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Performance of the Viscously Damped Vibra-
tion Absorber Applied to Systems Having
Frequency-Squared Excitation

By F. M. SAUER? anp C. F. GARLAND,* BERKELEY, CALIF.

The effectiveness of the viscously damped vibration ab-
sorber is presented for the case in which the magnitude of
the periodic exciting force acting upon the main system
is proportional to the square of its frequency. Dimen-
sionless expressions for the amplitudes of the main mass
and absorber mass and for their phase relationships are
derived as functions of frequency for three cases, namely,
one in which the absorber is tuned to the natural fre-
quency of the main system, one in which the absorber is
tuned for maximum effectiveness over a wide range of
forcing frequencies, and one in which the absorber is cou-
pled to the main system by a viscous fluid only (the viscous
Lanchester damper), The influence of main-system
damping upon the amplitude of vibration of the main
mass is shown for each case. Diagrams are presented
showing the optimum damping, the maximum amplitude
of the main mass, and the maximum relative amplitude be-
iween the main mass and absorber mass, as functions of
the mass ratio. The performance of the absorber when
applied to the system having velocity-squared excitation
is compared with its performance when applied to the
system having constant exciting force, published pre-
viously (1, 2).* The tuning and damping for optimum
performance are found to be different in the two cases.
A model absorber with controllable tuning and damping,
constructed for experimental work, is described and experi-
mental data are presented for the case of most favorable
tuning.

NOMENCLATURE
The following nomenclature is used in the paper:

exciting frequency, radians per sec

w o=
M = main mass, Ib-sec?/ft
K = spring constant of main system, lb/ft

IK . :
Q, = ‘1 M = natural frequency of main system, radians per see

1 The theoretical work is based upon a thesis prepared by F. M.
Sauer under the supervision of C. F. Garland and submitted in June,
1947, to the University of California in partial satisfaction of the
requirements for the M.S, degree.

2 Instructor in Mechanical Engineering, University of California.
Jun. ASME.

3 Associate Professor of Engineering Design, University of Cali-
fornia. Mem. ASME.

4 Numbers in parentheses refer to the Bibliography at the end of
the paper.

Contributed by the Applied Mechanics Division for presentation
at the Semi-Annual Meeting, San Francisco, Calif., June 27-30,
1949, of THe AMERICAN SoCIETY OF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until July 11, 1949, for publication at a later date. Discussion re-
ceived after the closing date will be returned.

NoTe: Statements and opinions advaneced in papers are to be
understood as individual expressions of their authors and not those of
the Society. Paper No. 40—8A-5.

C = main system damping constant, lb-sec/ft
a
r= Mo, = Main system damping coefficient, dimensionless
n
m = absorber mass, Ib-sec?/ft
}i = absorber spring constant, Ib per ft
k ;
Rl natural frequency of absorber, radians per sec
h
¢ = absorber damping constant, lb-see/ft
c . , ; ;
Facoey = absorber damping coefficient, dimensionless
ma,
m 5 :
a = - = mass ratio, dimensionless
M
Wn : 113 : T -
Fo=s a = natural-frequency ratio or “tuning,” dimensionless
L]
w 5 . .
R = i frequency ratio, dimensionless
n
m = instantancous displacement of main mass, L
i 5 3 i
i - instantaneous velocity of main mass, fps
L
!.tzyl i s i
b instantaneous acceleration of main mass, ft/see?
il
y2 = instantaneous displacement of absorber mass, ft
dy: . .
s instantaneous veloeity of absorber mass, fps
[/
{Pyg & i o
dtT = instantancous acceleration of absorher mass, ft/sec?
a; = amplitude of vibration of main mass, ft
a; = amplitude of vibration of absorber mass, ft
a; — a; = relative amplitude of vibration between main and
absorber masses, ft
m, = mass causing rotational unbulance, lb-see?/ft
e = eccentricity of the unbalanced mass, ft
¢ = phase angle by which displacement of main mass
lags behind exciting force, deg
¢: = phase angle by which displacement of absorber
mass lags behind exciting force, deg
¢n = phase angle by which relative displacement of
main and absorber masses lags behind exeiting
force, deg
2
X = 2
l+ap
INTRODUCTION

The practicability of reducing vibration amplitudes in me-
chanical systems by means of the dynamical absorber, with and
without damping, has been demonstrated previously (1) for
cases in which the magnitude of the exciting force is independent
of frequency. Many vibration problems encountered in ma-
chinery installations, however, are eaused by unbalanced rotating

109



110

or reciprocating parts which generate periodie® disturbing forces
whose magnitudes vary with the square of their frequencies. The
performance of a viscously damped absorber attached to a system
excited in this manner is found to differ markedly from its per-
formance in the presence of an exciting force of constant ampli-
tude. Hence the tuning and damping of the absorber must be
different in the first case from that in the second if it is to function
effectively over the full range of operating frequencies. In the
present paper the theory of the damped vibration absorber pub-
lished previously (1, 2) is extended to the case of frequency-
squared excitation, and the results of the theoretical analysis are
compared with experimental data obtained in working with a
laboratory model,

RespoNskE oF THE CoUPLED MAss AND ABSORBER SYSTEM TO A
VEeLocrTy-SQuarep ExcitinG Force

For purposes of analysis the idealized spring-mass system,
Fig. 1, is assumed to approximate the more complex structure of
a machine, its mounting, and an absorber. The large mass M
represents the machine whose motion is to be controlled, econ-
nected to its foundation by the spring mounting K. The small
mass m, represents the absorber coupled to the main mass
through a spring-damper system. In this analysis viscous damp-
ing and linear springs are assumed. The motion is limited to one
axis.

The component of the exciting force in the vertical direction,
caused by the rotational unbalance, is m.ew? sin of, where m, is
the unbalanced mass with eccentricity e, and w is the rotational
velocity. The m,e product is a constant of the main system, and
any case of rotational unbalance may be reduced to an equiva-
lent term of this nature.

The equations of motion for the two masses are

dn diyn  dys
Wﬁ +C(E'__— + k(i — ) + Kin
= meo?sinwl...... [1]
and
d2y2 dy] ﬂ:yz
(=) — Ky — ) =
W ¢ (dt Cdr (i — 1) = 0. 2]

The solution of these simultaneous equations yields the following
nondimensional expressions for the amplitudes and phase rela-
tionships for the steadv state
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i

sin wt

I =— Rest Positien
Y1

% j -— Rest Posibion

F1a. 1 IpeaLizep SysTtem

_ Rl — (1 + wR?]
tan ¢y = AR — R — gl (8]
bt (g i) = s 9]

PR + 7R

From Equation [3] it is seen that the amplitude of motion of the
main mass at a given frequency is a function of three properties
of the absorber, namely, its mass, its spring constant, and the
amount of damping. These three properties can be varied inde-
pendently. For any selected value of absorber mass, the opti-
mum damper performance is realized only when both the tuning
and damping are set at their most favorable (i.e., “optimum”)
values.

ABsorBER WiTH OpriMuM TUNING AND DAMPING

The most desirable absorber would reduce the amplitude of the
main mass to zero over the entire range of frequencies. This is
impossible, however, and the best absorber obtainable in the
practical case minimizes the amplitudes.

For any given mass ratio u, and tuning f, there are two fre-
quency ratios Bp and By (see Fig. 2), at which the amplitude of
+he main mass is independent of damping (1, 2). TIf Equation

[3]is written in the form

o _ A+ B
m,e C + 42D
M

the amplitude g, is seen to be independent of damping when 4 /C
= B/D,i.e., when

o, ‘/ﬁ (P — R + v -
me (1 — R (f* — R?) — uf?R2]2 + +2R2[1 — (1 + p)R2)2
M
& _ J  fit R T ”
me [(1— R?) (f* — R?) — uf?R?]2 + v *R2 (1 — (1 + p) B2
M
Iy — ) _ R! ‘/__""'_"_'_'_'_ o o E‘_ R T [51
me (1 — B (P —B)— R + vRA — (1 + R
M
iy = — wyRt |
YT —RY) [(1 — R (2 — R?) — uf?R?] + v*R[1 — (1 + w)R?] -6
tan ¢ = s, i e (e [7]

(1 — B?) (f*— B?) — uf*R?] + v*R*[1 — (1 + p)R?]
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(1 — R (f* — R?) — uf*hi?
With the minus sign this yields

uR* = 0 sothat R* =0

= = [-—-— ...._]:___. _.._.]
1— (1 + p)R?

With the plus sign the equation becomes

AP+ p+ DR 2
24 n 24 pu

Equation [10] defines the two values Bp and Rg as functions of
wand f. If arbitrary values for u and f be substituted into Equa-
tion [10], the frequency ratios Bp and Rg can be evaluated and,
from Equation [3], the amplitudes at these two frequencies can
be determined. For a given value of u the relative amplitudes
at Rp and Ry vary as f is changed, one increasing as the other
decreases. Hence there is a particular value of f for which these
amplitudes are equal. This valueis

!{.4 3

2
Iﬁ& 4 2 !Rﬂ 1 Ra PPRRIA SUUPS P
s ) f ) N (1 + u)

2

[ — 4RS + (2f? + RI — 4f2R? + f1]

111

having been established for the econdition of optimum tuning, the
question of optimum damping must next be considered. Refer-
ring to Equation [3], it is seen that the shape of the amplitude-
frequency curve, Fig. 2, depends upon the value of . If v is
large, the amplitude curve has a single peak at a frequency be-
tween Rp and Ry; if v is quite small, two peaks appear, one at a
frequency less than Rp and the other at a frequency greater than
Rg. It can be demonstrated that no one value of damping will
produce an amplitude curve with peaks at P and @ simultaneously.
A value of damping can be determined, however, which approxi-
mates this condition very closely, yielding peaks with nearly
equal amplitudes at points near P and Q. This process may be
summarized as follows:

Solving Equation [3] for the damping coefficient and substi-

tuting
@ _ ‘/72
mye (1l + p)

M

1
- and

1+ u

the resuiting expression for v has the form

pE = ——

2R? .
Wl +u)

and is the best or optimum tuning for a given size of absorber
mass. For a damper tuned to this value the expression for the
amplitude at P and @, Fig. 2, becomes

B B [12]
me — NI + )
M

and the corresponding frequencies are given by the expressions

| 2 2u

2— 4- 2+ 4
Rp? = A= d Rg = AEE
P = Ban aj Q TEm . [13)

The values of amplitude and frequency at points P and @
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F In order for the amplitude curve to pass horizontally through
point P it must pass through a neighboring point P’ of the same
amplitude but of frequency®

R!
2+

Substituting this expression for R? into liquation [14], the result-
ing equation is of the form

CAe A A+ A 4L
T By+ Bis+ B+ .. ..

.-),2

Equation [15] assumes the indeterminate from 0/0 if 5 = 0,
since point P is independent, of damping; hence 4o = By = 0.
Therefore

2 = Limit do + b + A8+ ... Ay
Y=l BhBad LB Fruns B

Since the terms in & of higher order than the first become zero
when & approaches zero, these terms may be dropped as soon as

they appear. Hence
R = Rpt = 2{3_:_;’()_25
SLES T

Evaluating the numerator (N) and denominator (D) of the right-
hand member of Equation [14] separately

5 This method is employed in reference (3).
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2
N = Rpif' — 2fRp* + Rp* — — [Bp* — 4R

w(l + )
AR = R F1 Y {(T 'f%é’i;%)f;i)*
62 - X)P 42— Xy 2 [4(2—}()“
S+ +er @+et w1+ wl @+
122 — X)* | 43 +20(2—X) : ]l
2 el T BFmEtar @+taxitalf

The sum of the first four terms equals zero since both the numer-
ator and denominator are zero when R has the particular value
Rp; hence

+68[4u — X(2 + 3u)]

5 e il T S
(1 4+ p)(2 + p)?
Similarly
B e SE—ELE o]
wl A+ u)(2 + u)?
Therefore
2n
(2 ,/_)
N 2—X
o o e T L BT - el

D 20+ u)2+4n 21+ u)2+p)
To obtain the curve with zero slope at @ the frequency
\/2__+ Vo%/l + s
2+ pu

is substituted into Equation [14].

This yields the expression
2u
(o4
4t = f—(—w—lﬁ .............. [17]
201 +u) (2 + )

The average of the two values of the damping coefficient defined
by Equations [16]and [17]is

,Yz- ——

H(l +#)(2+'#).......... ... [18]
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The amplitude-frequency curves for these three values of the
damping coefficient are plotted in Fig. 2, for ¢ = 1/10. It is
noted that the curve which is horizontal at P attains a larger
amplitude to the right of @, while the curve which is horizontal
at @ attains a larger amplitude to the right of P. The average
curve is only slightly higher at these points and represents a con-
venient and practicable solution. Iiquation [18] then defines
the optimum damping for the case of optimum tuning.

In the design of the absorber it is necessary to know the maxi-
mum relative amplitude between the main mass and the absorber,
since large deflections of the absorber spring may result in ex-
cessively large stresses. Differentiation of Equation [5] leads to
a complex third-order equation in B? which can be solved only
numerically for various values of u. A simple but approximate
method is to equate the work done per eycle by the exciting

fore: to the energy dissipated per cycle by damping. This
yields®

wPoay sin ¢ = mew(az — @) .o.ooinn.... [19]
where Py = m,ew?, Assuming sin ¢ = L0, and solving for the

relative amplitude ratio

a» — ar\ 2 _ Mw a u

a
a PO o f B\ M oymty oW
m.e m_,.e c s m c “n
M M M
or, since
m ¢ w
L = —, and R = —
L M’ L4 mQ,’ - Q,
this becomes
n—w\'"_a R (20)
m.e M BTI““
M M

The relative amplitudes obtained by the energy method, and
those obtained from the solution of Equation [5] are compared
in Fig. 3. The two solutions are seen to be in close agreement in

& Reference (2), p. 127.

