bearing I ex * 90 I ex= 90 

I 
D. cos ex 

I 
D,. D,. cos ex 

I 
D,. 

i' d. 
- -

d,,. d,,. d,,. 

,a 1 (cos ex)°"7 I (cos ex)°'7 
• tg ex I I (cos cx)719 I (cos cx) 719 , tg cx \ I 

--- - ----
I • I I 

I • I 3.7-,p I 6-xo 18 -- 25 36-60 

,. 
I 

,,0.3 (1 _ ,,)"39 

I 
,,0.3 

y2/9 ( I - )') 29/27 

I 
1/9 

(1 + rl''3 (I + y)' /3 
y 

~ 

I 
I 

I I la I 
1.04 /, I, I 

I, I G +;r'· 
----

• Units in kg an<l mm 

bearing load is caused by a slight variation in the thickness of the 
bearing rings at the bottom of the groove, and, when the bearing 
is equipped with self-aligning support washers, by the frictional 
resistance to the alignment of the washer. An unequal load dis­
tribution on the rolling elements can also be caused by eccen­
tricity or out-of-roundness of the raceways. For most thrust 
bearings the theoretical value of the basic capacity must be re­
duced, often to about 60 per cent, on the basis of unequal distri­
bution of load among the rolling bodies. The lower values of 
f,, given in the tables, correspond to that reduction. 

Radial Bearings. With radial bearings the load distribution 
must be found among the rolling elements. For a single-row 
bearing with radial relative displacement of the rings 

C, = (0.407 .. .. . . 0.419)Q.1 Z COS a } ... __ . [341 
C. = (0.389 .. .... 0.367)Q •• Z cos a 

The former valu<'B are valid for point contact and the latter values 
for line contact. 

One obtains for the following conventional bearing types: 

Radial ball bearings 

C - !. (i cos o:)0•7 z•!, Da1•1 .. .. ••... • .. . . .. [35] 

Radial roller bearings 

C - !. (i cos ~) 0.78 z'h Dai.OT /G0.78 . .. . • ... ... [36] . 

1.14 /, I I, I 
-

[1-yTR/l] 
I + Y. 

---· 

Also with radial bearings must be considered the faults in th1, 
bearings resulting from the manufacturing process. For rigid­
bearing types, in particular multirow bearings, it is best to calcu­
late with the lower value of/,, although the higher value can bt· 
used for completely self-aligning bearings. For roller bearing, 
t he highest values may be used only if the rollers or races a.re s,, 
shaped as to avoid edge pressure. This can be achieved, for in­
stance, by crowning the rollers and making the bearings sufficieni !~­
self-aligning. 

Of course for a ll kinds of bearings which are not completel} 
self-aligning, consideration must be given, in the calculation o 
the bearing equivalent load P, to the moment loads arising due 
to deflections in shafts and bearing housings or due to imperre~, 
mounting conditions. 

In order for the basic dynamic capacity C to be valid with i:3 = 
0.9, that is, for 90 per cent of the bearings, deep-groove ball 
bearings should be calculated with the maximum value of th(' 
groove radius. Thus r, max, r. max, and DG m;n shoul<I be suhsti­
tuted in the formulas. 

If it is assumed that the material quali ty is constant, the choice 
of the value of coefficient !1 depends on the bearing design and 
degree of precision. Since these factors diffe r greatly in differen i 
bearings and influence each other in a complicated manner, the 
value of f 1 must be determined for each bearing entirely on t.!1<: 
basis of tests. 
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After consideration of what is known concerning the average 
capacity of different bearing types ·and variations, tile values given 
in Table 4 can be suggested. 

For some conventional conformity values, f. may be found 
from Table 5. 

Within the ordinary range of dimensions, the contact length 
la of the rolling element, can be estimated for conventional roller 
bearings by 

l. = I, - 1.2 I/·' mm ..... .... . . ... . . [37] 

fo r bearings with grinding relief grooves and by 

la = 0.!l l, mm ..... . . . . . . ... . . .. . [38) 

for bearings without relief but allowing for end radii. Here l, is 
the length of the rolling element. In certain bearing designs, for 
example, double-row spherical roller bearings with loose guide 
rings, a special calculation of 10 is required. 

EQUIVAL 8 N'l' LOADS OF B~JARINGS 

The bearing life for arbitrary conditions of load and ro tation 
can be det.ermined from the e'luation 

I, = (~)'. . ... . . .. . . . .. . ..... [39] 

whew C is the basic capacity of the bearing, and P is the so-called 
equivalent load. Since the definition of basic capacity differs 
fo r thrust and radial bearings, one should distinguish between the 
equivalent radial load P, and the equivalent thrust load Pa. In 
this paper P = P, for riulial bearings, and P = Pa for thrust 
bl)l\rings. 

A £unctional r ela tionship exis ts betwee n the equivalent load."' 
P

0
, 1',, a.nd the b earing thrus t and radia l-lo ad ~ornpo r~e uls I•'.,., 

F wllicll gives a re lation between the effec ts off, a and /i, o n the 
e~~ivalent life of the bearing. These functional relationships are 
clear from the solid-line curves in Figs. 9 and 10. 

Fig. 9 is valid for deep-groove ball bearings with nominal con­
tact angle a = 0. The contact angle a assumed with load is 
found from Table 6, where D and dare the bearing outer diameter 

and bore, respectively. 
The points marked with x are taken from four test series total­

ing 210 bearings, carried out by SKF, Gothenburg, with deep­
groove ball bearings. 1 In these tests special care was taken to 
make the four series statistically similar in regard to both mate­
rial and manufacture. The points marked with o come from test 
series carried out by SKF Philadelphia.7 The agreement is 
satisfactory. 

In Fig. 10 the dot ted line represents a single-row bearing, the 
solid line a double-row bearing with point contact. For angular­
contact bearings the contact angle varies with the load so that 
cot a is found from Table 6. 

Both rows are loaded if 

Fa< (1.67. , ... 2.00) F, tg a . .... . . . . , . . [40] 

for point and line contact, respectively. 
Only one row is loaded if Fa is greater than that value. In that 

case t he life for the double-row bearings can be calculated as 
well from the theory of single-row bearings as from the theory 
of double-row bearings; P,, and P, are the equivalent loads if 
the bearing is considered as single-row or double-row, respectively. 

T With bearings of SKF type 6308. 

TABLE 4 VALUES OF .FACTOR /i FOR DIFFERENT BEARINGS 

B e a r i n g T y p e I f, 

Self-aligning ball bearings . ················································· 4.1 
Single row deep groove ball bearings without filling slots ···················· 3.9 
Double row deep groove ball bearings without filling slots ···················· 3.7 
Angular contact boll bearings . .... . .. . ............. . .. • ....•................. 3.9 
Thrust ball bearings, a= 90° .......................................... .... 6 
Single row cylindrical roller bearings: Raceways and rollers cylindrical ........ 19 

One race convex ....•................... lO 
Rollers crowned ........................ 24 

Double row cylindrical roller bearings: Cylindrical rollers ..••.••..•••.•••••..•. 18 
Rollers crowned ....................... ll 

Tapered roller bearings: Raceways and rollers tapered ........................ 19 
Rollers or raceways some chamfer •••••............•.. 20 
One race convex .............. ...................... 20 

Self-aligning radial roller bearings ...............•. . .......•..•............... ll 
Self-aligning thrust roller bearings ·········································· 50 I 

TABLE 5 VALUES OF /c FOR VARIOUS BEARING TYPES 

Bearing 

I .fa I 
,., 

I "• 
I YI 

0 I 0.021 0.05 I 0.1 

I 
0 . 2 I 0.3 I 0.4 - -Type D,. D• 

Self-alignjng Ball Brg .. 4.1 O.S4 

I 
- 0 I , 26 1.76 2.36 3.34 3.88 3 . 77 

Deep-groove Ball Brg .. 3.9 0 . 52 0.5• 0 3,6S 4.77 5.67 6.12 5.71 4.94 
Angular Contact Ball I 

Brg . .. . ........ . .. . 3.9 0.5. , 0.53 0 3.35 4.43 5. 39 6.oo 5.68 4 . 93 
Thrust Ball Brg. . . . .. 6 0~45 0.545 0 4.19 5. s • 6.79 8.36 9.44 10. 29 

Spherical Roller Brg . .. 21 - !, 0 7.os 8.66 9.94 10. 57 9 . 96 8 . 83 

Cylindrical Roller Brg. 20 - -

I 

0 6.71 8.,4 9.47 10.06 9 . 49 8 . 41 

Tapered Roller Brg .. . 20 - ·- 0 6 . 71 8 . ,4 9 , 47 • •I0. 06 9.49 8 . 41 

Spherical Thrust Roller 
Brg . .... . ...... . . . . 50 - - . 0 17.9 21. 8 24.5 25. 5 23.8 21.0 
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TABLE 6 VALUES OF X, V, ANDY. VALUES FOR CONVENTIONAL BEARING TYPES 

I 

P, = X VF, -1- Y F. cj 
c, 

Self-Aligning Ball Bearings .. I "• :z 
Deep Groove Ball Brgs. 

«. = 00 ................... 0.4 ... o.8 
Angular Contact Ball Brgs. 

o c, I Gro = 30 , .. 40 . . . . . . . . . . . 0. S .•• I 

Spherical Roller Brgs. . . . .... 1 o. s ... 1 
Tapered Roller Brgs. I 

Gr,.= 10° .. . 30° . ... . .. .. . : 0. S •• • I 

Cylindrical Roller Bearings ... / o. s ... 1 

Variation 

a, I 
Deep Groove and 

F* Angular .. 0.01 

I 
Contact v•--d• 

Ball Bearings ---
I cot ix 5 
------------- -

•1 (.;nits in kg and mm. 

F'w. 8 

A 

f~ ' ' c' 
o qs ~ 1.5 2,0 2,5 J,O 
1----.U~ F,, tOI t:r 

p;-
F'JG. 9 

V Single Row Double Row Bearings 

For For Bearings 

Fixed Fixed P, ~VF, P>2VF IP<2VF ,a::. , ,- , 
Outer Inner 

I co~a 

Ring Ring 
X 

X ' y I X ' y 
Load Load cot a cot a 

I I - - 0.6 0.7 I 0.5 

I I. 2 0.5 0.4 - - - -

I I. 2 0. Z 0.5 0.4 0.8 I 0. S 

I I. 3 o. 4 o. 4 0.6 o. 7 I 0. 5 

' 

I i 
I I J. 3 0.3 0.5 0. 5 o. 8 I I 0.5 

I I I. 3 I I I - I - - I I -

of Contact Angle with Load 

00 

I I 
I I 

0.03 
I I 

I 

I I 4 
I 

I 
I 

0.0') 

I 
I 

3 I 

30° 

0 I o. 2 

I 

I. 7 I I. 5 

1,4 

1.2 --

I.I) 

Pr 
p--;; 

I o.s 
I 

I 

I 

I I 0.4 

I I I. 4 

400 

0 I 0. 2 I 
I. 2 I I. [ I 

0.7 

\ 
\ 
I 
I 

I.o 

I 
I 

c' 
0,5 1,0 1,5 2,0 2,5 3,0 

______ _ cot 0: ---~-----1 • F" co! a' 
Y1 Prt 

Fm.10 

For practical reasons it is better to calculate on the basis of the 
broken lines ABC in Figs. 9 and 10, in place of the solid curv@s. 
The calculation is done then according to the formula and values 
in Table 6, where Vis a factor which takes regard of the rotation 
relations of the bearing ; that is, a "rotation factor," X is a "radial 
factor," and Y is a "thrust factor." 

The values have been corrected with regard to combined loads. 
The equivalent thrust. loarl P0 of a bearing is found from the 

equation 

Y P. = Pr ....... . ...... . . [41! 

where P, is obtained from Tablf' 6: Y iR the thrust fact.or for pure 
thrust. load, that. is. for F = 0 



Slow-Motion Pictures of Impact Tests 
by Means of Photoelastici ty 

BY LUDWIG FOEPPL, 1 MUNICH, GERMANY 

The ex periments described in this paper were carried 
out in investigating the distribution of stresses and their 
variation with time in a test bar subject to bending stresses 
resulting from an impact. While a series of tests has been 
made, only two of them will be dealt with in detail. In the 
first test the impact is of moderate intensity, so that the 
respon se is entirely elastic. The test results will be com­
pared with a theoretical treatise by St. Venant and Fla­
mant published in 1889. In the second test the impact 
is strong enough to break the test bar. 

TEST APPARATUS 

T I LE test selup for carrying out the investigation on t he 
distribution of bending stresses resul t ing from an impact 
is show n in Figs. 1 and 2. A bar consisting of plastic 

F1G. 1 TBST SETUP 

1 Professor or Applied Mechan ics, Munich Institute of T echnology. 
Contributed by t he Applied Mechan ics Division and presen ted 

at the An nual Meeting, New York , N. Y., November 28- D ecember 
3, 1948, o f Tim AMER ICAN SocIETY OF M,~cHANI CAL ENGINEERS. 

Discussion o f this paper should be addressed to t he Secretary, 
ASiVI E , 29 West 30th Street, New York, N. Y., and will be accepted 
until July 11, l!l49, for publication at a la ter date. Discussion re­
ceived after the closing date will be returned. 

NOTE: Statements and opinions adva nced in papers are to be 
understood as individual expressions of their a u thors and not those 
of the Society. P aper No . 48-A-24. 

FIG. 2 BAR \ V ITH IMPACT MECHANISM I N PLACE BETWl,BN 

POLAROIDS 

''Dckorit" as used in these photoelastic tesls is support ed at the 
ends (see Fig. 1). Each support consists of a fo rk, in wh ich the 
bar is placed to avoid laleral shifting, and a rubber band is draw n 
over it to press the ends of the bar firm ly against the support . 
This sctup corresponds to a mild clamping of the bar ends. On 
the ccnter of the bar supported in this way, a hammer fa lls from 
a height of 2 meters (6 ft). T o the lower end of the hammer is at­
tached a cylindrical cap of Dekori t, the axis of which is normal to 
t he axis of the test bar, so t hat a uniform transmission of impact. 
over the e11tire wid th is ensured. Thus a state of piano stress is 
produced in the test bar. This effect is made visible by placing 
the test setup between the two polaroids of t he photoel!1stic ap­
paratus and sending light rays through it. In the figure two 
vertical guide wires for the hammer and the releasing mcehanism 
can be seen. The dimensions of the test bar are length l = 28.5 
cm (11.2 in. ), rectangular cross section of b = 1 cm (0.39 it1 .) 
breadth, and h = 2 cm (0.79 in.) height. From t he specific weight, 
1' = 1.3 grams per cu cm, the weight of the test bar results as 

P = l·b·h·,, = 28.5·1·2·1.3 = 74 grams (0.163 lb) 

As shown in Fig. 2, the bar with the impact mechanism is 
placed between the polaroids a1 and a, of the photoelastic appara­
tus. The concave mirror c is an ellip tical mirror produced in the 
author 's laboratory. The curvature of the mirror could not be 
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F1a. 3 Fn,\~tEB T;.F;EN FROM FrnsT TEST 



FOl':l'l'l ,-SLO\\'-i\lOT!O:\' PI CTURES OF IMPACT T ESTS BY i\IEAXS OF PlIOTOCLASTIC lTY J,;; 

--- - ----------.--~ __ _. ... ., 

17, 

·l 

Fie:. 3 (Curt linuvd) 

vari,·d co 11I ir 11 1011sly . Tlrerdo rc L111, l'urv,~, vbible in t he mirror 
,•·para lc: l'l:~ io 11 s 11·itl1 °di ffere nt radii of eurvat.u re. These cur· ves 
appear i11 I Ire pif'l.111'1 :s of isochrnma t. il's , wlrieh will be discussed 
iat< ,r , as l' ir1·11Iar a rl's a nd should not he confused wit.h t.he iso­
chromat ics t lre rnsdv, ,s. 

At orn, focus of t. lre concave minor tire electric arc of an arc 
la mp b is cenU:rncl, while at t.hc ol,h<, r fo cus, which is on the other 
side nf I Ire polaroicls, the ohject.i ve of the slow-motion camera is 
lurntcd (no l visi !>I ., in Fi~. 2) . 

Fms T Tr·:sT 

lllus l rnt ion., fro111 t.111: first t.est. arr: shown in Fig. 3. 

Im pact wniidit, (} = fi[) grams (0. 1 :12 I b) 
Im pact height// = :WO r:rn (() ft 7 in .) 
F ra me speed , :wio frames per scr: 

Frame l shows the test bar in it s ini t ial state immediately be­
fore the impact. Between this view and I.he second one, the im­
pact weight, has begun to touch t he tes t, bar. The increasing trans­
parency of the entire bar shows that meanwhile st resses due to 
the impact have appeared over the en t ire leng th of t he bar. The 
distribution of isochromatics, characte ristic for bending stresses 
(see fram e 2) shows that the bending stresses are noticeable only 
in the vicinity of the field of impact, while on both sides of th e 
axis of symmetry the stresses rnpidly d ecrease as indicated by 
the isochromat ics t urning toward the bounda ries of the ba r. At 
both sides o f t he axis of symmetry and at a distance approxi­
mately equa l to the double heigh t of the bar, the bend ing stress 
approa ches zero (frame 2). At a somewhat greater distance, 
i.e., where the wi res guiding the impact. weigh t appear as shai·p 
dark lines in the picture, again a low stress is indicated by the 
isochromatics at the lower and upper edges of t he bar. This 
stress must show a sign opposite to that of the stress arising in 
the centra l par t of the bar, i.e., the line of curvature, while reach­
ing its low(•st point in the cent.er of the ba r, reverses its concavity 

downward at points farther away from t.fw cen te r. This (:xpcr i­
m enta l result agrees well with the theory to I"' d,,vcloped lal t: r. 
Probably a great number of bending-st ress wav(,s run ,tlnng th (• 
bar, are reflected at the ends, and are su per i111posed on tlw ini­
tial waves. 

Frame 3 is especially interes ting. A compa ri .~on wit.Ii l'r:tnw 2 
shows a relieving of the centcr cross si,c:tiun. The maxim111n 
bending stress here a ppears 011 cross sec t ions of t.lw ha.r i<wa it'd 
about one quar ter of t he en tire length a 11·ay from t 111· ('1·nl<·r 
cross sec tio n, as indicated by the crowdin~ of isochromat.i"·' in 
these cross sectio ns. 

Frame 4 again s hows an incrnase of IH:ndin~ st.n,ss(,s in thl' 
('c•nter cross section. This increase conli111ws in frnm,,s .'i to 8 . 111 
fram es 7 and 8 t he number of isoehromal it's in t he r,·nt<' r <: ross 

sect ion is a pprox imate ly equal, as can ht: as('<' rl:til)(,d by t:11Iarµ:inµ: 
the pictu res. Jn frame 9 the number of isoi:hromatics is on t lu, 
d ecrease, so that. the maximum is prolmhly l'l' IL<' lwd lwhrncn franH·s 
7 and 8. At t he same time, frames 4 to 7 show that. zern point s 
of m omen ts, whi ch in fra me 4 are still a bout , halfway b"t 11·e(,n I hP 
poin t of impact. a nd the supports, shift fa r t.her toward t h(, sup­
por ts in frames 5 to 7. This phenonrnnon a lso aµ:rees 11·ith t IH , 
theoretical deduct.ions, as will be se(!rt later. The relieving: oft he 
bar, i. e., its swinging back from its maximu in d<·ll pc·ti on, ran h( • 
observed in t.he decreasing numl><'r of isoi: hro mat i,·s in fnu n(·s !I 

t.o 13. Frame 14 shows t he last phase of co nta<'l, hdwm, 11 imp:wt 
W(,ight and bar. Frames 15 to 19 cor rcspnncl h , fn,., <N·i ll :d ions 
of the bar, free of external loads at cliffern nL ins tants of t his o.,. 
cillation process. 

In order to prove that the stressing oft II( : ba r i.s elast .i<: duri11µ: 
the entire impact, fra me 150 of this se ries is a lso shown, where the 
free oscillations have vanished. A comparison with frame J 
demonstrates that t he impact did not lPav(, a n:v n 's idua l st.n'SS<>S, 
and t herefore t here a re no permanen t deformations . 

\Ve have conducted several tes ts simila r 1,o t.he on<, desc:ribed 
here, in which t he impact weight, the impact, height., a nd the ba r 
height were varied . The corresponding ·cri es of pictures docs 
not offer a ny new information, as comparr,d with t he firnt tes t. . 

SECOND T Es'r 

Frames t.aken from I.he second I.est. are s hown in Pig. 4. 

Bar length l = 2S .5 cm (11.2 in .) 
Bar height It = 2 cm (0.79 in. ) 
Impact ·weight , 240 gm (0.529 lb ) 
I mpact height J/ = 600 cm (19 ft , 8 in. ) 
Frame speed, 1980 frames per sec 

In this test t he impact weight is not shown in t he illustrations 
since it docs not consist of transparent D ckorit. Frame I s hows 
the bar before t he impact. In frame 2 there is already a great 
number of ·isochromatics in t he cent ral pa r t of t he har . Since 
the number of isochromat ics is increasing: rapidl.v, the separate 
isochromat ics can be discerned only wit h di fficulty. Dming this 
test, as well as during the first one, t he slow-motion camera was 
adjusted to a time of exposure that amount ed to 1 / , of the t.ime 
interval between the separate frames. In fra me 3 Uie numlwr of 
isochromatics has 'further increased. In fmnrn 4 tlw firnt signs 
of tearing at the t ension side of the ha r a ppear. The, progress of 
rupt ure can be observed clearly in the remaining views. 

THEORETICA L Co:-.s rn ,;RAT!ONS 

St. Venau t and Flama n t 2 dealt. 11·i th the t heory of a bar elasti­
cally stressed by an impact a t. its cent.er, as in test l of t his pa per. 
The solution as offered in this t reat ise will be isiven here . If y 

stands for the deflect.ion and x for the cross-sectiona l co-onlinat.c, 

'St. Venant and Fla mant, Journal de l'eco/e pnlylechnique, Paris, 
France, vol. 59, l8S9. 
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Fw. 5 SUMMATION OF VAlaUES OF EQUATION [l) HY ST. VENANT AND FLAMANT 

x = 0 corresponding to the left support, the solution of the differ­
cn tial equation is 

. X 
sm 2m I , h X 

Slll 2tn / 
- - - - --- -

cos 111 cosh m t 
sin in2 - . Ill I 1 2P T ... 

-- - - -+ --
cos2 m cosh2 m m Q 

m 

where v is the velocity of the impact weight at t he moment of 
impact, T is an abbreviation for 

T = r ~/;Cf .... .. ..... ........ [2] 

where P is the weig;ht of the har, F:l i t.~ stiffness against bending, 
and g the acceleration due t.o grnvity. The summation in Equa­
tion II J extends to all values m t.hat, sal,isf.v the "period equation" 

21' 
Q = m (tan m - tanh m) . . . .. . . • . ... . [3] 

where Q is the impact weight. 
For the values of P/ Q = 1/ 2 , I, and 2, St. Venant and Flamant 

calculated the seven lowest values of m that satisfy the period 
Equation [3]. For P/Q = 1 they found the following values: 

mo= 1. Hnu1 rn, = 13.420!)3 
rn, = 4.1H)72 1n6 16 .55021 
rn, = 7 .189!)4 rn, = 19.68824 
11!3 = 10 .2\)839 

In the present tests t he weight of the bar is P = 74 grams 
(0. 16 lb). T, according to Equation [2], which represents time, 
resul ts in the example as 

28.52 ~ / 0.074 X 3 l 
-r = -4- '12s.5 X 27,000 X 2 X !)81 ""400 sec 

Eis the modulus of elasticity of the Dekorit bar. Its value E = 
27,000 kg per sq cm (390,000 psi) has been introduced from an 
elastic tensile test. 

In our first test P /Q = 74/ 60 = 1.23. 
St. Venant and Flamant calculated the functions of curvature 

y(;;;) at different. times t after the impact of the weight Q, by 
using Equation [lj and the first seven values of the period Equa­
tion [3] . The results of their long calculations are represented in 
curves. For I' /Q = l these curves a rc given in Fig. 5. They 
represent the summation values of Equation [l] without the fac­
tor vr, i.e., they arc pure numbers. The ratio x / (l / 2) is used as 
abscissa. 

A comparison of t hese curves with the results of test 1 of this 
paper shows a good degree of conformity. Since in test, l about 
3000 pictures have been taken each second, t he time in terval 
between pictures is 1/3000 sec = 1/n T, if the value of T, as pre­
viously given, is used. In the discussion of test series 1 we have 
found that the maximum bending occurrecl between frames 7 and 
8, i.e., approximatdy 7.5 frames after the impact. This would 
correspond to a t/ r = 1 in goocl agreement with the bending 
curves in Fig. 4, as the St,. V cnant curves are based upon P / () = 
1. There the maximum deflection occurs at t/ T = 1.2. Tlw 
curves further show that at t/ -r = 0.3 the ini tial curvature in the 
cent-er cross section has almost vanished, and then again begins 
to increase. Also, this effect is clearly shown in the present photo­
elastic tests. The reversal of curvature shortly after the impiu:t 
can be found in the curves until t/ T = 0.15. The gradual shift­
ing of the zero point of moments toward the supports appears in 
these graphs as well. 

In concluding our evaluation, it may be statccl that the results 
constitute an excellent verification of the mathematical deduc­
tions of St. Venant and Flamant. 

RESULTS ANIJ RECOMMENDATIONS 

The verification of the classical theory by photoelastic tests is 
an important result of this report. Theory and experiments 
indicate that shortly after the beginning of impact, an initial 
bending stress in the centcr cross section vanishes almost com­
pletely. It is only at a later time that the bending stresses again 
increase. Just this effect should be more closely investigated 
by varying conditions of support of the bar. In this connection 
it also would be interesting to investigate test bars with variable 
height subject to impact tests. 
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Fracture of Gray-Cast-Iron Tubes 
Under Biaxial Stresses 

BY R. C. GRASSJ! AND I. CORNET,' BERKELEY, CALIF. 

The fracture of gray-cast-iron thin-wall tubes was in­
vestigated, for various ratios of axial to tangential stress 
ranging from pure tension to pure compression, yielding 
data for some stress ratios not previously reported. 
Analysis of the results reveals that the present theories 
of fracture do not account completely for the data ob­
tained, thus indicating the need for further investigations 
of similar materials. 

lNTRODUC'l'ION 

THERE have been numerous investigations of materials 
under combined stresses. These investigations have been 
concerned with state of stress, deformation to fracture, and 

theories of metal flow in general. Most of these studies have 
been limited to mild steel, and alloys of aluminum and magne­
sium. Justifiably the emphasis has been on these materials be­
cause of the applicability of the results to problems of working and 
forming these metals. However, data for the fracture of brittle 

matical expressions for the laws of behavior of metals under com­
bined stress. These laws have clariffod the dependence of frac­
ture stress on stress state. The validity and applicability of these 
fracture laws to brittle materials, such as cast iron, have not been 
determined. 

Studies of the fracture of cast-iron tubes under biaxial stres8 
date back to the work of Cook and Robertson (1) 3 in 1911, and 
Ros and Eichinger (2) in 1926. The work of Siebel and Maier 
(3) in 1933, constitutes the latest data reported for the study 
of cast iron under combined stresses. 

PuRrosE AND Scon: 

The purpose of this investigat ion was to extend the work of 
previous investigators on gray cast iron in the tension-compres­
sion quadrant, and to obtain for material from the same foundry 
heat data in the tension-tension quadrant. In addition, th,: data 
obtained were to be analyzcd to determine the applicability and 
validity of existing laws of fracture for the briLtle material 

6 --------------l 

FIG. 1 GRAY-CAST-IRON FRACTURE SPECIMENS 

materials subjected to biaxial stress are meager and inconclusive 
as to acting fracture law. Investigators have developed mathe-

1 Assistant Professor of Mechanical Engineering, lJniversity of 
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California. 
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at the Annual Meeting, New York, N. Y., November 28- December 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y .. and will be accepted 
until July 11, 1949, for publication at a later date. Discussion re­
ceived after the closing date will be returned. 

NOTE: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 48- A-15. 

studied. The gray cast iron used was of the following composi­
tion : C 3.48 per cent, Mn 0.52 per cent, Si 2.41 per cent, P 0.31 
per cent, and S 0.14 per cent. The da ta obtained represent 
the result of testing 41 tube specimens and 7 solid cyl indrical 
specimens. 

PROCEDURE 

The specimens used a re shown in Fig. 1. The tube specimen 
was mounted in the grips as shown in Fig. 2, and stressed accord· 
ing to the desired ratio of axial to tangential stress (referred tc 
as "stress ratio") by the proper combination of internal pressun 

'Numbers in parentheses refer to the Bibliography at the end ol 
the paper. 
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and axial tension or compression. The solid cylindrical specimens 
were tested in compression. 

A modified two-cylinder Diesel injection pump was used to 
produce the internal pressure. The pressure was measured by 
a calibrated Bourdon-type gage which was accurate to ± 1/, per 

-UPPER GRIP 

- PACKING NUT 

LOWER GRIP 

FIG. 2 GRIP SECTIONS FOR STUDY OF FRACTURE OF GRAY CAST 

IRON UNDER BJ AXIAL STRESS 

cent. The axial loading of the specimen was accomplished on a 
200,000-lb Southwark-Emery testing machine, using the 10,000-
lb scale with a least division of 10 lb. 

The tube specimens were machined from cast bars 1.2 in. diam 
and 22 in. long, all cast bars being from the same heat. Three 
specimens were machined from each cast bar which had been 
previously given a 1-hr anneal at 1000 F (4). The specimens 
were drilled and reamed to produce the internal diameter, and 
then rough-turned. The blank was then mounted on a mandrel 
and finish-turned and threaded. A circular-radius tool was used 
for the finished cut, which produced a smooth surface with no 
discontinuity at the radii. 

The loading of the specimen, for both axial tension and com­
pression, followed a schedule (refer to Appendix) in which prede­
termined increments of axial load and internal pressure were used 
to maintain the desired ratio of axial stress to tangential stress. 
The specimen holder shown in Fig. 2 was used for axial tension 
and compression of the tube specimens. However, for axial 
compression, alignment of the tube specimen was controlled by 
means of a surface gage and dial indicator. For both axial ten­
sion and compression, the ~echnique used was such as to provide 
tests upon which there would be no effect of eccentricity. The 
solid cylindrical specimens were tested in a die set with polished 
anvils, designed to obtain axial loading; the ends of the specimens 
were lubricated, and the anvils polished to reduce friction effects. 

For some of the tube specimens tested, strain measurements 
were taken at various stages during loading. The relatively small 
amount of ductility obtained, as revealed by these measurements, 
will be referred to i11 the discusion . 

RESULTS 

Values of true stress at fracture are plotted on Fig. 3. All data 
plotted in this figure are for the tube specimens shown in Fig. 1. 
Stress values are based on cross-section area at fracture. Per­
tinent formulas are given in the Appendix. 

Except for stress ratios between -2.7 and -oo the cast-iron 
tubes possess so little ductility that the cross-section areas at 
fracture are equal to the original cross-section areas, within limits 
of experimental error. Between stress ratios of -2.7 and - 00 , 

there is increased ductility, and the true stresses differ from nomi­
nal stresses as much as 3 per cent. 

Shown in Fig. 4 are the fractures obtained under various stress 
ratios. Under pure tension loads and for stress ratios to approxi­
mately + 1.2, fractures occurred across the tube perpendicular to 
the axis of the specimen. From stress ratios of+ 1.2 to -2.7, the 
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..M,200 p•i , 
0 psi . 

Fie. 4 FnA<'TllnEs OwrAIN1,:o IN c:nA Y C AST InoN u NI>En VAnIOus T1t1_; 1,: S·r,n:ss H.ATIOB 
[n = true s tress ratio = (axial s tress)/ (tangential stress) .] 

*Note that these bars were broken apart on re moving from grips. 

fracture pattern consisted of blmrnuts of sections generally 2 to 4 
times longer than their width , irrcguh1.r in out.line, a nd oriented 
with the lenb,th of the blowout fragment parnllt•l to the length of 
the tube. At the stress ratio -4, fractures ohta irlf'd were eith<·r 
longitudinal blowouts or an irregular diagonal crack in the tube 
which is shown in Fig. 4. All fractures discussed to this point were 
charaeteri~ed by negligible ductility. The fractures at strnss 
ratios of -9 and -co were preceded by uniform circumferential 
bulging at one end or at both ends of the tub(), a short distance 
from the fillet. Failure actually occurred through the formation 
on the bulge of fine diagona l cracks, at apprnximately 45 deg 
wi t h t he axis of the tube. Fig. 5 shows the fracture condition on 
these bulges clearly. 

For pure compression , the average true stress for sev()n solid 
cy linders was 96,200 psi, as compared to a value of 89,700 psi for 
five tube specimens. The difference in averngPs was reasonable, 
considering the dissimila rity of the specimens. 

In g()ncral, data within the tension-compreRsion fi eld are much 
more reproducible than within the tension-tension field, as may 
be noted in Fig. 3. · 

DISCUSSION 

In the studies of the fracture of cast-iron tubes under biaxial 
s tress, Cook and Robert.son (1) subjected thick-1\'allcd cast-iron 
tubes to the combined effect of internal pressure and compres­
sion. Ros and Eichinger (2) later obtained data for thin-walled 
cas t-iron tubes subjected to internal pressure plus tension, which 
was followed by the work of Siebel and :'l 'faier (3), who also used 
thin-walled cylinders of gray cast iron. R cseareh of previous 
investigators has been plotted in Fig. 6, based upon a manuscript 
o f J. E. Dorn (5) . These data arc for different cast irons of un­
specified compositions. Jn general, these results ha ve been inter­
preted to conform to the maximum normal stress theory for frac­
ture, with some reservation by Gensamer (6) and Dorn (5). Fur­
thermore, there are no experimental data given between stress 
ratios - 1 and- co . 

The ideal theories most generally applied for fracture of metals 
under biaxial stress may be represented grnphica. lly as in Fig. 7. 

n • - 9: 

Axial S tl"tl8(H -79~360 ps:1. 
Tangential Str<issi 8 ,970 p~i . 

Axial stress: -?J.,ooo P•i+ 
T&ne'11ntial. St1'e$s? o psi . 

n • - o.1 

-86 , ?00 pei. 
0 psi. 

n • - ,; ( solid c11,lJlder) 

9ii,500 pH, 
0 p•l. , 

Fra. 5 Duc'J'11.1•: FHA1~Tu1u,;s ''"' G1tAY r, AH'J ' litoN 

[n = true stress ratio = (axial s tress )/ (tangc ntial s tross) . J 

The theories a re expressed quantitatively in the Appendix of this 
paper and a rc discussed at length (5, 7, 8). 

Reference to Figs. 3 a nd 7 reveals the in a pplicabili ty of t he 
hydrostatic tension theory tu cast iron. In t he tension-tension 
quadrant the shear-stress and normal-stress t heories cannot be 
differentiated. In the tension-compression qundra11t, the maxi­
mum-normal-stress theory is clearly distinguishable from the 
maximum-shear-stress th!30l'y. The effective-stress t.hcury is rep-



CltASSi, CORNET-FRACTURE OF GRAY-CAST-IRON TUBES UNDER BiAXIAL STRESSES 181 

Max. She:i.r Stress Law 
~---~---~-~3.0~-~'--~----.----~ 

/ 

/ 

"' " 
2.0 

" / t~ ~ 

I 
/ .-< -..., 

/ .;.1i 
,_. 

" 

I 

""- 1.0 
/ ~ 

/ 

Stress Law 

-3.0 -2.0 -1.0 1.0 2.0 , .0 J Tangential Stress ' 

•• (Tt>cr / 
00 ,' / ___ /_ 

///1 -+-----+--- -1.0 --

/ 
/ 

/ 

~---~---~-- ·3.0•/----'----~'-------' 

FIG. 6 l<'RA<!TURE 01•' CAST IRON L'NDER BIAXIAL STRESS 

[Modified after J. E. Dorn, reference (5).] 

Symbols: 0 = data of Cook and Robertson 
9 = data of Ros and Eichinger 
D = data of Maier 
6 = assumed fracture in compression 

(Tt)cr = critical fracture stress in simple tension 

EFFECTIVE 
STRESS --

SHEAR STRESS 

HYDROSTATIC TENSION 

FIG. 7 IDEALIZED STRESS THEORIES FOR PnAcTURE OF METALS 

UND~:R BIAXIAL STRESS 

reseQted by an ellipse circumscribed about the figure of the 
maximum-shear-stress theory. 

The normal-stress theory is not operative in the entire tension­
compression quadrant bucause it does not provide for failure in 
compression. The compressive strength of cast iron, which is 
2.5 to 4.5 times its tensile strength, precludes the applicability 
of the shear-stress theory for fracture unless the theory is modi­
fied. J. E. Dorn (5) and others have postulated that the maxi­
mum-shear-stress theory holds for the stress ratios between pure 
compression and the region where the normal-stress theory pre·­
vails, as illustrated in Fig. 6. 

The results obtained from this investigation, as shown in Fig. 3, 
indicate that the fracture of thin-walled cast-iron tubes under 

biaxial stress cannot be accounted for completely by the conven­
tional fracture theories. A modified maximum-shear-stress 
theory for fracture, with a limiting condition rcprosontccl by a 
line drawn from the stress value at pure compression at an angle 
of 45 deg with the axial stress ordinate, would not be in accord 
with the data obtained. The lack of agreement with a modified 
maximum-shear-stress theory for fracture may not be attributed 
to experimental error and therefore would point to the fact that 
the fracture of cast iron under biaxial stress departs from con ven­
tional fracture theories. Cast iron could be considered as a 
material composed of a matrix of carbon steel with interspersed 
graphite. It is possible that under comparativdy low tensile 
stresses the graphite flakes would give rise to sharp notches which 
grow to cause brittle failure. Under high compressive stresses 
cast iron sustains loads approximately equal to those of a carbon 
steel. Cast iron is set apart from materials which have p;<merally 
bL>en studied under biaxial stress because of factors such as duc­
tility, work hardening, ratio of compressive to tensile stnmgth, 
and the like. 

There is sufficient ductility present, particularly at the stress 
ratios of -4, - -IJ, and - co, to permit measurable deformation. 
The deformation present, which results in less than 2 per cent 
change in cross-section area, has little effect on the calculation of 
stresses. It is recognized that for the ratio of - 9 and - co the 
circumferential bulges result in tension stresses at the outer fibers 
and give rise to tension failure. For a representative bar at - co 

stress ratio, the bulge diameter was 0.583 in., with a radius of 
curvature at the bulge of 0.61 in., and the diameter at the centcr 
of the gage length of 0.560 in. at failure. 

The local circumferential bulging of the tube specimen was 
not gradual in nature but appeared at stresses Vl\ry close to frac­
ture, and, for the stress ratio of - co, occurred at a stress which 
was within 2 per cent -of the value obtained at fracture. Strain 
history of bars at representative stress ratios was obtained by 
measuring the diameter change of the specimen at various stages 
during loading. These were interrupted tests, but the data ob­
tained therefrom were consistent with those from continuous 
tests. 

At the present time, some investigators (9) interested in the 
fracture of metals am beginning to approach the problem from a 
micromechanical viewpoint. It is believed that this trend of 
thought ultimately will yield theory more in accord with the data. 
Development of such theory will take time and necessitate 
furtlier investigations. 

There is a need of data and theory, by the design engineer, for 
brittle materials under combined stresses. This is particularly 
evident when one considers the application of cast iron as pressure 
castings, cylinders, valves, fittings, and pipe. Such applications 
subject cast iron to combined stresses and may result in failures 
unaccounted for by published design data. Thus the fracture 
of cast irons for various stress ratios, particularly for those mtios 
not previously obtained, should be of great interest to the design 
engineer. 

CONCLUSIONS 

1 Fracture data arc given for gray-cast-iron thin-wall tubes 
under tension-tension and tension-compression stresses, includ­
ing stress ratios not previously reported. 

2 The type of fracture and ductility at various ratios of axial 
to tangential stress is reported. 

3 The fracture data may be explained in part by the maxi­
mum-normal-stress theory, but cannot be entirely accounted for 
by present theories of fracture. 

4 The need for further investigations of similar material is 
evident if a comprehensive fracture law is to be established and 
necessary design information provided. 
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Appendix 
Stresses, stress ratios, and loading schedules for the tube tests 

may be calculated by use of the following formulas: 

Le t 

Q = load, lb 
p pressure, psi 

17• normal stress in axial direction 
171 normal stress in tangential direction (circumferential or 

hoop stress) 
d, inner diameter (initially 0.500 in.) 
d0 outer diameter (initially 0.560 in.) 
h tube-wall thickness (initially 0.030 in.) 

Then 

Q + ,r/4(d;2p) 
170 (d.2 - d, 2),r/ 4 .. . ... . . .. .. . . ... [l) 

17a 
n = - . .. .... . . ........ . ..... [3] 

"• 
where n is referred to as "the stress ratio" 
then 

npd, 
<Ta= 2h 

Q + 1r / 4(d!p) --- - --
(d.' - d;2)1r /4 ..... .. [4) 

For conditions of neglip;ihle ductility, d,; d., and I,. are known , 
and the relationship between Q, p, and n is obtai1Hod 

Q = 0.785 p (0.53n - 0.25) ............ f,5] 

The last relationship permits the preparation of a schc<lui<, of 
axial loads and internal pressures for any predetermined stress 
ratio. 

Fracture stress theories: Let 

"' = algebraically greatest principal st.ress 
u2 = intermediat~: principal stress 
u 3 = algebraically least principal stress 

Then the fracture stress theories discussed may he stated as 
follows: 

l\faximum normal stress, "N = u, 

CTr - U·i 
Maximum shear stress, -r = --

2
- - ' 

Effective stress (quadratic invariant), "f: 

~ (17, - u2) 2 + _(u,-; u :,) 2 + (u,, - u, )' 

H c1 · • er · · ) "; + "• + "' y rostatw tension mear mvanant , u = 
3 

These theories are generally called "fracture laws." 



A Strain-Energy Expression for Thin 
Elastic Shells 

BY H. L. LANGHAAR, 1 URBANA, ILL. 

A derivation is given for the strain energy of an isotropic 
elastic shell whose radii of curvature are sufficiently large 
that strains may be assumed to vary linearly throughout 
the thickness. The work of Love (1) 2 has been the only 
previous general investigation which expresses the strain 
energy in terms of the displacements of the middle sur­
face. The effects of the tangential displacements upon 
the energy due to bending are found to differ appreciably 
from Love's results in the first-order terms. As in the 
classical large-deflection theory of flat plates, quadratic 
terms in the derivatives of the normal deflection are re­
tained in the strain tensor, but quadratic terms which in­
volve the tangential displacements are neglected. Special 
forms of the general energy expression derived in this 
paper are given for shells in the shapes of flat plates, cir­
cular cylinders, elliptical cylinders, ellipsoids of revolu­
tion, and sphere·s. These applications, as well as certain 
intuitive observations, provide checks on the theory. 

l NTRODUCTION 

THE un<lcformcd middle surface of a shell is defined para­
metrically, with rnspect to a given system of rectangular 
Cartesian co-or<l!inates X, Y, Z, by equations of the type 

X = X(x, y), Y = Y(x, y), Z = Z(x, y) ........ [I) 

The variables x, y arc surface co-ordinates, since any pair of 
values of x and y define a point on the middle surface. The loci 
y = const, and x = const are curves on the undeformed middle 
surface, mspectively, called the x-co-ordinate lines and the y-co­
ordinate lines. The surface co-ordinat<is x, y, are selected in such 
a way that the co-ordinate lines coincide with the lines of prin­
cipal curvature on the undeformcd middle surface. The distance 
ds between two points on the undeformed middle surface, which 
have co-ordinates x, y, and (x + dx, y + dy), is then given by a 
<lifforenti al quadratic form of the type 

ds 2 = Edx2 + Gdy2 • •••• •. • • • •..•.•• • [2) 

Here, E and G are each functions of x and y. 
The positive sense on a co-ordinate line is defined to be the 

sense in which its co-ordinate incrcas<•S. Through any point 
P, on the undeformed middle surface, there pass three mutually 
perpendicular fixed straight axes, such that one axis is normal to 
the surface, and the other two axes arc, respectively, tangent 
to the x and y co-ordinate lines. The tangential axes are given 

1 Universit.yoflllinois. Mem. ASME. 
2 Numbers in parentheses refer to the Bibliography at the end of 

the paper. 
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understood as individual expressions of thoit· authors and not those 
of the Society. Paper No. 48-A-9. 

the same senses as the corresponding co-ordinate lines, and a posi­
tive sense is arbitrarily assi1,,rncd to the normal axis. The dis­
placement vector of the point P is defined by its rectangular com­
porwnts (u, v, w), upon these axes. Then 'U and v are, respec­
tively, the displacements in the directions of the x and y-co­
ordinate lines, and w is the normal displacement. 

For the application of the principle of virtual work or the prin­
ciple of least action to problems of elastic shells, it is desirable 
that the strain energy be expressed as a function of the dis­
placement vector of the middle surface, since there is no simple 
way to cxµress the virtual work of the external forces, if a displace­
ment vector is not explicitly employed. Also, the use of the dis­
placement, vector obviates the need for compatibility conditions. 
A general formula for the strain energy of an elastic shell, in 
terms of the displacement vector of the middle surface, was de­
rived by Love (I). Love's theory shows that the strain energy. 
of a shell is a power series function of the thickness, in which 
only odd exponents occur. The linear term represents the energy 
due to stretching of the middle surface, and the third-power 
term represents energy due to bending. Higher-power terms 
arc ordinarily negligible. Love has remarked 3 that his formula 
for the third-power term is not entirely satisfactory. 

Some intuitive considerations will disclose certain properties 
which should be anticipated in an expression for the energy of 
bending of an elastic shell. It is evident that displacements out 
of the original middle surface, due to the tangential displacements 
u and v, arc infinitesimals of higher order than u and v. Conse­
quently, except for second-order effects, a displacement vector, 
for which w is zero, defines a deformation of tht> middle surface 
into itself. Bending of the shell, under this condition, can be 
attributed to two first-order effects. Any small element of the 
middle surface, with center at a point P, has its center displaced 
to a neighboring point Q on the original middle surface, and since 
the principal curvatures of the middle surface are slightly dif­
ferent at P than at Q, the element experiences changes of curva­
ture, i.e. , the element is bent. Obviously, the bending depends, 
in a finite manner, upon the tangential displacements u and 
v. It is less apparent that the bending also depends upon 
derivatives of u and v. This is most easily seen if we consider a 
particular point P on the middle surface, which remains fixed 
when the middle surface is deformed into itself. A small element 
of the middle surface, with center at P, then experiences bending, 
only as a result of rotations of normal sections of the element 
about the normal line through P. For example, a surface 
element of a cylinder is bent, if the element is rotated about 
its normal line and is simultaneously deformed, so that it 
remains in the original cylindrical surface. Rotations of 
normal sections of the middle surface about their normal 
line are determined solely by the derivatives u, and v., and 
therefore these derivatives, but not the derivatives u. and 
v., should occur in the expression for the energy due to bending. 
This reasoning leads to the further conclusion that the deriva­
tives u.. and v. should vanish from the bending term if P is a 
spherical point (i.e., a point where the two principal curvatures 
have the same sign and magnitude), since, at a spherical point, 

' Reference (1), art. 329. 
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rotations within the middle surface caase no changes of curva­
ture. 

The foregoing discussion shows that Love's theory (1) does not 
correctly express the effects of the tangential displacements upon 
the energy due to bending. Love's formula for the energy of 
bending, per unit of area of the middle surface' is 

W2 = 1/2 D [(K1 + K·,) 2 - 2(1 - v)(K1K2 - r 2)] ..... [A] 

in which D is the flexural rigidity of the shell, vis Poisson's ratio, 
and K1, K2 , and r are quantities defined by the following equa­
tions:• 

. [BJ 

Here r, and r, are the radii of curvature of normal sections of the 
undeformed middle surface in the directions of the x and y co­
ordinate lines. The quantities E and G have been defined by 
Equation f2J. 

It is seen that Equation f BJ contains the derivatives u, and v., 
and that these terms consequently enter into the expression, 
Equation [ !I J, for the energy due to bending. This is seem­
ingly mTuneous, since it has been shown, by intuitive reasoning, 
that the derivatives it, and v. do not contribute to the energy of 
bending. Furthermore, Equation [B] contains the derivative 
v,, but, not the derivative u.. Clearly, the derivatives u. and v, 
have similar effects, and an energy formula which contains the 
one derivative, but not the other, is of doubtful accuracy. Vari­
ous special cases also discredit Equations [A] and [BJ. For 
example, the deformation of a spherical surface into itself cannot 
entail he11din1~. and therefore W, should vanish if Equations 
[AJ and I BJ are applied to a spherical shell, and w is set equal to 
zero. I lowcver, this is not the case. 

Aside from Love's work, there have been numerous investiga­
tions of the general theory of shelis. .E. Trefftz (2) and E. Reiss­
ner (3) have presented new derivations of the general differential 
equat.ions of shells. W. Chien ( 4) has made an elaborate and criti­
cal study of the subject, which may serve as a gage for appraising 
special theories. However, recent investigators, unlike earlier 
writers, have not applied the variational principles of Bernoulli 
and Hamilton to the general shell problem. The work of Mar­
guerre U>) is an exception to this statement, but his theory is 
restricted to t.he case of shells that are almost flat, so that the 
energy due to bending is approximated, with sufficient accuracy, 
by the flat-plate formula. 

This paper provides an analytical derivation of the strain energy 
of a thin isotropic elastic shell, in a form suitable for the applica­
tion of the principle of virtual work and the principle of least 
action. The theory which is developed is approximate; in fact, 
the essence of shell theory is a set of approximations which re-

• Reference (I), Equation [38 ]. 
• Ibid., art. 32(), Equation [2G ]. 

duces a three-dimensional problem to a two-dimensional problem. 
The degree of approximation in the theory is of the order that is 
usual in the theories of beams and plates; accuracy greater than 
this seemingly leads to severe complications. 

RESULTS 0~' THE THEOHY 

Since a detailed study of the theory is not eHHential for an 
understanding of the results, the matlrnrnatical developments 
arc deferred to the Appendix. For the presentation of the results 
of the theory, some further geometrical considerations arc re­
quired. 

The direction of the normal to the undnformed middle sur­
face is defined by a unit normal vector which is directed toward 
the side of t.ho smf'ace for which the normal deflect.ion w is de­
fined to be positive. The components of this v<,d,or upon the 
X, Y, Z-axes are respectively denoted by a, (3, 'Y, Those com­
ponents arc functions of the parameters x and y which have been 
defined by Equation [l]. The unit v<,ctor (a, (3, 'Y) may be de­
termined readily by t}u, fact that it has the same direction 
(though not necessarily the same srnisn or magnitude) as the 
vector whose components on the X, Y, Z-axes are 

Y,Zu - Z,Y., Z,X. - X,Zu, X,Yv - Y,Xy . .... [3J 

Here, and elsewhere in t.his paper, the subscripts x and y denote 
partial derivatives. 

The Gaussian theory of surfaces rests upon the following funda­
mental differential expressions 

R = x.2 + Y. 2 + z,2 

G x. 2 + Y/ + Zy' 
e = aX,, + (3Y,x + 'Yz,, 
g = aX"" + (3Y"" + 'Yzv,, 

C, = a, 2 + f3x 2 + 'Yx 2 

9 = a/ + 13.' + 'Y11
2 

.. ... [4J 

The general theory of smfaces supplements Equation [ 4J by three 
other differential expressions (usually denot<,d by F, f, and 5'), 
but these are zero, due to the fact. that the lines of principal 
curvature have been selected as co-ordinate lines. 

Equation [ 4J defines the quantities 8 and G, whid1 determine 
the distance betweon two neighborin~ points of tho undcfornwd 
middle surface (see Equation [2]). The angle d/J between sur­
face normals erected at the points x, !J, and (x + dx, y + dy) is 
given by the equation 

d/J 2 = 8dx2 + gdy2 .•.•.••••.• . •.•••• [5] 

Equations [2J and [5J show the physical si)!;nilicance of the quan­
tities E, G, 8, and g. ln the present case, the quantities e and g 
may be interpreted hy the fact that tlm curvatures of normal sec­
tions of the undeformed middle surfae<,, in t.he diroctions of the 
x and y co-ordinate lines, aro rcspectivdy 

1/r1 = e/ E, 1/r2 = g/G........ .. . . .. .. [6J 

The normal distance from t.he undeformcd middle surface, 
measured positively in the direction of t.he vector (a, (3, 'Y), and 
negatively in the other direction, is denoted by z. Any point in 
the undeformod shell may be located by its distance z from the 
middle surface, and by the co-ordinat<'s x, y, of the foot of the 
normal dropped from the point to t!H, middle surface. Conse­
quently, the variables (x, y, z) constitute a system of curvilinear 
space co-ordinates. These co-ordinates arc employed exclusively 
in the subsequent development. It may bo shown that the co­
ordinates (x, y, z) arc orthogonal, i.e., t.he thrne co-ordinate lines 
through any point in space arc mutually perpendicular. This is 
a consequence of the fact t.hat the co-onlinato lines on the undo­
formed middle smface arc lines of principal curvature. 
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Seven functions A 1, B 1, C1, A 2, B 2, C2, C/ occupy a central 
position in the theory. These functions are defined as follows 

_ r Ev l 
A1 = V E u. + ~ - ew + - w.2 

2VG · 2 

_ ;- Gu l 
B, = v G v. + _ x ;- - gw + - w/ 

2 vE 2 

_ ;- ; - E.u 
V E Uy + V G v. - - ;-

2 v E 

G.v J 
- 2 va + w.w. 

(
eEx ) u (eEy ) V 

A2 = E -. e. VE + E - e. VG 

" E.w. E"w" ew. 2 

+ (u - 2e2/E)w + - - - - w + -
2E 2G XX E 

•g G,w, G"w" gw/ + ( -2g2/G)w-- + - -w + ~-
2E 2G YY G 

The following additional notations are empioyed: 

µ. = shear modulus of material 
v = Poisson's ratio 
h = thickness of shell (not necessarily a constant) 

... [7] 

... [8] 

With the preceding notati'ons, the strain energy due to stretch­
ing of the middle surface of the shell is 

U1=-µ.-ff{A1• B12 2vA1B, 
1 - II E 2 + G2 + E G 

+ 2(1-11) ;
1
~ }h VEG dx dy .. . .... [9] 

The stra.in energy due to bending of the shell is 

U2 = 12/-11) ff{~:+~:+ 211~;2 

C2C2'} _ ;-+ 2(1-11) EG h3 v EG dx dy ... . .. . [10] 

Equation [9] agrees completely with Love's expression fo_r the 
strain energy due to stretching of the middle surface, with the 
exception that quadratic terms of Equation [7] were not re­
tained in Love's theory. However, Equation [10] is different 
from Love's expression for the energy due to bending. 

The quadratic terms in Eq1.1ations [7] and [8] are significant 
for some problems of flat plates. Flat plates are somewhat ex­
ceptional in their behavior, since membrane strains of the middle 

plane are quadratic functions of the normal deflections. On the 
other hand, it is intuitively obvious that the membrane strains 
due to the normal deflections of the middle surface of a nonde­
velopable curved shell are ordinarily first-order quantities. 
Consequently, the quadratic terms in Equations [7] and [8] 
are less important for curved shells than for flat plates, and it is 
frequently advisable to drop these terms. 

Also, in the interest of simplicity, it is usually advisable to dis­
card the terms (8 - 2e2 / E) w and (9 - 2g2 /G) w in Equation 
[ 8]. These terms are of the order of the square of the curvature. 
Their significance will be shown in the discussion of cylindrical 
shells. 

It is seen that the derivatives u. and v. do not enter into the 
expression Equation [ 10] for the energy due to bending. In the 
introduction it was indicated that this is a necessary condition 
for a correct energy formula. Also, in accord with introductory 
remarks, the derivatives u, and v. vanish from the bending term 
at any spherical point, since, by Equation [6], the factor (e/E -
g /G) is zero at a spherical point. 

The strains at any point in a shell consist primarily of the 
extensions, per unit length, in the x, y, and z-directions, and the 
reduction of the angle between line elements initially in the x 
and y-directions. These quantities are represented, in the con­
ventional manner, by •x, '•• ,,, and 'Yxy· In terms of the functions 
defined l:>y Equations [7] and [8], these strains are given by 

,. = E - 1(A1 + A2z) 

'• = G-1(B1 + B2z) 
-11(,. + •.) 

fz = 
1-v 

'Yxy = 2(EG) - '/2 V (C1 + C2 z) (C1 + C2' z) 

.. [11] 

The expressions for •x, '•• and "l'xv in Equation [11] .are purely 
geometrical, and therefore they are valid even if inelastic action 
occurs. 

FLAT PLAT;ES 

A flat plate is a special type of shell which is characterized 
by the conditions 

e,.;,g=B=S=O 

The quantities E and G depend upon the type of co-ordinate 
system that is established on the middle plane. No restriction 
is placed upon the c~ordinates other than that they be orthogo­
nal. If rectangular Cartesian co-ordinates are used, E = G = 1. 
Then Equations [7], [8], [9], and [10] yield the classical equa­
tions for the strain energy of a flat plate with large deflections 
(6a). 

In the case of large axially symmetrical deflections of a circular 
plate, polar co-ordinates (r, 9) are convenient, i.e., x = r and y = 
9. Then E = land G = r 2• Due to symmetry of the deflection 
pattern 

u = u(r), ·v = 0, w = w(r) 

Hence Equations [7], [8], [9], and [ 10] yield 

U1 = 
2

1rµ. f [<u, + '/2 w,2) 2 + u 2/r2 + 211(u/r)(u, 
l-11 

+ 1/2w,2) J h r dr ........ [12] 

U2 = 1rµ. ) f [r w,,2 + r-1 w,2 + 2vw,w,.J h 3 dr .. [ 13] 
6(1-11 

The Euler differential equations for the integral U1 + U2 are 
the same as th~ classica,l differential equations for large deflec­
tions of a circular plate that is loaded by a constant bending-
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moment distribution and a constant radial tension on its pe­
riphery (6b). 

CIRCULAR CYLINDRICAL SHELLS 

For this problem, cylindrical co-ordinates (x, 0) are employed, 
I,(', 

X = x, Y = a cos 0, Z = a sin 0 

Then, by Equation [ 4] 

E = 1, G = a2, e = 0, g = -a, 8 = 0, S = 1 

in which a is the radius of the middle surface of the shell. Con­
sequently, when third and fourth-power terms are neglected, 
Equations [7], [8], [9], and [ 10] yield 

U, = 
1 

µa v ff [ u,2 + a-2(ve + w)_2 + 2va-1 ux(ve + w) 

+ 1/z(l - v) (vx + a-1ue) 2 ] h dx do ........ [14] 

U2 -. µa -ff [w 2 + a - •(wee + w) 2 + 2va-2 w (wee 12(1 -- V) XX XX 

+ w)+ 2(1- v) a- 2(w,e - v,)(wxe + a-1uol }, dx do .. [15] 

Equations [ 14] and [ 15] are general energy expressions for a thin 
circular cylindrical shell with small deflections. If u and v are 
set equal to zero, and w is considered to be a function of O alone, 
Equation [ 15] reducics to 

L 12

" U,= µ (wee+u) 2h3 d0 ... .. ... [16J 
12(1 - v)a 3 o 

in which L is the length of the cylinder. This is equivalent to 
the known formula for the energy of bending of a thin ring. In 
contrast to straight-beam theory, in which the curvature is the 
second derivative of the deflection with respect to the axial co­
ordinate, the change of curvature of a circular ring (7) due to ra­
dial deflections is a- 2(wee + w). However, if the radius of the 
ring is very large compared to the deflection w, the term w in 
this expression may be discarded, with small error, and the re­
sulting formula is equivalent to that for a straight beam. An 
approximation of this type results when the terms ( 8 - 2e2 / E) w 
and (S - 2g2/G) w are discarded from Equation [8], for then 
the finite w term disappears from Equation [15]. 

In the case of axially symmetrical deformation of a circular 
cylindrical shell, u = u(x), v = 0, and w = w(x). If these sim­
plifications are introduced into Equations [14] and [15], and if 
the finite w term is neglected in Equation [15], the following 
differential equation for w may be derived by the principle of 
virtual work 

Here P denotes the external radial load per unit area of the middle 
surface. Equation [17] is a known equation ( 6c) for symmetric­
ally loaded circular cylindrical shells. It is noteworthy that the 
present derivation of this equation neglects the terms ( 8 - 2 e2 / 

E) wand (S - 2g2 /G) w of Equation [8]. If this approximation 
had not been made, the coefficient of w in Equation [17] would 
have been increased by the term a-•, and the left side of the 
equation would have been augmented by the term 2va-zwxx· 

ELLIP1'IC CYLINDRICAL SHELLS' 

In the case of a shell whose middle surface is an elliptical 

cylinder with major radius a and minor radius b, parameters 
(x, 0) may be chosen in such a way that 

X = x, Y = a cos IJ, Z = b sin 0 

Here, O is written instead of y. It follows from these equations 
and Equation [4] 

E = 1, 
a= 0, 
e = 0, 

G = a2 sin 2 /J + b2 cos 2 0 
/3 = bG-'hcosO 'Y = aG-'hsinO 
g = -a b a-'/, , . 

Then, if quadratic terms, and the terms ( 8 - 2e2 / E) w and 
(9 - 2g2/G) w are neglected in Equations [7] and [8], there 
results 

_ ;- abw 
V Gvo + VG 

C, = '/,(ue + VG vx) 

il2 = - - 'll)x:t 

-3a b (a 2 -b2)v . (a 2 - b2) we . 
B, = srn 20 + srn 20 - wee 

- 2 G2 2G 

C, = a b v,/G - Wx8 
-d b ue 

C2'= G VG-WxO 

.. [18] 

The general strain-energy expression for a thin elliptic cylindrical 
shell with small deformations is obtained by substituting Equa­
tions [18] in Eqdations [9] and [10]. 