T 1

=== =={_%"% gy ENERGY METHOD
- me
/ i N Z I
10 L~ \
o ; 4 \\ N
ofr|= 9z-9,
B 'l,] \ \ //—‘ '“7"
g 1]/ 3
& @ £ i
§ // \ \/_ 1;.;2
w 6
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E K e
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% 4, f/ / h‘/ —= = "\
! / / , \\\
4 gk 0953 y:0360
1
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the region of maximum amplitude, the discrepancy between the
two curves at other frequencies being due to the deviation of
the value of sin ¢; from unity (see Fig. 4). By substituting the
amplitude and frequency of point @ into Equation [20], the fol-
lowing approximate expression for the maximum relative ampli-
tude is obtained

| 2u
2\ 2 e
1 [17] 2 IEQZ _ __(_ + 1 + ,u.)

piy? 3ut

az — )
L. iz
M M

... [21]

m.e

The maximum relative amplitude determined by Equation [21]
will always be slightly greater than the true value because at
frequency Rg the value of sin ¢ is less than unity,

ABsorBER TuNED TO FREQUENCY OF MAIN SYSTEM

In the earlier work (1) on the dynamical absorber, it was
demonstrated that an absorber, tuned to the frequency of the
main system (i.e., one in which f = 1.0) and damped very lightly,
will reduce the amplitude of the main system to a minimum
at its resonant frequency. This tuning results in unequal ampli-
tudes at P and @, however, and hence it is not the best if the
damper is to operate effectively over a wide frequency range. It
is of interest, nevertheless, to investigate the performance of the
absorber, so tuned, when applied to the main system having
velocity-squared excitation. For this case, f = 1 for all values
of u. Substituting f = 1 into Equation [10], the frequency
equation becomes

2
RA—2R* 4 —— =0............... [22]
+2+#

113

which has the roots

' M
Rpt =1— and R’=l+‘/ .. [23]
? 2 +u = ol

The amplitude ratio at P becomes

a 2 + u

—\ = J e 2 T [24]

me u

M/e

Similarly, the amplitude ratio at @ becomes

a =‘/ﬁf_1
mee K
M/,

The amplitude at point P is seen to be always larger than that at
Q, as shown in Fig. 5. Hence the amplitude curve with the low-
est peak value over the frequency range must have zero slope at
P. This curve represents the most favorable damping obtaina-
ble for the arbitrary tuning f = 1. By substituting

AW T
ey e (=) -
2+u " |\ me W

M/p
and [ = 1into Equation [14], and letting & approach zero as be-
fore, the following expression for the optimum damping is

obtained
2 = ® e L
¥ 2 (3 ‘/2 .u) ............. [26)

The maximum value of the relative amplitude, found by sub-
stituting the expressions for amplitude and frequency at point
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P into Equation [20], is

(¢ﬁ3
QG — @ ‘= L

(- 4i5)

_me_ EG_{ﬁ)
M 2 24 u
Hence
a—a\'_4[@+2) +2Vu2 +w] 2
_me #49 + 4p) '
73

From the plot of the several amplitude ratios in Fig. 5, the ampli-
tude obtained by the energy method is seen to be considerably
higher than the true value near point P. Hence Equation [27]
yields a conservative approximation to the value of the maxi-
mum relative amplitude,

JOURNAL OF APPLIED MECHANICS

JUNE, 1949

.‘/,2
s—=gy 2 Nits 2 311
m,e u ‘)2 u?

M L 24+ u

Equation [31] represents a conservative approximation, as
did Equations [21] and [27] in the cases discussed previously. The
exact value of the maximum relative amplitude may be found by
plotting the amplitude curve for a few values near Ry using
Equation [5].

ComparisoN oF Oprimum TuniNG AND DAMPING COEFFICIENTS
FOR SystEMS HAviNG CoNsTANT ExciTaATiON AND FREQUENCY-
SQuareD ExcrTaTion

The values for optimum tuning and damping for the case of
frequency-squared excitation are compared with those for the
case of constant excitation in Table 1. The optimum tuning for

TABLE 1 COMPARISON OF OPT[MUM. TUNING AND DAMPING WITH CONSTANT EXCITATION

Constant excitation

[ Squared excitation

; Tuning \ Optimum dampmg

‘ 1| 3u

| o= ! T A |

:fanp“ T+e | 7T T 0+wE+n |

fieo sanae s = !

‘ F=1 ==“(3ﬁ\/-*‘)

¥ 2+

R B i
_{' = {} | ey

j ‘ * 24+

L

Tuning f Dptlmurn dampmg |
| 1 [ .2 = 3u
Jopt = 1—+ " |"r 201 + w)? |
P NSO e e o 1)
|
ol ,U(S (1+\n2+; :
- |
| 201 + ) :
E———— 1 e e |
' 2
f=10 2 =
b TEreeds

¢ These expressions are presented in reference (3).

LancHESTER-TYPE ABsorBER WrTH Viscous DAMPING

The Lanchester absorber with viscous damping represents a
special ease of the foregoing system in which the damper spring
is omitted, the absorber mass being coupled to the main system
through the fluid only. In thiscase ¥ = 0 and f = 0. Substi-
tuting these values into Equat.ion [10]

Rt———R2=0
2 + ”
2
from which RBp? =0 and R = —...... ... [28]
244

The amplitude at @ then becomes

(1] il

“;n":e R CREREEY [29]

M/q

the first case is nearer to unity; therefore, if the value f =
1/(1 + p) were used for this case, the point @ would have a larger
amplitude than point P. For optimum tuning, the system hav-
ing frequency-squared excitation requires more damping than
does the one having constant excitation; for tuning f = 1, the
reverse is true.

The effect of the mass ratio upon maximum amplitude of the
main mass in systems with optimum damping is shown in Fig. 9,
for the cases of f = 0, f = 1, and optimum tuning, respectively.
In Fig. 10 a similar comparison is made of the relative ampli-
tudes of the two masses. The influence of mass ratio upon
the value of optimum damping for each of these three values
of tuning is shown in Fig. 11,

EFrECT OF DAMPING IN MAIN SYSTEM

With viscous damping present in the main system the equation
for the amplitude of motion of the main mass may be shown to be

R4{(fz A Rz]i + 72}33]

2y
me V(1 — B (f—
M

For the amplitude curve to pass horizontally through @, the
value of the optimum damping becomes

7 =

Fop g ot e e

The value of the maximum relative amplitude may be found
by the energy method if these values are substituted into Equation
[20]. This yields

B?) — uf*R*P + +*R*1 — (1 + w)R?)?

T ORI — B+ v + gty

Comparing Equation [32] with Equation [3], the two additiona
terms, I"R2[(f2 — R2)® + y2R?] 4 2uyTRS, are seen to appear in
the denominator. These are due to main-system damping.
The amplitude at P decreases faster with inereasing T' than does
the amplitude at @ since (f2 — R?) is positive at P and negative
at Q. Figs. 12, 13, and 14 show the effects of main-system damp-
ing upon the amplitude coefficient for the three cases of tuning
considered, with optimum damping in the absorber. For opti-



SAUER, GARLAND—PERFORMANCE OF VISCOUSLY DAMPED VIBRATION ABSORBER 115
180 1
150 & AN \\ 150 —a-
Y ) 7~-___-—--____
120 ' ></ 120 4,4
Kek t=0 Y=0976
90 ] L‘\ \
1 = | AN 90
N N
&0 ol P /_¢|-¢z
L~ \ 80 _—
@ Z
2 el | g
& 10 &
30
@ = Hik 100 ¥+0373 a \
rd ¢'I
0 o
w [
e 330 % i
F \ \ w )
7] 2 p—
2ol T
a 60 Y a -60 \ \ /'_"¢.
\ | 2,
Y - \\ ; i - v
-120 =120 =
To—
\k — ., ‘N\ \\_ g R
s Fd |
-150}— 2 1 ~ “150
\ r i [ — \
|| =
-180 - -180
0.80 0.90 100 110 1.20 130
e e, N 080 0.90 1.00 1.10 1.20 130
RATIO NATURAL FREQUENGY MAIN SYSTEM ﬂﬂ EXCITING FREQUENCY . W
RATIO NATURAL FREQUENCY OF MAIN SYSTEM ﬂn
Fra. 6 Prase RernaTronsures ror AssorBer TuNeDp To FrEqUENCY
oF MAIN SysTeMm, OpriMmuM DaMpiNG Fiu. 8 Puase RELamonsHirs POR LANCHESTER Dampen
5 main-system amplitude is reduced to ap-
20 proximately one third of that without the
[\ Krig =0 Y =0976 absorber.
18— -~
" / \ ExreriMeENTAL WORK
-|E|= [ Iixperiments were conducted using a labo-
o 14 ' ratory model, Fig. 15, consisting of a flexi-
g _\ e bly supported table A, excited by a vibra-
o \ L tion generator B, which employs two un-
§ 10 ~ ﬁ BYIENERCY METhon balanced shafts rotating in opposite direc-
E // / \‘- 3 tions. The vibration absorber C was at-
g 8 \ — tached to the framework of the table as
% & o - r/ / \ A\ / LR 0z-a, shown. The speed of the vibration genera-
T N - // X\ / et tor was varied by means of potentiometers
a— \\\ = in the armature and field cireuits of its driv-
L) = }4 \\é\:“*-- 3 1 ing motor. The steady-state vibrations of
2 the table structure were recorded by means
of the Geiger torsiograph D. The absorber
070 0.80 030 1.00 110 120 130 140 unit is shown in more detail in Fig. 16. It
RATIO Tfumac FREQUENCY bF Mamw SveTEN— ° 10, consists of a eylinder filled with SAE No,

Fic. 7 Ampritope RaTios vor Viscous LancHesTER Damper, OpTiMmuM Damping

mum tuning, the amplitude at P becomes lower than that at @
as I' is increased while, for f = 1, the amplitude at P is higher at
first and then gradually decreases below @ as the damping in the
main system is increased.

The effectiveness of the absorber diminishes as the main-system
damping is increased, but even for the rather large value of main-
gystem damping illustrated in Fig. 12, (T 0.100), the

10 oil and is fitted with a diaphragm, or
piston, attached to a rod extending in both
directions along the axis of the cylinder.
The diaphragm has adjustable ports for controlling the damping,
and seals between the vertical shaft and the eylinder are effected
by bellows, eliminating the dry frietion which would be present
if stuffing boxes were used. The springs and weights can be
changed to vary the mass ratio and tuning at will.

The physical constants of the main system were as follows:
M = 4.38 Ib-sec?/ft; K = 6240 1b per ft; ©, = 37.8 radians per



40 §le, 30
I ELZ
o
=4
(=
g /
30 # B A =
w /
u‘E‘l: o
—
=
o M—GURVE A g
T 20 = 10
o
w CURVE ©
w =
=
= 4
E_J —~CURVE B 5
= 10 ¢]
a |— CURVE ¢ ! 5 Lo} 15 20
e
_..——--"______-—-—1
] RATIO MAIN MASS  _ |
S ABSORBER MASS [
0 Fre. 10 Maxivum Revamive AmpuiTupe BY Enerey MEeTHOD
! S 10 15 20 (Curve A, Lanchester damper; curve B, absorber tuned to natural frequency
MAIN MASS | of main system; curve C, optimum tuning.)
RATIO Zgcorser mass 71'
. . 5.0
Fie. 9 MaxiMmum AmpLiTUDE OF Mamn Mass Wira OpriMuM p
DAMPING IN ABSORBER PN
(Curve A, Lanchester damper; curve B, absorber tuned to natural frequency A
of main system: curve C, optimum tuning.) 50
1.00 / \
] / \
(& =
Ii a8 \ I'-0.0
. CURVE A sf2l= / a
~ 080 E i
& / o~ " \
z | — GURVE B g 30 / \ ,— T'=0l10
N RARR S S
& 060 w P -
NS : ;
Q CURVE ¢ = . l—TI'=0.30
o J 20 ——
g Y : i 4 I
Z 040 <
o
= \
a
o “._‘____ 1.0 —
pe 12100 y:0373
020
I 5 [o] 15 20
Q
MAIN MASS gl
RATIO ABSORBER MASS ‘Ll 0.80 080 1.00 LIO .20 1.30
) EXCITING FREQUENGY LW
Fre. 11 OprimuM DampiNG COEFFICIENT RATIO TATURAL FREQUENGY OF MAIN SYSTEM B

(Curve A, Lanchester damper; curve B, absorber tuned to natural fre- < o .
quency of main system; curve C, optimum tuning.) Frc. 13 Errecr oF DamPiNG IN MaiN SYSTEM ror ABSORBER

Tuwnep To FREQUENCY 0oF MAIN SysTEM

Q
50 20|
[\ pel 200 y=0876
P T Q 18 - -
=00
e N ) aa e | |
Jet N N ¢
& g ;i \ & ':|: 14 e
] e f et E
g el r=0m00 | _— "“\.\ - 4 ,—TI'=00
=Y TS N g
e
. ~ =z '
S ¥ L 1o
2 20 I = 0300 | —t o / \
—a —]
g /"“"-—-df_._____./ 5 8 / \/- r=ci0
S & SN
a // \Q LT r-o3o
1.0
prh :0953 Y:0360 % L2 ~ R
ot e
‘s 090 100 ) 1.20 30 9
» : } _ - 080 0.50 1.00 110 120 T30
EXCITING FREQUENCY w
RATIO iTURAL FREQUENCY OF MAIN SYSTEW ° ﬁn RATIO NM‘LIRA:‘CFI;:‘O?JENF:\onz:u::IN SYSTEM =ﬁ“
n

F16. 12 FErrFecr oF DampiNng 1N Main System Wire Oerimom  Fie. 14 Errect oF Damping 1IN Main SysTeM ror Viscous
TuNiNG AND DAMPING IN ABSORBER LANCHESTER DAMPER



SAUER, GARLAND-—PERFORMANCE OF VISCOUSLY DAMPED VIBRATION ABSORBER 117

Firne

I'1a. 15 Lasoratory Mobgr

VieraTioN ABSORBER

Fra. 16

sec: I = 0.038. The constants of the vibration generator were
m, = 0.0406 Ib-sec?/ft; e = 0.855 in. The constants for the
absorber unit were & = 473 1b per ft; m = 0.360 lb-sec?/ft; o, =
36.3 radians per see.  (The value of m was adjusted to give opti-
mum tuning after & was determined.) The dimensionless co-
efficients derived from the foregoing coefficients were: u =
0.0823; fop = 0.961.

Amplitudes and frequencies were measured directly from the
vibrograph records. The results of three damper settings are
presented in Fig, 17.
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cal optimum damping, v =

Excellent agreement was found between the experimental re-
sults and the theory, as indicated. The theoretical curve com-
puted from the physical constants was adjusted so that the ampli-
tude of points P and @ corresponded to the experimental values.
This necessitated an adjustment in the m,e product of 3 per cent.
The computed values of R, and R, are shown on the frequency
scalein Fig. 17.

SUMMARY AND CONCLUSIONS

Dimensionless theoretical expressions for the amplitudes and
phase relationships, as functions of frequency, tuning, and ab-
sorber damping, have been derived and are presented in Equa-
tions [3] to [9], inclusive. These relationships are presented
graphieally in Figs. 2 to 8, inclusive.

The optimum tuning for the most effective absorber that
can be applied to this system is expressed by Equation [11] as a
function of the mass ratio (the mass ratio is chosen arbitrarily in
the practical case).

The optimum amounts of damping for the cases of optimum
tuning, tuning f = 1, and tuning f = 0, are expressed as functions
of g in Equations [18], [26], and [30], respectively, and are shown
graphieally in Fig. 11. A comparison of the optimum tuning and
damping coefficients for .systems having velocity-squared ex-
citation and constant excitation is summarized in Table 1.

The theoretical expressions were found to be in excellent agree-
ment with the experimental results. Therefore it is considered
practical, by means of a dynamical absorber, tuned and damped
in accordance with the principles presented herein, to minimize
vibration amplitudes in a structure when those vibrations are ex-
cited over a wide range of frequencies by rotating or reciprocating
parts.
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Thermal Stresses in a Rectangular Plate

Clamped Along an Edge’

By B. ]J. ALECK,? JERSEY CITY, N. J.