If u = 0, w = 0, v = v(x), and if the thickness his constant, 
Equations [\l] and [18] yield 

U1 = 1/,µhJ J VG v,2 dx do 

Since the circumference c of the cylinder is given by the equation 

c = JVGrio 
it follows U, = 1/,µhcJv,Zrlx 

This is the elementary expression for the energy of torsion of a 
cylindrical shell. 

In this case there is also some energy of bending, since Equa­
tions [10] and [18] yield 

µh' ff _;~ U, = a-2 Bi VE O dx do 
12(1 - v) 

The existence of energy of bending is explained by the fact that 
an element of an elliptic cylindrical shell experiences changes of 
curvature when it is displaced circumferentially. lt may .be 
verified by Equations [6] and [18] that, if P and Q are two points 
on a cross section of the undeformed middle surface, which are 
separated by a distance v, then the difference of maximum normaJ 

curvatures at P and at Q is B,!G. Since VEG dx do represents 
an element of area of the middle surface, the preceding equation 
for U2 is consequently correlated with the elementary formula 
for the energy of bending of a beam. 

SHELL IN FORM OF AN ELLIPSOID OF REVOLUTION 

If the middle surface of a shell is an ellipsoid of revolution, 
with axial length 2a and equatorial diameter 2b, it is possible to 
choose parameters x = 0 and y = <f,, such that 

X = b sin /J cos <f,, Y = b sin O sin <f,, Z a cos 0 
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Then, by Equation 141 

R = a2 sin 2 IJ + b2 cos 2 IJ, G = b' sin 2 /J 

a= a E-'h sin IJ cos q,, (J = a g-•!, sin /J sin q,, 'Y = b E-'h 

cos 0 

Then, neglecting quadratic terms, and the terms ( 8 - 2 e2 I E) w 

and (9- 2 g2/G) w, in Equations 17] and 181 

B, 

C, 

bfvJ! + b E-'/, u co;; 0 + aE-'hwsin OJ sin 0 

1/dVE u., + IJVo sin 0-- b v cos OJ 

A,= 1/2J~ - •(a2 ·- - b2) lu·o-- 3abE· 1 u]:,;i1120 · -u·q9) 

B 2 = - 1/ 2 E - 1 b2 [wo + 1 
2(a/b)(a 2 - b')E- 1 (1 

- cos 20) u.] sin 2/J - w.,., 
C, a J,.;-'h (1 - a Ii g - 1) (vq sin /J - IJ cos IJ) 

+ w~ cot. 0 - - wo., 

C,'= - (a/b) (I - a b E - 1)u., + u·., cot O - 11·0., 

I 
I 
f 
I 
I 
J 

.. [1\1] 

[20] 

Substitution of Equations II!)] and [20] in Equations 19] and 
110] yields the expressions for the energy of stretching and the 
energy of bending of a thin axially symmetrical ellipsoidal shell 
with small deflections. 

Spherical shells arc included in the class of shells whose middle 
surfaces are ellipsoids of revolution. For a spherical shell a = /J. 
and consequently, E = a2• Equations [19] and [20] ~hen re'. 
duce to 

Ai = a (uo + w) 1 
B, = afv<t> + u cos O + w sin /J] sin O I 
e, = 1/, afu,l + 1·0 sin o -- v cos OJ J 

A,= - woo 1 
U, = - we sin O cos O - W<t><t, I 
C, = C,' = w~ cot /J - WO<J> J 

... 1211 

... [22] 

Since u and v do not occur in Equation [22], the energy due to 
bending depends only upon the radial deflection w. This is in 
agreement with the intuitive observation that small tangential 
displacements cannot contribute to the bending of a spherical 
shell . 
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Appendix 
D1mrVA'l'ION OF EQUATIONS (8) 

Derivations of the general Equations 17], [8]. [HJ, [10], and 
[11] arc given in this Appendix. 

DISPLACEMENT VECTOR 

As a consequence of the orthogonality of the co-ordinates 
(x, y, z), the metric tensor for these co-ordinates takes the fol­
lowing form 

(

g11 0 0) (1/gn O 0) 
g,; = ~ i" ~ ' gii = ~ ~jg,,~ .. . .... . [231 

It may be readily shown, by the met.hods of differential geometry, 
that the components of the tensor g,; are expressed in terms of 
E, G, e, Ii, 8, g by the equations 

Yu = E - 2 e z + 8 z2 

g,, = G - 2 g z + g 22 · 
........ [24] 

Power-series expansions for the reciprocals of g11 and g,; yield 

g11 = E-1 + 2eE- 2 z + .... } 
g22 = 0-1 + 2gG-'z +.... . .... ..... [25] 

where here, and in the following, power series are cut off after the 
linear terms. 

With Equations 124] and [25], the following expressions for 
the Christoffel symbol~ are derived directly 

{i \} :;~ + (e!; - ~) z + ... . 

{i\} {/i} 
{/1} {/) = Gx + (g Ox _ ~) + 

2 G G2 G 2 ••.• 

{ 
2 } = _ Eu _ (g E~ _ ~) 

I I 2 G G2 0 z + . . . . 

{/i}=e-8z 
{/2}=g-gz 
All other Christoffel symbols of the second kind are zero. 

. . [26] 

The covariant displacement vector is denoted by u,. The 
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components of this vector arc functions of (x, y, z). The signi­
ficance of the vector u, is that the scalar component of displace­
ment in the direction of any unit vector/;; is u, I;'. 

The general strain tensor is 

. . .. [27] 

ll ere, commas signify covariant derivatives. Equation [27] is 
taken from the general theory of elasticity. This equation has 
been derived, for the case of rectangular Cartesian co-ordinates, 
by Love (la). Since Equation [27] is a tensor equation which 
reduces to the proper form for rectangular Cartesian co-ordinates, 
it, is valid for arbitrary co-ordinates. When the quadratic terms 
are rnt.ained in Equation [27], the magnitudes of the displace­
ments and the rotations are unrestricted, provided that the 
strains arc small. The significance of the strain tensor is that, 
Uic extension, per unit length , of a line element wit.h the initial 
direction of an.v unit vector /;' is •;; /;' /;;. Also, it may be shown 
I.hat I he angular decroment (shearing strain) between two line 
elements with ini t ial directions of t wo perpendicula r unit vec­
tors I;' and ri' is 2 .•,; I;' ri1• 

It is assumed, as in the theories of beams and plates, that the 
shearing stress upon any plane element parallel to the middle 
surface of the shell is negligible. Since the shearing stress is 
proportional to t.l1c shearing strain, th is condition is expressed by 
the equations 

''" = <23 = 0 ..........•.. • .. .... [28] 

Equat.ions [27] and [28] yield 

u 1, :i (1 + g 11 
U 1,1) + u,,1 (1 + u,.,) + g22 u,., u,,, = 0} .. [2U] 

u2,3 (J + g 22 u,.,) + u:1,2 (1 + u,.,) + g 11 u1,2 u1,a = 0 

The quadratic te rms in Equation [29] arc of t.he type which are 
neglected in plate theory, and it is assumed that they are neg­
ligible in the present case. Then Equation [29] become 

U1,3 + U3,1 = 0 } .... ... . . . . .. . ... [30] 
u-,,a + Ua,2 = 0 

Equations [26] and [30] yield 

ou1/ o~ + oua/ ox + 2u1 [[i- ((i- 2

; :

2

)) 
2 
]] = 0 1

1 
.. [

311 

ou2foz + ou,/ oy + 2u, t - i- 2
;: z = 0 

Equation [31] may be solved by power series in z. To this 
end , it is convenient to set 

ui\• =0 = uvi1 1 
u-,,z=O = vVG t ..... .... ..... [32] 
U3 z - O = W J 

Then, in view of the physical significance of the vector f .. the 
variables (u, v, w) are the rectangular components of the dis­
placmnent of a point of the middle surface upon the orthogonal 
triad of straight axes which are respectively tangent to the 
x, y , and z co-ordinate lines at the given point. Jn view of 
Equations [32], the vecf.or u, is represented by the following power 
series 

u1 = u VN + pz + . . . . )1 
u, = vVG + qz + ... . 
u, =w+rz+ .. .. 

. . . .. . . .. .. [33] 

Substitution of Equations [33] in Equations [31] gives directly 

n1 = uVJj- (2eE-'hu + w,)z + .... } ..... [34] 
u2 = vVG - (2uG- 1l •v + w.)z + ... , . 

Covariant differentiation now yields, with the aid of Equations 
[26] 

. . [35 i 

_ ; - G,u { 2gvu 
u,,2 = VG v• + _ ;- - yw - _ ; -

2 V /~ vG 

( 
_ gG•) _v_ g,u _ r>. <J,w, 

+ Yu G - ;- + - ;- vW + 2/ ' vG v/~' ~ 

a.w. } -- -- + w... z + .... 
2G • 

S·rRAJK TBKson 

It is assumed that quadratic terms involvinµ; the derivatives 
of the tangential displacements u and v may be discarded from 
the strain tensor. This approximation has been previously 
used to obtain Equations [30]. Accordingly, Equation [27] is 
approximated by 

<11 u1,1 + i w.2 l 
1 j • 22 u,,, 2 + 2 w.2 

•12 = •21 = ~ (u1,2 + u,,1) + i w,w. 

... [3G] 

These components will be represented by the following power 
series 

En= 

E-22 = 
Et:?: = 

A1 + Pz + .. .. 1 
B1 + Qz +... . t 
<21 = C1 + Rz + . . .. J 

[37] 

When Equations [35] are substituted in Equat,ions [36], and the 
result is compared with Equation [37], it is seen that A1, B,, and 
C1 are given by Equations [7J. and that the coefficients P, Q, and 
Rare given by 

2eu, ( eE, ) u e.v ,. E,w. 
P = - - r + -E - e, - ; - - - ; - + <>W + 2E 

v/? ' vE vG ' 
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Q -- _ 2gv. _ g,u + (ga. ) v' · g a,w, 
-a - g. - la + w - 2E VG VE V 

G,w. 
+ 2a - w,, 

.. . ... .... (38] 

Equations [25] and [37] yield the following mixed form for the 
strain tensor 

Ell = 
E:!2 

E2
1 

EJ2 

E- 1A, + JiJ- 1(2eE- 1A1 + P)z + .... 1 
a-1B 1 + a- 1(2yG- 1B, + Q)z + .... } 
E - 1C\ + E- 1(2eE- 1C1 + R)z + ... . 
a - ,c, + G- 1(2ga- 1C, + R)z + . .. . 

. .. [3!J] 

These equations are of the form 

E- 1(A,+A,z+ .... ) I 

. 
Et- = 

G- '(13, + B,z + .... ) j[ 
E- 1(C, + C,z + .... ) f 
a- 1(C1 + Ce'z + .... ) 

....... [40] 

When Equations [38] and [7] are substituted in Equations (39] 
and the results are compared with Equations [40], it is seen that 
A,, B,, C,. and C2 ' arc given by Equations [8]. 

Equations [7], [8], and [40] determine completely the mixed 
form of the strain tenso·r. The extensions, per unit length, 
(physical strains), in the x and y-directions arc 

•x = <1 1, <y = <2 2 .. ...... ....... - .. [4]] 

This is seen from the fact that the extension, per unit length, in 
any direction ~i is <;;~i~i. If the direction ~i is tangent to the 
x co-ordinate line 

Then 

A similar derivation applies for , 2
2• 

It is assumed, as in the theories of plates and beams, that the 
normal stress on any surface'. z = const, may be neglected. It 
then follows from the stress-strain relations of classical elasticity 

v(,, + •,) 
Ez = -

1 - p 

in which •, is the extension, per unit length, in the z-direction, 
and~ is Poisson's ratio. Consequently, by Equations (41] 

-v( ,, 1 + •,') 
.,a = ... . .. . .. . . ..... (42] 

1 - v 

The angular decrement between the x and y-directions (physi­
cal shearing strain) is 

'Y,, = 2v.,1•1 2 ............•..••• !43J 

For, if ~i and 11i are unit vectors, respectively, in the x and y­
directions 

2<12 
2•,/'11i = - --

Vgu(/22 

2 V1J1'•1, Vg"•1, = 2 v,,1,i2 

It follows from Equations [40] and [43] 

'Yxy = 2 (Ea)-'/, V(C1 + C,z)(C1 + C,'z) 

This relation has been given in Equation (11]. 

STRAIN ENERGY 

The classical theory of elasticity provides the following invari­
ant formula ( lb) for the strain energy per unit vQ)ume of the 
material 

p 

V = µ(•l•k; + - - - •/•;') ... ......... (44] 
1-2v 

Hereµ represents the shear modulus, and vis Poisson's ratio. 
By Equation [28] , 3

1 = , 3
2 = 0. Hence with the aid of 

Equation [42], Equation (44] reduces to 

V = _ µ_ [,1
1, 1

1 + <2
2 , 2

2 + 2v , 1
1,,2 + 2(1 - v)<2 1<1

2 ]. [45] 
l - p 

Substitution of Equations [40] in Equation [45] yields 

µ [A1 2 B1 2 
A,B1 C,'J V = -- - + - + 2v - + 2(1 - v) ~ 

1 - v E' a• EG Ea 

µ [A-,' B-,2 A.,B. C,C,'] +-- -=-+-=-+2v-·--+2(1-v)-·- z2 

1 - v E 2 a 2 EG EG 
+ a linear term in z ... . .... (46] 

The linear term in z is irrelevant, since it cancels out of the sub­
sequent equations. The quadratic term in z is important, for it 
accounts for the energy of bending. This term is approximate, 
since it is derived only from the products of the linear z-terms in 
the strain tensor. Quadratic z-terms in the strain tensor, which 
have been neglected for the sake of simplicity, would also give 
a small contribution to the quadratic z-term in Equation [46]. 
However, the nonlinearity of the strain distribution throughout 
the thickness of the shell will have a negligible effect upon the 
strain energy, if the radii of curvature are large compared to the 
thickness. 

The element of area of the middle surface of the shell is VEG 
dx dy. Hence the total strain energy of the shell is ~pproxi­
mately 

U = JJVEGdxdylh/
2 

Vdz .. · . .. . . [47) 
-h/2 

in which h is the thickness of the shell. If Equation [46] is sub­
stituted in Equation (47], integration with respect to z may be 
carried out, and the linear term in z disappears. In view of the 
form of Equation [46], the strain energy splits into a sum of two 
terms, U1 and U,, in which U1 cont.li,ins h to the first power, and 
U 2 contains h to the third power. When integration with respect 
to z is performed, Equations [9] and (10] are obtained, 



The Use of the Centrifugal Pendulum 
Absorber for the Reduction 

of Linear Vibration 
BY F. E. REED, 1 CAMBRIDGE, MASS. 

A machine, consisting of rotating tuned pendulums free 
to oscillate in planes containing the axis of rotation, is 
proposed as a dynamic absorber for linear vibrations. The 
influences of size, exactness of tuning, and damping are in­
vestigated and curves for evaluating the effectiveness of 
the machine are shown. 

I NTRODUCTION 

THE use of centrifugal pendulum vibration absorbers for 
the elimination of torsional vibrations in internal-combus­
tion engines has been very successful.' Not only have they 

been useful in the reduction of torsional vibration stresses in 
engines of the conventional type but their use has permitted the 
design of gear systems which could not be expected to be reliable 
were the torsional vibrations not reduced. These benefits have 
been obtained with a relat ively simple attachment which does 
not add appreciably to the cost and weight of the power plant. 

Since the torsional pendulum absorbers have proved so success­
ful, the question naturally arises as to whether the same prin­
ciple could not be applied to the reduction of linear vibralions. 
Since most objectionable linear vibrations are set up by some 
machine, it might be possible to drive some type of pendulum 
absorber by the machine which would by the action neutralize 
the forces which the machine generates. 

It is the purpose of this study to investigate the characteristics 
and the effectiveness of such an absorber. 

DEVELOPMENT OF CHARACTERISTICS OF LINEAR PENDULUM 

ABSORBER 

The device proposed is expected to absorb vibrations acting in 
the direction of the axis of rotation. It is mounted on some 
structure which is subjected to a harmonic force generated by a 
machine which will allow the absorber to be rotated at a speed 
which bears an exact predetermined ratio to the frequency of 
the force . This study will show that the absorber will behave as 
a large mass which, if rigidly attached to the point of action of 
the force, will by its movement absorb a large portion of the ex­
citing force; or, if located at a point remote from the exciting 
force, will tend to reduce the vibratory motion at the point of 
attachment to zero. 
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2 "Mechanical Vibrations," by I. D. Den Hartog, McGraw-Hill 
Book Company, Inc., New York, N. Y., third edition, 1947, pp. 
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The absorber consists of two or more pendulums, each free to 
oscillate in a plane containing the axis of rotation. The pendu­
lums are identical and are so disposed about the axis that the cen­
trifugal forces will cancel. The shaft with its attached pendulums 
rotates at some multiple n of the frequency of the vibrating force. 

In order to analyze the behavior of the absorber it is necessary 
to define quantities which characterize the elements of the sys­
tem. A diagram of this is shown in Fig. 1. 

FIG. l ELEMENTS 0~' THE ABSORBER SYSTEM 

Let each pendulum be characterized by the following: 

m mass of pendulum 
r distance of center of gravity of pendulum from pivot axis 

I 1 - moment of inertia about axis 1 parallel to pivot axis through 

I2 

I, 

R 

center of gravity 
moment of inertia about axis 2 which passes through 

center of gravity and pivot axis and is perpendicular to 
pivot axis 

moment of inertia about axis 3 which is perpendicular to 
axes 1 and 2 · 

distance of pivot axis of pendulum from axis of rotation 

Choose a cylindrical co-ordinate system, letting x be the motion 
of the center of gravity of the pendulum in the direction of the 
axis of rotation, taking th~ positive direction downward, and the 
base x = 0 corresponding to the position of the pivot axis when 
the time t = 0. Let O be the angular motion of the pendulum 
measured from the plane of rotation of the pivot axis, with the 
positive direction giving a displacement of the center of gravity 

190 
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opposite to x. Equation x, = x0 sin wt represents the motion of 
the plane of the pivot axes. 

Fig. 2 illustrates the co-ordinate systems. The co-ordinates 
of the center .of gravity of the pendulum are as follows 

x = x, - r sin 8 ....... .. . .. . ..... [l] 

p = R + r cos 8 . . ..... . ......... .. [2] 

<P = nwt ............. . . . . . . .. . . ... [3] 

Frn. 2 Co-ORDINATE SYSTEM 

flG. ~) TCP Vi£W 

FIG. 2fbl SCJE VON 
~ PL.AtC Of f'ft..oi...u.a., 

(a, Top view. b, Side view in plane of pendulum.) 
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Let a set of pairs of forces and moments represent the reactions 
at the pendulum pivot; F. the forces in the x-direction, F, the 
radial forces, F, the tangential forces, and M2 and M, the torque 
reactions. These reactions are shown in Fig. 3. 

Applying dynamical laws to the pendulum gives the following 
equations for translation 

-F. = m (x, + r sin 8iJ2 - r cos 88) ......... . [4] 

-F, = m[- r sin 118 - r cos 1102 - (R + r cos 8)n2w2] •••• [5] 

-F, = m(- 2r sin 8/Jnw) ... . ... .... . ... [6] 

The following are equations for rotation 

-!iii - (/3 .,- l 2)n2w 2 sin II cos II = F,r cos 8 + F,r sin 8 ... [7] 

-l2 nwiJ cos II - (l, - l,)nwiJ cos 8 = M2 .. . ...... [8] 

-la nw iJ sin O + (/2 - li)nwiJ sin 8 = Ma + F,r ...... [9] 

Equations [6], [8 ], [9] would be used for determining the bearing 
reactions and would not be of particular interest in this study. 
Eliminating F, and F, from Equation (7] by use of Equations 
[4] and [5] results in the equation 

(/, + mr2)0 + (13 - l,)n2w 2 sin O cos 8 

+ mr' (! + cos e) n 2w2 sin 8 = mrx, cos e ... [10] 

This equation is difficult to integrate as it stands. By restrict-
ing /J to small values (i.e., IJ < 10 deg), the equation simplifies to 

( 
l 1 ) .. [la - 12 R J :t, - + 1 /J + n 2w 2 - - + - + 1 /J = - ... [11] 

mr2 mr2 r r 

.Since x, has a circular frequency of w, the solution of this equa­
tion is 

[ 
l, (la - I , R )] x1 = r - + 1 - n 2 -- + - + 1 8 .... [12] 

mr2 mr' r 

If now the element in the brackets be made equal to zero, then 
X1 should be zero for any finite value of IJ, and·the device under the 
conditions assumed will prevent any longitudinal movement of 
the rotating axis. 

There is a definite relationship between 8 and F,, the force 
acting on the absorber, which may be determined from Equation 
[4] which, since x 1 = 0, may for small angles be written as 

F, = mrii . .. .... ........... . ... [13) 

or. 
IJ = Omax sin wt 

It is proper to say that the force exerted by a perfectly tuned ab­
sorber in the absence of damping is 

Fmax = mrw2 Omax- . . . . ... • .. • ..... [14] 

acting in a direction opposite to x,. 
-EFFECTS OF DAMPING AND OF INEXACT TUNING ON ABSORBER 

The practical absorber could not be perfectly tuned and would 
contain some damping. · The practical effects of each should be 
considered. 

Damping may be considered to exist as a torque ptoportional 
to the angular velocity of the pendulum. Considering this pro­
portionality factor to be c, Equation (7] would be modified to in­
clude the damping torque 

F10. 3 REACTIONS AT PENDULUM PrvoT ~I1ii - (/3 - I 2)n2w' sin /J cos fJ = F r cos () + F,r sin 8 + ciJ 
(11., Forces and torques on pendulum carrier. b. Force~ and torques on [15] 

pendulum.) · · · · · · · · · · · · · 
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Substituting the values of F z and F, and restricting the motion 
to small angles, this develops to 

( 
/1 ) .. ciJ [/3 - /2 R J :i'1 - + 1 Ii + - + n2w 2 -- + - + 1 Ii = - . . [16] 

mr2 mr2 mr2 r r 

By Equation [4], the force exerted by the absorber, being 
equal and opposite to that exerted on it, is in the direction of 
minus x and is equal to 

F = m(:i1 + r sin 1182 - r cos 118) 

or for small angles 

F = m(i:1 - rii) . ...... . ..... ... . . [17] 

To ascertain the value of F it is necessary to find O in terms of 
x1 by solving Equation [16]. To simplify the development con­
sider two nondimensional quantities 

. . ( /1 ) T = a tumng funct10n = - ~ + 1 
mr• 

[
/ 3 - /, R J + n 2 -- + - + 1 .... . . ... . [18] 

mr• r 

C = a damping function 
C 

mr2w· · · · · · · · · · 

Letting 

Ii = lio sin (wt - <P) and X1 =xo sin wt 

Equation [16] becomes 

C 
Oo °V '1'2 + C2 = - ~ 

T 
tan <P = '1' 

F = -mw 2 [xo sin wt + V x~ sin (wt - <P) J 
T2 +C2 

[19] 

It is apparent from this that the neutralizing force is not in 
phase with the displacement when there is damping present. 
Therefore it is necessary to consider the response of a more com­
plete system to the stimulus of an imposed force when it is fitted 
with the absorber. 

Consider therefore a mass M, connected to a fixed point by a 
spring of stiffness K, which is fitted with an absorber of the char­
acteristics considered and is subj ected to a harmonic force 
Po sin (wt + -y) of such amplitude and phase that the resulting 
motion of the mass is Xo sin wt, as shown in Fig. 4. 

K 

P. SN '-"t•.,.) Xo SIN wt 

Fm. 4 

The equation of motion of the mass is 

Po sin (wt + -y) - F - kx = mi .. ... .... .. [20] 

Upon substitution of the force from the absorber and the ampli­
tude of motion this becomes 

Po sin (wt + -y) + mw2 [xo sin wt + V.!:...0 
sin (wt - <P) J 

T• +c• 
- kxo sin wt = - Mw 2xo sin wt .. ..... .. 121] . 

When this equation is solved for x0, the following value is ob­
tained 

Po 
Xo = --;::c=== =========== =====:::_:: .. [22] 

i(M + m)w' - k + -/-:-:w-~-.J + [r7~w~,2]

2 

To simplify the considerations of this equation, introduce two 
more nondimensional quantities 

w ~M+m {3 - frequen cy ratio = - = w --k- ..... [23] 
w,. 

S - a size function 
m 

- M + 1n· .. ..•.... (241 

Then 

Po 1 
Xo = • . [25] 

(M + m) w2 _ /[ 1 _ _! ___E'_J' [_!!£__]' 
" f3• + T• + c• + T• + l'' 

The maximum value of Xo will occur at. a value of {3 such that 
the first bracket in the denominator is equal to zero 

J '1'' + c• 
f3 = "T' + C' + S7' " .... .. .. . ..... [261 

and will have an amplitude 

Po T 2 + C2 Po(T2 + C2) 
- SC = C' ...... [27l Xo = -----

(M + m)w 2 mw2 

This indicates that in the absence of any other damping, some 
damping is necessary in the absorber to secure a finite amplitude 
in the mass. However, if the tuning is perfect (T=O), this reso­
nance would occur at {3 = O; if not perfect, the resonance will 
occur at a value of 

~

-. ']' 

{3 = '1' + s 

The minimum value of x0 at a given value of T will he secured 
where Co2>, = Tat which point 

2Po 2Po 
Xo = - .Cop,= - T .. . .. .. , ...... [28] 

mw2 rnw2 

_i- 1· 
f3 = "'L'+S/2 ... .. . . .... .. .... [2!)] 

The significance of these equations is most ea8ily shown by the 
plots in Figs. 5, 6, 7, 8, 9, and 10. 

It is necessary in designing an absorber of this type to have 
some concept of the magnitudes of the tuning and damping func­
tions which it is possible to obtain. Consider first the tuning 
function 

( 
/1 ) [/. - /2 R J T = - - + 1 + n 2 

-·-- + + 1 
mr2 mr• r 
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Of the quantities involved in this fun ction, n is exact as set by the 
speed ratio between the absorber and the source of the disturb­
ance; m and r may be obtained by careful weighing of the com­
pleted pendulum; 11 may be obtained by finding the period of the 
pendulum in a gravity field; I2 and / 3 in the actual application 
would be approximately equal and could be calculated with rea­
sonable accuracy ; R is a measured value which should also be 
obtainable with a high degree of accuracy. Furthermore, it 
should be possible to tune the pendulum to a specific application 
by the addition or subtraction of small weights. A pendulum 
carried by antifriction bearings, if once accurately tuned, should 
rl)main in tune indefinitely. 

The same degree of control is not available for the damping 
constant 

C= 
C Friction torque 

mr2w 2 

By loading a facsimile of the pivot bearing with loads corre­
sponding to the centrifugal force of t he pendulum and rotating 
the bearing at different speeds, it should be possible to obtain 
an accurate value of c and hence of C. 

Another estimate of the value of C can be obtained by a com­
parison with the pendulum acting in a gravity field. In this 
case it can be shown that 

C 
p2 o. 

log, -
r21r On+ i 

RAT IO 

where p is the radius of gyration about the pivot; r is the distance 
of the center of gravity from the pivot, as before; On is the ampli­
tude of vibration at the nth swing. 

Since p is probably not very different from r, it will be seen that 
if the amplitude of vibration is reduced to 1/ , of its original ampli­
tude in 50 cycles, C would be approximately 0.0044; if 100 cycles 
were required to cut the amplitude in half,C would be approxi­
mately 0.0022. · A simple experiment will show that a relatively 
light pendulum fitted with ball bearings will oscillate 50 times 
for a 50 per cent reduction, and that the number of cycles will 
increase appreciably as the size is increased. Damping functions 
C of from 0.0050 to 0.0005 seem quite within the region of 
probability, and experience may indicate that lower values are 
possible. 

APPLICATION S 

If an absorber of this type is to have any application, some 
estimates of the size and complexity of the mechanism, as ap­
plied to actual applications, should be made. In general, the 
details of the absorber will be set by considerations of particular 
design application, but it is possible to outline briefly what might 
be determined by the first considerations of particular applica­
tions. The applications are applied to a ship, since t he ship vibra­
t ions excited by the propeller are difficult to reduce. 

Case I. A large passenger ship is subjected to an undesirable vi­
bration excited by the propellers. Let it be assumed that each 
of the two propellers puts a harmonic force into the ship of 
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100,000 lb, having a frequency of 500 vibrations per min., and the 
amplitude over the propellers due to the action of each is 0.10 in. 
( or a total in-phase amplitude over the propellers due to the ac­
tion of both is 0.20 in.) when at a natural frequency of the hull. 
It is desired to reduce this vibration to 1 /• of its present value by 
the use of a pendulum absorber located over each propeller. 

Let it be assumed that a damping constant of C = 0.001 can 
be obtained. Tuning the absorber to T = 0.001 results in a 
value of 

For a value of Xomax 

Xomnx = 

= 0.73 X 10-s !:__o 
m 

0.10 d p 
4 an u 100,000 lb 

m = 2.82 lb-sec/in. 

w = 1000 lb 

Check for amplitude of IJo 

Xo Xo 
Oo = - = - 70.7 -

r VT2 + c2 r 

Limiting max IJ to 10 deg gives 

Tmin = 105 in. 

This radius would appear large for the weight, and so design 
considerations would probably act to reduce the radius to, say, 
60 in. Then, with the same clamping factor, the amplitude of 
x0 would be reduced to 0.143 in., and the total weight of the pen­
dulums would be increased to 1900 lb. This would be divided 
among at least two pendulums and probably three or four or 
even more, depending upon the details of the design. It is diffi­
cult to estimate the total weight and space requirements of such 
an absorber, but a rough estimate might give a weight of from 5 
to 10 tons and a space requirement of 300 to 500 cu ft. Hull 
stiffening and connecting shafting should be added to these 
figures. The advantage of this type of absorber would lie in its 
ability to neutralize the propeller forces at all speeds and thus 
the amplitude of vibration at every resonant speed. However, 
the forces involved in an absorber of this size become of such 
magnitude that a much more complete study would be required 
to ascertain whether an application such as this is practical. One 
clement which should be considered is the reduction in Po, which 
is caused by the lowering of the resonant frequency. 

Case II . The towers on a battleship being remote from the 

hull are found to vibrate cxc;ssively, making it difficul t to use 
the range finders and other sensitive apparatus. 

The amplitude of motion is measured and is found at the worst 
location in the operating range to be 0.15 in. at a frequency of 600 
vibrations per min and is found to be composed of the propeller­
blade frequencies from the two propellers, i.e., at times it adds up 
and then cancels as the blade forces come in and out of phase. 
By tests with a vibration generator it is found that a harmonic 
force of 1000 lb with a frequency of 600 vibrations per min at one 
of the uppermost points on the tower will give a similar vibra­
tion pattern having an ampli tude of 0.07 in. It is desired to re­
duce the maximum vibration ampli tude to 0.02 in. using pendulum 
absorbers. 