An approximate solution has been obtained for the
stresses induced by a uniform change in temperature of a
thin rectangular plate, clamped along an edge. The solu-
tion has been carried to completion for plates whose
clamped edge is long, i.e., more than 5 times the length of
the perpendicular free edge. The solution for smaller
ratios of clamped to perpendicular lengths is expressed in
terms of six determined functions whose coefficients are to
be evaluated by satisfying two boundary conditions. The
thermal-stress problem is first converted to one of specified
boundary tractions. The normal stress, o, parallel to the
clamped edge is assumed of the form o, = £, (x) + ¥ f(x) +
y2fi(x), where f;(x) are as yet undetermined functions, and
where y is the co-ordinate at right angles to the clamped
edge. Using the equations of equilibrium and the bound-
ary conditions, 7, and ¢, are expressed in terms of pow-
ers of ¥y and the derivatives of f;(x). The integral repre-
senting the strain energy is then expressed in terms of the
expressions for o, 0, and r,,. In accordance with the
principle of least work, the integral representing the
strain energy is minimized, using the calculus of varia-
tions. The resulting simultaneous differential equations

- for f;(x) are solved as a linear combination of twelve func-
tions (six of which drop out, by symmetry). Given fi(x),
then fi(x) and f;(x) are determinate by virtue of the simul-
taneous equations. The six coefficients in the expression
for f, are evaluated by satisfying the boundary conditions
along the free edges. The maximum normal stress con-
centration, over 10, occurs at the junction of the free and
clamped edges.

ConversioNn oF THE ProBLEM IN THERMAL StrREss To ONE OF
Bounpary TracTIONS

ONSIDER a rectangular plate of constant small thickness,
whose height is A’ and whose width is b. One of the edges
of the plate, of length b, is clamped; all other edges are

free. At temperature T the plate is free of stress. The plate
material is elastic, obeys Hooke’s law, is isotropie, and its co~
efficient of linear expansion is @. The sign convention and direc-
tions of the z, y co-ordinate system are indicated in Fig. 1. The
problem is to determine in an approximate manner the stresses
produced by the increase of temperature from 7" to T 4 ¢.

If the plate is imagined cut free, i.e., if the elamped edge were

1 Abstracted from a thesis submitted in partial fulfillment of the
requirements for the degree of Master of Secience at Cornell Univer-
sity, Ithaca, N. Y., September, 1947.

2 8pecial Projects Department, The M. W. Kellogg Company.
Jun. ASME,

Contributed by the Applied Mechanics Division and presented
at the Annual Meeting, New York, N. Y., November 28-December
3, 1948, of Ter AMERICAN S0CIETY OF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until July 11, 1949, for publication at a later date. Discussion re-
ceived after the closing date will be returned,

Nore: Statements and opiniens advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48—A-28.

unclamped, due to the rise in temperature f, each element of the
body would undergo the unit deformations

e = al ]
& = at i .................... (1
Yzy = 0
Now suppose that compressive stress, a, = —Fat to be applied;
it would be accompanied by the unit strains
e = —al ]
e, = —vlatl) :’ ................. [2]
Yoy = 0 )

Superposing strains, Equations [1] and [2]

e, =0 1
I 0 R I 13
Yay = 0
and the state of stress becomes
o, = —Eat )
o, =0 T (4]
Ty =0 ]

The effect of these operations has been to increase the plate
temperature, to bring each point back to its original z-position,
and to increase the height of the plate in a uniform manner. This
new height will be called k. Since ¢, and v,, are zero, no clamp-
ing forces are required to foree points along the clamped edge to
their original relative position. The plate is then imagined ce-
mented back to the clamping member. Therefore it is con-
cluded that the stress distribution due to the increase in tem-
perature ¢, would be pure compression equal to Fat, if the plate
is prevented from expanding longitudinally by means of lateral
pressure, independent of the clamping along a longitudinal edge.
The state of the plate is indicated in Fig. 1(a).

Since the original problem did not envisage the application of
the lateral restraining pressure, that pressure must be removed.
This is accomplished by superposition upon the simple stress dis-
tribution of Fig. 1(a), the stress distribution due to ¢, = EaT,
applied along the edges of height h of the rectangular plate
clamped along one edge of length b (see Fig. 1b). The solution of
the problem of Fig. 1(b), one of specified surface tractions, thus
replaces the original thermal-stress problem.

AprpLIcATION OF PRINCIPLE OF LuasT WoRk

When the reactions are fixed, the principle of least work states
that the strain energy will be a minimum for that state of stress,
among those satisfying the boundary-stress conditions and the
equations of equilibrium, which also satisfies the conditions of
compatibility.

The variational principle has been applied extensively by Dr.
Eric Reissner (1, 2, 3, 4)3 to obtain approximate solutions to diffi-
cult problems. His technique, adopted by the author, is to use the
minimum principle to establish functional coefficients of arbi-

* Numbers in parentheses refer to the Bibliography at the end of
the paper.
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trary functions instead of parameters occurring in arbitrarily se-

h
2 2 " & .
.leim[2f1+fz+§fa—'gfl —24)"3

lected functions.
The procedure is to assume o in the form

o = filz) + yfa(z) + y’f:(l?) ............. [5]

where f;(z) are yet to be determined functions, and where the
z, ¥ are the nondimensionalized co-ordinates z:/h, 11/h. respec-
tively. The omission of fi(z) in the foregoing expression for o,
and replacement by #3%(z), for example, would not be satisfac-
tory, because o, could not then satisfy the boundary condition
g, = Eat. The-decision to use f;(x) as coefficients of an as-
cending power series in y was arbitrary.
The equations of equilibrium are (5)

da, D

£ 4 3";’ T —— 6]
aiv ory

il SUSIRPRES 17

Substituting the expression for o, from Equation [5] in Equation
[6], integrating (dr,,/dy) partially with respect to y, and using
the boundary condition r,, = 0 for y = 0, the following expres-
sion is obtained

1 1
T Tay T yfl' + 5 y’fs' + 5 y‘f.’ .......... [8]

where the primes indicate differentiation with respect to z. Sub-
stituting the expression for r,, from Equation (8] in Equation [7],
integrating (ds,/0y) partially with respect to y, and using the
boundary condition ¢, = 0 for y = 0 then

1 1 1
o, = 52}’)’1" + 8 v "+ 12 T [ ORI SO (9]
Expressions for stresses satisfying the boundary stress condi-

tions and the equations of equilibrium have been determined.
These are now inserted in the expression for strain energy (6)

b
1 R 1
V= Y ﬁ [ [o.2 + o2 + (2 + 20 7%, — 2vo,0, ] dz dy
...... [10]

After the substitution of Equations [5], [8], and [9], and upon
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integration with respect to y from 0 to 1, the expression for ¥ con-
tains only a sum of many produets of functions of z, all terms in
y having vanished during integration. Calculus of variations
techniques are now applied to minimize V.

Thus if fi(), f2(z), fs(z) are to produce a minimum value of ¥,
the value of V should remain unchanged by a term to the first
power in ¢, an arbitrarily small number, if

fi(z) is replaced by fi(z) + en(z)

J2(z) is replaced by fo(z) + em(z)
and
fi() is replaced by fi(z) + en()
where
m(z), ni(z), and ns(z)

are arbitrary functions of .

Performing the substitution, subtracting the two values of V,
ignoring terms in powers of ¢ greater than the first, and setting
the result equal to zero, the following relation is obtained

b

+m' (@ + 29)] [§f ;- ‘ifsr + 1—25f]
Fu I})f F i g = h— T
tmn+ins = —Ew -]

: 1
+ ' @ + 2»)][;.&’ + o+ ﬁ—;f.'] e

N P (PO U
tm [36f‘ i Tagt Ttk
2
_3"6f':|

2 1 2 ., 2., 2,
+'ﬂ:[§f1 +§f2 +Bﬁ—ﬁ'ﬂ —3-6.)'2 —STLII]

- 2 1 2
+m'[2+ 2?][1—5f1' + i'éfn' + -(5_3f":|

i Lgs e Loy L., % 2
+ [84f1 +288f’ +648fa 60f1——72f:
2
_QflJ} dz=0

Integrating by parts to convert terms in 5’ and 5 to termsin y,
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if 7(0) = n(b/k) = n’(0) = n'(b/k) = 0, which is permissible,
since the u's are arbitrary. When Equations [12] are applied in
relation to Equations [11], the equation becomes a sum of integ-
rals in which ny, 72, and #; appear as factors of the respective
integrands. Since the #; are arbitrary, the condition that the
sum of the integrals must vanish independent of the values of »;
is that the coefficients of »; should vanish. On the basis of this
argument, the following differential equations result

[ Nk 1
\_2f1—fl (3 +2P)+ 10]'1 :|+
B 1.5
_f:—fs (§+E2u)+§afn :t-i—

2 fd 2y, L W]l
sfl_fl (15+4)+84f']_0

_§f=—fz' (é+2—é’)+é}3f“]+ ..n3)°
30— (5 5%) +am ] =0
HEAEE 2 e g
[%ﬁ —& (; iy 2’) éggﬁ"]
[gf,—fa*(i + f—s) o f:’“] i
Tf 2» = 1/2, these reduce to

( L f)

.. [14}

1 1 iv -
(ﬁfs——mﬁ o 581‘3 ) =0
(gfl 4—7f1 o fl“) ( 4f:z” +

1 - iv L
288 ) ( h—= 252; 648 L )" o

JUNE, 1949

The condition that a solution of the form

f1 = 4 GM
fe=Be™® ) iviivin . [15]
fs == CCM J
exists is that the symmetrical determinant below vanishes
11 1 17 1
, Pty 5, BN L N oy, (N (=
ﬁ)‘ +10’" : 24" +36:\’
g i7_ ki + l }l‘
3 120 84
17 1 2 17
1 —)\2 itas X! gty e = 4
24 i 36 3 60 + 126 '
) = 0.[16]
l S E h'l _l_ L l-l
2 144 288
?._., i'?_. li + .!. k-l - ks 2?— h‘l + 1 l!
3 120 8.7 2 144 288 '
2 23 1
St W
] 5 252 T 648

As expansion of this determinant involves the repeated subtrac-
tion of nearly equal numbers, six significant figures are not ade-
quate to obtain one-place accuraey of some coefficients. To avoid
this difficulty, each term is multiplied by the least common de-
nominator (90,720) and all operatiens are carried out exactly
(without dropping any numbers) on the resulting whole numbers.
Equation [16] rewritten in expanded form then becomes

32,400 w® — 17,554,320 w* + 1,318,615,200 w?* 1

-— 52,203,771,648 w? 4 507,935,493,920 w? . [17]

— 3,219,622,318,080 w + 2,765,319,782,400 = 0 |

where A? = w

The roots of this equation are

w; = 460.9306040

wy = 35.0691295 4 ¢ 36.8670015

wy' = 35.0691295 — ¢ 36.8670015 (18]
wy = 4.8642053 + ¢ 6.9119811 | "*7TTC
w;’ = 4.8642053 — 7 6.9119811

wy = 1.001159473

Associated with each root w, there exists a unique relation be-
tween the A, B, and C of Equations [15]. For each w, this rela-
tion is established using two of Equation [16] in conjunection
with the value of w under consideration. The symbols for the
coefficients A, corresponding to each w, and the simultaneous
value of B/A and C/A are given in Table 1, where also is found
the values of A = =+/4. The number of significant figures is

TABLE 1 8YMBOLS FOR COEFFICIENTS

B
u A 4
wy A (—9.25970701)
w2 A2 + {42 (-—8.33136777 + 4 0.1580243703)
wa’ As — 14" (—8.33136777 — ¢ 0.1580243793)
ws As 4+ ids (——4.32764770 + 1 0.456750600)
wa' As — 148" (—4.32764770 — 1 0.456750600)
wa A —0.130826469
w 4+ A= \/5
w1 21.46929444
we 6.555611318 4 2.811922874 ¢
we" 6.555611318 —2,811922874 ¢
wa 2.58032807 + 1.339360912 ¢

wa" 2.58032807 —1.339360912 4
1.000579569

g

A
13 29296811

. (11.188566696 — { 0.420955068)
(11.188566606 -+ 1 0.429955068)
( 3.24377169 — ¢ 0.306407564
( 3.24377169 + 1 0.306407564)
—0.778698640



ALECK—THERMAL STRESSES IN RECTANGULAR PLATE CLAMPED ALONG AN EDGE 121

larger than needed for the particular problem solved; in other
applieations, this number may be required.

So far, the length of the plate has played no role. If the plate
is short, it will be convenient to choose the y-axis so that it bi-
sects the length of the plate. By virtue of symmetry, the f;(x)
must be even functions and, in place of Equations [15], it will be
more expedient to use the relations

fi = A cosh Az
f2 = B cosh Az e 1 L] |
fa = C cosh Az

The coefficients of similar sinh Az terms vanish. The relations
between B/A and C/A for each A will remain unchanged from
the values given in Table 1. If, on the other hand, the plate is
infinitely long, it is more convenient to place the y-axis at. the free
edge. The coefficients of terms ¢** must vanish if the real part of
A is positive. Since the differential Equations [14] are linear,

the Equations [15] may be rewritten

So= A 4 (As + i 40 4 (A — i AN 4
(;"‘g + 1 ij)(‘.')u: -+ (.Ag —1 As’)e sz =+ 1148M2

or
Si= 24,
f2 = EB,‘ ﬂh‘m ................. r20]
fa - EC,- e?n'x J

The six A, coeflicients are independent; the B; and C; are alge-
braically related to A;, which are to be determined by the boun-
dary conditions

o, = Kol at x
=0 at =0

Il
[=]
——

Ttu

Translated into tergs of A/s, for the boundary conditions, the
following are obtained

EA‘ = Ea! ! EA" ll‘ = 0
B, = 0 | EBN =0} ....... [22]
2C; =0 | 2C;n =0

These six equations are sufficient to determine the six 4;, which
(for Eet = 1) become fixed at

4, = —0.53163 24; = —1.297
24, = 11768 24y’ = 2.153
24" = 2.9436 Ay = 1.652

Using the foregoing, the values of f,, f2, and f; are established
from Equations [20] and used in the Expressions [5], [8], [9]
for e, 7, and o,. The results are superposed on those of Fig.
1(a) and plotted in Figs. 2, 3, and 4. As would be expected from
Dr, J. N. Goodier’s extension of the Saint Venant principle
(7, 8), the effects of the applied stress do not extend more than
several plate heights into the body. The significance of this
statement is that the thermal stress is ¢, = —Eat for the full
interior of the plate.

The stress concentration occurs at the junction of the free
and clamped edge and is o, = 10.2 Eat. The stress normal to the
clamped edge o, falls off so rapidly as to suggest that a concen-
trated normal force would have been found for an exact solution.
The shear stress 7, reaches a maximum, 2.7 Eat, more gradually,
and does not seem to indicate the presence of a concentrated
shearing force for the exact solution. Clamping conditions have
not been satisfied completely since along y = 1, Fe, = (0 —
va,) # constant for the approximate solution.

The treatment of this problem has been two-dimensional.
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Stresses and straing in the third direction have not been men-
tioned. By using Dr. J. N. Goodier’s analysis (7, 8), it can be
shown that threée-dimensional effects ‘will be important only in
the region of the clamped edge for distances several plate thick-
nesses away from the clamped edge.