Two absorbers would be required, one connected to each shaft 
through an alternating-current motor and generator. Since the 
absorber would not be very large take C = T = 0.003. 

m 

Po 
Xomax = mw' X 0.006 

1000 X 0.00(i 
0.0762 

(
600 )2 
60 

X 21r X 0.02 

w = 29.4 lb 

rlJo = 
0.02 . 

_ I = 4.71 m. 
0.003 V 2 

If IJ is limited to 10 deg = O.Hi0 radians, then r would be 

4.71 
r = --. = 27.0 in. 

0.169 

This would indicate an abso~ber some 6 ft diam, whose weights 
arc only 30 lb. A more practical design would have a larger 
pendulum weight and a smaller size. If the tuning and damping 
constants be kept the same, and the weight increased to 50 lb, 
then x0 max would be lowered to0.0118 in., providing a steadier sup­
port and the necessary radius would be decreased to 16.5 in. The 
optimum weight-size ratio would be determined by the over-all 
design characteristics. It would appear that the weight of the 
absorbers and their equipment, particularly topside weight, 
would be appreciably less than the stiffening which might other­
wise be used. The pendulum absorber would seem to be 
admirably suited to an application of this type. Another ad­
vantage would arise from the characteristic of the absorber which 
reduces the resonant frequency. It is not possible to calculate 
the new resonant frequency without an elaborate consideration 
of the particular system, but the drop in resonant frequency 
alone should be of great value. 



Supersonic Diffusers for Wind Tunnels 
BY E. P. NEUMANN' AND F. LUSTWERK, 2 CAMBRIDGE, MASS. 

An investigation of supersonic diffusers was conducted 
.for conditions wherein a boundary layer was present at the 
diffuser entrance. The pressure rise obtained from a shock 
in a constant-area tube was measured, and the measure­
ments compared with values computed from a simple one­
dimensional analysis. For the range of Mach numbers 
covered (1.8 to 4.2), separation of the stream from the tube 
wall was always induced by the shock . The length of the 
separated region was from 8 to 12 tube diameters. The 
results of the tests on shocks in a constant-area tube were 
utilized in the design of several types of diffusers for which 
test data are reported at Mach numbers ranging from 2 to 
3. The most efficient diffuser tested consisted of a con­
traction to a minimum starting area followed by a con­
stant-area tube approximately 10 diam long. The tube was 
in turn followed by a subsonic diffuser. Only diffusers of 
constant geometry were considered. 

N OMENCLATURE 

The following nomenclature is used in the paper: 

a = cross-sectional area, sq ft, 
c" = specific heat at constant pressure, 0.240 Btu / (deg F) (lb) 
D = diameter of test section 
g = acceleration given to uni t mass by uni t force, fps 2 

h = enthalpy, ft-lb per lb 
J number of ft-lb in 1 Btu = 778.3 
k ratio of specific heats, 1.4 
L length of test section 

M '.\1achnumber = V / V gc,,(k - l )TJ 
p pressure, psia 
T tcmperlLture, ckµ; F abs 
V = mean velocity of fluid stream at, given cross section· of test 

section, fps 
7/ = diffuser efficiency, work of isentropic lLnd adiabatic com­

pression between init ial condition and fin al pressure 
divided b.v kinetic energy expended (see Appendix) 

Subscripts : 
1 refers to state of fluid stream upstream of a "transverse" 

shock where velocity is supersonic, and sometimes refers to 
diffuser entrance 

, refers to state of fluid stream downstream of "transverse" 
shock where stream is subsonic 

3 refers to state of fluid stream after diffuser where velocity is 
approximately zero. 

o refers to stagnation state of fluid stream at entrance of ac­
celerating nozzle 
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., refers to state of fluid stream at Mach number of unity 
Superscripts : 
' (prime) refers to minimum cross section or throat of super­

sonic diffuser 
" (double prime) refers to minimum cross section or thrnat 

of supersonic diffuser when this section is elongated and of 
constant area 

I NTRODUCTION 

The most important single facto r contributing to the large 
power requirement of a supersonic wind t unnel is the irrever­
sibility encountered in the wind-tunnel diffuser. For example, 
if the diffuser efficiency of a tunnel operating at a Mach number 
of 2 is increased from 80 to 85 per cent, the power required to 
drive t he tunnel is reduced by 30 per cent. 

The primary object of the inves tigation reported in this paper 
was to use simple small-scale apparatus to obtain information 
that would aid in the design of an efficient diffuser for a wind 
tunnel. A secondary object was to obtain information that would 
make possible the design of diffusers for air intakes on missiles 
or on ai rcraft traveling at supersonic speeds, and of diffusers for 
rotating machinery. 

In t he case of supersonic intakes, air usually enters the diffuser 
passage with litt le or no boundary layer. Under these condi­
t ions, the analytical design of the passageways is reasonably 
satisfactory since here the assumpt ion of no boundary layer is 
more tenable than in the case of a wind-tunnel diffuser. 

However, as a first step in the design of a wind-tunnel diffuser, 
the assumption can be made that no boundary layer is present, 
and a simple one-dimensional analysis can then be undertlLken. 
For a wind tunnel of the steady-flow type, the design of an efficient 
accelerator or nozzle of the Lava l type is practicable. The pres­
sure drop lLcross this nozzle is not much different from that com­
puted if reversible flow is assumed, that is, the irreversibility 
in troduced in the accelerator is small. Although this might seem 
to indicate t hat a similar passage introduced in the reverse direc­
tion would serve as a satisfactory diffuser, such is not the case 
because of the effect of the transverse pressure shock that is 
formed at the accelerator t hroat when t he twmel is star ted . As 
t he downstream pressure is reduced, t his shock will move down­
stream to higher Mach numbers.. The process involved in the 
shock is irreversible, the degree of irreversibility increasing as 
the Mach number at which the shock occurs increases. It can 
be shown readily that the minimum possible cross-sectional area 
of the stream after the shock must be greater than the minimum 
cross-sectional area in the accelerator. Since the.area of the dif­
fuser throat must be greater than that of the accelerator, a re­
versed accelerator, identical with the first, will not function as a 
diffuser. In other words, if an irreversible effect between the ac­
celeiator and diffuser (i.e., the transverse shock) must accom­
pany the start ing process, the state at the accelerator entrance 
cannot be re-established. If, however, it were possible to devise a 
mechanism t hat decreased the area of t he diffuser throat after 
the shock had passed by, a reversed Laval nozzle would function 
as a diffuser. Should such a device be used, it would still be neces­
sary to provide a pressure ratio for star t ing, equivalent to the 
total pressure loss that would be obtained if the only irreversibility 
during deceleration occurred in a shock at t he Mach number pre­
sent at the diffuser entrance. 

If a transverse shock during the starting process is assumed to 
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he inevitable, t.he pressure rntio at whil'h a "·ind t.unnel will st.art, 
can he computPll. ThPse (·.ompuf!'d valu!'s, suhjeet to f he limit a­
tions imposnd by a one-dinw11sional analysis f hat neglects fric­
tion, !UP presented in Fig. 8 for :\'laC'h numbers from 1.0 to 3.0. 

The results of the rnw-dinwnsiourd analysis may be summarizl·d 
:ts follows:" 

(a) For starting conditions, Uir minimum pressure across a 
wind funnel (nozzk plus diffuser) must be Pqual to the loss in 
st.agnaf ion pn•ssure across a s hock at t.lie tPst-sedion i\'fach num­
h(•r. 

(b) For opernting (·1rndit,ions, t.hc mmimum press ure across a 
wind f.unnPl must br, P(]Ual to f Ju• loss in stagnatio n pressure across 
a s hol'k at. t.he !\larh number in the diffus(•r throat. 

Thl'S<' ,·onclusions must h(1 a,·e·(•pf.(,cl ,,.ith rese rvaf.ions s inc:e it 
has been assuml,d that. no boundary layer is present. and that the 
only possible trnnsition from SUJJC'rsonic t.o subsonic flow during 
the starting opPr:\! .ion is :.1 trnnsverse shock . Tlw assumption of 
no hound:uy 1:1,Yl'r, i.c,., no 11·a ll fri< ·f ion, ignores irreversibilitics 
whie·h are act.uall.,· present , wlwrl':lS the assumpf i,m of a trans­
verse• shock may assume, gn,:lfc.•r irn•vers ihili t ies t.Jrnn are act.ually 
nel·e •ssa ry . In aclclitio11, the c,xpPdie•nf of decreasing thl, arc•a of 
f.h(• diffuser f hroat after the: shoek l1as passed f hrough \\·ould per­
mit reversible 01wraf.ion in thP absc11e·e or frict io11. 

'1'111, TitA:s.snmsr,: SrwcK 

Transv,•rse s hocks, which see·med to Im inevit.able1 in a super­
sonic diffuse·r, were sLudie•d (•xperimentally in a eonstant.-arna 
f uh,1 by means of pn•ssure 111(':lSUrernents and also by schlierc•n 
ohsmvafio11s . Tim a1Ta11gcmenL of the f Pst apparatus is shm,·n in 
Fig. l . 

Figs. 2(a.) and (b) a1·e· sc ldic.•r·en pl:Lll's of a shod: in a constant­
ar!'a pass:1g<'way. l\ote i11 Fig. 2(a) that the influc11ce of shock 
C'Xtencls so nic disfan(·e· clow11sfn•:tm from ifs point. of i11el'pfion . 

' Sec .-\ppcndix for formulas used. 

BLEED 

MANOMETER 
BOARD 

AIR 

COM PR ESSOR 

Frn. 1 RcH E ~t ATI C J>1 .AN OF 'l' i,;sT APPAHATUS 

Fig. 2(/i) shows a transverse s hock in lhe const.ant.-arc:a section 
which follows the contract.ion in a supersonic diffu8er. 

Figs. 3 and 4 show pressure measuremerrf,s t:1kcn at. t.he wall of 
a constant-area passage. The lowm curves sloping gradually u1_i­
ward and to the right represent the c,onclif.inns when supersonw 
flow fills the entire tube. The stec:pc:r curv<'s represent pressure 
measurements for differen t positions of t he s ho<"k rc:ginn in the, 
constant-area passageway. The curves at the f.op part of the 
diagram sloping downwa rd a nd t.o I.he: right rc·pn:sent _pressure 
measurements for the case where f ht , stream agarn filled the 
passageway and friction causes a prc•ssurc drop in the direction 
of flow. In Fig. 3 arc shown runs A and B. Thc~c runs are for 
identical pressure and temperature at. t he entran ce to t.hc: ac­
celerat ing nozzle . The sligh t discrepanl'y lietwee_n _runs :\ and !3 
can probably be ascribed to thn fact that hum1d1ty of t he air 
supplied to the compressor varie,d heL11·e·e·11 these two runs . 

The pressure measurements, Figs. 3 and 4, and schlicrcn plates , 
Figs. 2(a) and (b), indicated that the iekaliicd trnnsverse! s~1oc:k 
ass.mned in the onc-elimensional analys is ,Yas never obfarncd. 
Instead, the interaction of the shock a nd ho11nd:1ry layer cau~ed 
se•parntion of the stream from the t ube wall. Once SPparat ron 

Frn. 2(a) ScHLIEREN PLATE OF SHOCK REGION 1N C'oNSTANT-AHEA Tu1rn 

( Li1•ht vertical line s hows end of nozzle. Flow is from lcf~ to right. l\lach number. = 2.0J>~)l~f;pt~t 
of4JH1s:sage pcrµcndicular~to~plane o,f Yie w = q.tll!) in.;_ width of constant-area scct10n = .. , Ill., 

... ~.a .exposure tune, 5 rmcrosec.) lilllili 

Frc:. Z(b) Scm.iBHEN PLATE oF SHOCK I N C'o:-isTANT-. .\REA THROAT Sr,;cTION o:· _DIFFUSEH 

(No te e ··ftion of transverse shock. Flow i:s from left to right. l\·~ach number = 2.o.:> before dif­
fu ser; Ltd~1

g wedge angle; width of p~ssage hcfo;e. diffuser ~ _1.2_02 /n_:; ~cptl~ _of passage pcrpcn-
dicul:1r to plane of view = 1.292 rn .; cxpOt:i llle tune, .:i rn1croscc.) 
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iug from 1.8 to -!.2. The length of Hhock region is defined as tilt' 
<listance from the point of inception of the shock to the point. 
d.ownstream at which the maximum pressure was recorded. Tiu• 
value of this length, as determined from Figs. 3 and 4, agrees rna­
Hcmably well wit-h nwasurements obt-ained from high-sp~ed 
(1 /,00,000 sec) phot.ographR taken in conjunction with a schliere11 
apparatus. For the schlierm1 photographs, the test ser,tion had 
a rectangular cross sect-io11 (see, for example, Fig. 2a). 

Fi!!:. 6 <'ompares the m<·asm·i,d values of the efficiency and JH'<•s­
sure rise aernRH a shock wit-h tlw ,·orreRponding values computPd 
from a mH,-dinwnsional anah-~is. Thu good agreement bdwee11 
m<>asured am! <':tl('ulat-ed val;ws, a maxim~un departurP of 5 pp1· 

<'<mt, indicmtPs that t lw wall fon·,·s in thP separated rf>gion an· 
small. 

Sonw lll<'asur,· of 1-11(• ,,ffo,·t of ho1111d:u·,- l:tyl'r 011 length of 
sh<H'k 1·,,gion mav I)(' ohtairl<'d hy c·o111pari11g runs A and H wit.h 
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occurred, t.he stream did not again fill the passage for a distance MACH NUMBER PRECEDING SHOCK, M, 

equal to 8 t.<> 12 diam of the tube. Fig. 5 shows the length of F,r.. ti DtFFus,;n EFe'1<·n:NcY \'faun:s MActt :-;-rMH1-rn l'H1-:._·1·:t>lxc: 

:;hock rt,gion in terms of tube diameters for Mach numbers rang- l°'1Ho,·K 
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run U. In runs A and B, for example, 26 diameters of straight 
tube preceded the shock at a Mach number of 2.6; whereas, in 
run C, 21 diamet.ers preceded the shock at the same Mach num­
ber. The length of shock was the same for both cases. Keenan 
ad'd Neumann 4 indicate that it is necessary that a distance of be­
tween 30 and 50 tube diamctt;rs precede the shock before a 
developed velocity distribut.ion is obtained. 

SUPERSONIC 0IFFU!;is8 

Ju order to establish a standard of comparison between the 
various diffusers to be studied, the diffuRer in Fig. 7 labcled type 
l, a type co mmonly used for supersonic wind tunnels, was tested. 
The efficiency of this diffuser is appreciably lower than is predicted 
by one-dimensional analysis. 

When it was observed that, separation accompanied a shock, 
but that the change in state across the separated region was ap­
proximately the same as that predicted by a one-dimensional 
analysis, the diffuser shuwu as type II in Fig. 7 was designed 
and tested. In the same illustration, nmasured and calculated 
values of the diffuser effici<·n cy are shown. For the type II dif­
fuser, the ratio of measured to calculated value of efficiency is 
approximately 0.97 for a range of Marh numbers from 2 to 3. 
This efficiency ('17) is defined as the ratio of the isentropic increase 
in enthalpy to the change in kinetic energy in the diffuser. The 
isentropic increase in enthalpy is computed between the state 
precedi11~ t.hc diffuser entrance anrl the pressure after the exit tu 
1.he suhso11ic diffuser. The t·lmnge in kinetic energy is computed 
bet\\'l.,'Cll the entrance and exit states. The cffi<"icncy inay lw 
t•xpr<'ssed in terms of symbols as follows : 

'lj 

- - - k - 1 2 [( p, )"---=-! J 
k-1 Pi 

v.• 
M ,• - gkR1'1 

!11 urder to measure the effect uf cross section on performa11 cn, 
a type 11 diffuser with a squarn cross section was tested at a Mach 
number of 2.46. As is shown in Fig. 7, there is little difference in 
dlicic,ncy between the square and the circular-cross-section dif­
f u~ers. Nute also that the diffuser with the square cross section 
was preceded by a scale model of a supersonic wind tunnel. 

To obtain the maximum operating efficiency predicted by onc­
<lime11sional a11alysis, it is necessary to have a contraction tu 
minimum area in the supersonic diffuser. The type III diffuser 
of Fig. 7 1rns designed wit.h this minimum starting area, i.e., 
1r(D') 2/ 4. The experimental results obtained with this diffuser 
indicate a slight.ly better operating efficiency than that obtained 
for the type II diffuser. However, schlieren observations indi­
cated that the shock at the minimum-area section was separating 
from t he passage wall much in the same fashion as in the type I 
diffuser, except that the point of separnt,ion occurs at a lower 
l'vfach number for a given m1trance Ma<'h number. 

To increase the operating efficit>ncy, a diffuser, shown as type 
IV in Fig. 7, was designed and t.csted. The only departure frorn 
a design indicated by a 011t,-di1rwusional analysis was an elongatct l 
throat or minimum-area sect.ion, which should permit the sepa­
rated region to again fill the passageway before it is introduced into 
the subso11ic diffuser. The ratio of measured to computed effi­
ciency for stable operation was 0.92 at Mach numbers of 2.32 and 
2.99. A higher efficiency, indicated by the solid dot in Fig. 7, 
could be obtained with this type of diffuser under unstable con­
ditions. For this less stable case, the ratio of measured to com­
puted efficiency was 0.94. 

In the case of this di{l'user, t he minimum area for starting is 

• "Measurement of Frict.ion in a Pipe for Subsonic and Super­
~onic l<'low of Air," by J. H. Keenan and E. P. Neumann, Joumur, 
" " APPLH: n MECHANICS , Trans, ARME, vol. 68, 1946, p. A-91. 

greater t.han the minimum value t·omputed from a one-dimen­
sional analysis which docs not. take into accoun t friction in the 
elongated throat during thl' starting process. For cxamplt:, the 
experimental value of the ratio of t.he diffuser-t:ntrance area to 
the throat, area for a typP IV diffuser was 0.757 a t, a Mach num­
ber of 2.!J!J ; whereas, a computed \ aluc of 0.71!) was obtained 
when reversible condit ions from entrance lo t hroat were as­
sumed. If friction in the 10.9 diam of strai~ht. section is t.aken 
into ac('ount, a computt:d value of 0.7Hl is obtained. TIH: 
friction codficient was computPd from the 11:arman-Nikuradst· 
relation bd ween friction coeffi<"i c11 t a 11d H.nynolds numbt!r. The 
comput<:d value of diffusPr efli<- iency ust•d in ohhi11ing t.111 ! ratio 
of measured t.o calculafl•tl cfliciPn c.v was based upou Lhe actual 
minimum starting-arl'a rat.io of 0.7.57, ratlwr U1a11 on the com­
puted minimum value of 0.7l\J. For tlw t.ypt:s I I l and V dif­
fusers, the value of the throat area for sturtiug which was com­
puted when reversible conditions from entrance to throat were 
assumed, agreed with tlH, measurnd value wit.bin the precision of 
measm ement of the throat art•a. 

Co'.'ISIDJsRATION cw STAnT1~r. Uoxon10:s1:s 

The comparison bctw()(m measurement and theory has heen 
made on the basis of conditions obtaining aft.ur the diffuser has 
started, that is, after suporsonic Aow has been established nt the 
throat or minimum-area section. Often, the maximum pressure 
ratio available, rather than tl1<' power available, is the determin­
ing factor in defining t.he :\fa.eh numbt!r possiblt: for a given super­
sonic tunnt'I. A bettt-r criterion than the operaf.ing efficien cy is 
then the minimum efficitmc·y duriug star t ing, or the maximum 
pressurn ratio p0/ p3 needt•d t.o psf.ahli8h RUfH:rRonic Aow at. the, rlif­
f user throat,. 

Again, ~implc one-dimuusional cun:.;icforn1.io11s indicatt• l,hat the 
pressure ratio necessary for starting is that obtained across a 
shock at the test.-section Mach numl>C!r uud a rt :wrsible suhso11ic 
diffuser after the shock. This condi t ion appears to hP prPsP11t 
even if a variable geomt-lry t.ype of diffust,r is ust,d . 

In thl! case of the t.y pps I and II diffust:rs, the starting a11d op­
erating conditions a re identical. Tlw typo IV diffuser has tt 

higher opera Ung efficien<'y :111d a lower Rtart iu~ efficiency t.han 
does the type II. For example, the pressum ratio (p,/p, ) oht ainerl 
during starting is 10.6 for thn t.ypl' IV diffusPr and 11.0 for the 
type II diffuser. 

In an effort to imprnve the starting charac:Lcrist,ics of the typo 
IV diffuser and at t he same t ime to maintain high operatin g 
efficien<'ies, the constant-area t.hroat. sect.ion was given a slight 
divergence in order to compensate for the l'ffect of friction when 
subsonie flow is present during starting. A type V diffuser, 
designed in this manner, was buil t and tested. As indica ted in 
T able 1, the startin g charact.cristics wcrn improved at t lJC , c:x­
pense of a small decrease in the operatin~ nflici,·ncy ov<:r 01at. ol,­
tained with the type IV diffust1r. 

TABLE l DIFFGSER STAH'l'!NG CONl>ITlONS AT JI = 2.u11·• 
Pressure ratio pa/ pt obta.i nocl acro~s 

DilTuser type 
I 

II 
111 
IV 
V 

~ --- - - DlfTwmr -----
Sta rtin~ Operating 

8. 53 8 . 5:3 
10.99 10. 99 
11.07 11 .51 

{ 
13 . 02- Stablc 

10.63 13 .66-·Unst.ahl•· 
10 .99 12 .82 

" Fifteen. diameteni of straight tube prece<lc<l the diffuser entrance for the 
conditions tabulated. 

D1n·ustm ENTRANCE SnAri,;• 

An investigation was conducted to <let~)rmine t.he l.u;sl. iulel, 

• The test results presented here were obtained by Angus X. Mac­
Donald in a thesis submitted t-0 the Department of Mechanical 
Engineering, Massachusetts Institute of T<'<'hnology, June, 1\147, 
" An Investigation of Supersonio Ditr.useo·H for Wine) Tunnels.' ' 
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i,wludt,d a11µ.le for the convergent port.ion of the diffuser. These 
tr-~ts t·ov<:rcd only diffusers with a rectangular cross section. 
The apparatus used t-0 study th is variation in entrance angle is 
shown in Fiµ:. !). The cntrant·e angle wa..« varied between 10 and 
50 deg at a Mach number of 2.55, and t.hc rffect on efficiency was 
measun:d. · 

In a ll of the tests, t he contraclion to minimum starting 
arm was followed by a constant-arra J)aRsage approximately 
7 hydraulic diameters in length, and a subsonic diffuser of 
~'luari, cross scdion with walls at. a 6-rleg included divergence 
:t11gl<·. 

The test, results are shown in Fig. JO. The best diffuser effi­
"icncy was obtained with the Hmallt·st entrance angle tested, 
11 amely, w = 10 deg. A smaller inlet. anµ;le might have shown a 
, light addi t ional improvement in efficiency. However, tests at 
smaller angles were not attemptt:d because an increase in length of 
the apparatus would have been necessary, and the resultant in­
ncas1• i11 fric t ion al area would prohnhly have offset the gain ob­
ta i11t ·d hy the smaller wedge anµ:l ns. 
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Appendix 
All calculations used in this report were based upon a one­

dimensional analysis of the flow. The velocity and pressure were 
assumed t-0 be uniform across any cross section in the tube. The 
L·ncrgy, momentum, and continuity equations were used to ob-
1 a in the state of the fluid from pressure measurements made at 

' Measurements of Diffuser Effi ciency of Supersonic Pressure 
:--hocks," by Eric G. Newberg, Jr ., S. M. Thesis, Department of Me-
1·hanical Engineering, Massachusetts Institute of Technology, Feb­
niary. 1046. 
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FIG. 10 TEST RESULTS 

the walls of the tube. Air was assumed to be a perfect )!:a.~ 

with k = 1.400 and R = 53.35 ft/deg F. 
The pressure rise across a transverse shock was computed 

from t he following equations 

M, 

2 
M1 2 + --

k - 1 
~ 2-k--- . .... ..... . .... . [11 

-- M, 2 - 1 
k - 1 

1 + kM 1' 
1 + kM 22 ... .. ... .•.. ..... . 121 

Tht> effirii,rwy , a;; used in thi~ pap<~r. is defined as the work of 
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STAGNATION 
TEMPERATURE 

v~ I 2gJcp 
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~'10. 11 

iscutropic compression between the initial condition and the 
,final prt>ssun• divided by the kinetic energy expended 

(hs - c) l - 2' - - - ----
V,2 V22 '7 . .. . . . .. - . . - - - .[3) 

This is illustrakd in FiJ.(. I. 1. 
Subst.ituting 

h = r,,T. - [4) 

'f',, (p')k - 1 = - k -
'/', p, 

. [5] 

and the definition of Mach number into Equation [3], we obtain 

'7 

_2 _ [('fl_~)k ; I - 1] 
k_- 1 p, 

M,• 
-------·--v.• 

gkll'I', 

The calculations fort-he minimum diffuser t hroat area for start ­
ing were made assuming an isentropic expausion to M = 1 after 
a shock at the entrance t.o the diffuser. The contnu:t.ion ratiu 
ai/a' can be found from the Rtagnation pressurn aft.nr lhH shock 
by means of the usual isr,ntropi<· flow Pquat.ions 

n' 

where P•• is the stagnation presHure after t-he shock and p,, is tl,e 
pressure obtained if the fluid a fkr t he shock is accnlcmtnd n ·­
versibly t.o M = 1.0. Rinc·p k nqualR 1.400 

a, 
a' 

0.25.'>804 

(
-Py_ )! [(-P•)-:__ k - L -- J 
- k - k - - l 
p1,, p., 

The pressure ratio and dti.,ii:n"y for t he 1t1inimurn-throat dif­
fusllr were calculated by asRtuning au isentropic compressim1 
from conditions before the diffu~Pr t.o t.he diffuser th roat, followed 
by a transverse shock at t.hat poin t a ll(l a reversible subsonic 
diffuser after the shock . For t h,· 1.h1•ordical calculations, the exit 
velocity was assumed ft, lw z,·ro. r n t,he actual cases the kincti~ 
energy at the exit n·a~ h<'f11·p1•11 O.fi t.o 1.2 per c"nt of t.lrn initial 
kinetic energy. 



Vibration of Slender Bars With 
Discontinuities in Stiffness 

fly W. T. THOMSON, 1 MADISON, \VIS. 

Vibrational characteristics of elastic bodies are altered 
by discontinuities in stiffness resulting from narrow 
grooves or cracks. This paper presents a theoretical 
method for determining the effect of such discontinuities 
on the flexural, longitudinal, and torsional vibration of 
slender bars. 

NOMl<JNCLA'fURE 

The following nurnenclatum is used in the paper: 

.·I cross-sectional area 
.·I ' 
I, 
i,' 
I,, 
// 

a = 

f,; 
(! 

fJ 

Ill 

reduced cross-sectional area 
moment of inertia in bending 
reduced moment of inertia 
polar moment of inertia 
reduced polar rnonu,nt of inertia 

A' l o' I,.' 

A ' lo ' I" 
111odulus of elasticity 
shear modulus of elastici t.v 
density, lb/unit volum,• 
longitudinal strain 
flexural displaccmen f. 
moment at a 

axial force at 11 

torque at a 
position of slot 
width of slot. 
Laplace transform 

(;1:;J'1•• G;,,r·. 
length of bar 

(p.w')'h 
nq 

mfl-RS per unit lengt.h of beam 

( NTIWllUC'rION 

I letcnyi• has shown that t he st.atical deflection uf beams of 
varying cross section can be <let.ermined by considering the beam 
t.o be uniform with a modified load. The fundamenta.l equation 
for such problems can be written as 

d•y 

dx 2 

I M 
Elo a 

....... . . . . . .. . ... [l] 

where B/G is the stiffness of the equivalent uniform beam, and 

1 Associate Professor of Mechanics, University of Wisconsin. 
' "Deflection of Beams of Varying Cross Section," by M. Hetenyi , 
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A1/ a = Mlo/ 1 the new moment which can be obtained by modi­
fying the original loading. 

This concept can be extended to vibration problems where 
the change in stiffness is due to a narrow slot of width c a distance 
a from one end of the bar, as shown in Fig. l(a). 

(al 

I . ~ l I 
I "j;; I 

I -;;;,-~M' I rz7vza=v177zzz1 (b) 

kzzZZZ64fi'PZZZZZZJ <c> 
I 'I J 
VZZ777r tr'ZZZZZZZ~ <d> 

"'"'· J MomFrno L0A1>S ~·ott AN EQUIVALENT UNH"OHM BAH Il'I 
FLEXURE , TJo~SSION, ;\~D TORSION 

Letting A, lo, and/ P be, respectively, the cross-sectional area, 
and moment of inertia in bending and torsion with correspond­
ing primed symbols for the reduced section, the slotted bar can 
be replaced by a uniform bar with the following modified loads a.a 
shown in Fig.l(b, c, and d): 

Flexural vibration 

M' = M. ( ~ - 1) ......... ... ..... [21 

Ot. 
/ u' 

/ 0 

l ,onJ!itudinal vibration 

Tor·sion al vibratio n 

I" = P. ( : - 1 ) .............. . ... (3) 

A' 
Ot. 

A 

T ' = T. ( ;_ - 1). ...... .. ..... (41 

oc 
J ,.' 

I,. 

Aetually, this 8imple concept is an idealization, since much 
of the material adjacent tu the slot is ineffective in carrying the 
load , n.nd just how the equivalent slot varies with the width and 

203 
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depth of cut must be established by experimentation. Kirmser," 
using a static curve and Rayleigh's method, has found for the 
flexural problem that the computed natural frequencies of a 
beam with a slot at mid-span agreed with the experimental values 
when an equivalent slot width of 5 times the actual width was 
used. However, even a casual inspection of the problem would 
indicate that, in general, such a simple relationship could not 
exist as the amount of ineffective material adjacent to the slot 
must vary with the depth of the slot, with the width of the slot 
having little influence. 

FUNDAMENTAL CONCEPTS 

The operational method based on Laplace transformations 
offers a convenient approach to problems with concentrated 
forces and moments, and hence some basic concepts of the 
method will be briefly reviewed. 