CoNcLUSION

These results were derived originally to aid in the design of
thin parapet walls on dams or possibly buildings. Other appli-
cations which suggest themselves fall in the category of bimate-
rial constructions, where the stiffnesses of the components are
not of the same order of magnitude, and the coefficients of ex-
pansion are different. Examples are thin layers of plastic bonded
to metal, and thin glazes on ceramie tiles. Cracked brittle lac-
quers in experimental stress-analysis applications are subjected
to a similar state of stress, if the stress distribution is loeally sub-
stantially constant. In conjunction with the economical design
of walls and research into the erazing patterns of glazes, a study of
the effect of plate length to height ratio on the stress concen-
trations would be valuable. It is anticipated that the end ef-
fects would tend to cancel as the plate length is reduced and thus
indicate the optimum distance between parapet-wall expansion
joints.

If one postulates the maximum stress theory to apply to glazed
ceramics, the crack spacing of the glaze will be such as to permit
stresses lower than the maximum allowable to exist. It has in-
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deed been shown that as the glaze is cooled rapidly from suc-
cessively higher temperatures, the erack spacing is reduced.
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Polygonal Approximation Method in the
Hodograph Plane

By H. PORITSKY,' SCHENECTADY, N. Y.

This paper extends the discussion of the approximate
method of integrating the equations of compressible fluid
flow in the hodograph plane first presented by the author
before the Sixth International Congress of Applied Me-
chanics, Paris, France, September, 1948. As an introduc-
tion to the discussion of the polygonal approximation
method, fundamental fluid-flow equations are reviewed
briefly. Determination of the flow function ¢ by the
““Method of Reflections’ is described and an application of
the method illustrated. How flow in the physical plane
can be determined by superposition of solutions discussed
is shown for the simpler incompressible case.

1 InTrRODUCTION

‘ Y ERY little progress has béen made in the direct solution

of the nonlinear equations of steady two-dimensional flow of

a compressible fluid in the physical plane, Equations [5]
and [7]. More success has attended the solution of the linear
equations of flow in the hodograph plane, Equations [22] and
[23], that is, the plane in which the veloecity components u, v
are the Cartesian co-ordinates. Yet a great deal of difficulty
still remains in solving compressible-flow problems arising in
flight and industry.

It has been pointed out by Chaplygin that the differential
equation satisfied in the hodograph plane by the stream function
in two-dimensional compressible fluid flow can be reduced to the
Laplace equation, provided that the equation of state in the
(p, V)-plane (V = 1/p), Equation [1], be replaced by a straight
line. Chaplygin ehose this straight line as the tangent to the adia-
batic curve at p,, V, corresponding to the stagnation (or impact)
pressure of the gas. For an object immersed in a field of uniform
fow (for instance, an airfoil in a uniform air stream) von Kdrmén
proposed a straight-line tangent to the equation of state at the
point (pw, V) corresponding to the undisturbed uniform flow
at infinity. This is known as the Kdrmén-Tsien method and
is widely used in aeronautical engineering,.

A natural extension of the above methods consists in approxi-
mating the equation of state by means of not one but several
straight-line segments in the (p, 1/p)-plane. This method was
discussed by the author in item (1)2 of the bibliography at the
end of the paper.? In the following this method is further ex-
tended and illustrated.

1 Consulting Engineer, General Electric Company, Schenectady,
N.Y. Mem. ASME.

2 Numbers in parentheses refer to the Bibliography at the end of
the paper.

3In (1) the constants ¢; (see Equation [45]) were inadvertently
replaced by their reciprocals. The author is indebted to his colleague,
G. Horvay for aid in detecting this error and carrying out its correc-
tion.

Presented at the National Meeting of the Applied Mechanics
Division, Chicago, 1ll., June 1719, 1948, of THE AMERICAN SOCIETY
oF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be ac-
cepted until July 11, 1949, for publication at a later date. Discus-
received after the closing date will be returned.

Note: Statements and opinions advanced in papers are to be
understood as individual expressions of the author and not those
of the Society. Paper No. 48—APM-23.

2 Frum Frow EQuATIONS IN THE PHYSICAL AND THE
HopoGrara PLANES

As an introduction to the polygonal approximation method
which is explained in the next section, we review briefly the
fundamental equations.

Elimination of the pressure from the force and continuity
equations for the two-dimensional steady flow of a nonviscous
compressible fluid satisfying a relation

leads to the differential equation
u (1 — u?/a?) + v, (1 —v¥/a®) — (u, + v )uv/a? = 0. . [2]

where subscripts denote partial derivatives, and a is the velocity
of sound, given by

@Y = PSR v e e [3]

If the flow is irrotational, then a velocity potential ¢ exists such

that
U= ¢, )
S, } ...................... 4]

Introducing ¢ in Equation [2] leads to the equation
¢l — g2 /a?) + ‘Pw(l _ ,puz/ai) - 2‘5’:1;9’:?’#/’“1 =0......[5]

while in terms of the flow function ¢, where*

pu =y, .
A } .................. [6]
[2] becomes®
Wy /p).(1 — ¢,2/p%a?) — (4./p),(1 — ¥,%/n%?)
+ (Waly/0%a® (W, /0)y — ($2/0)e]l = 0.cevcennon ol [T]

Equations [2] and [7] are nonlinear equations, their nonlinearity
arising not merely from the squares and products but also from
the quantities @ and p which are related with p and the velocity
magnitude

w = (u® 4+ 0v9/%..... S (8]

by means of the Bernoulli equation

w2+ [Pdp/o=0. ... [9]

where p, is the stagnation pressure at which the gas velocity

vanishes. When Equation [1] reduces to the adiabatic law
g = Pt e s e i [10]
Equations [3] and [9] become
(L5 T R — f 1 | |
at+ (y—Dw/2 =g iiiin [12]

4 Very often ¥ is defined by
Yy =up/po, — Y= =1vp/po

where p, is the “‘stagnation’’ density.
5 This equation, in contrast to Equation [5], does not assume that
the flow isirrotational.

123



124 JOURNAL OF APPLIED MECHANICS

respectively, where a, is the velocity of sound at the stagnation
conditions p,, p,,

Except for desultory attempts at integrating the Equations
[5], [7] by successive approximation methods, by numerical
and experimental methods, comparatively little progress has been
made in the solution of these equations. Even for a flow around
a circular eylinder it is not known up to what Mach number a
solution of Equation [5] exists.

To translate the problem into the hodograph plane, in which
u, v are rectangular co-ordinates, and w, # = tan~'s/u polar co-
ordinates, write Equations [4] and [6] in the form

de = udzr +vdy [14]
B g i gl |

Solving for dz, dy

dr = ude/(u? + v?) — v dy/p(u? + v¥)
= cos 8 de/w — sin @ d/pw
dy = sin 8 de/w + cos 8 de/pw

then substituting for de, dy

de = g dw + ¢adf } i
d,p = ¢“dw +\!'edﬂ ..................

there results
dr = z dw -+ Tedf

(cos 8 ¢, /w — sin 8 Y, /pw)dw
+ (cos 0 gp/w — sin 8 ya/pw)dd

. (17]
dy = yudw + yedd
= (sin @ ¢,/w + cos 8 ¥, /pw)dw
+ (sin @ wg/w + cos @ g/ pw)dd
Applying the conditions
(zw)e = (T6) }
(¥de = (0. I

which render di, dy perfect differentials, one obtains two equa-
tions, which upon multiplication by sin 6, cos 4, then by cos 8,
—sin # and addition, yield

8 1§
]
k-]

g |-
S
=
=

g
|
L
S
=

Here ' indicates differentiation with respect to w. Taking dif-
ferentials of Equation [9] and eliminating dp by means of Equa-
tion [3] one obtains

dp pw
e T i AN 20
dw a* (20]
and hence
d/pw) 1 dp/dw _ 1(1_ i) 1]
dw pw? 2w p\ar wzr)
Equations [19] may now be rewritten
w 1 fw? 1 ]
~Pw = “(—'—-1 Yo = — (M*— 1)¢s
P p? \a? p?
. [22]
w
“ Yo = @8
p
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where M is the Mach number = w/a. Eliminatior of ¢ from

the Fquations [22] leads to

d 1 1
= (2 \0.,) -2 (“; = —,) Vg
dw \ p p \a w

For the adiabatic law, Equation [10], elimination of p and a re-
duces Equation [23) to the form

.. (23]

Wi, + w F(w) ¢, + Glw) oo = 0..... . .. [24]
where
(1 v—3 5)
2
Ir‘(?ﬂ) = ——2-..._(‘_“_ 5
| _Y—1w
2 a,?
. [25]
¥+ 1 w?
1 — 2 =
G(w) = 53— 2!
j—Y—1v
2 ap
Product solutions of Equation [24] of the form
o= 08RO wr Vo iviiiiiivonin s J26]

where & is a constant were obtained by Chaplygin who pointed
out that by introducing

r=(y—Dw2e2 ... ............ [27)

and substituting Equation [26] in Equations [24] and [25), one
is led to the hypergeometric differential equation for ¥,() with
coefficients which are functions of k and 4.

If Equation [1] ean be represented by a linear relation between
pand 1/p

where A and B are (positive) constants, then Equation [24] can
be reduced to the Laplace equation in # and a suitable function
of w, W(w), as follows. Equations [3] and [9] now yield

dp/dp = a* = B/o*............ . ..[29]
w=a'—-C=B/p2—C.............[30]
where C is an appropriate constant, and one obtains
_l_ u“f ' 1 — C '51
p? \a? . B <2 [4]
so that Equation [22] reduces to
w C v
i Ran )
B
. ™YY - (32]
w
— Y = ¢
p
If now W is introduced by means of
c ,
dW = 4/- —
"B - dw SR |

then Equation [32] become the Cauchy-Riemann equations in

the functions ¢, '\/ B/C ¢ in the variables W, 6, so that ¢ +
i B/C ¢ becomes an analytic function of W 4 0 (or of any
analytic function of it) while at the same time Equation [23]
reduces to the Laplace equation in W, 8.

Substitution from Equation [30] in Equation [33] leads to
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a P = dw
w-e=] %a =‘\/ka—
‘/Bfw . w\/w’+6'

V' C + Vo + C
il e T N TR

= Koooiiiiioionn. [34]
w
where K is a constant.
Tt ig also convenient to introduce the complex variable
C=ref < W0 .3
where
P .|
The explieit relation between r and w is given by
K’ w KV w*—?—C—\/(“) 37
T = ==

‘\/ C+ ‘\/102 + (’ w

where K’ is a constant. The lines # = constant in the hodo-
graph plane are transformed into the same lines in the {-plane.

The radial distance [¢] = ris a funetion of W, or w, only. Multi-
plyingy + 7V B/C ¢ by 1, we put
B ) .
-‘}F¢+w:ﬂ§) .............. [38]

thus identifying ¢ with the imaginary part of f(¢) in Equation
[38].

It is of interest to note from Equation [38] that ¢, ¢ are not
conjugate harmonics.

After ¢, ¢ have been determined in the hodograph plane, one
must solve for the flow in the physical plane. Equations [15]

yield
e:'ﬁ
dz=de+idy=—(de+idy/o).........[39]
w
In case Equation [28] holds, utilizing Equations [30], [37], and

{38], one reduces the above to

&t C w4
iz = ;U—Ii— J}_f Re(dfy + i J—B—_ Im(df)]

1 - -
= 2\/}3 [{df/]& — K d.j/g'] ............... [40]

where barz denote conjugates. »
3 PoLYGONAL APPROXIMATION TO THE ADIABATIC IN THE
(p, 1/p)-PLANE

If the adiabatic relation, Fquation [10] is approximated by
means of several straight lines in the (p, 1/p)-plane

p=A;— Bi/p
pis < p < p; } ................ [41]

then relations, Equation [30], with proper values of B;, C; hold
in each interval. At the transition points p;, w takes on values w;,
vielding circles in the hodograph plane. There the sound ve-
locity @ is discontinuous, and one obtains from Equation [9],
noting that w = 0 forp = p,,

01 o B1 }
Cin—C; = (Bun— B) /o = —Aa?) | 777

It is convenient to choose the constants K; in Equation [34] so
that the values of W join on continuously, and similarly for the
r-values in Equation [37] so that one may consider a single
(W, 6)-plane and a single {-plane in which the vertices p;, p, cor-
respond to the straight lines W,, and to cireles r;, respectively.
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The Equations [19] and [22] were obtained by making dz, dy
perfect differentials, so that the integrals fdz, S dy derived
from Equation [17] are independent of the path of integration
and yield z, y as true point functions of w, 8. At w = w, the
independence of these integrals of the path of integration must
be examined separately. Here we must make zg, 5 continuous.
Now from Equation [17] one obtains

cos f sin 8
S el | e Ve
S (43)
sin @ cos f
Yo= ——ws+ iy | v
w piv

The determinant of ¢g, ¢sin Equations [43] is equal to 1/pw?, and
it, along with the coefficients of g, Yo, is continuous at w;. Hence
es, Yo themselves are continuous across w = wy, and so are ¢, ¥.
It follows now from Equations [32] for each w-interval that ¢,,
B;/C; ¢, are continuous at w = w;. From the continuity of
Yo = O /0w and from Equation [33], follows that Y, = /W
is discontinuous at W = W, and that

2 N -
B; oW | W~ Biyy oW
the subscripts W;~, W;™ in Equation [44] referring to left-hand

and right-hand derivatives at W = W, respectively. We shall
put Equation [44] in the form

al
ow | Wt oW | W~ 5]
JB:;—H C; !
€ =
Cin1 B; J
In terms of » this condition becomes
i =l sl P [46]
ar 'J’"*+ or i
Similarly, one obtains from the continuity of ¢, ¢g,
o -4 2 [47)
W W+ ¢ DWW,
%| _ 12| )
or|rgt g or|rg T

The ratio of the slopes 3¢ /dr at r; is the reciprocal of dr/dw at
the same r;-values. Thus on the hodograph plane oy /2w is con-
tinuous, while on the {-plane, oy /dr is discontinuous at r;.

The polygonal approximations, Equations [41], to the adi-
abatic Equation [10] may be viewed in two different ways. One
way is to suppose that just enough heat is supplied to or taken
away from the gas as it expands so that it obeys Equation [41];
or else one may imagine the existence of a fictitious gas for which
the adiabatic reduces to Equation [41]. In either case the
velocity of sound is discontinuous at p;.

As an example, Fig. 1 shows in the (p, 1/p)-plane the adiabatic
relation, Equation [10], over the range 1 < p,/p < 1.6, a three-
interval approximation to it, with pi/p, = 1.2, p2/p, = 1.4, as
well as the Chaplygin approximation. The functions are re-
plotted on Fig. 2 in the (p, p)-plane. It will be noted in Fig. 2
that the dlope a? = dp/dp increases with p and p along the adi-
abatie, but decreases as p increases along the approximating hyper-
bolic segments; however, at each vertex p; the change of slope
a? makes up for accumulated divergence between the a* values
throughout the interval. Fig. 3 shows w?, a?, M? plotted versus
1/p?; the dotted curves give the same quantities for the adiabatic
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liquation [10] (for ¥ = 1.4). In the calculations leading to the
curves of Figs. 1 and 2 and the figures that follow, it is assumed
that p, = 1, p, = 1. This is not a serious restriction since by a
choice of units any values of p,, p, can be reduced to this case.
The reader who is irked by this procedure, however, will prefer
to replace w? by w?,/p, = yw?/a,? and a? by a%,/p, = ya?/a,?

On account of its discontinuities and the gaps in its values, the
Mach number M is obviously not a suitable variable to use in
the polygonal approximation method.

Elimination of p, @ from Equation [23] under the assumption
of Kquation [41] leads to Equation [24] but with F, @ given not
by Equation [25] but by

.w2
#an =k w? + ¢,
LS [49]
&
G(w) = el
wi-g < w < wy;

The values of F, G from Equations [25] and [49] are plotted on
Fig. 4 for the example of Fig. 1 and 2. Also shown on Fig. 4 are
the values of F, G based on Chaplygin’s approximation.
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The present method may thus be viewed as consisting in
approximating to the coefficients F, @, Equation [25] in Equa-
tion [24], by means of Equation [49], this choice of the approxi-
mations having the advantage that Equation [24] becomes
Laplace equation in W, 8. At w; the solutions ¢ of Equation [24]
are continuous and so are &y /ow.

The discrepancies in F, G on Fig. 4, deriving from the slopes
on Fig. 2, are quite appreciable. To study the discrepancies of
the solutions, a product type of solution

v =wVi(neos.................. [50]
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of the exact Equations [24] and [25] was compared with a corre-
sponding solution

¥ = Rcoso
R = function of w = R(r) } """""" (51l

of Equations [24] and [49] choosing R = 0,dR/dr = latr = 0so
that B agrees with wY in value and slopeatr = 0. Since R cos
6 is harmonic in the {-plane, it follows that the factor R in Equa-
tion [51] is a linear combination of r and 1/r in each interval (7,
riz1). In the first interval the coefficient of 1/r is chosen as 0,
and in passing from one interval to the next one the new co-
efficients are determined so as to render R continuous and so that
Equation [51] satisfies the condition, Equation [46].

Table I gives the values of wY;, of Rs, the function R for the
three-interval approximation of Fig. 1, and of R, the function R
for the Chaplygin approximation. Also shown are the differences
Ry — wY,, Rg — wY,. The values Y, were taken from Garrick
and Kaplan (2). The Mach number refers to the exact solution.
It will be noticed that the discrepancies are far smaller than one
would expect on the basis of the differences in F and G. The
table was continued into the supersonie interval where the third
line segment on Fig. 1 gives a rather poor approximation to the
adiabatic; the agreement there, while not as good as for w < w;,
is surprisingly good. Since the Chaplygin straight line is tang-
ent to the adiabatic at p,, 1/p,, the discrepancy close to w = 0
(and as far as w = 0.6) is smaller for the one-interval solution;
but for larger w-values the Chaplygin solution becomes much
worse.

TABLE 1

M w* Q=uwuh R Re B — th Re— Q
0 000 0.0000 0 0 ] 0
0.1 0.11832 0.1180 0.1177  0.1180 —0.0003 0
0.2 0.23575 0.2334 0.2328 0.2335 —0.0006 0.0001
0.3 0.35180 0.3441 0.3428 0.3444 —0.0013 0.0003
0.4 0.46501 0.4481 0.4452 0.4491 —0.,0029 0.0010
0.5 0.57736 0.5438 0.5398  0.5466 —0.0040 0.0028
0.55 0.63194 0.5882 0.5840 0.5923 ~—0.0042 0.0041
0.60 0.68565 0.6300 0.6262 0.6361 —0._0038 0.0061
0.65 0.73%54 0.6694 0.6658 0.6779 —0.0036 0.0085
0.70 0.79041 0.7061 0.7019  0.7177 —0.0042 0.0116
0.75 0.84133 0.7403 0.7358 0.7639 —0.0045 0.0236
0.80 0.89127 0.7719 0.7673 0.7916 —0.0046 0.0197
0.85 0.94012 0.8010 0.7963 0.8257 -—0.0047 0.0247
0.90 0.98786 0.8275 0.8230 0.8580 —0.0045 0.0305
0.95 1.03456 0.8516 0.8471 0. 7 —0.0045 L0371
1.00 1.08013 0.8735 0.8692 0.9177 ~—0.0043 0.0442
1.10 1.16788 0.9105 0.9069 0.9712 —0.0036 0.0607
1.20 1.25108 0.9394 0.9385 1.02 —0. 0.0806
1.30 1.32979 0.9612 0.9656 1.0620 +0.0044 0.1008
1.40 1.40402 0.9769 0.98886 1.1004 0.0117 :

4 SoLuTiONS BY THE METHOD OF REFLECTIONS

The produet solution method for the determination of ¢ was
explained in (1) and utilized in Table 1. Another method, the
method of reflections or images, is based on the following proposi-
tion,

Let h(W, 6) be an arbitrary harmonic funetion. Then either

1_
w=hW, 60 +—23h@W,—W,8 in W> W,
14¢ -

o [52]
o i WO ) LW,
1 4+ ¢
or
u = hW, 0 + 52 heW,— W, 0 inW <W,
& +1
.. 53]
2
u= _f_‘ci (W, 6) in W> W;,

furnishes a function u satisfying the boundary condition Equa-
tion [45] at W = W,. Equation [52] is useful in finding a func-
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tion u having the same singularity as h (for instance, that of a
point source or vortex) in W > W, and satisfying Equation [45],
while Equation [53] furnishes a function u satisfying Equation
[45] and possessing the same singularitiesas hin W < W,.

In applying the above to cases with several discontinuities,
one runs into the difficulty of obtaining images of images. Thus
consider the case of three-interval approximations with two lines
of discontinuity at W,, Ws, and assume that & has a singularity
at the point W = B lying between W, W2 There is no loss
in generality in assuming W, = 0. This may be accomplished
by proper choice of K, in Equation [37]. We also put W, =
C.s

Application of Equation [52] at W; = 0 shows that Equation
[45] will be satisfied by the addition to k of

_1—

h— h e | | TR 54
Sl ( ) [54]
This term possesses a singularity at W = B—; = —B,, the image
of Bin W = 0, of “‘strength”
1—o¢
B s DR LI
R 5 [55]

Similarly, application of Equation [53] with W replaced by C
shows that to satisfy Equation [45] one may add to k

hl_

h(2C W, 6).. . 1561

e+ 1

thus placing a singularity at W =
Bin W = C, of “strength”

= 2C — B, the image of

It will be found that the addition of Equation [56] now spoils
the condition Equation [45] over W = 0, and it is necessary to
add another term, namely

h—s = Riby(—W, 0) = RiRJ(W —2C,8)......... [58]

to restore this condition; this term is singular at W = B-, =
B — 2C, the image of B; in W = 0. Likewise, the addition of
h-, as well as of h—: in no way helps the boundary condition
Equation 45 at W = C, and additional terms are required to re-
store this condition. This process can clearly be continued lead-
ing to further singularities over a periodic array of points B,
which are the successive images of B in the two rectilinear boun-
daries, W = 0, W = C (see Fig. 5). The position of these points
is analogous to what one observes in a room with two parallel
mirrors on opposite walls. Upon looking into either one, one
sees one’s own successive reflections extending into infinity and
obtained by reflections back and forth across each mirror. More-
over, the intensity of each reflection is obtained from the image

¢ Not to be confused with C in Equations [30] to [34].

8,8-2C B,:2C-B

A —— ——
O — — e —————

Fra. 5 REFLECcTION OF SINGULARITY, W, 0-PLANE
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which is being reflected by multiplication by a proper “coefficient
of reflection,” which in the present case is equal to B, for reflec-
tion over the left-hand mirror W = 0, and R. for reflection across
the right-hand mirror. There results the following infinite series

+oo
i hy (W, 8) for 0 <W <C......... (591
where
ho(W, 6) = h(W, 6) '
hn(W, 8) = Rihpa(—W, 8) forn>0 ; ... [60]
h(W, 0 = Ruhin(20 —W,0) forn>0

The above infinite series converges provides that both k), and
R; are numerieally less than 1 and h does not become infinite “too
rapidly” at infinity. The convergence is then as rapid as that
of & geometrie series.

It must be clearly understood that the series indicated by
Equations [59] apply erly in the strip 0 < W < ' in Fig. 5
within which the singularity B lies. While the series indicated
by Equations [59] converge outside of that strip too, it represents
the analytic continuation of the function ¢ within the strip between
0 and € across these boundaries, and not the values of ¢ in
these regions. Going back to the mirror analogy, Equation [59]
for W < 0 or W > C corresponds to the fictitious world of images
observed in the mirror, and not at all to what is behind the look-
ing glass, The true values of ¢ in W < 0 or W > € are not, the
analytic continuations of ¢ which are continuous along with all
of their derivatives across the boundaries W = 0, W = C, but
functions which join on to these in the manner described by the
boundary condition Equation [45] and the continuity of ¢ itself.
Within the region W < 0 application of the second Equation
[62] shows that function ¢ can be obtained by multiplying all
the terms n = 0 in Equation [59] with singularities in W > 0,
that is, at B, B,, B;. .., by the factor 1 4+ R,. Tnthis way there

results the infinite series
— E h, (W, 8)..
+ e

n=10

. |61]

for W < 0. Similarly, one obtains from Fquations [53] and [59]

for W > C. Thus ¢ is actually free from singularities except at B.

Introducing ¢ as in Equation [38], one replaces the lines W =
0, W = C by the circlesr = r; = 1,7 = rs = €, while the singular
points B, are transformed into

so that

 boy =1/b,, b, = b = €8, by '= e2¢/b, by = be:C,. .. ... (64)

The reflections across W = 0, W = C now correspond to inver-
sions across the circlesr = 1,7 = r, = €®. An additional singu-
larity at ¢ = 0 corresponding to W = — may now appear,
unless special provisions are made to eliminate it.

In practice it may be convenient to use the series, Equation [61]
or Equation [62] for computing ¢ in the range 0 < W < C. This
is done for Equation [62] by identifying ¢ in Equation [62] with
u in the second Equation [53], solving for & and substituting in
the first Equation [53].

The nature of Equations [59] through [63] can be clarified by
means of Fig. 6 which is based on the optical analogy mentioned
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above, but with the mirrors made “semitransparent.”
terms in the series Equations [59] through [63] are represented
by rays which start from the point B of Fig. 6 at a fixed angle with
the horizontal and are reflected and transmitted at the boundaries
Wy and W2 with reflection coefficients Ry, Rz given by Fquations
[55] and [56] and transmission coefficients

wew, b WaWy
S
42
™
B %
4
?-
2.,
<3
«3T>
Z
%
r
WKW Wy "'5.'
7, R, Ry T,
- - |

Fic. 6 Rerrecrion Ray Avavocy ror Finping IMaces o SINGU-
LARITIES FOR THE CASE oF THREE RECTILINEAR INTERVALR

The transmitted rays Thhy, Thhke, . . . can be visualized as originat-
ing from the source points By, By, . . . on the W-axis, the trans-
mitted rays Tah—y, Thh-s, . . . as originating from the source
points B—y, B-s,....

The optical analogy method is equally applicable to the case
of more than three intervals. The case of five intervals is repre-
sented in Fig. 7. One now introduces reflection and transmission
coefficients R;, T; for rays striking W, from the left, R, T;" for
rays striking W, from the right, where

~
|

=14+R,

s et L]

-~
o
|

1 —g; )
R = ——
c 1 + ;
T,! = 5 =14+ R/
1 + Cy
A [66]
Pp—
i, = = = R/
£ CI + ] Rl
2¢; ;
T‘- = = - e 1 R“
G+ 1 *

¢; being defined by Equation [45]. Corresponding to each ray
segment there is a term obtained by multiplying the function

R B 16T]

by the coeflicient placed on the ray, where the first argument
is obtained by replacing W by 2W; — W corresponding to each
reflection the ray suffered on its way from B. (Transmissions
do not affect the first argument in Equation [67].

The increased complexity due to the multiple boundaries as
the number of intervals increases is partly compensated for by
the decreased magnitudes of R;, I,

It is to be kept in mind that even in relatively simple flows in
the physical plane, the function ¥ may be mutliple-valued in
the hodograph plane. Sinee in the solutions indicated above h
is not restricted to single-valued functions, these solutions are
applicable even to the multiple-valued cases.

The *

Frc. 7 RerFLEcTION RAY ANALOGY FOR FINDING IMAGES OF SINGU-
LARITIES FOR THE CaAsE oF Five RecTiLiNEAR INTERVALS

Fia. 8 REFLECTION OF SINGULARITY, 7, 0-PLANE

5 ExamrLE

We apply the method of the preceding paragraph to the flow
function y which corresponds to a point source at ¢ = b, and put

h=Im{log(¢f —b)IB =00......c..... [68]

where 6 is the argument of { — b, = { — b, that is, the angle
between this complex vector and the real {-axis. Inversion of
f(¢) in the circle r = R is accomplished by replacing ¢ by R/t
leading to f(R%/}), bars denoting conjugates. For the case
() = log (¢ —1), thisleads to

log(R*/t — b) = log(t — R%/b) — log ¢ + log (—)...[69]

With B = 1, R?/b = 1/b = b—;, the imaginary part of Equation
[69] yields (see Fig. 8)

0y 8= )
O = arg(t —b-y) ..., A ir (1]
0 = arg ¢
This leads to
hoy = Ry(—8-1 + 6) + constant...........[71]

Similar calculations of A, for other n yield

+o — + o
¥ = E e, — 80 E e, — T E € onn...[T2]
no=— n=—I1 n=1

for ry < r < r; where

0, = arg (f —b,) =1Im log (f— bn)
€— = '—R1

e=—kR L . [73]
exs = BBy
€x3 =

Cx2€uxy = _R|R2R2| 5 Wb
1
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Inside the (unit) cirele r = 7, and outside the circle r = r; one »
obtains similarly from Equations [61] and [62]

2
Ve +CZ;""”’“_') ........... [74]
fﬂrl"‘:T:' .
2, [~ e
g =2 (Z; &, __323“) s 1 T [75)
1 +c —— =
forr>rg

In choosing the 6-terms and the constant terms in Equations
[72], [74], and [75] a slight departure from direet inversion in
accordance with Equations [59] and [69] has been made so that
without violating Fquation [46] the function ¢ is made free from
singularities at r = 0 and vanishes for real { > b,

As an example, the flow function ¢ was caleulated for the case
of a point source at b = b, = 1.15 for the (p, p)-approximations
deseribed in Section 3 of the paper and shown in Figs. 1 and 2.
The images of the point source occur at
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€ = .00313,
-y = g = .00020, o