The Laplace transform F(s) of a function f(x) is defined as fol­
lows 

F(s) = £f(x) = l 00

f(x)e-'"dx . ... . . . . . .. [5] 

Of particular interest to this problein are the transforms of the 
following types of functions: 

Unit Function. The unit function u(x - a) is the basic build­
ing block for other func,tions. As shown in Fig. 2, it i~ equa.l 

1.0 - - -

0 X 

o-j 

F1<;.:? (;H .,PH1c· .n H,:PRESENTATlON OF A UNrT F c NcTJON 

to unity for x 11;reatn than a and zero evi,rywhere else. The 
Laplace transform for such a function is 

e-ai 
-~ ... [6] 

s 

Unit Impulse. The unit impulse u;(x - a), shown in Fig. 3, 

I 
c 

unit impulse 

0 f------L-i----------'X"-----
a -j j 

I __ _ 
F10. 3 GRAPHlCAL REPRESENTATION OF A lTNIT lMPUJAl :!: 

is defined by the following limit 

. u(x - a) - u(x -- a - c) 
u,(:r -- a) = hm ----- .. .. .. [7] 

c-O C 

1,·it.h the addPd restriction that 

100 

u,(x - a) dx = 1 

• "The Effeet of Discontinuities on the Natural Frequency of 
Hearns." by P. C . Kirrnser, Proceedings of the ASTM. vol. 44. 1944, 
p. 8!li . . 

Its transform can be obtained by substituting the transform of 
each term in the foregoing relation and using L'Hospital's rule 

e-a• _ e-(a+c)• 
£u,(x - n) = lim = e-a• . . .... [8] 

c_..() CS 

Unit Doubl;t. The unit doublet ud(X - a) shown in Fi!!;. 4 

I 
? 

doublet 

0 X 

a--1 

FIG. 4 GnAPHH' :\L U1<:PR1<;A 1-;N'l'ATJ0N OF A UNIT DouHLET 

is obtained from the limit 

. u(x - a) -~ 2u(x - a - c) + u(x - a - 2c ) 
u.(x -a) = hm 

c2 c--+0 

.[\J ] 

For determining its tran.sform, we use the same procedure as for 
the unit impulse, the indeterminate form after two applications 
of L'Hospital's rule becoming 

e-a• _ 2e-(a+c)1 + e-<a+2c)• 
£u.(x -a) = lim = se-a• 

c-+0 c2s 

...... [!O J 

THE S•rATICAL PROBLEM 

Consider th.e problem of determining the statical detlection 
of the beam in Fig. 5, with a crack at a distance a from the left 
end. The beam can be treated as a uniform beam with a positive 
doublet M'u.(x - a) and a negative doublet -M'u.(x - a - c) 

r b -r r- b --1 

!: ~c .\ a 

' I 
I I 

1, 

11 

Q 11 Q 

! 
Ii 

! M' 11 M' 

t 
C) ! 

Frn. 5 BEAM WITH SLOT REDUCED TO UNIFORM BEAM WITH 

l\foDu-JED LOAD 

as the modified loading. The differential equation for the load­
ing can then be written as 

d•y 
EI,- = - Q[u;(x - - /J ) + u;(x -- l + b)] + M.'[u.(x -- a) 

dx• 
- u.(x-a-c)] ..... [11] 

Letting Y be the La.place transform of y, the transformed equa­
tion becomes 
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. , [y'(O) y"'(OJJ [e-b• + e-(l-b),J 
M,l = Elo -- + -- - Q 

s• s• ,• 

[
e-'" - e-(a+c)•J + M' 

83 
.. • .. [12] 

where y(O) and y"(O), representing the deflection and moment 
at x = 0, are zero. Taking t,he inverse transformation of Equa­
l inn [ 12], we obtain 

J,,'/ 0y = Elo [y'(O)x + y"'(O) f] - ~ [(x - b)3 u(x - b) 

M' + (x - l + b)3 u(x - l + b)] + 2 [(x - a) 2u(x - a) 

-(x - a -c) 2u(x - a -c)] . ..... .. [13] 

Evaluating y'(O) and y'"(O) from the boundary conditions y(l) = 
y'"(l) = 0 

E/oy'"(O) = Q 1 
Q M' 

E/0y'(O) = - 2 b(l - b) - 2l [2c(l - a) - c2] •. [14] 

and the final equation for the deflection becomes 

Q [b x' 1 1 
y = - - - (l - b)x - - + - (x - b)'u(x - b) + -

Elo 2 6 6 6 

(x - l + b) 3u(x - l + b)J -
2
~;

0 
(~ -1)[[2c(l-a) 

- c•]: - (x - a) 2 u(x - a) + (x - a - -c)•u(x-a-c)] 
l . 

....... [15] 

The first part of Equation [ 15] is the deflection of the beam 
without the crack, and it will depend on the type of loading. The 
second part represents the contribution due to the crack, and it 
will have the same form regardless of the type of loading, pro­
vided the boundary conditions are the same as that of this prob­
lem. Thus the statical deflection of the beam for any type 
of\oading can be written as 

Y = Yo + Y, . ............. .. . : . . [ 16] 

where y, is given by the second part of Equation [15]. 
Substitution of Equation [ 16] into the expression for the strain 

nnergy, results in the relation 

U = -
1
- JMQ'dx + ME

4
/

2

c (} -1) ... .. .. [17] 
2E/o 2, o a 

where the second part is the contribution of the crack to the total 
strain energy of the beam. This relation can also be obtained by 
inspection of the M /(El) diagram and the moment-area con­
~ideration. 

VIBRATION OF BEAMS WITH A CRACK 

We will consider here the vibration of the free-free beam with 
a crack at a distance a from one end. The differential equation 
for the loading then becomes 

d'y 
Elo d- = m,,,2y + M'[uix - a) - uh; - a - c)] .. [18) 

x• 

Letting 

m,,,2 
p• = -

Elo 

the transform of this equation is 

M' [se-a• - se--(a+c)•J [s'y(O) + s2 y'(O)J 
y = - + .. [19] 

E/0 s• - p• s• - I'' 

where y"(O) = y'"(O) = 0. Applying the inverse transforma­
tion, we obtain the deflection equation 

M' 
y = -- {[cosh {3(x - a) - cos {3 (x - a)]u(x - a) -

2{32El o 

[cosh {3(x - a - c) - cos {3 (x - a - c)] u(x - a -,- c) I. 
+ JliQ_) [cosh {3x + cos {3x] + y'(O) [sinh {3x + sin {3x] . . [20] 

2 ~ . 

Letting y(O) = 1, and eliminating y'(O) from t;he two equations 
resulting from the boundary conditions y"(l) = y"'(l) = 0, we 
obtain the frequency equation 

1lf' 
[cosh {3l cos {3l - 1] = -- ! [cosh {3(l - a) - cosh fJ 

2{3 2Elo 

(l - a - c) + cos {3(/ - a) - cos {3 (l - a - c)][cosh {Jl 

- cos {3/l + [sinh {3 (l - a - c) - sinh {3 (l - a) + sin fJ 
(l - a) - sin{3(l - a - c)] [sinh {Jl - sin{Jz:} 

. . . .. . .i[Zl] 

Substituting 

where 

1 (d2y) 
[JI d:,;2 x-a 

and assuming c to be small, the frequency equation can be sim· 
plified to the final form 

[cosh {31 · cos {3l - 1] = 1 (~ - 1 )G) ({3l) { [cosh {Ja -

[ 
sinh {3l + sin {Jl ] · . . } 

cos {3a] - [smh f)a - sm /ja] 
cosh fJl - cos {3l 

X I [sinh {3(l - a) - sin {3(l - a) J [ cosh {3l - cos {3l] 

+ [- cosh {3(l - a) + cos fJ (l - a)][sinh {3l - sin {3lJ} 

.. . . .. (22] 

Equation [22] is a function of three dimensionless parameters, 
namely, {3l, {3a, and [(1/a) - l)(c/l). The depth and width of 
the slot is described by the quantity [ (1/ a) - l)(c/1), while it.s 
position along the beam is specified by /ja. 

Equation (22) must reduce to the frequency equation for a 
uniform beam, cosh {3l cos {3l - 1 = 0, when the discontinuity 
is reduced to zero. Examination of the equation shows that this 
condition is satisfied when 

c = 0 (width of slot = 0) 
a = 1 (depth of slot = 0) 
a = 0, or l (position of slot is at either end of beam) 

Numerical computations for a slot at mid-span (a = l/2) were 
carried out and each side of Equation [22] was plotted as func­
tion of {3l in Fig. 6 for various values of the slot parameter 
[(1/a) - l)(c/l). Since this quantity appears only as a factor 
in the right side of the frequency equation, the variation in the 
slot dimensions for any given position a can be obtained from a 
single curve with different values of the multiplier [ (1/ a) -
1) (ell). 

Examination of Fig. 6 indicates that minute cracks in beams 
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have only a small influence on the natural frequencies. For 
deepr.r slots, the quantity 

increases quite rapidly and the change in the natural frequency 
due to a change in the slot dimensions becomes considerably 
larger. For higher modes, the trigonometric terms become 
negligibl!' eompa.rPrl 1.o the hypnrbolic terms and 

. 1 cosh (Jl ~ sinh "l ~ - eP1 
- ,., -2 

The right side of Equation [22] then approaches zero while the 
curve for the left side is nearly vertical. It is evident then th at 
the effect of the slot on higher rnodt>S is negligible. 

LONGITUDINAL AND TORSIONAL VIBRATION OF BARS 

For the longitudinal vibration of a bar with a narrow slot of 
width c, a distance a from one end, the equivalent uniform bar 
must be loadr.d with axial loads 

at x = a and x = a + c. :\:;s1uning harmonic motion, t,he dif­
ferential equation fort.his caS<"\ bccomps 

d'U (w 2Ap) AE dx' + y U = - P' [11,(x -- a) - u,(x - " -- c)] 

.. . .... [23] 

where the concentrated loads are repn,:<ented by t.he unit, impulS11, 
The transform of Equation [23] is 

P' { e-a• - e- (a+c),} sU(O) U'(O) 

U(s) = - AE s1 + {3 2 + s' + /3' + s' + fJ' 

...... [24] 

where 

Perfonnin11: the invPrse t.rnnsformation, wt, ohtain the followi111( 
equation 

P' 
U(x) = - -- [sin /3(:r - 1L)u (x - a) - sin {3 (x - a - c) u 

AE(J · · · 

U'(O) 
(x -a-c)] + U(O) cos {3x + - - sin (Jx. . . .[251 

/3 

L<'ur a free-free bar U'(O) = U'(l) = 0, and letting U(O) = 1, 
the frequency equal.ion from the second boundary conditions 
becomes 

sin ('Jl [cos {3 , (l - a ) - cos {3(l - a -·-- c] 

. .. f2UJ 

Since P. is the axial tension just to the Left, of the crack, we have 

P. = AJ,: (oV) = - :1 N(J sin {3a . . .. . . [271 
OT z=a 

Substituting Equation [27] in [26J, and as.~uming c to be ~mall , 
the final form of the frequency equation hero mes 

llin {3l = (~ - 1 )(0 (/31) sin (Ja siu {3(l - a) . ... !28] 

Equation [28] also reduces to that of the uniform rod, when the 
slot dimensions approach zero, or when its position approaches 
either end of the rod. If the depth of cut is extended completely 
through the rod, 1/ a = "', and we obtain the frequency equa­
tion sin {3a = 0 and sin {3(l - a) = 0, corresponding to the natu­
rn l modes of the two severed rods. 

Numerical computations from Equation [28] arc again carried 
out for a slot at mid-length (a = l/2), and the plotted curve in 
Fig. 7 shows that the natural frequencies are lowered by the slot 
as expected. Modes of vibration with a node at the center arc of 
course not affected by the slot at a = l/ 2. Unlike the flexural 
nase, the influence of t.ht• ~lot on the hig;her modes is greater than 
fCJr t.he lower modes. 
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Frn . 7 LONGITUDINAL OR TORSIONAL VIBRATION: Pr..oT OF F'n1:­

QU EN 1.:1· EQUATION [28] f'OR a = l/ 2, .,ND 81,0T PARAMETER (1/ a l 
- l](c/ l) = 0.10 
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Since the differential equation for the torsional vibration is the 
, ame as that of the longitudinal vibration, Equation [28] also 
applies for the torsional case with free ends provided 

(w'p) 
fJ' = Gg 

CONCLUSION 

A procedure is developed for the determination of the vibra­
tional characteristics of slender bars with discontinuities in 

stiffness due to a narrow slot or crack. Interpretation of the re­
sults is illustrated by the numerical computation of the natural 
frequencies for a special case of a = l/2. No attempt is made 
to determine the equivalent slot accounting for the ineffective 
material adjacent to the slot. This the author believes can be 
carried out experimentally by vibrating bars in flexure, torsion, 
and longitudinally with various width and depth of slot at vari­
ous positions a along the beam. It would also be of interest to 
obtain the same reduction in cross secti9n by different means 
such as drilling holes instead of cutting slots. 



Correlation of Tension Creep Tests With Relaxation Tests 
BY IRVING ROBERTS,1 JEANNETTE, PA. 

This paper shows that analytical solutions to the bolt 
relaxation problem, based upon empirical creep-data 
equations may be obtained by direct substitution, rather 
than by differentiation and integration, as was_ done by 
Soderberg, Popov, and Housner; 

IN order to predict relaxation rates from tension creep data, 
Soderberg2 has presented the following analysis of the prob­
lem: The bolt is assumed to be originally tightened on rigid 

flanges, so t hat 

•, + •v = ,* = const .. ..... . ... [I] 

where ,* is the init ial elastic strain. The elastic strain at any 
time,., is given by 

u ,, E ............. .. .. [2 ] 

where E, the elastic modulus, is assumed constant. The plastic 
strain •v, is assumed from creep data to be a continuous function 
of stress u, and of time t, of the form 

- ~ ( u/s, 1) 7' 'P - E e - .... . . ... . . .... [3 ] 

where '1' is a tiin"e function, one form of which may be 

T = dm ... .. . . .. . . . [4] 

but which is handled as a single variable. 
Equation [l J is differentiated to give 

d,, d,p 
dt +dt=O ..... . . : . . [5] 

Equations [2 J and [3 J are then differentiated and substituted 
into Equation [5 ], giving 

eu/s, - l 
du = - s, l + Teu/ s, dT ........... . ... [6 ] 

1 Division Engineer, Process Division, Research and Development 
Department, Elliott Company. Mem. ASME. 

• "The Interpretation of Creep Tests for Machine Design ," by C. 
R. Soderberg, Trans. ASME, vol. 58, 1936, pp. 733-743. 

Soderberg states that this differential equation cannot be in­
tegrated readily, and numerical integration is suggested. 

In a recent paper, a Popov has made a thorough comparison of 
the methods which have been proposed for solution of the re­
laxation problem, including not only Soderberg's analytical 
method, but also arithmetical and grnphical methods based upo11 
various assumptions, notably that of strain-hardening. In 
using Soderberg's method, Popov also states that Equation [6 J 
cannot be integrated readily, and he uses numerical integration 
for his comparison. · It is of interest t hat the numerical integra­
tion of Equation [6 J is found to be in good agreement with t he 
resul ts given by the strain-ha rdeuing method. 

In his discussion of the Popov paper, Housner' state:-; tha1 he 
has integrated Equation [6 J obtaining 

'1' = ~ (~:;., u~) .... . . .... . .. . . .. [71 

where uo is the stress at 'J' = 0. Housn0r also integrates a dif­
ferential equation given by Pnpov for the case of relaxation with 
elastic follow-up. 

The author wishes to point out that it is not necessary to prn­
ceed through differentiation and integration to obtain a solution 
to this problem. Since both ,, and •v are assumed to be co11tiuu­
ous functions of u and t ( or T ), Equations (2 J and (3 J may ho 
substituted directly into .Equat,ion [l], giving 

Remembering that 

u s - + ~ (e"I"' - 1) T = •* 
E E 

. . . . . . . . [81 

,*E = uo ...................... [~l I 

Equation [7] is obtained directly. The other solutions given by• 
Housner may be obtained also by simple substitution in the same 
manner. 

With this simplification, it is possible that Soderberg's analyti­
cal method may find wider application in the solution of problnms 
of a similar nature. 

a "Correlation of Tension C reep T ests \Vith Relaxation Tests," 
by E. P. Popov, JouRNAL OF APPLIED MECHANICS, Trans. ASME, 
vol. 69, 1947, p. A-135. 

• Ibid., discussion by G. W. Housner , p. A-352. 
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Note on the Bending of Circular 
Plates of Variable Thickness 

BY H. D. CONWAY,1 ITHACA, N. Y. 

In a recent paper' a solution was given to the problem of 
a symmetrically loaded circular plate with a central hole, 
the thickness of the plate at any section being proportional 
to the distance of the section from the center of the plate. 
A very simple solution can be obtained for another varia­
tion of thickness of which the foregoing is a special case. 

IN this problem, making the usual assumpt.ions,t.lw differential 
equal ion to be solved is 

d ( dq, q> ) ii/) ( dq, q> ) I) - - + - + - - + p - = -Q .... . . [1] 
rlr rlr r rlr dr r 

where D is the flexural rigidity, q, the slope of the middle surface 
at radius r, and Q is t he shearing force p<H" unit circumferential 
length of plate. .\1:uiy var iation:-; of thickness can be n,prcscut.ed 
approxima1d.Y in 1-IH· ·form /J Dor"' where Do and m arc con­
stants. Using I his variation of f-lcxurnJ rigidit.y, Equation I l] 
becomes 

r/2q, dq, 
r2 ··- + (111+l )r -- -(l - mv)q, 

,/r2 ilr 

For a loiu l P unifor111l y distrilmt.ed around a cent.ml hole, t.his 
cquation lwc<11rn•s 

d2<t> d<t> ,., + ( 111 + l ) r ···-· - ( l - 111v)q, 
r/r 2 dr 

l' 
... [:31 

21rl>ur '" - , 

the gerH~ra l :-olu l ion of which is 

~~-; 'In - c~a+ ~) p 
<t> = Ar 2 + Br 2 + ·- -·--·--···· ··· -· .. . l4J 

21r /J0mr'n- 1 ( 1 - v) 

where -!a' = -1 --- 4111v + 111.2• The constants A and H arc then 
obtained from UH, boundary condit.ions in the usual manner, and 
the stres:-;cs and dcfic,·tions found . 

As an cxampl<·, 1lu, case of a plate with the external edge 
clamped and suµpor-tcd and the internal edge clamped, may be 
consi<l<,r·i,d . Deno I i11g hy a and b the external and internal radii, 
resp1w1.iv,!l_v, t-hc 1·1>11Hta11ts A and /3 are 

,1 = 
Pa•-v {n,,-• -n2a} 

21rDom(l - v) n 2a - 1 

-Pai+• {n1•- 1 
- l} JJ - ~ --

- 21rDom(l - v) n2a - 1 ----I ProfuMsor of Mc.,hanics, Cornell University. Jun. ASME . 
'"The Ben<ling of Symmetrically Loaded Circula r Plates of Varia­

ble Thickness," by H. D. Conway, JOURNAL OF' APPLIED M},CHANICS, 
Trans. ARME, vol. 70, March, 1948, pp. 1- 6. 

Contribut.cd by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y ., November 28- Decembcr 
3, 1948, of Te~: AM i,; rueAN Soe1ETY 01,· MECHANICAL ENrnNE ERS. 

Discussion of this paper should be addressed to the Secretary. 
ASME, 2B West 3!lth Street, New York, N. Y., and will be a ccepted 
until July 11 , 1949, for publication at a later date. Discussion re­
ceived after the closing date will be returned. 

where 2p = 2a + 111, 2q = 2,. -· 111, and 11 = a / ll. 
Hence 

p ) 
21r/)0111 (l - ; ) l ,. ,-,,, ---

11,l - p r - 1• ·) 

., ·--- 111·" (n r ' - 1) 
1t_a - I 

--- ,.?.a ( 11.t' . l 
I - - n-" ) I f 

dq, 

dr 

p 

21rDom(l - vl { 
,,1 - p ,.- ,- ,. 

( I -· m)r- "' + --.,- -­
n-a - l 

( ,, ., ( ' l pa·'·' ( 11-1•- I - ) ) + qr·•X n1·- • - n·U ) I r 
The bending moment:-; ealculate<l from the well-known equu­
tions 

JI, !J("<t>+v<t>) 
,It ,. 

.lie 

are then given by 

.11 , {1 
21r111 (l - ,,) ~ 

1 
·-- Ill + V + ·· · -------

,-11 I· 'n11- J (n2a - l ) 

p 

I (p - v)n~" (n '' ' - - I ) + (q + v)r2a ( 11.1·· · 1 - n~" ) I }· 

p j l 
,ll{g 21rm(l - v) ·l ] - 111

" + v + ,:.;-+,~.,.- , (n2-;;··= -·1, 

[(vp + l) a20 (11.1.-- 1 - I )+ (vq - Ur~" (ni•- •-ni")l} liil 

The positions of the rnaxi111u111 :; tresses ('aleulatml hy the u~e of 
Equations [5] will vary wi t.h the value of the coust1111t III and an· 
best found by graphical methods. 

For a linear variation of thickness, m = 3. .\~Ruming t.hat. 
Poisson's ratio is 1/ ,, Equal.ion [5] becomes 

P a 2(n + 1)(8a - 5nr) - r(5a2 + n 2r 2) 
.i'.f, = 

121r 

P 2a2(n + l)(::la + 2nr) + r(4a2 + 3n2r 2
) 

.H, = --- -- - --
12,.. a•r (n2 + n + 1) 

Integrating Equation (4] and finding the new constant of iu­
tegration from the condition of zero de{icct.ion at. t.he outer edg,· 
of the plate, the maximum deflect.ion is 

Wm :uc 

171 
NOTE: Sta tements and opinions advanced in papers are to be 

understood as individual expressions of their authors and no t those 
of the So,·iety. Paper No. 48- A-6. Placing m = 3 in this equation and assuming that Poisson's ratio 
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is 1
/, and that the thickness at the outer edge is H, the maximum 

deflection is 

Wmax 

4l'a 2 (n - 1) 3 

---- ----- - - ............. [81 
31rl~H' n• + n + l 

For the ease of a plate subjected to a uniformly distributed load 
w per unit area 

. 'j·,· 
Q = wnfr 

r !, 

and Equation [I] becomes 

--w(r' -- - b') 
[YJ 

d2q, dq, 
r 2 ---· + (rn + l)r ·--c- -- - (I - mv)<f, 

dr 2 dr 

The general soluUon of this equal.ion iH 

2a--m (2a+m) 
<I> = Ar -T - + Hr 2 W j r' 

21 ;:;,.;,. - t t R --, 8111 + 1111, 

/J2 l 
+ ;;(i-_.___ ;) f . I LO] 

The expres:;ious are seen to be rather cumbersome, and there is 
no particular value in obtaining expression~ for thP <lcftection~ 
and stresses with other boundary conditions. 



Stresses and Displacements in a Semi-Infinite 
Elastic Body With Parabolic Cross Section 

Acted on by Its Own Weight Only 
lh R. J. HANK• AND F. H. SCRIVNER,2 AUSTIN, TEXAS 

The earlier solution for the stress distribution in a semi­
infinite elastic wedge is compared with the solution for a 
cross section of parabolic shape. Displacement diagrams 
for two extreme values of Poisson's ratio are given for the 
parabolic section. 

lN'l'ltul> UCTIUN 

IN' 18~8, Lcvy, 3 a11J in Hll2, Fi.lluuger• published thesolutio11 
for the strc8S distribution in a semi-infinite elastic wedge. 
The solution was JiscuRRcd at le11gth by Tcrzaghi.6 

Tlrn present solut.io11 is similar t.o tlw wedge solut.ion but. applies 
t,0 cross sect.ions of parabolic ,shape. 

Fig. 1 repr.,,m11t.s I.he cross sect.ion of the body, taken perpe11-
dicular to t.lu , z-axis. All cross sect.ions taken from z = - ro to 
z = + oo a.re assunwd ide11t.i<·al, and t.he problem of /Stress deter-

y 

FIG . l s~JMt-lNFINI'rB BOI>Y WITH BoUND,\RY E<it : A'!'ION, y = ax' 

rui11at ion i:; 011e of plane deformation. Gravity act,;; in the posi­
tive direction of the y-axis, and no other forces act on the body. 

The cquat.iun of tire houn,la.ry i8 

y = ux' ..... . . .... .. . . .. . ... .. [ 1] 

where a is an arbit,rn.ry cun:;t:111t. 

'Materials and Tc,;t,s Engiueer, Texas Highway D epartment. 
'Senior Uesearch Engineer, Texas Highway Department. 
3 "Sur la Legitimitl, de la R egle Dite du Trapeze dans l'etude de 

I.a lleHistance des Barrages en Maconnerie," by M. Levy, Academic des 
8eicrnce, Paris, France, Cou,ptc~ R enrlus hebdomadaires des seances, 
,·ol. 12fi, 1898, pp. 1235- 1240. 

• "Drci wichtige ebene Spannungszustande des keilformigen Korp­
e rs," by P. F illnngcr , Zeit. fur Mathemalik und Physik, Leipziit, 
( :crmany, vol. 60, 1!)12, pp. 275-285. 

• " Theoretical Soil Mechanic:£," by K. Terzaghi , John Wiley & 
Sorn,, Inc., Now York, N. Y., l!M:l, pp. 40f,-409 a ud 429- 430. 

Contributed by the Applied Mechanic, Divisiou o,nd presented 
at the Annual Meeting, New York. N. Y., November 28- Decembcr 
;J, 1948, of 'fH B A MERICAN SOCIETY OF MECHANICAL ENGINEERS. 

Discussio11 of this paper should be addressed to the Secretary, 
a\SME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11 , 1949 for publication a t a later date. DiscuRRion r<'­
ceivcd after the closing date will be returned. 

NOTE: Statcmeuts and opinions advanced in papers are to he 
understood as individual expression, of their authors and not t,hose 
of Hw Society. Paper No. 48 -·- -A-27. 

THE STRE:-;s Fu:,;cnox 

L•:mploying the methods outlined by Timoshu11ko,• it can b(, 
shown that the boundary and all other conditions required by 
the theory of elasticity am satiRtic<l if the Airy stress function 
i/>, is taken in the form 

II ' 1 IV 
i/> = --- - x''y -·- -- -- y'' ..... . . . .. . .. . 121 

3 12 n 

Wh(>l'P ll' weight, per unit of volume of the material. 

The components of stress currnsponding to Equation [2] a1·e. 

IL' 

6a 

2w -3 y." " . .. ... . . ' . . . ... [3) 

11' 

Tzv = -- 3 X 

a 11cl the associated displacements are 

u = --w(l + µ) [(I - µ) x - 2µxy] 
3E 2n 

v = --w (1 + µ) [(l - µ ) y2 - 2µ,a !I + (l + µ)x•] 
3E 

where 

<Tz horizontal normal »tress 
u • vertical normal stress 

r zu shear stress in xz- and yz-planes 
u displacement parallel to the x-axis 
·v = displacement parallel to the y-axis 
µ Poisson's ratio 

E- Young's 111odulus 

.[4] 

DISPLACEM~mTs AT CER'l'AIN Luc .-\'l'lONs WITHIN Cnos;; ::,~:c'l'ION 

Equations [4] lead to the"followiug conclusious: 

A plane surface containing points of zero horiwntal dis­
placement passes through the body . Us equation i» 

:ii= 
l - - µ 

.. Jnµ 
1r,J 

Horizontal lines localeJ a.bov( , this µlaue are ~lturteneu; tlroSt, 

below it are lengthened. 
2 A curved closed surface, cont.a.ining point..~ of zero V<'rlical 

• "Theory of Elasticity," by 8. Timushenko, Mt'Graw-l-lill Book 
Company, Inc., New York, N. Y., anti London, first. edition, HJ:H, 
pp. 12- 51. 
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displacement, lies within the upper portion of the body. It is 
given by 

y= 
µ ± y~2-~_-l_6_a;-(1·-::__-µ-2-)x-; 
------·------........... [61 

4a(l - µ) 

All points enclosed by this surface move downward during de­
formation. All points outside the surface move upward. 

3 A plane surface of zero vertical strain passes through the 
borly. Its equation is 

Vertical lines above this µlane are elongated; below it, they are 
shortened. It can be seen by comparing Equation [7) with Equa­
tion [5) that the planes represented by these two equations coin­
cide when Poisson's ratio is 1 /,. 

For Poisson's ratio µ = 0, surface, Equation [6), becomes 
imaginary; surface, Equation [71, ceases to exist; and surface, 
Equation [5], exists only at an infinite distance below the ori­
gin. 

DISPLACEMKNT DIAGRAMS 

Fig. 2 illustrates the displacements in the upper portion of the 
body when the value of PoiSHon's ratio is 1/,. The length of each 

0 10 20 30 40 50 60 70 
-..,.....,... .. ,-.,"'. =--~-......,----,----,----,--,----x 

'\·, 
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10 · \ 
\ 
\ \. 
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t • ~ 

D ···-~----·:e··•---· .. .J---~-- '. --/--
• I / /f 

30- . J- r ' , .• J 

''., ._/ ! , , I ~ t t 1 
y 

Frn. 2 DISPLACEMEN'.l's ~·oR l'orssoN's RA'.1'10 = •/2 

(OBC is surface of zero vertical displacement; DE is surface of zero hori­
zontal displacement and zero vertical strain.) 
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FIG. 3 D1sPLACEMEN'.rs FOR PmssoN's RATIO = O 

arrow in the figure is proportional to the magnitude of the dis­
placement of a point located at the feather of the arrow, while 
the direction of the arrow is the direction of the displacement.. 

Fig. 3 shows displacements when Poisson's ratio is zero. 
For both figures, the factor w/E, in the displacement Equa­

tions [ 4], was set equal to 0.004, while the constant a, in the 
boundary equation was assigned a value of 0.01. Thus the 
differences in magnitude and direction of arrows, representing 
corresponding points in the two diagrams, result solely from the 
differences in the assigned values of Poisson's ratio. 

APPLICATION-CONDITIONS AT FOUNDATION 

Conditions at a rough rigid boundary, parallel to t,he xz-plane, 
would require that (bv)/(ox) = 0 and that u = 0 for all points on 
this boundary. From the second of Equations [4] 

From Equation [5] 

ov 
ox 

-2w(l + µ) 2x 

3E 
. ...... [8) 

1-µ 
u = Oaty = --... . . ............ [9) 

4aµ 

Equation [8] precludes the existence of the exact conditions 
necessary for a rigid boundary, as might have been expected. 
.Also, from the principle of the uniqueness of the solution, it may 
be concluded that the conditions necessary for the existence of 
a horizontal elastic foundation are absent. 

0 

y 

From these considerations, 
and according to the princi­
ple of Saint Venant, it may 
be concluded that the solu­
tion could be legitimately 
applied only to a limited re­
gion in a cross section having 
a large height-to-base ratio. 
The same restriction of course 
applies to the solution for 
the triangular cross section, 
Fig.4. 

'.Frn. 4 SEMI-INFINITE BoDY WITH 

BOUNDARY EQUATION, y = ± ax 

COMPARISON WrrH SOLUTION FOR ELASTIC WEDGE 

The similarity of the foregoing solution to that for the elastic 
wedge may be seen by comparing Equations [2) and [3) with the 
following equations which apply to the wedge, Fig. 4 

w 
u, = - 2a2 y 

w 
u. = - 2 y 

w 
-r,,, = -2 X 

where the equation of the boundary is 

.....•........ . .... [11) 

y = =ax ....... .............. [121 

AcKNOWLEDGMENT 

The authors wish to thank Dr. Dana Young of the University 
of Texas, who read the manuscript and at whose suggestion the 
paper was prepared. 



Discussion 

Vibration of a Cantilever Beam 
With Prescribed End Motion1 

H. V. CHURCHILL. 2 The author presents an interesting and 
accurate analysis of the transverse forces occurring at the mova­
ble end of a cantilever beam when that end is made to move in 
cert;ain prescribed ways. The three types of end motions which 
are considered are simple oneR related to physical applications. 
His examination of conditions under which the end force under­
goes a reversal in sign is especially pertinent. The details of his 
mathematical analysis are presented clearly and concisely. 
Readers not familiar with the modern form of Heaviside's opera­
tional calculus will need to do some collateral reading to follow 
the steps; but, to some degre<~, this situation is bound to be un­
avoidable. The assumption in problem D that 2 1r/d ,e qn2 was 
J)ot explicitly pointed out. In case 21r /cl is equal to one of the 
numbers q,,, a new type of term is involved in the series which 
represents the end force; but. this special case seems to have no 
very great signifieance. 

A UTHOR'S CLOSURE 

Professor Churchill's comments are' appreciated. In problem 
JJ, the inequality to which he refers is indeed necessary for the 
solution as presented. However, the values of d for which the 

21r 
curves of Fig. ·s are plotted are such that ~- < q, so that the 

cl 
inequality is satisfied. 

Centrifugal and Ther1nal Stresses 
in Rotating Disks1 

FL01rnNCE F. BucKLAND.2 The method described· in this 
paper seems to be a handy scheme for calculating stresses, but 
certain parts of the paper need to be clarified. 

In the introduction it is stated that the radial temperature 
gradient may be expressed as kr". H.adial temperature distribu­
tion is what is meant. 

The nomenclature lacks several important symbols, including 
s and t. Also t is used for temperature as well. Y and Z do not 
need to be included, except for saying Y, Z, Zv[, F, h, p, w, and y 
are defined where they occur. 

The tabular form sheet starts with 25,000 psi radial rim stress 
which may be assumed to mean only two significant figures. 
The numerical operations performed end up with five and six 
significant figures. This is an example of the unnecessary pre­
cision of a calculating machine giving results which are by no 
means justified by the primary data. 

It would be helpful to know the constants in the equation for 
temperature distribution given in Fig. 3. 

1 By G. A. Nothmann, published in the December, 1948, issue of 
the .JOURNAL OF APPLIED MECHANICS, Trans. AS1VIE, vol. 70, pp. 327-
334 . 

2 Professor of Mathematics, University of Michigan, Ann Arbor, 
iVlich. 

1 By W. R. Leopold, published in the December. 1948, issue of the 
JOURNAL OF APPLIED MECHANICS, Trans. ASME, vol. 70, pp. 322-326. 

2 General Engineering and Consulting Laboratory, General Elec­
tric Company, Schenectady, N. Y. 

R . A. STRUB. 3 The method of calculating thermal stresses in 
disks presented in this paper has the advantage of being simple 
but is limited to a given type of temperature distributions. How­
ever, this limitation is wide enough to permit the calculation of 
thermal stresses in most cases encountered in turbine disks. A 
generalization can, however, be reached if the temperature gra­
dient of each elementary ring is taken as a constant. The radial 
temperature distribution in the disk can then be split up into 
elements of straight lines. The true temperature distribution is 
thus approximated by a polygonal line. ·when proceeding thus, 
the functions Y and Z will have a discontinuity each time the 
temperature gradient changes. The graphical method for the 
computation of s and t developed by R. Grammcl can still bE 
used, and the condition !">.u, = µ !">.ur remains unchanged. 

Such a procedure will give a sufficiently accurate result for the 
field of thermal stress due to any temperature distribution. 

A somewhat similar method can be used in introducing the 
radial and tangential thermal stresses due to a constant gradient 
of temperature, and for the following boundary condition at the 
inner radius of each elementary ring qr = O; u, = 0. The corre­
sponding stresses at any radius of the elementary ring ar_e given by 

u,. = io·a·E [ - ~ ~ + ~ - i P J 

in which p is the ratio of any radius to the inner radius of an ele­
mentary ring and lo the temperature at the inner radius, the ele­
mentary distribution of temperature being given by t = top. 

The method described by R. Gramme! for centrifugal forces only 
can be used for determining s and t and the stresses given by the 
foregoing relations are added at the outer diameter of the ele­
mentary ring. The boundary conditions at the inner diameter 
are unaffected. 

A somewhat similar method has been developed by the writer 
in an unpublished work, "A General Method of Calculating Me­
chanical and Thermal Stresses in Disks and Tubes." The method 
is semigraphical and makes use of elements consisting of conical 
convergent and divergent disks and introduces the variation of 
the modulus of elasticity and of the coefficient of linear thermal 
expansion with temperature. 

.J. T. WANG. 4 This is a brilliant paper except that a revision 
is necessary in the viewpoint of the distribution of temperatures 
in the disk. Neglecting the variation of the temperatures along 
the axis of the disk, the differential equation of temperature dis­
tribution symmetrical with respect to the axis is 

021 1 at 
- + -- =0 
or2 r or 

The solution of the differential equation is 

1 
t = - b [(tb - ta) log r -- (lb log a - ta log b)J 

log -
a 

3 Research Mechanical Engineer, E. I. du Pont de Nemours & 
Company, Inc., Belle Works, W. Va. 

4 Professor of Machine Design, University of Chekiang, China; 
Visiting Consulting Engineer, Allis-Chalmers Manufacturing Com­
pany, Milwaukee, Wis. 
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TABLE ANALYTICAL RESULTS OF AUTHOR'S PROBLEM 

3 4 r, 6 7 8 \I 

Hect. ,., 101,,, fJlw2r~ {Jwir ~ y z y 

12 ,5 156 6.41 35100 20200 0 -33800 
1.2 

2 11 121 8.26 27200 1,5700 4080 -27800 

3 9 81 12.35 18250 
.0 

10500 10100 -17850 
1.2 

4 7 49 20.4 11000 6350 16200 -3980 
1.6 

5 4.5 20.25 49.4 4550 2620 20000 27400 

6 2.75 7.58 132 1705 
2 . 0 

983 0 87000 

· By using this expression of t,emperature instead of t = t. + krn as 
proposed by the author, we have, instead of his expressions of Y 
and Z, the new expressions 

Y= 

r

log b - ( ~)
2 

log a - (~)' log ~ J Eo:(tb - ta) b r a 
b 2 - log r 

2 log - 1 - (~) 
a b . 

10 11 12 1:J 14 15 16 
-t),y 

ll+tJ.y "' t.s :,.1 "' "" <Tro 

25000 IJUOO 6560 25000 
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degree of accuracy still exists. This type of transformation al­
lows the method proposed to be used in almost any problem en­
countered. 

The comments of Professor Wang are interesting, although 
quite misleading. The differential equation proposed by Pro­
fessor Wang is obtained by neglecting sever!\! terms from the 
following differential equation 

~ = K [ 0
2
1 + ~ ot 1 o•t 02t J 

oT c>r2 r 2 c>r + -;. b82 + c>Z2 
' . Eo:(tb _ t.) rlog b - ( ! y log a + ( ~ y log ! . J . 
z. = b ( ) 2 · - (log r + 1) where 

2 log - 1 - ~ T = time 
a b Z = axial axis 

By this rational method, the results-of analysis of the same prob­
lem illustrated at the end of the paper is shown in Table 1 
herewith. Comparing it with the author's original solution, the 
difference in the maximum stress is about 25 per cent. The 
representation of the temperature gradient by the author's for­
mula is, in fact, impossible. A better form of the equation is t = 
t. + K(r - r0 )n. Nevertheless, the rational formula is no more 
complicated t han the empirical. The use of the latter is there­
fore not justified particularly with the view that the values of n 
and k will vary with each particular case. The rational formula 
will give a completely determined temperature gradient as soon 
as the boundary temperatures are known. 

AUTHOR'S CLOSURE 

In the preparation of this paper, the terms "gradient" and 
"distribution" wer.e both considered for the expression kr". Both 
appeared correct from dictionary definitions, but the term 
gradient was chosen since it seemed to connote more accurately 
the author's intended significance of the expression. Inasmuch 
as the choice of words does not affect the meaning or the method 
proposed in the paper, the choice remains with the reader. Since 
the temperature curve i~ the sample calculation was an arbitrary 
assumption for purposes of illustration, the values of the con­
stants were not given. Any one of several.well-known methods of 
determining such constants will show that n = 5 and k = 

0.001805. 
The author agrees with the assumptions that Mr. R. A. Strub 

suggests. However, it is believed that the method proposed in 
the paper is more accurate without the addition of serious corn­

. plication of computations, especially in the case of a rapidly 
changing temperature curve. The method proposed by the 
author is limited to temperature curves which continually in­
crease or decrease for exact analysis. However, in the case of 
rotating disks, this type of temperature curve is a generalized 
case rather than a limited one. If however, a temperature curve 
which does not continually increase or decrease is encountered, 
several fairly accurate methods are available which transform 
these curves to the type of expression used by the author. The 
resulting expression is of course approximate, although a high 

8 = angular displacement of a point on disk 

Since a steady-state condition is assumed ot/ oT = 0. Further, 
since the disk is subjected to a uniform temperature distribution 
circumferentially 

r2 

i)2t 
=0 

i)82 

However, by neglecting the term o2t/ oZ2, Professor Wang as­
sumes that no heat transfer takes place through the sides of t.h«. 
disk, which of course makes his expression very limited in applica­
tion. The met,hod proposed by th•! author assumes that transfer 
can exist through the sides of the disk, hut assumes that, since 
the axial .dimension is small, the stress resulting from a gradient 
in that direction is negligible. 

The author has taken the liberty of plotting the temperature 
gradient obtained from the equation proposed by Professor 
Wang. Fig. 1 of this closure shows the resulting temperature 
curve, as well as the one used by the author in the sample problem. 
·The difference between the two curves results in the 25 per cent 
increase in maximum stress as reported by Professor Wang. The 
versatility of the method proposed by t.he author is again illus­
trated since, by using a value of n =; 0.156, k = 1730, Professor 
Wang's curve is duplicated, and the stresses Professor Wang 
predicts with his temperature-curve rl'sult. 

In defining temperature gradient, in the paper, the gradient wa~ 
stated to exist from the absolute c·ent,er of the disk to th~ rim anti 

PROFESSOR WANG'S ASSUMPTION 
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hence the equation t = t; + kr" dot·~ exist. •Siuce the temp1·ra­
tt1re gradients in a disk with a ePntral hole have a small change of 
slope at the hole, the error introduced by neglecting the r" term 
proposed by ProfeRsor Wang i~ 111-·1.digible. 

It is evident from Prof<"sso1· Wang's comments t.hat tlw fact of 
this mdhod's, being general for any temperature gradient, actually 
exist,ing in the disk was not, clParly presented. These various 
gradients can exist from heat, transfer through the sidt>,S of the 
disk, various types of cooling, prc<lictions from previously meas­
ured data or calculated by other means. For these reasons, a 
theoretical expression as suggestr,d by Professor Wang was not. 
used as it is too limited in scope. His hoped that the forel(oing 
has clarified this point .. 

Stres·s-Strain Laws of the Mathe­
matical Theory of Plasticity­
A Survey of Recent Progress1 

IL HILL. 2 The author has given a comprehensive and ad­
ruirnbly lucid survey of the stress-strain relations which have been 
suggt~sted by various writers for a plastically deforming metal. 
AR he has mentioned, there are, broadly speaking, two main 
t_vpes of stress-strain relations, which have been designated by 
Il~•ushin flow and deformation theories, respectively. It would 
be preferable to speak rather of differential and finite strain 
theories, since "flow" has a special significance in metal physics, 
connot,ing deformation brought about by thermal activation 
under constant external stress. It appears inappropriate to ap­
ply it to describe a theory for a work-hardening metal in which 
plastic deformation under constant stress is not possihle, and 
where the element of time is absn1t. 

Jn t,hc differential-strain theory (typified by the Reuss equa­
tions) the ratios of the components of the plastic-strain increment. 
(or velocity strain) are directly related to the ratios of the com­
ponents of the current stress, while the increment of strrss enters 
only in determining the magnitude of the strain increment 
(through the rate of work-hardening). The differential relations 
between the plastic-strain increment, stress, and stress increment 
11re nonintegrable, and there iR 110 unique relation between the 
current stress an.d the total st.n1in (which may be of any magni­
tude). In the finite-strain theory, typified by the Hencky equa­
tions, the total strain (always assumed small and defined as in 
dasticity) is directly related t,o the current stress. The finite 
strain theories, in their present form, are not applicable to prob­
lems where the strains are largo, for example, in most mer,hanieal 
working processes. 

It; is easy to see t.hat a finite-strain law is inappropriate for 
representing the observed bchavior of a metal. Suppose an ele­
ment of metal has oc--en plas tically deformed in some way, and 
then unloaded. If the element is now reloaded, under a differ­
ent system of combined stres.~es, unt.il it is again on the point of 
yielding, the change in strain during the unloading and reload­
ing is purely elastic (secondary effect,s such as the hysteresis loop 
arc disregarded in present theories). However, according t.o the 
finite-strain theory, a different plastic state of stress implies a 
different state of plastic strain . Consequently the finit.e-Ht rain 
theory is not in agreement with observation. 

The author refers to a similar objection raised bv Handelman 
Lin, and Prager with regard t.o neutral changes of stress, wher~ 
the stress is changed in suf'h a way t.hat the element· is kept just 
on the point of yielding. Diff,·rPnt,ial-strain laws are free from 

1 By W. Prager, published i11 the Heptember, 1948, issue of the 
,JOURNAL OF APPLIED MECHAN IC!:!, Trans. ASME, vol. 70, pp. 226- 233. 

' Cavendish Laboratory, Camhridire, England. 

t,hese object.ions, as the author mentions. 1u the tipecial case 
when the loading is such that the dcviatoric sl-ress component;s 
are increased proport-ionately, it is easy to show (as remarked 
in particular by Ilyushin) that the Hrmcky and Reuss laws agree 
in predicting the same process of dC'formatfon. In general, how­
ever, the fini te- and. differential-strain theori<·S lead to different 
conclusions, especially when the change of Rtress tends to he 
nearly neutral. 

A rat.her int.erest.ing comparisou oft he Hencky and Reuss equa­
t,ions is provided by the behavior of a thick-wall<'d closed tube, 
expanded under int.ernal pressure. Both theories agree in pre­
dicting that., ~it,h increasing plastic ·distortion, tJ1p axial stress 
tends to the mean of t-he radial and circumferential stresses, 
everywhere throughout the wall . Hence the RC'us.~ theory im­
plies that t.he successive increments of axial plastic strain te nd 
to zero, so that the total axial plast.ic strain (of elast.ic order of 
magnitude) tends Rtea<lily to a maximum value. The Hencky 
theory, on the other hand, implies that the total axial plasti c 
strain itself is finally zero, and thus that. it reaches a maximum 
and then diminishes. It would be interesting to test this experi­
mentally, the axial strain being measured of course between 
two sections well away from the ends. 

In view of the shortcoming of finite-st .rain theories, it is a Jiu.le 
surprising that they have been so much used in applications. 
There seem to be three possible reasons for this: (1) their mathe­
matical convenience in small-strain problems, (2) their approxi­
mate agreement with experiment when the material is never 
unloaded and the stress changes are far from neutral, and (3) 
the lack of experiments specifically designed t.o discriminate 
between the two theories. It is, in a sense, unnecessary to per­
form such experiments, since the outcome of the unloading and 
reloading process mentioned previously is of course known. 
On the other hand it is not surprising that for certain loading 
paths the Hencky equations may give reRul ts more in agreement. 
with observation than the Reuss equations. This was so, for ex­
ample, in the experiment of Hohenemser, where a tube was 
twisted and then extended, while the twist was held constant. 
Since t he theories can be compared only when the strains are 
small, a significant comparison is largely prevented by secondary 
effects (anisotropy, rounding of yield point, creep, and elastic 
after-effect), disregarded in both theories. The significance of 
Hohenemser's or similar experiments lies much more in a test of 
the Reuss equations. These are known not t,o be strictly accurate 
when the stress increment is negligible, owing to the deviations 
from the Levy-Mises relation observed hy Lode, an<l hy Taylor 
and Quinney. 

The author has discussed more general difforontial-strain theo­
ries which take these deviations into accoun t . Howeyer, there 
is also the possibility that the stress increment may affect t,lw 
rat,ios of the components of the plast.ic-strain increment. This 
possibility is not taken into account iu present. different.ial-strain 
theories. Its effect would he most pronounced where th1: 
elastic- and plastic-strain incremm1ts arc compamble in 
magnitude. 

On the general question as to what theory is hest suited for 
practical applications, there seems no doubt t hat when the 
strains are large the Reuss theory is satisfactory. The error 
due to neglecting deviations from the Levy-Mises relation iR 
probably smaller than the accuracy required in most practical 
applications, particularly in view of random variations in the 
material it.self. The inclusion of work-hardening within the 
framework of the Reuss equations, either by the concept of a 
generalized stress-st-rain curve, or by the equivalent assumption 
that the hardening is a function only of the plastic work, appears 
reasonably well confirmed so long as appreciable anisotropy is 
not developed during the strainin11:. When an especially high 
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accuracy is n]quirnd, and is justified hy <'Xperimcntal tcehniqiu,, 
the Reuss equations will have to be replat·,•d by some more g<'ll­

ernl diffcrent.ial-strain t hcory of the typ1• mentioned by ttw 1n1-

thor. At. the mommit, however, theory ha s here outst,ripp,,cl <'X­
periment. 

W. P. Roop.3 The papers on t.he flow ,uul fracture and the 
theory of plas ticity of meta ls which were hrnught together at the 
Applied M cchaniC's Conference of Junl', l\J48, were even nHll'c si11;-
11iticant as 11 group tha n singl,v. T aken together they off,•r a. 
stimulating resume of t.hc subject at its present. slag,·. The 
author' re ferred to two ways in which progress is to be mad1•: h.,· 
(a) critical discussion of t.hc laws and thl'ir general co11,:;,•qw·n,,,.,_, 
and (b) the solution of concrdc probh\ms. The ques t ion of 
priorit.y between t.hese is that arnund whid1 th<' ma.in co11trasts 
of t hough t turned, and the wrikr wishes to offPr hernwith some 
detaill'll comnwnl hearing upon this ques tion. 

The ~eparation of these t11·0 points of view is on!.,· for co11v!'n­
ie11ce in thinking ahnut them. Even the most refined theoril'S 
canno t. cut loose on t.irely from t he lmck11;rnund of experie nce, 
a nd no t even t he grossest empirir.ism can gut. along ll'i thout id,•as 
whi('.h have at. l,•ast som<' shn•d of truth. Tl1<• oct.ahc<.lral th<'nry 
takcH a middll.' pat.Ji: it is as~un•dly in:uh·quatP in gcnernlit.1·, but 
it iH also regard,·d liy cl'rtain m,•11 able to build ,·xeollcnt Ht ruc­
turcs as too t heoretical fo r any use. B oth of thes1, obj,!d ionH 
are valid, bu t ins tead of condemning t his t hPory fo r both of t \\'O 

opposite reasons, t.he writer prefen; to ex1 ract from it all the 
guidance it ean give in practical d,,s ign, without. ignoring tl1< , 
limit.at.ions 11·hich the philoKophcrs SC<' so cll.'al'iy. 

Ld. us consider four reports referr ing mainly to expe rimental 
work , i.t-'., t.l1ose of S. J . li'raenkel ,4 of .Julius i\Iiklowitz,' of 
II. K D a vis and E. H. . Parker,• and A. C: leyzaJ.7 All four r<'lat,: 
to ph,•nomL•tm of t\ow in simple geomct ril's , all mak1• U&! of grids, 
allll give more or h,:ss at.t(•nt ion to quPs t ions of ;;train dis tribution , 
all use nwdium skcl in the ductile mode, all took data pl'1'1.i11011t. 
to 1-ht• validity of octah t'dra l t,heory. Yet in addition to till, dif­
fen•nc<! in geometril•s , "ach exhibits a difforent attitude wit.h 
n•spect. to the purposes for which tlw data were t.aken and tlu· 
eorwlusions to ht, drawn from t.h,•ni. 

In Fnwnkel's work, ' a sp,•citir. dTor t was made to explore t lu-• 
d'foct.H on strain of va ry iuµ; 1lrn int.ermediatc principa l st,ress "' 
from l'quality wit.h u1 to ,·.quality wit,h u3• Octahedral tlwory 
is 1w approximation whieh as,:unws that the Mohr circles of 
stn•ss and of strain are simila r in form ,• ignoring the position of 
the origin of co-nrdimtf.es on t he stress circles, or ot herwise 
sta t{•d, usinµ; t.h,· i\lohr circles of thu stress deviators . What. will 
b,• called th,• " 1:•c·e,•11 1. ri city" of the circles of stress is the dt•partur,· 
of u, from the mean value (u1 + u,) / 2. To make this ditform1ce 
dimpn;:ionlt·;:R, it is divided by the SPmidiamet.er of the out~r 
cirdt• (u, - u:i )/ 2 to give a coefficient of eccent.ricity of st resR µ 

3 St.ructural Research Laboratory, Swar thmore College, :-,warth­
rnorc, Pa. 

• " Experiment.al .~tudies of Biaxially Stressed l\Iild Steel in t.l1e 
l'lastic Range," by S. J. Fraenkel, published in the September, 1948. 
issue of the JOURNAi. OF APPLrnD MECHANICS, Trans. ASME, vol. 70, 
pp. 1!)3- 200. 

' "The Influence of the Dimensional Factors on the Mode of Yield­
ing and F ractme in Medium-Carbon Steel- I," by Julius Miklowit.z , 
published in the September, 1948, issue of the JOURNAL OF ,\ PPI.IEn 

MtJeHANrcs, Trans. ASME, vol. 70, pp. 274--287. 
6 "Behavior of Steel Under Biaxial Stress as Determined by Test~ 

on Tubes," by H. E. Davis and E. R. Parker, published in the Sep­
tember, 1948, issue of the JOURNAL OF APPLIED M>!CHANICS, Trans. 
ASME, vol. 70, pp. 201-215. 

7 "Plastic D eformation of a Circular Diaphragm Under Pressure,'' 
by A. Gleyzal, published in the September, 1948, issue of the JouR­
NAL o•· APPLIED MF:CHANICS, Trans. ASME, vol. 70, pp. 288- 296. 

8 "Stress and Strain in Plastic Flow," by W. P. Roop, The Wcldfr,u 
Journal, vol. 25, Rept.emher , l94fl. pp. 799- 823. 

as ,!Pti11<•d hy the "author. Thi., al.so may he <·xpn•s;:pc] '" 1 lw 
clifferPn,·e bctw<.,•en the two 111i11or sl1<•ar inknsit.i<'~, r, - r :,. 

mPasun •d hy the sernidianwt.,·rH of t.h<· innl'r ci n·l<'s, divid,·d hy 
ttlle major shear r,, mc•asured liy t,hc scmidianwt1,r of t he out, ·1· 
l'ireli,. I II dealing with thesP sh,•ar i11tPnsit i<'R it is 1,.,t,U!I' t" t hi 11 k 
i11 l.i,1·ms of absolute va lues a11d ignon• siµ:11. 

:'\011· plast.ir How is the rPspnr1s,• of a dtwtill' n1Pt a l '" sl11•ar 
s t.n •ss, and in a polycrystalli11<, mal!·rial 11·ith ra11dom uri, ·11ta­
tions t'll"uµ;h single crystals will hav, • t.lwir pln111 •s of 11·1·:ik111'~.-
1u•a. r I II<' pl a ne of maximum slH'a.r r, t o 1·a11si, ;:lip i11 a Z<>lll ' i11-
f'lndi11µ; this plarn•, r, •g11rdl .. ss of ll'hat. happ1·11s in 1 h<! pla 11l ·, .. r 
111i11or ><11<':tr r 1 and r :i. Th""" minor slH'ar-s t r1·s., i11t!'11si1i,·s 1·11r.1· 
in :;1wh a way that. 011, · is at 1,·a:,t and the ot h, ·1· at 1110:; t. ,,qua! t" 
ha ir r,, n11d a t lhe limit l,011, hav, · this sanw v:du, ·, and tl,c ,,, ... , ,. 
t!l'<,,mtricity µ is wrn . !11 t his ,·a st! the slll'a r :; I.rain is in fa.<' I 
µ;n -att •st in the plan, • of r,. hut si111 ·,· hv sy mn1<'! ry the t \\'o 111i11"r 
sht•ar strains will I"• ,•qua I. a11d t h,·ir sum cqu:t.l., I h, · niaj,,,· st rni11, 
t-11<· 1•,,c,·:it ricity of st. rain,. must also,,.. Z<'l'l>. For ;:imila r n·aso11s. 
ll'hl'II 0111 · of the minor ,·in·I ,·,: h:ll' sl,n111k to Zl'l'11 a11d the 11! h"r 
.has n:-- p:wdcd to coirwid,· 11·it h t.lu · 111a j11r ,·ir"I, •, t ill' i11d l'x "f ,.,._ 
1·,•1111-i«-it .1· for stress µ, a11d also that . f11r st rain v, l,11 Ll 1 ll'ill n :a,·h 
tl1<• va.hH· unity, and thus again ,•qua! ,·a,·h 11tlll'r. 

( lctalll'dral tlwory asHumes that this e,,uality of t•,·ccnt ri1·it.1· 11f 
stra in with that. of Ht n•ss holds al Ho for a ll ot h,•r values of µ. 1 f 
t lu , rnt,io 111' r2 to -y, lu• 1·1·gard" d as a plaHt ic modulu8 /\, va r1·i11 g 
with t he s tress le vel Tm·, , t hen at any gi vl' n r ,,,., i t, 11·ill a lso Iii' t nll' 
t.ha.t. r 1/ -y1 = r , / 'Y:i = :>., n•gardfp,:,; of t.lw valw: of r..c< , The modu­
lu;; A is in dfoct the ratio of any dimen;:ion on i-lll' st.n•ss ,·ir,·.1,·~ lo 
t.he samu dimension on the strain cirnlcs, a nd thus a lso t hi' r:11 .i" 
of oetahedral s tress t,o strain . 

11 comos now to a ques t.ion of t h<' 11at.urc of t.!u, ,.iTor i11 i11f,· r­
<'IIC(!8 from the octahedral thl'ory if this assumption of equa li t _,. 
iis incol'l'ecL Some evid1•11ce 1·xi;:t;; in this paper and in its rl'fcr­
<·nces , t.o show I.hat tlrn ind1•x of strain l'<'<'Pllt ri city is r,•lurt11nt 
1.0 follow t.he s tress eccPntricity as it di,pa rt s from t.he Z<!l'O 1·:dw · 
a t which tho two am in an\' r,a.s<' <·qua!. 011ly as r, (o r r :i ) ap­
proac}ws r 2 in in1.,m;:it~· dn!'s 'Y> (11r 'Y :i ) f11llow it in 1hu 11 s, t11111·d 
ratio. It. is possihl,• that in sonll· µ:i•o1111·tril' s or pattl'rns of load 
this might makP a ,h,cisin· diff,•n•111,t•, ah houµ;h 1111 Slll·h ,.,,~,· 

occurs to t he writ.I!!'. 

Simihu· commc111" may lw 111:ult· 011 t·lip datu n •lat.ing t" 11,.. 
signiflcaru•1! of path. The ,•x,u11pk, shown in Fig. 11 of 1111· 
Fraenkcl paper,' is not s trictly on<' of neutral loadinµ; in t.lu · au­
thor's (Prager)' sense, which would n ·quirc u , t,, diminish '" 
u1 increases, so as t o ma intain constant octahcdr:d va lue. l !011·­
evcr, there is 110 rnaHon to supposti that, the result would lmv• · 
been notably diff,m,nt if this condition had IJcen exa.ctly ~atis­
fie<.l . 

In the ;,\[iklowit.z paper on the flat tensile bar, • t.he descriptiVl' 
da ta rela ting to the highly nonuniform action of the !at.er s t.ag, •s 
of flow marks a s tart; along a path which has alrea dy bel'n fol­
lowed mueh furtJier in cmmection with the round bar. With 
notable difference;:, this case has some interesting Rimilarities to 
that of a meridional Hlah cut from the round bar. A point of n •­

semblance lies in the combination, 'in transverse sections, of 1;011-

cavity toward mid-lt!ngt.h near mid-length, wi th convexity a.I 

greater distances. Tn no other way ca n the presence of greater 
axial strains at mid-wi<lt.h than at the edges in the sections near 
mid-length be reconciled with 1 he greater over-all length of ihca 
sinuous line at the edge as compared with the straight line ai th, 
axis. A point of differe1we lios in the absence in the flat bar of 
ilw counterpa r t of the hoop componen ts of s tress in t he round 
bar. A significant query may he made whether the crossed re­
gions of high strain shown in Fig. 16 of the paper, 6 have ana.Jo~ 
in thl' round ha.r. 
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The ffat t,ensilt · liar, howevt ,r, has an importance of its own.• 
The dimple which tfovelops at t·.hc center of the cross is in effect 
a plastic notch, and t.he fact that f a at this point has a maximum 
value which dt>pcnds nut at a ll on the width of the plate and only 
a little on thickness, Fig. 15, 6 is new evidence that the ductile. 
behavior of a flat plate in tension has a stable character of the 
sort that makes th is type of specimen a good indicator of how 
a given materia l wi ll act in an assembled structure. By placing 
a machined notch at ·the point where the plastic notch wou.Jd 
otherwise develop, we come closer to the conditions of service 
without losing the advantage of this stability. 

Fig. 156 also shows that the octahedral strain a t fract.ure iu the 
dimple rises wi th decreasing thickness and (below about five 
thicknesses) wi th decreasing width. The additional data on dis­
tribution of residua l strain in F igs. 17 to 21 of the same paper, if 
brought togdhcr in a contour chart like thab in Fig. 20, but in 
terms of octaht,d ra l s tra in , would come close to giving a t rue 
picture of energy dist ribut ion. Tu carry through such a reduc­
t ion, even on a single specimen, would be a big job, and for all 
18 of them ha rdly practicable. However, the average of the unit 
energy a bsorption, in inch-pounds per cubic inch, taken over the 
whole of a region, say , two widths long, could be taken out at mod­
erate cost; compari.·on with the maximum va lues in the dimple 
could then be rmulc. The wri te r is of the opinion tha t this ratio 
of maximum to a vrn-agP uni t energy may be grea ter in these un­
notched plates tha n in those wi th notches. Might we infer from 
such a conclusion I.hat to in creas~: the gross energy absorption of 
an ex tended Rtructure we should put holes in it? 