The Equations [72], [74], and [75] become, with 8, ¢ expressed
in degrees ( Ay = 360 deg for unit point source)
¢ = 180 deg + .9351(8, — 180 deg) — .2055(6 — 180 deg)
—-.0133(6, — 180 deg) + .0029(6; — 180 deg)
+ .0002(6,— 180 deg) +. .,
for0 =r =,
¢ = 41.522 deg — .04999 + 6, — .21986, — .01430.
+ .00316; + .00020, + .. + .06490-, — .01430-,
— .00096-; + .00026, + .,

nsSr=sr,

¥y = —.28060 + 1.21980, + .07920—, — .01740-; — 001164
+.00026- 4 + . .,

r 2 ra

b = 1.2861 b-y = 8696 The plot of the curves ¢ = constant in the { = re® plane is
b, = 1.7008 b-, = .7T776 shown in Fig. 9 for ¢ = 0 deg, 20 deg, 40 deg, . . . Fig. 10 shows
by = 1.9021 b-3 = .5880 the same flow lines but in the hodograph plane.
by = 2.5155, . .. by = .5257,... As a further example, the field of a point vortex was considered.
The coefficients ¢, ¢ are given by It will be recalled from Equation [38] that the conjugate har-
monic of ¥ is not a possible flux function (since —\/B/C ¢ + iy
o = 1.1388 is analytic in { and not ¢ + #¢). Hence, unlike the incompres-
ey = 1.5633 sible case, the conjugate harmonic of the point source solution
isailingiio will not do for a point vortex. Going back to Equations [59
' o through [62] we put
ey = —PR = 06490
& = —Ry = —21975 h, = Re [log(f — b)] = logd, } e
dn - k '—'bl
and to
e-s = e = —.01426 [this identifies f({) in Equation [38] with ¢ log (f — b)]. Inver-
e 3 = —.00093 sioninr = R yields (see Fig. 8)
15 , , .
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Fi16. 9 SrreaMLINES ¢ = CONSTANT (N THE {-PLANE For PoinT Source aTr = 195,80 = 0
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F1c. 10 STrREAMLINES ¥ = ConsTanT IN THE HopOoGRAPH PLANE
rOR POINT SOURCE AT w = .8599,8 = 0

log(t — b) —> log (R%/f — b)
4 TV TN Fow——" (771

= it .
= log g——; flogg'-i—log(*b)}

On applying to B = 1 and taking real parts, one obtains

logd-, —logr + log b
i —
Comparison with Equations [70] and [71] shows that
h-1 = Ri(log d-; — log ) + constant........ [79]
Application to Equations [60] through [62] with &, = log r, leads
to
+ oo
2
¢ = E (—re, logd,, .......... (807
1 + Cy
n=0
forr En =1
+ —m

e, (—D" + K. [81]

n=-—1

¥ = (—1)"e, log d, — log »

A= — @

forry £r S,

2 0
¢ = . E (—re, logd, | + K:log r + K, ..[82]
1 4+ e e

forr = 1.
where the constants Ky, K, Kj are so determined that ¢ is con-

tinuous at r; and rs, and Equation [46] holds. The latier condi-
tion is best applied by means of

f%’_+ds=qf%%r'—fls ......... (83]

leading to an equation involying the sum of the coeflicients of
the logarithms whose argument vanishes inside the cirele of inte-
gration. .

Substitution of the previous values of 7, o, b, e, b,, &), ¢ into
Equations [80] through [82] leads to the following three series

¢ = .9351 log d, + .2055 log di — .0133 log ds — .0029 d;
+.0002 log dy + .. .,

forr = n,

¥ = —.0120 4 .0890log r + log d, + .2198 log di — .1043 log d»
—.0031 log d; + .0002 log ds + . .. —.0649 log d—,
—.0143 log d-» + .0009 log d—; + .0002 logd-; + ...,

form £r r=,,

¥ = —.0764 + 4387 log r + 1.2198 log d, — .0792 log d—,
—.0174 log d—» + .0011 log d—; + .0002 log d— + ...,

for

T =T "

The flow lines for the above ¢ are plotted on Fig. 11 for ¢ =
0, =.2 =4 .... OnFig. 12 the aspect of the same flow lines
in the hodograph plane is given.

It must be kept in mind that the examples just discussed, while
they possess the required point-source singularity, are not unique
solutions. It is clear that any solution which is free from singu-
larities in the regions under consideration may be added to the
above.

It is believed that the method outlined above is far more con-
venient from computational point of view than other methods
that have been developed for handling these flows, for instance,
the one given in (3).

6 IDETERMINATION OF THE FLoW IN THE PHYsICAL PLANE

The point-source and the point-vortex solutions are of interest
in connection with the flow through a grid of similar blades, the
entering flow at infinity corresponding to a point source and a
point vortex; the exit flow at infinity corresponding to a point
sink and vortex, It is clear, however, that further functions ¢
would have to be added to the above solutions to obtain blade
shapes of practical interest. Nevertheless, it is of interest to find
the aspect of the physical flow arising from a pure point vortex-
source and a point vortex-sink, This can be determined by super-
position of the above solutions and earrying out the integrationg
Equation [40]. For the present, however, this calculation was
carried out only for the incompressible case for which the above
equations simplify considerably.

For the incompressible case, the variable { may be directly
identified with the hodograph variable

t=mwe = w4 [84]

From Equation [38] it follows that the complex potential

@ = o — W paiciainiisn v seaase s [B5)
is an analytic function of ¢
@ == U8 cursimes v sy [86]
Since
%S=?£ :—: ﬁ:g—i=u+fﬂ=§’ ......... [871
we have
z=JH&=fff ................ [88]

Placing the point source and the point vortex, each of unit
strength, at the point { = 1 4 7 and the point sink and the point
vortex of similar strength at the point { = 1 — ¢, we have

m=AM@—®+B@@—M]

A=141

B=—1+1 I ........ [89]
a =141

b =1—i

The integration of Equation [88] yields

d¢ di
A ———— B
fﬂr iy T f:(:— )

B =



132

JOURNAL OF APPLIED MECHANICS

JUNE, 1949

LE & i

-4

rcos @

F1a. 11 STREAMLINES ¥ = CONSTANT IN THE {-PLANE FOR PoINT VORTEX ATF = 1.15,0 = 0

AN

/

/|
AL

S

N

v ==
/ (TSI

-8

Wcos ©

Fia. 12 StREAMLINES Y = CoNSTANT IN THE HobogRAPH PLANE For PoOINT VORTEX AT w = 0.8599,8 = 0

_4
— [—log ¢ + log(¢ — a)] + = [—log ¢+ log(y — )]

~]

........ [90]
For the values indicated in Equation [89] this reduces to
w= {147 log(t —a) + (—1 + 1) log (r —¥)...[91]
e AR Y ——

The lines of flow in the hodograph were first obtained by super-
position of the rectilinear flow lines corresponding to the point

source and the cireular flow lines corresponding to the point vor
tex leading to’ equiangular spirals passing through diagonally
opposite corners of the resulting small squares formed by the
above radial lines and circles. After the above logarithmic spirals
have been constructed around the point { = 1 + 4, a similar
set was obtained for the { = 1 — 7 as indicated in Fig. 13, and by
superposition the streamlines of Fig. 14 were obtained. Finally,
by substituting the values of ¢ for these flow lines into Equation
[92] the flow lines in the physical plane were found. These are
shown on Fig. 15.

It will be noted from Equa.tmn {92] that the integration lead-
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Fic. 13 StreEaMLINES ¢ = CoNSTANT FOR A PoINT VORTEX SOURCE
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SPONDING TO F1g. 14

ing from the hodograph to the physieal plane possesses no singu-
larity at the origin { = 0 as might ordinarily be expected from
Equation [88]. The resulting flow is smooth and analytic in the
whole physical plane, and corresponds to a 90-deg turn of the
flow from its incident direction at infinity to its exit direction at
infinity.
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The Shape of a Piston Ring in Its
Unrestramed State

By CHE-TYAN CHANG,! PHILADELPHIA, PA.

It is the purpose of this paper to develop, with mathe-
matical means, a general equation between the free shape
of a piston ring in its unrestrained state and the conse-
quent radial-pressure pattern against the cylinder wall
after its installation. It is up to the designer, first to de-
cide upon the proper pressure distribution for his particu-
lar need, and then to use such an equation as a first guide
to evaluate the proper free shape of the ring so that it will
give him the required radial-pressure pattern after its in-
stallation in the cylinder.

NOMENCLATURE

The following nomenclature and assumptions are used in this
paper:

F = foree

F', = force component along direction of X X-axis

F, = force component along direction of ¥ Y-axis

p = radial pressure; radial pressure tending to close ring is

considered to be positive ”

M = bending moment; bending moment tending to close ring
is considered to be positive

bending moment acting on neutral fiber of ring about an
axis at point A and normal to plane of ring (see Fig. 1)

modulus of elasticity of piston-ring material

moment of inertia

face width of ring in its axial direction

= radius of eurvature referring to neutral fiber of ring in its

unrestrained state; a variable

= radius of curvature referring to neutral fiber of ring in its
closed state; a constant

radius of vector

radial deviation of a point on ring in its unrestrained state
from its closed state

= polar angles

= numeriecal constant

= arbitrary constant

s = shearing force

q = tensile or compressive force

I

M,

| [

T
i

N=E R

Assumptions:

1 Material of piston ring follows ordinary laws of elasticity.
2 Thickness of ring in radial direction is comparatively small
in relation to its diameter.

INTRODUCTION

In view of the great popularity of reciprocating-type internal-
combustion engines employed today, the important role played

! Engineering Department, Wilkening Manufacturing Company.

Contributed by the Applied Mechanics Division and presented at
the Annual Meeting, New York, N. Y., November 28-December 3,
1948, of THE AMERICAN SocIETY OF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until July 11, 1949, for publication at a later date. Discussion re-
ceived after the closing date will be returned.

NoTe: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48—A-21.

by a piston ring either as a gas-sealing device or as an oil-con-
trolling device, does not need to be overemphasized.

Because of the striet requirements imposed upon & ring for its
proper functioning in the engine, the manufacturing of piston
rings has been developed into a rather specialized business.

More emphasis has been placed on the development of high-
strength materials as well as proper free shape of the ring in its
unrestrained state than ever before, owing to the relatively high
piston speeds adopted during recent years in the high-output
aireraft and automotive engines.

It is quite natural to assume that a ring should exert a uni-
formly distributed radial pressure against the eylinder wall to
obtain even wear, both of the ring and the wall. However, due
to the presence of the end gap, it can be easily interpreted that
the ring is quite similar to two curved cantilever beams joined
at the back, opposite to the gap. “At the relatively high running
speeds of the engine, fluttering of the free ends of the ring fre-
quently occurs if the ring is designed to exert uniform radial
pressure against the cylinder wall after its installation. Such
fluttering of the free ends of the ring often induces fatigue failure
close to the ends.

To prevent such failures, the free ends must necessarily be
stiffened. The general practice used today is to control the free
shape of the ring in its unrestrained state, so that after being
confined in a cylinder, the ring will exert additional radial pres-
sure near the ends. A piston ring possessing such characteristics
commonly is defined by the manufacturers as one having a plus
“eircularity’ or an “ovality” value.

It is quite obvious that through the introduction of the addi-
tional pressure near the free ends of the ring, additional forces are
introduced at the back or at the sides of the ring to balance the
force statically. The readjustment of the radial-pressure dis-
tribution consequently causes the alteration of the free shape of
the ring in its unrestrained state.

The choice of an ideal pressure-distribution pattern is gov-
erned by many other factors, such as wear and lubricating prop-
erties, engine type and service, piston speed, and so forth; conse-
quently no attempt will be made in this paper to set forth any
such ideal pattern.

It is the purpose of this paper to develop, with mathematical
means, a general equation between the free shape of the ring in
its unrestrained state and the consequent radial-pressure pattern
against the cylinder wall after its installation. Itis up to the de-
signer, first to decide upon the proper pressure distribution for
his particular need, and then to use such an equation as a first
guide to evaluate the proper free shape of the ring so that it will
give him the required radial-pressure pattern after its installation
in the eylinder.

GeNERAL EquatioN oF Rapian Pressure aAxp BENnpING Mo-
MENT ActiNGg oN A Ring 1N Its CroseEp StaTE

In Fig. 1, suppose ACBRB’D is a thin piston ring in its closed
state, and dF an infinitesimal radial thrust force acting on the
ring periphery at point @, then

dFf = puwrd 6..................... [1]
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Resolving its components along the two axes

dF, = dF cos 0 = pwrcosB8d@......... ... 2]

It

dF, = dFsin® = pwrsin8d@............. [3]

Applying conditions of static equilibrium in the plane of the
ring, the following equations must be satisfied

EAM g =0t [4]
- T | I 5]
A T | - 6]

2

»

}/

Fia. 1

Since the ring is symmetrical, referring to X X axis, it is evident
that the first two equations of equilibrium are fulfilled. This
leaves the last equation to be satisfied, i.e., ZdF, = 0.

Since from Equation [2] dF, = pwr cos 8 d 0, then Equation
(6] becomes

ﬁ’pwr eos0d0=0......0i000iiiuan 71

Now Equation [7] will be satisfied, if the pressure intensity p
at any point ¢ on the ring periphery can be expressed by an ex-
pression like the following

p=17ps+ prcos20 + pscos30+....+ p,cosnd +..[8]

Equation (8] obviously is an “even’” function of the Fourier ex-
pression with the coefficient of the second term in this particular
case being zero. (An even function is chosen here because
the ring is symmetrical about the axis passing through the gap.)

Quoting Cohen (1):2 “In treatise of analysis, it is proved that
a funetion which is single-valued, of bounded variation, and has
only a finite number of maxima and minima in an interval 2x
in length, can be expressed uniquely as a Fourier series.”

No matter what the pressure distribution is after the installa-
tion of the ring within the cylinder, the foregoing condition is
always satisfied, and it can always be expressed in the form of a
Fourier series of an even function such as the one expressed in
Equation [8]. .

The mean pressure in such condition will always be py, i.e., the
first term of Equation [8]; thisis because

! Numbers in parentheses refer to the Bibliography at the end
of the paper.

1 w
;ﬁ Py COEROAD = Oosicivnwmiivwn 19}

By referring to Fig. 1 again, suppose dM be the infinitesimal
bending moment at point @’ due to the infinitesimal radial
thrust force dF at point @, then

dM = dF Q'N 1
dF 0" sin (6 — «a) J{

=dF rsin (§ — «)
= pwr? sin (0 — «) df

where p is a function of the polar angle.

The resultant bending moment M at any point @’ evidently
ts produced through the combined effect of all the infinitesimal
thrust force dF from point @’ all the way clockwise until reaching
the free end B, therefore

=3 an
d et Q’ i

...... [11]
= 'fa’pwr'zsin 0 — ) do
If the ring has a uniform width, then
M=uw? [T psin(@0—a)dd........... (12}

By the foregoing reasoning, since the pressure intensity p at any
point @ ean be expressed by an expression such as Equation (8],
then by substituting Equation [8] into Equation [12]

M R
u’:_‘g = j‘; P sin (0 -— o) df
n=n x .
+ Zn_zﬁ pycos nfsin (0 —a) do. ... ... [13]

The solution of the first term in Equation [13] is
po (1 -+ cos «)
The solution (2) of the tern:

j: P, cos nfl sin (0 — ) dbf

in Equation [13]1s

Pn ) cOS nox — cos i + Ljwr — «
2 n4+1

cos na — ¢os [(n — D)= + o4 ]f
n—1
Therefore Equation {13] finally will be resolved into the fol-

lowing general expression

M

ort

12 Zﬂ"" e {c:us na — cos [(n + 1)) — a]
=2 n+1

cos na — cos [(n — L7 + af
i

= po (1 4+ cos a)

st s L)

GENERAL EQuaTion BeTwrEN SHAPE oF A RinG 1N Its FrEE
StaTeE Anp BEnpING MomexT Acting oN Rine N Its CLosED
STATE :

After the general expression of the bending moment M at
any point @ is developed, the free shape of the piston ring in its
unrestrained state can be determined easily if a definite relation
can be found between the bending moment M and the free shape
of the ring.
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In Fig. 2, if acbb’d be the shape assumed by a piston ring in its
iree state and ACBB’D be the same ring in its restrained state
after being confined in the cylinder, then, if R be the radius of
curvature at any point ¢ on the neutral fiber of the ring at its
free state, and r be the radius of eurvature of the point @ after the
ring is installed in a cylinder; point @ in the restrained state is

assumed to take the position of point ¢ on the free curve, since the
closed state of the ring is a circle; therefore r is actually a constant
along the circumference of the closed ring.