More near ly anwnal,Ie to a naly tical study is the question of 
s train ratioH in the range of uniform strainin g, as in Fig. 10. 6 

1 t is usual to assure that a lengt-h of not more than 10 widths 
is needed to obt ain a uiii form dist,ribution in·the mid-section of a 
tensile spl,eimen. The rat io of 5 in this case, combined with 
generous fi \\ pts in hoth width and thickness, should have come 
near the ma rk. A furl .her assumption widely accepted is that 
even in a long specimen a high ratio of width to thickness increases 
transverse constrain t., reducing fe from equali ty with f a in narrow 
wid ths toward Z<! rO in great widths, the condition of pla ne strain 
in the length-thickness section . Fig. 10 shows the stages through 
which this t ra nsition passes. Even at the lbw strain level at 
which the effect is t.i1e greatest , and at the highest width-thick­
ness ra tio k:sted , na mely , 10, the ratio f2 / f 3 has hardly more (.han 
a good start toward the zero value. On the reason for such a 
state of affairs the theory of plasticity seems thus far to be silent. 

Easier to t.heorize a bout arc the two rema ining cases, of tubes 
a nd diaphragms. The tube teRt.s a re considered by Davis and 
Parkcr6 to give gc!rwrnl confirmation to octahedral theory. Even 
in the single case in which stress ratios were varied, the octahedral 
stress strain reasonably falls in with the curves at constant 
rat io. P redi ctions of strain rat,ios drawn from similarity of 
strain with stress circles are reasonably confirmed and this oc­
curs also in the one case at low temperatures in which a ductile 
strain of 50 per cent, was followed by cleavage frac t ure. In 
addi t ion , these au thorR give, wi th almost no comment, some dis­
t ribution data . ln specimens 1, 2, and 3, a condition like that 
of pla ne strain in the · peripheral-radial section was achieved 
over a fair part of t he length, with hoop strain of about 25 per 
cent and near-zero a xial s train . The inverse condition of load 
which would produce .wro hoop st rain was not used. 

In the case of the diaphragm, with its polar symmetry, Dr. 
Gley7,al7 offers a complete analytical solution in open form for the 
two co_mponcnt.s of s t.l'ess not 7,e ro, for the two independent 
component.5 of strain, both as furwtions of the radius; and also 

9 "Tests of Ductility in Ship St,rueture," by W. P . Roop, ASTM 
Symposium, .Tune, 1948. 

a series of deflection profiles.at a series of assigned pressure values; 
all by direct inference from octahedral theory with appeal to 
experiment only for the functional relation between octahedral 
stress and strain. Agreement with observation lies within t,he 
limits with which the stress-strain curve is defined. 

It would be difficult to trace the detai ls of th is calculation 
or to paraphrase the processes of thought by which, the ten 
different rela tions between the ten independent qua nt ities a· 
listed were esta blished. Dr. Gleyza l states, in no tes to Figs. fi 
to 10, that his solution is based only on the " equilibrium condi­
t ions, strain-displacement relations, and plastic s tress-strain 
laws." It would be useful to follow more closely the process by 
which the form of the stress-strain curve act.s in cont rolling the 
radial displacements u which, in turn, are associated with the 
radial dist ribut ion of thickness h. 

For a simple numerical check of Fig. 5,7 the wri ter has evalu­
ated t/ h~ at the cent.er point, where fr = f8 , for the stress-strain 
curve r = 48.4 -y'i\ and finds t he numbers reasonably confirmed. 
However, since f8 falls away from equality with fr at the center to 
zero at the rim, is not the upper half of Fig. 5 in which f8 > fr 

superfluous? 
It is noted that although the strains in Fig. 5 are carried onl y 

to values of 0.05, the calculated strains in Figs. 6 a nd 7 of the sam·c 
paper, 7 go up to 0.09 and the rupture point in Fig. 1 is at a s train 
of not less than 0.40 octahedral value, or 0.14 linear value. If 
the stress-strain exponent is 1/ ,, differentiating Dr. Gleyzal's 
formulas gives a maximum of t/ h.0 at f = 0.10, a nd of u at about 
f = 0 .18, where f = fr = f8, • 

So far as the writer is aware, this is the fi rst complete solu tion 
proposed for the circular diaphragm. It is hoped tha t it can he 
reduced to somewhat more t ractable form and especially t.hat 
questions of stability may be studied further. In any case, 
however, it offers a good example of what the octahedral theory 
can do for us. 

To balance our discussion, take now the three pa pers presented 
in quick succession by J. E. Dorn and A. J. La t tcr,10 E . A. 
Davis,11 and Professor Prager .1 The intent of a ll three of these, 
again is the same, to find a middle pat.h between the nominal 
fo rmulas which have the meri t of giving useful numerical pre­
dictions in special cases and a more generali zed a na lysis whose 
merit lies in complyi;1g more rigorously wi th basic requirements. 
A. II t hree make use of the concepts a nd nomencla tures of the 
theory of elasticity , moving t·hcnce toward broadened ranges of 
application. 

In the ordina ry elastic casu I.he stress-strain relation is that of 
simple proport ion, the st rains are infini tesimal, the action is re­
versible. Between load and deformation the correspondence is 
unique regardless of path of loading, a condition which is de­
scribed12 by referring to the existence of a valid "deformation 
theory ." Whether or no t it is possible to imagine except ions 
axes of elas tic stra in a re usuallv parallel to t.hose of stress and 
when load pa tterns are held ~onstant, witi1 chinges oniy in 
intensity, ratios of principal stress deviators to each other and 
to principal strains remain consta nt, and their axes remain fixed in 
t.he body. The distribut ions, i.e., t.he variat.ions from point to 
point in the body of intensity , orientation, and ratios of compo­
nents, are determined uniquely by the gcomct.ric condition of "com-

10 "~tress-Strain Relations for Finite Elastoplastic Deformations," 
by .T. E. Dorn and A . .T. Latter, publ ished in the September, 1948, 
issue of the .TOURNAL OF APPLIED MECHANICS, Trans. ASME, vol. 70, 
pp. 234- 236. 

11 "A Generalized Deformation Law," by E. A. Davis, published 
in the September, 1948, issue of the .TouRNAL OF APPLIED ME­
CHANICS, Trans. ASME, vol. 70, pp. 237- 240. 

12 "General Stress-Strain Laws of Elasticity and Plasticity," by 
A. Gleyzal, JOURNAL OF APPLIED MECHANICS, Trans. ASME, vol. 69, 
.Tune, 1947, p. A-167; comment by William Prager. 
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patibility," the dynamic condi tion , of equilibrium, applicable 
throughout the interior of the hody, and the restraints or "sur­
face tractions" applied at the boundaries. 

Given ingenuity and patience enough to follow through the 
necessary process of search and confirmation, every specific 
problem in elasticity is soluble, and examples of success are 
found in _other parts of the program of the conference. 

With such precedents it is natural to wish for a con espondingly 
complete theory of plastic behavior. It is clear that under given -
conditions the problem still has a unique solution, namely, that 
found by the metal it·self, which shows no signs of doubt as to 
patterns of deformation. But it is equally clear that none of 
the three conditions used in calculations in the elastic range is 
now applicable. The stress-strain relation is discontinuous, the 
strains finite, and loading and unloading must be handled sepa­
rately. How can we make assumptions of a more intricate 
uature that will lead to calculated results reasonably correspond­
ing wi th the facts? 

One such assumption is so naive that it is not even mentioned 
hy any of our four authors, 1, 10,u although it underlies work which 
has been prolific in solutions of practical value. It is that after 
the elastic limit has been left behind locally, for moderate further 
advances in load level the strain pattern persists, with only the 
change in stress, its local peak values are cut down to yield point 
intensity. Whether or not this violates conditions of equilibrium 
and compatibility, it does lead to approximations for observed 
values of load-bearing capacity which are useful in design (van 
den Broek, Hrennikoff, Wang), and these have led to efforts to 
provide for it a more rigorous basis (Osgood, Shanley). Ductility 
does not come in qurRtion since the method at best is still limited 
to small strains. 

Such a direct t reatment of plastic as an extension of elastic 
behavior is not contemplated by Professor Dorn, 10 although the 
word "elastoplastic" occurs in his title. He is seeking principles 
of more general validity and the question with him is : Whal; 
concessions are to be made for what benefits? The benefits are 
those of a more specific recogni1 ion of the difficul ties in prin­
ciple, and for this wff must give up the hope of early solution 
of specific problems on the more rigorous basis proposed. 

The difficulty in principle which is chiefly discussed is that 
cuused by strain being no longer infinitesimal, and the rellledy 

o, 
proposed is that of proceeding by a series of increments - dt ot 
us in his Equation [ 10] .10 In addition to integration with respect 
i-.o space co-ordinates, solut-ion of a particular problem will also 
require integration with respect to t. This variable might, in a 
simple case, be time, but more generally it represents · " the 
uxt€nt of the deformation." However, like time, presumably, it 
.is independent of the space co-ordinates, so that any partict1lar . 
value oft applies equally to all parts of a body. 

To make such a procedure at all feasible, further concessions 
are necessary. Professor Dorn, 10 in Equation [ 12] accepts t he 
idea that elastic and plastic strains can be separated and super­
posed. It is noted, however, t.hat the step from superscript E 
to superscript P will occur a.t different values of t in different 
parts of the body. He also accepts in. the plastic range the con­
stuncy of volume and the sufficiency of the second invariants, 
"" and •n. His Equation [15] makes the ratio of the strain 
increment to the stress dcviator the same for each of the prin­
cipal axes. 

The writer ventures to describe this as octahedralism, coupled 

with the reservation that plastic strain must be taken in incre­
ments. Thus is it not a suitable compromise between pure de­
format.ionism and the flow theory? 

1Nhat worries Mr. Davis" is something quite different, not 
.deformationism, with which he is quite content, but the per­
verseness of eccentricity of strain in not always equaling that 
of stress. He proposes to allow for this by introducing into 
his otherwise purely geometrical Equation [5] the quantity f, 
which refers to the stress components. Quantity f is called a 
distribution func tion; not that it has anything to do with space 
co-ordinates, but because, as in Equation (23], it determines the 
partition between -y1 and 'Ya of their sum -y,. Ifµ = v, this fol­
lows the proportion of the shear stresses, but if not, then it is no 
longer true that r i/-y1 = r,/-y, = r,/ -y3, and the value of ')'oc1 

as in his Equation [8] is changed in consequence. Quantities f 
and 5' can then be independent of each other only if the change 
is such as to leave 5' unchanged by the shift off to something 
different from simple equality withµ. Substitution of t.he values 
in Equation [ 18] in Equations [ 3] and [ 8] seems to indicate that 
this condition is met, since f drops out of the expression for [F. 

Whether in fact this is true or not, the formulas are useful if they 
permit prediction of the change in principal strains caused by 
a given deviation of v fromµ . 

Professor Prager's broad resume1 speaks for: itself. The writer 
is sure he would not like to be called an octahedralist but it 
is also sure that Professor Prager has a clear idea of the condi­
tions under which octahedral theory forms a valid approximation. 
Isotropic incompressible material monotonically loaded is all 
that was assumed by Mr. Davis, 11 the avowed octahedralist. 
Professor Prager's Equation [ 19] excludes strain-hardening, but 
this restriction is lifted in his Equation (30]. Neutral changes of 
load, in which the ratios of the principal stresses change wi thout 
affecting the octahedral value, are related to variations in path 
of loading. The question as to what then really happens is still 
unanswered, but octahedral theory claims nothing more than 
that octahedral strain also remains unchanged. Parallelism of the 
axes of principal strain with those of stress and the equality of the 
ratios of the principal strains to the corresponding stress devia­
tors are conditions which are satisfied approximately in a wide · 
variety of practical cases. 

It has often been observed that it is not easy to design experi­
ments which will furnish conclusive data on the effect of de­
partures from the assumptions mentioned in actual materials, 
ordinary geometries, and common load configurations. As a 
designer the wr.iter is quite willing to wait for such errors to 
ma).{e t hemselves felt; so long as he retains a mind open enough 
to recognize them when they do appear, he does not, feel obli­
gated to go in search of them. 

AUTHOR'S CLOSURE 

The author greatly appreciates the interest which the discussers 
have shown in his paper. The objection which Dr. Hill raises 
against Ilyushin 's terminology ("flow" and "deformation" 
theory) is doubtless a valid one. On the other hand, Dr. Hill's 
term "finite-strain law" might prove somewhat confusing because 
these theories are not necessarily concerned with fini te (as opposed 
to infini tesimal) strains. Moreover, any finite stress-strain rela­
tion can be written in differential form. The importan t fact is 
that a differential law in the sense used by Dr. Hill, cannot be 
integrated to yield a finite law. It seems· to t,he author that a 
really adequate terminology suggesting all these facts is missing 
as yet. 





222 .JO UR NAL OF APPLI!<;D MEC HA N IC8 JUNE , 1949 

t 

(a] lb) 

(C) (d) 

,e J 

[i'1a . .L 

(/, ) All prec<·s:;ious. f, :i' Pqua ls 8, F ig. 9 ; lines th ree a nd eight,, 
Fi µ; . 11 . 

(c) Lower nega tivP pmcPss io11. K,' helo\\· 1, Fig. 9; line five, 
Fig. 11. 

(r/ ) P ositive precession . /,, 2 hetwet,n .I a nd J , Fig. 9; liue four, 
Fig. 1. l. 

(e) Higher negative prPeess ion . K 3
2 ahove 4, Fig. O; lines one 

:111d seven, Fig. 11 . 

The mode shapes of the other s_vs t,<·ms a re nut too difficult to 
vi,malize, once (.ho~<· nf t,hP t wo \ \'BI.ems described a re undcr-
4 ond . 

Investigations of the Flow m Curved 
Ducts at Large Reynolds N umbers 1 

w·. E. TnuMPLJs K.2 The paper is very instructive in convey­
ing the exact nature of flow in curved passages . Such presenta-
1,ions a re of great help tu engineers in hydra ulic machines, where 
Ho\\' losses gcncraHv a rc lumped toi ether in a percentage and 
liLtfo iti knowu of its rea l nature . [t would be of fur ther adva n­
taµ;e if such an inv<·s tigation could be extended tn curved cha n-

, By J, Il. Weske, published in the December. I \J48. issu,· of llH· 
.loUHN AL O F APPLI ED M ~JCHAN ICS, T rn ns. A~:\1E. n ,J. 70 . pp . :{44 
:!48. 

'Chief Engineer, Cent.rifugal { 'ompn•ssors, C'lark Hros . ( 'n111pa11 y, 
111<· ., O!ean, N. Y. Mem. AH ME . 

nels in rotatiug <'l t, meuts, such as centrifugal-pump or compressor 
wlH·<·ls . 

AuT1-1ori's C 1,osuRE 

Certain aspect.~ of secondary flows in rotor wheels of turbo­
machines have been stu<liPd by the author and a pa per, "Second­
ary Flows in Rota ting Passages a t High R eynolds Numbers" 
presen ted at the VII Congress of Applied M echa nics in London, 
England, in September, 1948, which will be published in the Pro­
ceedings of that Congress. 

Theory of the Damped Dynamic 
Vibration Absorber for 
Inertial Disturbances1 

( :. F . U.uu,AND 2 AND F. M . SAUER. " Tltc rcsult.s of a simil:u· 
:111:t.lvsis of t.hc dy namical vibrat ion absorbl!I·, together with ex­
JH 01· inw 11l a l da ta , a re included in a pa pcl' by t he wri ters.' Acom­
pa l'ison of the writers ' a nalysis wi th that of the a uthor indicates 
a discrepa ncy in the expressions for the op t imum cla mping in t he 
"La ncaster-type" absorber, It is believed that, t he authol' 's 
E quation [34b] is incorrect and that the optimum clamping for this 
case should be 

l 
h opt 2 = 

2(2 + µ ) 

The author's Equation [34b) leads to a corresponding dis tort ion 
of curve 3, Fig. 6 of the p aper. I t is no ted t hat cul've l in F ill;. G, 
is not in agreement with Equation [34 ]. 

A uT110n's C1,o s u 1n: 

• Professor Garland a nd Mr. Sauer give t he eol' rec t fo rm of 
.Equation [34b] and note t hat curves l and 3 of Fi g. 6 a re not 
consis tent wi t h the correct, formulas [34] a nd [34b J which they 
11 1'e supposed t.o repres<'nl.. I am grateful to thrm fol' c·ol'rnr· Iin µ; 
t he reCOl'd. 

Also t he aut hor would like to poin t ou t that t he express ion 
,rcw~ * a pJ}ea ring in. Equa l.ion [45) .of t he pa per a nd t wo !inns 
earlier should l'eacl ,rr.w~ *2• This ovnl'sight does not affect la tPr 
resul ts . 

1 By J .E. Brock, published in the March, 1949, issue of the J oUHNAL 
,w APPLIED MECHANICS, Tra11s. ASME , vol. 71 , pp. 86- 92. 

2 Associa te Professor, Department, of Mechanical Engin e1>ri11g , 
University of C'alifornia , Bel'ke!ey , Calif. Mem. ASME. 

' Instl'uctor, Departme11t of Mechanical Engineering, Uoiversity 
of C'aliforn ia , Berkeley, Calif. J un. ASME. 

' " Performance of the Viscously Damped Vibra tion Absorber Ap­
pli,·d to Systems Having FrequeiH·y-Squarcd Excita tio11 ," by C. F . 
f: arl:u,<l and F . M. Sauer, publislwd in this issue of t-hc .Jn uRNAI. " "' 
.-\1'1'1.I EII MF.('HA"I<'". pp. 10~ 11/i. 



Applit>d Scientific Research 
.·\ PJ>J.11,; u ScrnNTwrc 1-t,.,s,,; ,\l tcH. l.leports published under the aus­

pi,·es of three soeiet. ies for applied science and engineering in Hol­
la11d. Vol. JA , No. 2, Menha 11ics , H eat. Paper, 6 1/, X 9 1/, in., 
Jfi8 pp., figs.; Vol. I B, No. 2, Electrnphysics, Acoustics, Optics. 
Paper, 6 1/, X () 1/, in. , 148 pp., figs . Publisher! hy Martinus 
i\Tyhoff, The H agu<·, Holl:rnd, 1948. 

lh~VIEWJrn BY ,J. l' . ])~~N HARTOG 1 

THJ~ ".ew publi~atiun, e11tin•ly !n the Eu!(lish language, ap-
- pearn III I wu serws: A, nu,chames, heat; and B, eleetrophys­

ics, acoustics, optics; so that series A is of pa rticula r interest to 
readers of thi s .JouuNAI,. It. appears in sections of about 80 pages 
each, I o form a volume of 480 pages, which is estimated to take 
about <Hie >1nd one-half years, a nd the subscript.inn price is about 
$8 per vulunw. Th<' printing, illustrations, a nd quality of pa per 
n re excellent. 

,vVe have before us I-he ~eco11d issue, page~ 81 to Hi8, eoutaining 
8 art icl i,s on a va ri<·l y of subjects. The fir·st article is or~ t he flow 
of a viscous fluid thrnugh a porous mass with application to oil 
cn1l'king; , where oil or gas passes through a bed or porous catalyst. 
Tlw second article deals wiU, abrasive action of various tooth 
powd ers a nd pastes 011 teeth, n•port.ing; 011 au interferomet.er 
nwthod whereby very sma ll cha11µ;es i11 tlw tooth surface can be 
clearlv 1.kmo11strnted. There are two article~ 011 thermodynamic 
prop~ties of substances under high pressure and temperatures. 
Tlrnn· is one a rticle in soil mecha nics 011 the n ·sistance of a steam 
mll,·r when rolli11µ; down a roadbed, a nd 011 Uu, energy dissipated 
in t l, e process. Another pap!er deals with the buckling of pipes 
~ta11ding vertically in wa te r or in ano ther Huid medium with 
app li cat ion to a mine shaft and still a nother wit I, th ee vibration 
of a beam on ela~tic founda t ion wi th da111pi11g, subj ected to an 
a rhi I mry force. The last paper deals wi th a 11Pa r v,,ctor theory of 
involute geari11g. .Judging from the range a 11d quali ty of the 
papers in this is~ue t he 11 ew publica tion d,·sPrv<'s ·tJw srrious at­
tent ion of workers i11 thP firl<I. 

Historical Appraisal of JV\echanics 
A H1s·ro1t1 CA J. .\l'l'ltA lS ,\I, O F iv1'1,:cHAN1cs. Hy Harvey F. Girvin. 

1'11t ernational Textbook Co111pany, Scranton. Pa. , 1\)48. Cloth, 
fi 1/ , X 9 1/ , in .. ix and 275 pp. , $:~.25. 

H.1,,vn:w1m BY H. 0. F1 ·c1-1s2 

THIS compact. volume will be welcomed by all t hose who see 
· in mechanics a branch of human thought and growth, rather 

than just a collection of recipes. Interest in hi story is a necessary 
part of our mge to seek understanding of the world; th e history of 
mechau ics will be more interesting than any other to readers 
nf this JouRNAL, because here we are best equipped to see each de­
velopment in perspective, in its rela tion with others, its contrast 
wit.h current; views, and its e ffect on applir•ations. 

Too manv libraries have no hooks on t,he history of mechanics; 
Professor G irvin's hook ,·an, and Rhould, fill this gap where it 
exists. It ~a11 be recommended to all students curious to see 
whether knowblg;e was dnveloped as loµ;i call~, as it, is deduced in 

1. Professo r of Mer~haJJir~al E11gi11.eering, lviassar~huset.ts Institute of 
Technology, Cambridge, Mass. Mem. ASME 

:i Assistant (;hief E111-611Pcr, l'rPeo, In c., LoR ..\11gn!Ps, Cnlif. '-'Ie1n. 
ASMK 

the textbooks (it was nu t) . l•:ng;ine<>rs iukrP~tnl in the develop­
ment of their· prnfPssion will also wan t lo rea<l this hist.orir·al np­
prniRal. 

[n this brief vnlun1P t.he aulhm giveH the dali,,s of the most i1n­
porta11t. discoveries in mechi,nieH, sketches of the lives of outstand­
ing me11, some reflections on lhe philoHophy of lh e subj ect, a brief 
history nf engineering education, and a bihlioµ;raph y . No deduc­
t io11s or explanations of mechanical theorem,; arc given; t.he 
rnader is assumed to be familiar with elementary mechanics. 

The text. is divi!fod into H1ree parts: Part ·1 i11cludes, a mo11~ 
others, s<>etious 0t1 Aristotle, Archirnede::;, l,he \.Coors, and R.ogPr 
Bacon. Part 2 is mainly f'oncerned with the development of 
!'lassieal dy namics from Leona.rein da Vinci to D ' Alernbert . One 
chapter of t.his part is devoted t.n Galileo, a.not.her to Newton. 
Part. 3 is titled M echanics of Materials ; it takes us from Galileo 
a11d his theory of cantilever beams on to current li teratm e such 
as, for inst.ance, Van Den Broek 's Theory of Limit D esign. 011 
the wa.v we find such internsting items as the very slow develop­
ment of t.he concept of " neutrnl axis" by Hooke, Mariotte, 
Coulomb, and Young, a11CI the pmely mat.h,·nu1ti cal derivation of 
beam deflections by Bernoulli and of column stability by Euler­
both without benefit of neutral axis or Young' s modulus. Part 3 
also includes a chapter on the history of e11gi11eering edumtion 
with data on the earliest; schools, on early textbooks, and nn the 
organizat.ion of engineering courses. 

Obviously so brief a volume on so large a subjec t is boui1d to be 
uneven. Professor Girvin probably is receiving scores of letlPrs 
from readers who have suggestions for improvement s. By pub­
lishing the volume as it is, the author has performed a valuable 
service. If the book has the circulation whi ch it deserves, a 
second edition will become necessary, and t.hu author will no 
doubt he able to refine his work with each edition. 

Combustion Engines 
CoMBUS'l' fON ENGINES. Hy Atihur P. Fraas. McGraw-Hill Hook 

Com pany, New York, N. Y., 1948. C loth, fl X 9 in. , vi i and 421< 
pp .. $5.50. 

R.Evr1cWED BY A. R. Roaowsru' 

,...f Hl~ book is a general college text on internal co11:bustio11 
- engrnes and as such must touch upon the theoretical a nd 

practical as well as the pmely descriptive aspects of a wide rang,· 
of subjec t matter. To achieve a balance between t hese categoriPs 
which will satisfy all readers is obviously impossible. My per­
sonal feeling is that Mr. Frnas has done particularly well in his 
treatment of the practical and descriptive aspects of the interna.l­
combuHtion engine and its accessories, but that he leaves some­
thing to be desired in his development or basic theory, and i 11 
bringing out its direct application to the calculation of engine 
perfonnance. 

The book starts wi th a chapter on .engine types and construc­
tion. This is brief but well done with many fine illust.rntinns. 
In fact, the photogrnpliic reproductions throughout the book arn 
of exceptional clarity with none of tbe usual loss of detail. There 
follows the usual chapter on the theoretical air cycle with a short 
discussion of other approximat,e cycles. Mean effective pressu re 

' Assoeiate Professor of Aeronautical Engineering, Massachi1sett , 
I11sti t.11te of Technology, Cambridge, Mass. 
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is introduced as a consl,aut hy pothetical pressure, but. I.he more 
useful concept of mea n effective pressure as the number of inch­
pounds of work done per cycle pPr cubic inch of displacement. 
volume, is not used. In the next cha pter, t,he use of the air tables 
of Keenan and Kaye is explained , and about ten pages a re de­
voted to the use of thP tlwrmody11amic charts of Hott.et. The 
Hottel cha rts are probably the most- useful tool we have for es­
t imating the effects of engine variables on cyclic p ressures, tem­
peratures, a nd efficiency. The discussion of these charts seems to 
me totally inadequate a nd con rusing. I would recommend going 
back to the original charts and ctiscussion of Hershey, Eberhardt 
and Hottel. (Reference 5). 

There follows a chapter 011 combustion which contains the ex­
cellent schlieren photographs of 11ormal combustion and det.0 11 a­
tion taken by Mr. C. D. Miller at NACA. 

Actual cycles a nd the effect of various engine variables are Uw 11 
,·overed in some detail. Carburetors arc discussed fairly well , 
"·it h the aid of one page of simple theory. Fuel inj1!1°tio11 is 
l'llVCrcd in a general "·ay with some fi11e spray photogrnph~ a11d 
pi,·t ur.es of i11ject.io11 pump~ a11d 1107.z les. 

The chapters on Ignitio11 , F uels, a nd Luhri1ai11 t:< an• exel' llent 
rL rtd contain much up-to-elate matcri,d. The chapter 0 11 lubri ca­
tion would be improved by the inclusion of the si mpl1· Petrnff n •­

lat ion ships for plain bearings. 
The chapter on cooling has much usdul informatio11. Tlw 

''"oling theory might have start1·d wit-h the effect of ltey11olds 
number; leading to Equat ion [15] and following through to t,lw 
sa me end results without using Camphr ll's semirational fo r­
mula . 

:-;uperehargi11g is l'overnd hri,-•tly , and there is a good chapt er or1 

fll'rformanee. 
Chapters on the gas turbi,w, ovl'rhaul. and maintena11ce com­

plete the book. 
There is almost no discussio11 of the two-stroke e11gine, a l­

though this type is widely used in largP sizes for marine a nd sta-
1 io11ary power plants. There i~ no mention of the application 
of t:he principles of similitude to <'ngi11Ps, so that the effe,·t of si?.e 
and inlet Mach number am not. 1·onsidercd. 

The lists or references and tho pmblems at the end of each 
..Jmpter add great.ly to th1• value of tht• hook. 

The author has apparently had ll'ide prnl'tic,al experi<' rt ct> a nd 
kPeps up wi th American devPlnpni.t·ut.s. He is usua lly JOO p1,r 
l'ent right about what a u engi,w will do, but sometinu·s \1To11g 
a bout why it does it. Some exampl<•,; a rP the discussions of th<· 
·' l~.ieardo" head, the effect of resi,lua l gas on volunwtri c Pffiei,•111·.1·, 
:11111 the best economy fuel-ai r ratio a t-part load . 

1 would say that th is is a hettPr than averagP enginP book 
\\'hose place is somewhere bPt-\H't'll tlw hooks 011 rnaint ena11cc and 
1·onst ruct.ion and t he mon• Rl'!1olarl~- tex t~ su<'-h as Taylor a nd 
Tay lor or Lichty . 

Flight of Birds 
'l'tt~: FLIGHT OF B11ws. By ,John H. :-tore,· . Bulll' tin :>io. :c!8. Cran­

brook Institute of Science, Bloomfield Hills, Mich., 1948. (' Ioth, 
Ii X 9 in., xv and 94 pp., illustratPrl. $2 .50. 

Ri,;v1E\\"Ell BY U. S. C ttt:Rl\L\K 4 

rr becomes evident aft.er i-eading this book, that the engiueering 
tasks attempted with varying degree~ of success by Icarus, 

da Vinci, a nd other pion<•ers (legendary or otherwise) in !,he 
tield of aeronautics would have been fur t.hered had they studied 
th·c problem of bird fligh t with the thoroughness of M r. Storer. 
.\fan's earliest attempts to fly have been based on efforts at 

' Chief Engineer, Lessells and Associa tes Inc., Boston, Mass. 
• 11111. ASME. 

simulating the mechanism and t•quifJ? nent or birds. Until fairly 
recent, t imes, aeronau tical engim•1•rs haV<, lookPd down upon this 
early approach in the belief that t lw mod1•rn airpla,w bore hut a 
slight and exceedingly fundament a l rda t ior,~hi p to a bird . .\fr. 
Storer's book indicat.es that, thi~ iH far from hei11g correct. 

By din t of painstaking observation a11 d sum,· firnt -rate photo­
graphic records of birds in flight , the aut.hor has succeeded i11 
prnducing a technically plausiblt• rL1mlysis of the bird as a fl ying 
machine .. The book is divided into thre<· 111ai11 s<·<·t,ions dealing 
\\·ith the aerodynamics of J-light, tl11· l·h'i11~ quipmcn t of birds, 
a nd an analysis of various aspe<"ls of liird !light stl<'h as co11trol, 
take-off, landing, soaring, ma nuevPrnbility, d ,c. Th e teclrnical 
reader will probably be irked by tJ11! occr1::;ioually awkward or 
irnll'curat,e terminology; ho\\'PVP1', t.his does not appear to detract 
mat.crially from t he dat.a prese11t1!d, as for example in tables or 
speed arn l wing loading \\'here the latter for various SJ)!!Cic., is 
exprpssed in Hq C!ll p:-r -grn•n. 