From Fig. 2 evidently

The relationship between the radius veetor p at point ¢ and the
corresponding radius of curvature R at the same point can be
found to be expressed by the following expression, thus (3)

dp 3 d*p
p* + 2 ('-) “sipi =
de 16*

- <L A (16]

5
R 5 dp\* |
[+ (@)

Since (dp)/(d8) in our case is of small magnitude, the second-
power terms can be neglected, then

R P pt de?

Differentiating both sides of Equation [15] twice with regard
to @ since r is a constant

r_ii: _ d*u
der  dge

We can also write Equation [15] in another way, thus

p=r (1 Y i) ................. (19]
r

Substituting these expressions into Equation [17]

1 1 1 d*u

% r(l,+£) (ol (] +£) i
r r

[20]
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Since (s/r)? < 1, we can apply the binominal theorem to expand
the terms in the preceding equation, after multiplying out all
the expanded terms and neglecting all high order of infinitesimals,
Equation [20] finally can be reduced to

1 1 1 d*u
S rﬂ(“—'—dl’)’) ............ [21]

From any treatise on elasticity or strength of materials (4), the
change of curvature at point ¢ due to the bending moment M act-
ing on the same point is given by the expression

1 1 M
A 22
r R o1 (2]
Combining Equations [21] and [22], finally, we arrive at
d*e My?
S B S e S0 ST 23
“ e T E i

Now Equation [23] is a simple linear equation of second order,
the complete solution of which is

Mr?
u=Acos8 + Bsing + sing S B cos fdf

M :
—e0s 8 f 1—‘,;— Vol | N —— [24]

where A and B are two constants of integration.

GeneraL EqQuation Berween Free Suare or A Ring 1N ITs
UNRESTRAINED STATE AND RADpIAL PrESSURE AcTing oN Rina
iN Its CLosED STATE

It can also be shown that through the following treatment a
direct relationship between the radial-pressure distribution and
the free shape of the ring in its unrestrained state can be expressed
mathematically. The evolution of the bending moment in this
case is not required as an intermediate step.

Consider an elementary portion of the ring as a free body.
After the ring is installed in the cylinder, the system of forces
acting on this portion i shown in the accompanying free-body
diagram, Fig. 3.

Referring to Fig. 3, applying general principles of static equilib-
rium of coplanar forces, we can easily arrive at the following three
equations

pwrdd =ds +qdd................ [25]
sdf =dg....... ..., [26]
AM =dgro...ooooviiiiiiiiinn [27]
aF
) » o S+d5
Ag < g+d

o 'E,, /a:yec/ View of
sSe?meﬂf mni o

Fia. 3
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By rearrangement, these three equations can also be written as

= — — A e 28
# wr df  wr 4 [
g
o R R G R S S 29
o [29]
o . 130]
r de dg

1 d*M d*
T R, (32]
r o de* de*
Combining Equations [31] and [32] we have
ds 1 d*M
e N 33]
de r de?
By integrating both sides of Equation [27]
b i o &R R — [34]
where C is a constant of integration, at the free end of the ring
¢g=0 and M =0 andso, C =0
or
M=rqg. . 135]
which is just the same as
M
€= [36]

Substituting Equations [33] and [36] into Equation [28], we
get an equation of the following form

1
p=— (M +
wr?

The solution of Equation [37] evidently will be the same as that
given by Equation [14] provided the pressure distribution follows
the same pattern.

From Equation [23] we already have a relationship between '

the free shape of the ring in its unrestrained state and the corre-
sponding bending moment after its installations, which is

- rii; _ M2
BT aee T ORI
which is the same as
EI[{ = d% .
By differentiating Equation [38] with regard to angle §
AM  EI [(du d“,u.)
b em el erele: o et PRI 39
de r2 (dﬁ 3 de’ [39]
By differentiating Equation [39] again with regard to angle #
@M EIfd%w  d'u
e ( ok de') ............. (40]

Substituting Equations [38] and [40] back into Equation [37],
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finally we arrive at an equation showing the general relationship
between the free shape of the ring in its unrestrained state and the
corresponding radial pressure expected after its installation in
the cylinder; thus

wr' &u | @
_— 2 ~— Ao B B Bl 41
o Sl ™ =

Equation [41] evidently is a linear equation of the 4th order;
the solution of this equation is

I
w.TI"#= (Cy + Ce0) cos @ + (C3 + Cy0) sin @

— 1/, [cos 8 S p sin @ d8 — sin 8./ p cos @ d6)
—1/y [eos 8 S p cos 6 (d8)® + sin 0 S S p sin 8 (d6)?)

where C,, (s, Cy, Cy arc four constants of integration. Since we
usually select XX’ axis in such a way so that it is the axis of sym-
metry with regard to the two halves of the ring, in that case the
values of 4 must be the same regardless of the sign of #; therefore
Cy = 0,and (5 = 0. Supposing again, we choose the YY"’ axis
in such a way that the values of pat 8 = 0, and at 8 = = be the
same, then ¢} = 0. Thereby Equation [42] can be reduced to

N
wrt

—1/5 [eos 0 S S p cos 0 (do)2 + sin 0 S S psin 0 (d6)?]. ... [43]

where C evidently is the same as C¢ and can be determined by
applying the condition at the free end, namely, at § = =, M = 0,

or from Equation [38]
d*u ]
[M + d;?—z:| =0 f

g =

p=C8sino— 1/ [cos 0 psin 6 d§ — sin 8. p cos 8 d6)

By its general appearance, Equation [43] does look compli-
cated. On the other hand, we do arrive at the conclusion that if
the pressure distribution.is definite, i.e., if p is a definite function
of @, then the free shape of the ring in its unrestrained state also
is definite and can be determined mathematically.

TLLUSTRATIVE ExXAMPLES

At this point it seems desirable to introduce some examples to
illustrate the general application of Equation [43].

For our purpose of illustrating, we might consider two special
cases of pressure distribution: the first is the case of uniform pres-
sure distribution; the other is the case of a pressure distribution
of the form p = po(1 + Z cos 26), which represents condition of a
ring possessing high tip pressures.

These two cases evidently are special cases of the Fourier ex-
pression, Equation [8]; in the first case, we consider the first
term only, and in the second case we consider two terms together.

Case 1. Uniform Pressure Distribulion. In case the pressure
distribution around the periphery of the ring is uniform, all the
coefficients in Equation [8] starting from the second term are
%ET0, OT P = Po.

Equation [43] then becomes ;

,%‘I:# = (8 sin 0—%0 [cos & S sin @ df — sin @ S cos 8 d6)

- %“ [cos 8 S S cos 0 (d6)* + sin 0 S S sin 6 (do)

The solution of this equation is
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EI ;
""—:;.I=CGBH]9 G il . (IR P [45]
wr
Differentiate both sides of Equation [45] twice with regard
to angle @

= deg——-—Cﬂsinﬂ%-ZCcosﬂ ........ . [46]

Add Equations [45] and [46] together

EI d%
wj(ﬂ+(§5)=ﬁ+2€'msﬂ ......... {47)
Applying the condition given by Equation [44], i.e., Equation
[47] should be zero at 8 = =, we find C' = py/2.
Substituting the value of the constant back into Equation
[45], finally, we have

pawr *

T (1 +6/2s8n6)............

In
Case 2. Pressure Distribution of the Form. In case the pres-
sure intensity p is a function of 8 of the form

p=p{l+Zcos26)............... [49]

Equation [49] evidently is also a special case of the Fourier
series Equation [8] with the coefficient p; of the second term
equal to Zpg and the coefficients of all the subsequent terms equal
to zero. )

Equation [43] in this case becomes

Kl

wrt

u=0C08sna
— %l(‘.nﬁ 0 (1 + Z cos 26) sin 8 d6 — sin 8./ (1 4+ Z cos 26)

cos 6d@) — pz_u [eose S S (1 + Z cos 268) cos 8 (d)?
+sin 0SS (1 + Z cos 20) sino (do)3........ {50]

The solution of the second term of the right side of the equa-
tion is

ﬁﬂ[,,, cos? 8 + 4

2

cos @ cos 36
2 3

+ cos 9) — sint @

it

By grouping the terms, and since cos? 8 + sin? 6 = 1, cos? 6 —
sin? @ = cos 26 and cos 20 = cos 30 cos ¢ + sin 30 sin 8, the second
term of the right side of the equation finally is reduced to

-
_peind(sinds
2 3

% (1 — Z/3 cos 26)
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In a similar way, the solution of the last term of the right side
of Equation [50] is

32‘-' [1 + (5/0)Z cos 26]

Therefore the solution of Equation [50] is

E.
fuj{; p=00sin6+p [l +Z/9cos28]....... [51]

Differentiate both sides of Equation [51] twice with regard
to angle &

EId?
u—};d—;:=ZCcusﬂ—Cﬁ‘sinEﬁ‘/,puz‘cos'lﬂ. .. (52)

Add Equations [51] and [52] together,

:f:_{(n 2 s %) =20Ccos 8 + po — Z/3 pacos 26 (53]
When 6 = =, the right side of Equation [53] becomes

—2C +p—Z/3 po
Applying the condition given by Equation [44], or

—2C 4 po—Z/3po =0
we find

c=2a0—2zm3
2
Substituting the value of the constant € back into Iquation

[51], after multiplying out the terms and grouping them, finally
we have

* s 20
B - M[: +8/2sin0— 2/3 (e/z sin 0 — ”’: )} . 154]
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Numerical Solution of Elastoplastic Torsion
of a Shaft of Rotational Symmetry’

By R. P. EDDY? anp F. S. SHAW?

Using relaxation methods, an approximate numerical
solution is found of the stress distribution in a shaft of
rotational symmetry, which is subjected to a torque of
sufficient magnitude to cause portions of the material to
yield. It is assumed that the material of which the shaft
is composed is isotropic and yields according to the condi-
tion of von Mises. The particular problem investigated
is a shaft with a collar; results are presented showing the
elastoplastic boundary, and the stress distribution, for
two different amounts of plastic deformation.

INTRODUCTION

N this paper numerical relaxation methods are used to find,
approximately, the stress distribution.in a shaft of rotational

" symmetry and variable diameter, which is subjected to a
rorque sufficiently large to cause a portion of the material to
vield.

It is assumed that the material is isotropie, and that below the
vield point the behavior is perfect!- elastic. It is also assumed
that after yield the material exhibits perfect plasticity (ie.,
there is no strain-hardening), while the yield eondition requires
that the maximum shearing stress has the constant value k equal
to the yield stress in pure shear.

In essence, the method of solution is a development of the idea
behind the Prandtl-Nadai soap-film sand-heap analogy for the
Saint Venant torsion problem. A plastic stress function is intro-
duced and, then, on the assumption that a portion of the mate-
rial has yielded, it is possible, numerically, to construct the fune-
tion. Using relaxation techniques, equilibrium requirements
then enable the common boundary of the plastic and elastic
domains to be located and the plastic and elastic stress functions
o be found.

EvLastic BEHAVIOR

Let Fig. 1 represent a shaft of circular eross section and variable
diameter, with equal and opposite torques 7', applied at the ends.
Then, on making certain assumptions, it ean be shown (1)* that
the problem of finding the resulting stress distribution reduces to
that of finding a stress function ¢ which satisfies the equation

: The conclusions presented in this paper were obtained in the
course of research conducted under Contract N 7onr-358 sponsored
jointly by the Office of Naval Research and the Bureau of Ships.

2 Naval Ordnance Laboratory, Washington, D. C.; formerly
of Brown University, Providence, R. I.

# Division of Aeronautics, Council for Scientific and Industrial
Research, Melbourne, Australia; formerly of Brown University,
Providence, R. I. 4

¢ Numbers in parentheses refer to the Bibliography at the end of
rhe paper.

Contributed by the Applied Mechanics Division and presented
1t the Annual Meeting, New York, N. Y., November 28—-December 3,
1948, of THE AMERICAN SocCIETY OF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary
ASMUE, 29 West 39th Street, New York, N. Y., and will be accepted
antil July 11, 1949, for publication at a later date. Discussion re-
seived after the closing date will be returned.

Note: Statements and opinions advanced in papers are to be
inderstood as individual expressions of their authors and not those
of the Soetety. Paper No. 48—A-20.

o 3 dp O
Op 3%, % o

or? r or 0zt

on AGJK, Fig. 2, together with appropriate boundary conditions.

In obtaining this equation it is assumed that the only two non-
zero stresses are 7rg, 7gs, and these in fact are sufficient to give a
resultant which is equivalent to a pure torque only.

Fia. 1

Fia. 2

Given the stress function ¢, then from the equations of equilib-
rium the stresses are given by

1 ¢
T &= = T =
r? Oz
............. (21
- L 2o
TR = r® or

and the resultant stress g, by

g = (rep? + 71;;"')1/2

R N

The requirement that the lateral surface of the shaft be free of
external tractions leads to the condition that ¢ be constant on
Al e,

On the center line, symmetry demands that r.p = 0, which re-
quires that

P =0on8t = Q... s iveiig s [5]

without loss of generality.
With these values of ¢, the applied torque is then given by

T = j[;ﬂl 2ir - rTg, * dr = 2,'-(’03 __________ : [6]

Tor this problem, the yield condition requires that
T e S [7]
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so that, for the behavior to be everywhere elastic, it is necessary

that
max < k

2e0\* 20\ |72
[(5) +(a_z) ]...,<kr=.............[81

PrasTic BEHAVIOR

that is

As for the plastie problem, assuming that at yield the only two
nonzero stress components are Trg, 74z, the equations of equili-
brium are satisfied by the introduction of a plastic stress function
@ such that

.12
mE T A |
B s AT 191
- 1o |
T!Js—"_2 R J

Using the yield condition, Equation [7], and Equations [9], the
equation to be satisfied by the plastic stress function is

22\ | foe\' " .,
|:(8;-) o (gz) ] =kr ... [10]

Also, for the same reason as before, it is required that on the

boundary

¢ =const = @goeeeniinnn.......[11]

It is known that, for the elastic problem, the maximum result-
ant stress gmax, occurs on the surface of the shaft; consequently,
the material will first commence to yield at some point on the
houndary A@, and further increase in torque will be accompanied
by the growth of a region of plastic material in the neighborhood
of that point.