The author liri11gs out tl11• l'act thal i11 1,?;cneral a I,ird combine., 
t lll' features of the fi xer! wing, J'()(,a r_v wing, a nd cycloidally 
prnpell1,d wing;. Spuciali?.ed types have evolved such as gliders 
and soarers (condor, a lbatross), helicopters (humming bird ), 
speed fliers (duck hawk , eagle), fur1rmtio11 11icrs (p1:li can, goose), 
as well as birds adapt.ed ror special take-o ff and landing condi­
tions (egret , ihis). lt is shown that the basic wing; '"Jrnpriscs, a 
re latively fixed inboard lifting surface and 1111 oscillating out.board 
sect ion \\'.hi<·h serves as tlw propeller a nd one of tl11 , control sur­
fac1•s. The aerodynamic properties of these two elements can be 
r,ontrnlled through a wide range by varying th,i th ickness, angle of 
attack, and also by in trodui·ing i;uch scient ific sophisti,·ations as 
slots, flaps, tabs allll au tomatic pitch controls. Wing contours 
and aspect ratios have bPe11 evolv<··d to enable these un motorized 
flying machines to take full advantage of environment., a nd in 
this connection t.he au thor presents a very in teresting diseussion 
of thn difference in wing form between the a lbatross which is a n 
ol'ean glider, and the California condor which is a la nd glider. 

Any engineer who has 011 occasion given some thought to 
hionwchanics will find this hook a st;irnulati11g a11 rl informative 
addition to his library. 

Fluid Dynamics 
!<' 1.11 10 DYN.\MJ CS. Vietor L. St,,eetcr. McGraw-Hill Publica-

tio11s in Aeronai1tical Scie11 C'e. McGraw-Hill Bonk Company, 
:'sew York. 1948. Cloth , fl X 9 in ., illustrated, $5. 

lh;vrnwKI) BY Asc1-n-;R H. SnAPrno'· 

pA R.-\DOXICALL Y, modern developnwnts in t.111! understand-
ing oft .he mech:Lnics of real fluids have, through widespread use 

of the boundary-layer concept , served to i11crease rather than 
diminish the importance of the classical theory of frictionless 
fluidH. This new work , a.It.hough it rnfern almosl exclusively to 
('OllCPpts and m~!thods which were in the ma in known at the turn 
of thr century, will therpf'ore he \rnlco med by many. 

Lamb's great treatise, "J:-1.vrlmdy11amics," has long hec11 an 
iuvaluahle source book, but it is generally felt to he unsui table for 
purposes of inHtruction. Pro fe,.sor :-; treet,er's book, on the other 
hand, is primarily a textbook designed to prnmote a n understand­
ing of methods rather tha11 to co ll<>ct the fruits of these mPt.hods. 

It is stated in the preface that "every effort has been made to 
clarify t.he concepts and t,o include those i,xaspernting steps in 
derivations which a re usually omitted." For this many students 
(and their professors) will he grateful, as they will be a lso for the 
many refreshers in mat.hematics preceding a11d accompanying 
each section where advm1rPd mathematics is necessary. 

• Associate Professor of Mechanical Engineering, Massachusetts 
lnst-itute of Technology, Cambridge, Mass. Mem. ASME . 
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Chapters 1, 2, and 3 provide the fundamental concepts by 
which the motions df incompressible, frictionless fluids are studied. 
After introducing the ideas of the continuum, stresses at a point, 
and the ideal fluid, there are discussed in detail Euler's equations, 
the equation of continuity, the natUl'e of boundary conditions, 
irrotational flow and the velocity potential, the stream function, 
circulation and vortices, the Laplace equation, and uniqueness 
theorems for ideal motion. 

In chapter 4 we find the application of these fundamentals to 
problems of three-dimensional flow, comprising combinations of 
sources, sinks, doublets, and uniform flows, and leading to solu­
tions for flow past Rankine ovoids, spheres, etc. 

An introduction to the algebra of complex numbers, and a 
demdnstration of bow two-dimensional problems are greatly 
simplified through the special properties of analyt.ic functions of a 
complex variable, are presented in chapter 5. Numerous exam­
ples are given in chapter 6. lu chapter 7 are the special applica­
tions to airfoils, particularly the line of development leading to 
the Joukowski airfoils. The treatment of flows with free stream­
lilies with the aid of the Schwarz-Christoffel Theorem is outlined 
ill chapt.er 8, togethe1· with a detailed development of the the­
orem itself. 

The fundamentals of vortex motiou and such examples as vor­
tex rings and rows of vortices are given in chapter 9. 

The hook is concluded with three brief chapters on the Navier­
Stokes equations, examples of laminar flow, and the boundary 
layer. 

There are many well-selected examples throughout the entire 
book. However, the practical usefulness or range of validity of 
these examples is seldom diHCUSRC'd. This reviewer is of the opin­
ion that the potential us.<efulne,;.~ of these examples was not fully 
exploi ted, largely because the results a re not int.erpreted in termR 
of the mechanics of the houndary layer. 

The concluding three chapters, on real fluids, are not well 
integrated into t he remainder of the book, and are in fact too 

. brief 1.0 survey the many modern developments on the boundary 
layer, viscous flow, and turbulence. Professor Streeter's real 
contribution lies in a lucid introductory exposition of the mathe~ 
rnatical methods for dealing with I.he flow of an ideal, incompressi­
ble fluid. 

Thermodynamics 
THERMODYNAMICS. By Edward F. Obert. McGraw-Hill Book Com­

pany, New York, N. Y., 1948. Cloth , 6 X 9 in., xiv and 471 pp., 
illus. $5.50. 

REVIEWED BY JOSEPH KAYE' 

THIS volume is intended as a fundamental text in the fields of 
thermodynamics and heat power. The fu-st quarter of the 

hook begins with a survey of dimensions and units, then proceeds 
with a discussion of fundamental concepts, the First Law, the rp­
versihle process, and ends with a chapter on the Second Law. 
The remainder of the book deals mainly with properties of fluids, 
am! with applications to the beat-power field. In t his latter sec­
tiou, much space· is devoted to characteristics of real and perfect 
ga8es, flow of fluids, processes using mixtures of air and water 
vapor, thermochemistry, power cycles, and refrigeration. A 
brief description of the Third Law is given in the chapter on ther­
mochemist,ry. 

The many sketches and drawings in the book are excellent and 
serve to give the reader a quick picture of the process or piece of 
machinery under discussion. 

One of the hasic objectives of a text which introduces thermody-

• Assistant Professor of Mechanical Engineering, Massachusetts, 
Institute of Technology, Cambridge, Mass. Mem. ASME. 

namics to undergraduate students should be a clear and concise 
presentation of the simple concepts, definitions, and principles. 
The present text makes many attempts to achieve this objective 
hut falls far short of this goal. A careful examination shows that 
whereas the introduction of some of the concepts and definitions 
is above standard, there are many instances where the student is 
given tools which he can neither understand nor use until he has 
studied some later chapters in the book. There appear to be 
many cases where the organization of the basic material has been 
poorly accomplished. As an illustration, we note that heat is de­
fined excellently on pages 30 and 31, its transitional nature clari­
fied, and yet on page 121, under the discussion of entropy, we find 
the following sentence: "One simple answer to these questions is 
found in the singular fact that heat has only one measurable prop­
prt.y, temperat.ure." Certainly such a statement has no place in 
the art of teaching .thermodynamics, or even in metaphysics. 
Again consider the following definition of "available energy" (on 
page 83) which is used to introduce the concept of reversibility: 
"Available energy in the broadest sense of the term is the maxi­
mum amount of work that can be obtained from a quantity of 
energy in a specified state." No method of measuring this "avail­
ahlc energy" is given in the discussii;.n which follows, yet the stud­
ent is asked 011 page 85 "to remember that reversibility is merely a 
test to ensure that neither work nor available energy is misused." 
The number of such examples is large. Si nce thermodynamics is a 
quantitative science, one cannot justify the use of such ambigu­
ous concepts in any course on this subject. 

The greater part of the book covers the properties of fluids and 
applications in the heat-power field. The description of these ap­
plications with the aid of many clear diagrams will help the reader 
considerably. Many numerical examples are included for pur­
poses of illustration. At the end of the book is found a collection 
of numerical constants and of properties of common fluids. In 
additiQn, a collection of diagrams such as specific heats, compressi­
bility factors, temperature-entropy charts, etc., is given after the 
index. 

Advanced Dynan1ics 
ADVANCED DYNAMICS. By S. Timoshenko and D. H. Young. 

McGraw-Hill Book Co., New York, N. Y ., Toronto, Can., London, 
England, 1948. Cloth, 6 X 9 1 /, in., diagrams, charts, tables, 400, 
pp. ,$5.50. 

REVIEWED BY MARTIN GoLAND 7 

A HIGHLY controversial topic relating to modern trends in 
applied mechanics is whether too many current contribu­

tions place undue emphasis on mathematical elegance, to the 
detriment of physical clarity. An opinion to the effect that 
advanced mathematical techniques should not be used whenever 
more elementary methods will suffice draws the accusation 
"reactionary" and "shortsighted" from some quarters, while a 
statement to the contrary is inevitably the cue for the counter­
argument that unnecessary analytic sophistication serves but to 
obscure the physical mechanism being studied. • 

Professors Timoshenko and Young have long been associated 
with the philosophy that the most direct path between a problem 
and its solution is the best, and that the impressive aspects of 
an investigation are in the results deduced, rather than the . 
methods employed. Continuing along these lines they have now 
come forth with a new text on advanced dynamics which has 
wide breadth, and which does not have a solitary printed "mat­
rix" or "tensor" in evidence. 

In their characteristic style which we have come to know so 

7 Chairman, Engineering Mechanics Division, Midwest Research 
Institute, Kansas City, Mo. Mern. ASMB. 
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WPll from their previou~ writings, t hP authors co11duct t.hc reader 
on a disa rmingly Rrnoot h (•xcurs io11 into the va rious phaRes of 
dynamicR. Far from const.ituting a classical t reatment o f t he 
suhject, t he approacht-s t.o the t.heoretic developments are in­
formal, wit.h free use h('ing made of proble1n illuRtrations drawn 
from pract.ice to h rnak ground for new proofs, or to point up 
significant high lights . For the research student this text forms 
a n inva luable engineering link bet,WPPn elementary a nd <"lassical 
dy namics; for the practicing engineer ii permits a discriminating 
use of advanced techniq1ws without I he Pnctunhrance of unneces­
sary g,,rwra lizat ion. 

The scope of the IPxt is suitably hrnad . Cha p ter one deals 
with the dyna mics of a pa rticle and provides Urn O<'<'asion to 
investigatt· va rious approxima te numerica l a nd graphical methods 
for t he solu tion of t.h e tot'al differen t ial equat ions of riy namies, 
tools which so ofl,:•n must he used in pract ice. The chapter 
in clude:- a concise hut adequate t.n-•al ment of pa rticle riyna mics 
I echniq1ll's in ha.llisl i,·s, a nri a. s imilarly satisfactory ,liscussion 
of mw cl Pgree-of-frf'Pclom vibrating Rystems. Th,, remarks 
dealing wit.h nonlinear oscillating systems a re r!'frPshingly to the 
poin t. It. seem;; to this reviewer I.hat _t.)lis first. ,·hap ter should 
certa inly lw nrn de n•qnirl'd rP>tdiug for :-tll stude nt s of PnginePring 
dy na mi,·s . 

The second chapter tkvelops the u~ual t heorPm:; with regard 
to systems of pa rticlPs and invest igates the theory of engine 
balancing in some det.ail. Cha pt er l'hree in troduces the concept 
of gPncrn liw d co-ordinal.cR and then pro<'eeds to the derivation 
a nri discussion of I hP Lagrangia n equations, which haw become 
a n essPnti:d part of the equipment of the present-day dynamics 
Pngineer. Hamilton ';; principle is also dea lt with briefly. 

ChaptPI' four is devot .pd to t.he tlu•ory of small vihrations and 
approaclwH I he general prob lem in a ;;nies of grad ua l st.eps. In 
addit.ion to t.ouching on the usua l facet s of t he subjec t a typ ical 
iterative procedurn for extracting t he normal mode frequencies 
from t·h,• 1-hlLrnch•ris t ic determinan t is describeri . 'While t he 
lreal mcnt of gPneral vibrating systems is entire ly adequate for 
t he purposes of t he I ext,, the s t uden t specifically intPrPsted in 
t his hnineh o f t he subject will probably fee l t he ne1•cl to consul t 
a more Pxknded t reati:;e. (Professor Timoshenko aln•ady has 
provided a t,ext ent irely devoted to vibration t heory.) 

The final cha pt er of t.tw book is concerned wi t h gyroscopic 
theory and its applicat.iom;, and an appendix prnvides a hrie f bu t 
useful a ccount of dimm1siona l analysis and the theory of models. 
Appruxima tely 150 wPll-chosen problems, together wi t h a nswers, 
a re included to test l he skill and unders tanding of thP rrader . 
The style and format of the text are uniformly excellen t. 

With this new book Professors Timoshenko a nd Young ha ve 
added a powerful tool fur advanced engineering educa tion. A 
forthright tex t, such as they have written, has long been needed 
in the fi eld 'of dyna mi<'s. In view of the extreme scarcity of 
competen t dyna miRl~ in t he profession today, t he , a.ut.hors ' 
effort s an• bol h t imely and Rignificant. 

Gas Tables 
G ... s TAB!,1~s. By Joseph H. Keenan and Joseph Kaye. Jo!m Wiley 

a nd Rons, Inc., New York, 1948. Cloth, 10 X 7 in., 237 pp., $5. 

REVJViW~;I) BY NEWMAN A. HALL' 

A MONG current developments in the field of a pplied thermo­
dyna mics, one of the more tjominant has been the demand 

for working data on the thermodynamic properties of the various 
media of practical importa nce. The developments in steam power 

8 Professor of Thermodynamics, Institute of Technology, l ' niver­
sity of Minnesota, Minneapolis, Minn. Mem. ASME. 

and refrigeration required 1 IH· uh ima1,, pn·parnt.ion of tahles of 
t he t hermodynamic propert.i,·s of sl,•am a nd t"lie several refrign­
ants. 

The much simpler thermody namic structure of t he simpll'I' 
gases has ena bled t he engineer to µ;Pt a long wit.h approximate dnla 
wi t h rPasom1ble success. H.P1·1·n1. advances in thermodyna mic 
systems, particula rly those ass,H'i1tf Pd with flight propulsion haw 
dema ndPd , howPver, mu<'h mon· PXI.PnsivP a nd much mnn• :11 :­

cu rntP in format ion . 
Tn the "Gas T ables," Prnf,·ssors Kee 11 a 11 a nd Kaye have mad, · 

a fur l.her st.ep in meeting lhes" Px1»111ding 11 Peds of t he develop­
nu•nl <'ngineer. Briefly, this 111•\1· puhli,·at ion represents a rl'visio11 
ancl a ma jor expansion of th(·! authors' earliPr publication "ThPr­
modynamic PropPrties of Air. " 

The collect ion of tab les fa ll:; into t\\'O cat.,go ries : T a bles 1 
t hrnugh 23 pertai n to t he t hern1odynan1ic properties of a ir, basic 
gases, a nri product s of combustion of hydrnearbon fuels . • Ta.blPs 
24 through 5U pertain to fluicl-d y 11 a mil' a nalysis , including itPm, 
rclativt• 10 one dimensiona l ,u-rt'l1•rn!Pd skady fluid, one a nd 1\1·0 -

rlimensiona l supersonic shock 11hP1111m ,•na, a nd isen t ropil' supn­
sonic t wo-dinwnsiona l expa nsion fields. 

The thermody namic tabl,as giv" ,·nt.Io a lpy, in terna l e1wrgy , 
consta nt.-pressure en t ropy, pressure and volume ra tios for isC'11-
tropic processe:s, specific lu•at:;, s pe!'ific-lwat ratio a n'd sonic 
velocity for air, ni t rogen , oxyg<'n , wai Pr vapor, carbon dioxid, ·, 
carbon monoxid(', a nd comhus tion w ocluPts o f hyd rocarbon fw•I , 
wit.!, 200 a nd 400 per cent of I hPornti,·a l a ir, a ll a t zero pressure . 

The fluid-dy na mic t ables a re l:Lrµ;Ply n ,prinl eel from two sou ref',;: 
M.T.T. :Vlete or RPport. l4 " Th,• :vi,.,,l,anics and Thermocly n:uni,·s 
of StPady On'e-Dim!'nsional Gas Flow Wi1 h Tables for :'\u111eri,·:il 
Solution," by A. H . Sha pirn, \Y . IL Ha wthorne , a nd S. M. Edel­
ma n a nd J.H. l . A.P .L. Bumh lPhP<' H1•port 2G, "The Theory and 
P racLice of Two-Dimensiona l 1iu1J1•rs,111i c l'r,·sRu re Calculal ion, .'' 
by N. E rimonson, F. D. :Vfurnagloo11, :u1d H . M. Snow. 

The zero-pn•ssure thermodynamic 1u·op1•rl ies arc based 011 i l1P 
early calculat ions of Johnst·on , < :('auqu,·, Gordon, a nd K ass,•! :t, 

int erpolated by H eck' a nd adju,; l<•d lo aceo111odate revisions in 
funda mental cons tants in accord wit lo pr:tcl il'e of t he Burf'au o f 
ShLlldards. 10 The accuracy iH similar to tloaL of t he earli er a ir 
tab les a nd is wholly sufficien t for engineering purposes. Th1: 
ta blfis of products of hyd roc,uhon-fuel ,·omhus t.ion a re presentPd 
in a form suitable for conve niPnt. interpolat,io n t,o any lean mix I Ill'<' 

combustion analysis as described recent,ly hy Kaye. 11 . 

It, is clearly stated t ha t, the t he rmoriynamic tables a pply 
strictly on ly for ze ro pressure a nd :Ln ex tended discussion is give11 
lo indicate in general tha't only at. unusuall.v high pressures is th f' 
accura.!'y t,oo poor for engineering; analy:;i.· . h seems unfortuna tC', 
however, t hat in view of many applica tions wh ere t hese high 
pressures do occur t hat the :ml hor:; did no t include more adf'­
quate quantitative data on t,he p ressu re limi tations as well :is 

sui table high-pressure correction fac l,ors . 
This reference ha ndbook will find its major use among t. ,rn 

groups of developmen t and research engineers. Those concerned 
wit h power plants and propulsion will us<' the thermodyna mic· 
data while t hose concerned with perfo rma nce and design in­
volving fluid dy na mics will use I h<' co1TPSponding tables. While' 
t.hese two groups a nd their prnhlPms ovt•rlap to some extent, it i, 

• "The New Specific Heats," by R. C. H. Heck, M echanfrol 
E nu·ineerino, vol. (i2, 1940, pp. 9- 12 : vol. 63, 1941, pp. 12(i- 135. 

10 "Heats, Free E nergies, a nd Equilibrium Consta nts of Some 
Reactions Involving 0,, H ,, H,O, C, CO, CO,, a nd CH,," by D. D . 
Wagma n, .J. E. Kilpatrick, W .. J. Taylor, K. S. Pitzer, and F. D. 
Rossini , J. Res. National Burea11 of Standards, vol. 34, 1945, pp. 
143-161. 

11 Thermodynamic Propertieti of GiL~ Mix tures Encountered in Gas­
Turbine and Jet-Propulsion Proce:;:;es, by Joseph ·Kaye, J ounNAL OP 

· . .\PP1.11, n MECHANICS, Tra ns. ABMb~, vol. 70, HJ48, pp. 349- 3G l. 
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possible that their ne"ds might have been met more co11veniently 
had the two sets of tables appeared separately. 

The authors have organized and explained their tables skill­
fully and the reproduction is .an example of clarity. There is no 
doubt that this publication will becorm' an essential add it ion to 
t,he library of many engirn,ers. 

Scientific Foundations of Vacuum 
Technique 

Sc 1ENTlF' I C FouND ATIONS OF VACUUM TECHNIQUE . By Saul .Dush-
11ian. John Wil ey and Sons, Inc., New York, N . Y., Chapman 
and Hall, London , England, 1949. Cloth, 6 X 9 1 /, in., illns., 
diagrams, charts, tables , xi and 882 pp., $15. 

REVJEWJ<m HY RICHARD S. J\10RSE12 

I .1\ GENERAL books on the subject of high vacuumhave to date 
tended to fall into two categories: those which describe the 

techniques of a par t icular laboratory or author, and those which 
rev iew the woik of others from· a historical and bibliographical 
viewpoint . The title of Dr. Dushman's book is in keeping with 
the contents. Here in one volume we now have a very thorough 
t reatment of the scientific: foundations of high-vacuum practice. 
Th e book is written to be of maxirrium value to the worker con­
cerned with research and development where vacuum phenomc1rn 
"re encountered with lPss emphasis on the enginerering and 
economic aspects of indusl,rial processes. 

Complete data are given for computing the flow of gases and 
v,q,ors as may be requil'c·d hy t hP vacuum engineer. The theory 
"r iiow and gas viscosity is treated with great clarity and thor­
oughness, based on fuml:unental concepts of kinetic theory. 

An excellent review of the development of the diffusion pump 
"lso includes typical operating data for the most recent commm·­
c·ial units. All possible methods for the production and measure-
11wnt of low pressures are described in detail with specific infor­
mation concerning th e most recently developed instruments as 
c·urn,nt ly employed by research workers and industry. Here 
fol' the first time is giv<en a nwiPw of modern developments in 
IP,1 k detection . 

.\ substantial portion of th<, book is devoted to three chapters 
t,utaling 266 pages, describing the interaction of gases and vapors 
with solids. Here is a very exhaustive review of the theory with 
available data on gas and vapor adsorption and absorption under 
varying conditions of pressure, temperature, etc., and with a 
variety of materials such :rn glass, cellulose, charcoal, powders, 
and metals. Problems of gas evolution and diffusion of gases 
i II solids under vacuum conditions are discussed in detail. In 
the metals field questions of gas content are again covered with 
particular emphasis on gas diffusion and occlusion and the in­
fluence of such problems mi vacuum melting and degassing. 

.Problems of evaporating metab and alloys are particularly 
well covered from a theoretical viewpoint, although the develop­
mP11l, of such operations 011 an industrial scale is omitted. A 
brier review of problems of frne-energy calculations is included 
i oµ;ethcr with a discussion of typical reactions of metals, includ­
ing data on thermal reduction of compounds and oxidation rates. 

With the exception of patent references Dr. Dushman's book 
euntains by far the mrmt complete and up-to-date review of all 
prior art in the field that has yet been published. The most valid 
cl'iticism of the book is probably the extent to which the work 
of others has been included without the elimination or the more 
11hsolete or less important information. 

Certainly no library can afford to be without this publication, 
<, ven based on its value as a reference manual alone; and it is a 

1:: President, National Be~t•an·h Corp .. Carnbrjrlge, MasH. 

most welcome and long awaited addition to t,he desks of all 
research men or engineers engaged in the growing field of high 
vacuum. 

Cours De Mecanique 
CouRs DE MECANIQUE. Volume II. Dynamique des Corps Solides 

Rigides. By Henry Favre. Published in French by Dunod, 
Paris, France, and Leemann Freres, Zurich, Switzerland, l\l47. 
Paper, 6 1/, X 9'/, in., 4:H pp., illus. (No price) 

REVIEWED BY J.P. Dim HAnToau 

THIS is the second volume in a series of threP volurnPs, cover-
- ing the regular (French language) course on engineering ma­

chanics at the famous bilingual Federal Polytechnic of turich, 
Switzerland. The first volume in the series, reviewed previously 
in this JOURNAL (March, 1948, Vol. 15, No. 1, p. 93), covered 
statics and elementary strength of materials, the present second 
volume is on dynamics, while the thi1·d a,nd concluding volume is 
to treat the theory of elasticity. 

The book comprises 13 chapters, of which the first four are on 
particle dynamics, including a fairly elaborate theory of linear 
vibration, free and forced, with damping and with consideration 
of transient conditions. The next four chapters deal with the 
dynamics of a single rigid body, with a rather complete exposition 
of the slowly rotating gyroscope. The last five chapters treat 
the dynamics of systems in a general way with the theorems of 
Lagrange and Hamilton. 

After each chapter· a number of exercises is listed, totaling 173 
in the book, of which some are problems in the usual sense (with­
out answers) and some ask for proofs of general theorems. 

The book is well written and the subject matter treated is of 
considerably greater completeness than is usual in courses in our 
schools, although it does not go quite as far as \Vebster's treatise. 
It is clearly and beautifully printed and well illustrated and will 
be very valuable as a reference work. 

Yankee Science in the Making 
YANE:EE ScIENCE IN THE MAKJNG. By Dirk .T. Struik. Little 

Brown & Co., Boston, 1948. Cloth, 5 3/, X 8 1/, in. , 430 pp. 
$5.00 

REVIEWED BY J. P. DEN HAH'l'OG13 

O NCE in a blue ~oon ~ book is writ,ten that equally well de­
serves to be reviewed m the JOURNAL OF APPLIED MECHAN­

ICS .as in the Saturday Review of Literature, and this is it. It is a 
delightful history of scientific and engineering development in the 
United States, particularly in New England, up to the period of 
the Civil War. Some years ago Van Wyck Brooks published 
"The Flowering of New England" and "New England: Indian 
Summer" with the literary and artistic history. \Vhat Van 
Wyck Brooks did for the poets and writers, Struik did for the 
scientists, engineers, and manufacturern. The book is divided 
into three parts: "Beginnings," covering prerevolutionary clays, 
the "Federalist Period" and the "Jacksonian Period." It con­
tains a wealth of most interesting details. There is the story of 
Benjamin Thompson, the poor boy from Boston, who became a 
schoolteacher in the town of Rumford, N. H., which is now Con­
cord, N. H. He married the richest widow in town and associ­
ated only with the best, which gave him the reputation of being a 
Tory. To show that this was correct, he left New Hampshire 
during the revolution and went to England. Being a good scien­
tist he was of great service to King George, who made him a 

" Professor of Mechanical Engineering, Massachusetts Institute 
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knight. Later he ente red the employ of the King of Bavaria and 
laid out improvements in the City of Munich, for which the King 
made him a count, and Benjamin called him~1.ir henceforth ( ',nmt 
Rumford. He publiHherl ma ny important scient-ific pn;wr~, 
among which i8 a rough <·.aleulation of the mechanical eq11iv:d,·11t 
of heat., dedu<'ed from t h,• ll<'al produced in boring c1tnnon for I i ll' 
Bavarian King. Thi,; wa,-; fifty years before Joule. 

ThPn t hi,n, is the s tory of Rowditch, the eminent Prai,t irnl 
Navigator, whoHc nanu, i:s kHown to every sailor aml who wa~ onP 
of the foundm-s of the first. scientific aeademy i11 t lti:s co1111I r_v: 
the American Academy of Arts a nd Sciences-in Hoston. 

A very iutcrPHting and la rge chapter deals with t he deVf'lop­
ment of turnpikes, canals, anrl later ra ilroads, of water power 
and the wakr-supply systPlll of BoHt.o n. The rnost prorni11l•11 t 
name m<:111ioned here is Laon1111i lfaldwin , th<· fir,t ,·ivil P11gi11P1·1· 
of gr<>at n ·putatioH in this 1·ou11t r_y. 

Amonµ; the many inventor,; is Eli Whilll<'.Y, who ir,v<•nt<·d 1111 , 
cotton gin, (whilu he was teaching; Latin for a spell to the ,011s of 
a rich planter dow11 South), and with it revolutioniz<•<l the t•i,011-

omy of the Soul h. This invention gave him little money and 
many law suits , and he t urncd around a nd made a fortune manu­
facturing riffos in a pliwt which eventwi.lly bi,canw tlw Win-

chester Arms Company. Himila r :,;t.ories are told of Colt, the i11-
ventor of the revolver, Hlater, who started the still existing tirn1 
making textile machinery, i.hn various members of t.he Brown 
family, who founded the Brown a11<l Sharpe Company a.nd Rrmrn 
University, and of many other:,;. 

Another chapter deals with the founding of the various school, 
of scirnec, nJPrlicine, and Pngineering. Science, as such, in t lu· 
hc,ginning was mostly "natural scicum•," geology and biology, and 
many interesting details are giv<' ll of Audubon, Agassiz, aud 
others. A story is tA.1ld of a great comet which appeared in 18-ta 
and aroused much public intenist. i11 astronomy, leading t-o a 
large bequest to Harva rd for a n ohHervat.ory. The " great klt·­
scope" was imitalled in 1847 but had to be imported from Europ,· . 

This book should be of intense interest to historically incliru•d 
scientists and engineers , and to a ll economists and historian~. 
Logically it should have been written by a native New Engl:111d<·r ; 
historian or engi11eer, but it was not: the author of all thing,; is a 
mathenmtician and a Dutchman, although he has lived in Bnst.orr 
for twen(,y years. It is rumored that he has plans to wril<' a s<w­
ond volume on the developments after the Civil \\'ar a11d tlw n•­
viewer hopP8 that. the rnmor eomPS t-ruP ruul that thP s,•1·n11d 
volunw will 1,,. as i11h•n,,t i111.( :,.,; t hf' fi rst . 



NOTICE TO AUTHORS 
ON PREPARATION 
OF MANUSCRIPTS 

FOR THE JOURNAL OF 
APPLIED MECHANICS 

In order to do a 
more economical job in 
the printing of papers 
for the JOURNAL OF 

APPLIED MECHANICS the following rules have been drawn 
up to serve as a guide for intending authors. We invite co.­
operation in seeing that they are observed. 

• Length: Due to the present difficulty 
of publishing all of the 

papers it is found necessary to restrict 
the length of most man scripts to six 
printed pages of the JouRNAL. Solid type 
runs 1200 words per page and due allow­
ance must be made for title, footnotes, 
bibliography, illustrations, and mathe-
matical work. 

Manuscripts: These should be type-
written, double or 

triple space, on one side of standard­
sized paper with ample margins. Cut 
captions (on a separate sheet), illustra­
tions, and tables should accompany the 
manuscript. 

Bibliography: Footnotes and biblio-
graphical references 

should be complete and thoroughly 
checked. They should not be abbreviated 
and should be in the A.S.M.E. style: 
namely, title, author, name of periodical, 
volume and number, date, page. If this 
refers to a book the order should be: 
title, author, publisher, place of publica­
tion, date, page referred to. 

Mathematical Work: Symbols should 
be in accord­

ance with ASA-210.3 "Letter Symbols for 
Mechanics of Solid Bodies." May be ob­
tained from The American Society of Me­
chanical Engineers, 29 W. 39th Street, New 
York 18, N. Y. All symbols should be 
clearly written and carefully checked. The 
difference between capital and lower-case 
letters should be clearly distinguished and 
care taken to avoid confusion between zero 
(0) and the letter (0), betweennumeral(l) 
and letter (1) and prime ('), between 
alpha (a) and a, and between kappa («) 
and k. All subscripts and exponents 
should be clearly marked, and dots and 
bars over letters should be avoided. 

Illustrations: All photographs should 
be clear, so as to pro­

duce good half tones, and should be 
black and white photographic prints, not 
lantern slides or other copy. All drawings, 
graphs, and diagrams should be as simple 
as possible, with explanatory notes in 
captions rather than on the graphs. 
They should be in black ink on white 
paper or tracing cloth, the latter being pre­
ferred . The average drawing is reduced to 
column width (3 1/ 4 inches), or less. and 
the lettering should be of a size that will 
be at least 1/ 1, inch high when the draw­
ing is reduced. All drawings should be 
carefully checked since it is expensive to 
make changes on the cuts. 

A.S.M.E. Publications Committee 
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