At the common boundary of the elastic and plastic domains,
consideration of the equilibrium of an element of material de-
mands that

Tre =T 1§

T = ";91
thatis

d¢ 3

o 0

s TP [12]

Je _ 0@

or  or
From these, if C'is the common boundary, we obtain

o) _ (2
where (0¢,/d!) o means the tangential derivative of ¢ on €. Hence
onC
@¢ = ¢¢ T const

Without loss of generality we may put

R T TP (13)
and consequently, require that

B s st b s [14]

together with Equations [12]. Note, however, that the actual
position of C is unknown; in faet, its determination forms the core
of the problem.
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COMPLETE STATEMENT OF PROBLEM

To sum up, then, the complete elastoplastic problem reduces
to the following:
(a) In the elastic region E, Fig. 3
0% 3 0 O
=i e e = B O s e 1
or? r or Qz? ]

together with the overriding condition

(&) + ()T <

(b) In the plastic region P

2 2 l/‘
o@ 24 o
[:(5;) +(€)z)] =kt 110

The boundary conditions are

(¢) OnJK
@ o G S [5]
(d) On ABDFG@G
PR T PE T BODE e e s s s e |13]

(e) The position of the common boundary BHF is unknown, hut
onit

together with

2]

r T
t
Q o
P 413
"z

Fra. 4

Fia. 3

TuE PrLastic STRESs FunNcTioN

Let Fig. 4 represent a portion of the plastie region, together
with the stress-free profile.
At some point @ on the shaft boundary

- R .
o om ET e
06
= — 5ln
an n

since @ is constant on the boundary.
Similarly

o0  0p
- = — G053
on

oz
so that from Equation [10]

b_@:+ b_‘;’nlh=9f___krg
or dz on T

This relation is also true for any contour

¢ = const = C;
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where (7 = 1, 2, ...) within the plastic region.

If now it is assumed that a certain region adjacent to the shaft
boundary has yielded, it is possible, approximately,® to construct
the plastic stress function @ within that region. For, let —Ag be
a constant decrement of the plastic stress funetion; then, from
Equation [15], we have

where rg = rg(z) is the radius of the shaft at the point @ con-
sidered. Hence starting from the shaft boundary on which
& = @g, from Equation [16] increments An (of the inner normal)
may be calculated at points along the boundary to give points
‘like @, which in turn constitute a contour

¢ = const = g — A

Using the now known position of €, a better approximation
@&, may then be found from the relation

A 2 2
T o e | M i A 17
™ k (T'Q + ?'Ql) [ ]

In general, the length Ap; will vary with the boundary point
chosen, so that the contour @, = const, will not be parallel to the
contour ¢z Having obtained the ¢, contour, the procedure may
be repeated to give other contours ¢, = const, @ = const, ete.
The normals used in constructing @; are now measured at right
angles to @, This is illustrated in Fig. 5.

constant

¢

¢, =

. = constant

constant

Fic. 5

Thus with @gp(=¢g) given, for any assumed plastic region,
@, and consequently 05/0z, 03/0r can be found uniquely every-
where within that region to within the limits of accuracy of the
construction outlined.

NoNDIMENSIONAL TREATMENY

In the numerical solution of problems, some generality can be
obtained by making the quantities concerned nondimensional.
To do this, let L be some suitable reference length pertinent to
the problem, and put

={L h = al
- D,®

1"=pL
¢ = D&

B n

where D, D, are two constants having the dimensions of torque.
Using these, the differential Equation [1] becomes

3 od

the stresses are given by

* It is also possible to obtain an analytical solution for the plastic
stress function ¢; however, its numerical evaluation would be rather
tedious since it involves nontabulated elliptical functions.
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D ’
Trg = };,_3 T 0z
................. [2b]
D
0 = LT
D
q = 7 B s s [3b]
where
) 1 o¢ ]
Trf = '_2 I
Pe)
it S 2a)
1 o®
Tz = _3 =T
p? Op

QT -

and the torque T'is given by

AT 7 1 T ——— 1|

Here the nondimensional stresses v',9, etc., are mere numbers,
and for a given shape of shaft can be computed once and for all
when @5 has been preseribed. Thus if any actual stress com-
ponent or resultant is known (or is desired to be attained) at a
particular point «, say, the value of I} can be eomputed. For
uxam;::le, from Equation [3h]

V5 BECR P B O | . |

and eliminating D between Equation [6a] and [18] yields a rela-
tion between the stress resultant at a particular point, and the
torque which produces it, namely

T = 2xLlg ¢, /0" ... .. R A 14

Let g,” be the maximum nondimensional resultant stress,®
and let D, 7', denote the values of D and T corresponding to the
commencement of yield. Then, from Equations [6a] and [18]

D, = L3%/q," }
= T,/2x3 120}
and from Equation [21]
Ty = 2rL3ph/gn oo [21]

Thus when & has been determined experimentally for the material
of which the shaft is composed, and g,," has been computed for
the shape of the shaft in question, the torque at which the shaft
first commences to yield is easily computed.

As the torque increases from T, to T, say, the plastic region
will commence to grow; in it, however, the stress resultant re-
mains constant, i.e., gmax = k. Hence since D, remains constant,
it is necessary to modify Equation [8a]. To do this let

ry=8T,; B>1
then the required relation is
R [22)

To construct the plastic stress function the nondimensiona
relation is 1

where n = Lr. Finally, the conditions to be satisfied at the

¢ 9’ i8 of course still a number, and can be found from the non-
dimensional elastic solution.
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elastoplastic boundary are

e O, NP [14a]
together with either
o _ o
% 9
ur f il [12a]
oe_ 25
or ok

[t is casy to show that the satisfaction of Lquation [14a] to-
gether with one of Equation [12a] insures the satisfaction of the
other velation of Kquation [12a].

MEeTHOD OF SOLUTION

In finding an approximate numerical solution to a particular
problem by relaxation methods, two main steps are involved:
{(a) The appropriate governing equation is replaced by its finite
difference equation, so that, by inscribing a mesh of lines on the
actual domain of the problem we obtain for each intersection
point of the mesh a simple algebraic equation: (b) Using the
relaxation techniques, the resulting set of simultaneous equations
is then approximately solved numerically.

- With respeet to the latter step, familiarity with terminology
and details of the modus operandi of relaxation methods is as-
sumed here;” and accordingly no deseription will be given.

Let Fig. 6 represent a portion of the superimposed mesh, Then

¢J’
'_Pé_” @ P,
P a
¢, ;
5po
E prcr=el ’
I B
¢
Fic. 6

the finite-difference approximation to Equation [la] is given by

3a 3
l—— )&+ @+ |1 + — ] b+ &— 40 = 0.. |15]
200 2po
and for the stress components, Fquations [2a], expressions like
od _ P — &y
or 2c

are available.®

For the purpose of discussion, let it be assumed that the elastic
problem (i.e., no portion of ABDFG@, Fig. 3, has as yet yielded)
has been solved, so that the (nondimensional) numerical set of
values of the stress function is available. Using this, the elasto-
plastic solution for some particular torque 7'y, may be found in the
following manner:

1 From the elastic solution, compute the shear stress com-
ponents, Equations [2a], and so, from Equation [3a], obtain the
values of the resultant shear stress at each mesh point, including
those on the outer boundary. Although the maximum resultant
stress ¢,’, will oceur on the boundary, it is unlikely that it will
oceur at a mesh point; consequently, plotting the values of ¢’

7 Details are available in several papers; see, for example, refer-
ence (2).

8 Further discussion on finite-difference approximations is given
in Appendix 2.
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along the boundary in the neighborhood of the maximum enables
both the value and position of ¢,," to be determined.

Since the elastic solution is nondimensional, this maximum
may be regarded as the stress at which yielding commences,
Equation [7]. Thus a numerical value is available for k, and
so the plastic stress function may be constructed within any de-
sired region.

This is the situation represented in Fig. 7 where it is con-
venient to consider the elastic and plastic stress functions as
being plotted with ordinates normal to the pi-plane. The curves
represent, the trace of the elastic and plastic stress-function sur-
faces on a plane perpendicular to the pi-plane at the point of
maximum resultant stress.

¢, 4 Elastic Solution

Plastic Solution 5

n
Fra, 7

2  Multiply the elastic solution by the chosen constant g
(' = T, B8 > 1), so that on the boundary the stress function
will have the value ®p. Since ¢a; = &gy, in so far as the plastic
stress funetion is concerned, the alteration merely entails adding
a constant everywhere, of value &g, — ®g, to the solution already
constructed. In the neighborhood of the point of initial yield
the new elastic stress function ®;, will have values less than those
of the new plastic stress-function surface, and it is a simple
matter to determine (by interpolation formulas) the line of inter-
section of the two surfaces, represented by point 1 in Fig. 8.
Obviously, the conditions of tangency, Kquation [12q], at point
1, i.e., at the meet of the two surfaces, will not be satisfied.

~8¢,=89,

Modified Elastic

Solution "Blown up"

Flastic solution
=pB¢

Plastic Zolutlon + constant

n

—~

Fi1c. 8

3 Adjust the position of the common boundary, always keep-
ing it on the &, surface, keeping all other values of ®, held fixed,
until the tangent condition is satisfied approximately. This ix
easily done using an appropriate finite-difference formula for the
first derivative and will give a new position for ®e represented
by point 2in I'ig. 8.

4 Now, however, as both the position of the boundary € of the
elastic portion of the problem, and also the values of the clastic
stress funetion ®¢ on that boundary have been modified, at points
like 3 the elastic differential equation [1a] will no longer be satis-
fied. Hence keeping the new position of € and the new values of
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@, held fixed, compute the residuals at points like 3 and so, by re-
laxation, satisfy the differential equation in the elastic portion of
the problem. This can be done, but at the expense of again
violating the tangent condition, and leads to the modified elastic
solution as shown in Fig. 8. Now, however, the lack of agree-
ment in the tangent condition will not be as bad as that of the
first step.

5 Readjust the position of the common boundary, and re-
peat the general procedure until all conditions are satisfied. In
practice it will be found that three or four (shrewdly chosen) posi-
tions of the common boundary are all that are necessary.

REsULTS

" The problem solved was that of a shaft? with a collar, details of
which are given in Fig. 9. Due to symmetry it was necessary
to treat only one quarter of it, i.e., the portion ABCDEF.

RADIUS= £ R
> 17
3R

Fr6. 9

For computation it was found convenient to take L = R/8,
¥y = 4096, R being the radius of the parallel portion of the shaft.

Fig. 10 gives the elastic solution.’® It shows values of the
stress function, and values and contours of the resultant stress
¢’. As can be seen, the magnitude of the maximum stress g,,’, is
49, compared with 32 on the boundary of the parallel portion of
the shaft where the stress is constant. There is thus a stress-
concentration factor of 1.53.

From Equations [19] and [21] the relations between actual
stresses and torques are

T = 16wk (ga/qs")

and T, = 167 R%/49

In order to confine the region of yield to the neighborhood of
the stress concentration, the elastoplastic problem was solved
for an applied torque of Ty = 1.50T,. The result is given in Fig.
11. Fig. 12 shows the region adjacent to the yielded portion in
rather more detail. As well as the final position of the common
boundary, it shows the initial intersection of the two stress-
function surfaces which forms the starting approximation.

Fig. 13 is the result of applying still more torque, of amount
Ty = 1.55 T,. Asindicated, the torque is now sufficient to pro-
duce a narrow strip of plastic material all along the surface of the
parallel portion of the shaft.

Discussion

At first sight the result shown in Fig. 11 is rather surprising.
Although the applied torque is 1!/, times the torque at which
yielding commences, the area that has yielded is quite small.

* The elastic solution for this shaft has already been found by
finite-difference methods some time ago (see references 3 and 4).

19 The figure is actually a composite one. For the main portion of
the shaft @ was taken as 1; however, in the neighborhood of the
stress concentration, e = 1/,
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This is due of course to the fact that in the neighborhood of the
stress concentration the stress gradient is quite large; for more
spectacular results it would be necessary to decrease the stress
concentration by using a larger corner radius.

The result of Fig. 11 may, however, be misleading. Thus let
Tz be the value of the applied torque at which the surface of the
parallel portion of the shaft commences to yield. Then it can be
shown!! that the torque necessary to produce yielding over the
entire cross section of the shaftis 1'/; T'p.

Hence, although a torque of 1.537", merely produces the small
region of yielded material shown in Fig. 11, a torque of 2.04 T,
(= 1.53 X 1.3 T,) is sufficient to insure complete yield, and so
failure of the shaft.

In a paper by Weigand (5), there are given the results of experi-
mentally determined stress-concentration factors for shafts of a
somewhat similar nature!? to that investigated here. In so far
as it is possible to extrapolate from the experimental results
given, the agreement with the value of 1.53 given here is excellent.

It is obvious that the procedure used here may be applied with-
out much modification to the problem of a hollow shaft. If the
inner surface should happen to contain a re-entrant corner having
a small root radius, then it is quite possible that yielding may
first start at the root. To solve such a problem merely entails
the construction of a second plastic stress function “attached’” to
the inner boundary (on which & = 0), the rest of the procedure
being unchanged.

Appendix 1

ANALYTICAL SoLuTioN oF Evastorrastic ProBrim IN A Uni-
FORM CIRCULAR SHAFT

For a shaft of uniform radius R, using the independent variable
p = r/R, the elastic stress funetion Equation [3] reduces to the
equation

o 3o _
O  p Oy
the solution of which is
¢ =cp'+d
The requirement e(0) =0
gives d=10

leaving the constant ¢ still to be determined.
The plastic stress function ¢ is required to satisfy the equation

¢
¥ =k R
o ®
which, using the boundary condition

(1) = ¢ = 1'/2x
has the solution

R i i e — )
L] (7] 3(1 e

It is now required to find the value po, of p, and the constant
¢, such that the conditions of the free boundary, Equations [12]
and [14] are satisfied.

From Equations [14] is obtained

4epg® = kR3py?

11 See Appendix 1.

12 Weigand’s results are for stepped shafts. However, for the di-
mensions of the shaft with collar treated herein, the difference in the
stress distribution at the stress concentration would be very small.
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whence
c=kR4py....................[24]
while continuity of the stress functions, Equation [14], gives
kRR?
cpo* = ¢p— ? I—peD.eeeennnn... [25]

Elimination of ¢ between Equations [24] and [25] gives, finally

3 3
ép = % (1 — "i) ............... 26]
Obviously, for
Ea=kRY4, po=L1..ooueroooonn. .. (27)
and for
do= KB oy w0 Ucasise cuiminn 28]

Let T, = 2x¢p, = 2rkR*/4 be the torque at which the surface
of the shaft commences to yield. Then, for a greater torque 7', =
BT, = 2xpkR?/4, the value of pois given by

a1 ()]

kR3
=4—33
that is

po=(4—38"2 .. ...

Thus it is evident that a uniform sha_.ft fails by complete
yielding for an applied torque of amount 1.3 times that for which
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(b) Plastic region

g = 0
-1 9

Tﬂs—R_s';"‘;
=k

asis to be expected.

Appendix 2

FINITE DirFERENCE APPROXIMATION ADJACENT To CENTER
Line JK

Along the first mesh line above the axis, the expression (1 —
3h/2r;), Equation [1b] is negative, which means that an increase
in @ at any point on the second line above the axis will decrease
the residual at the point below it, Such anomalous behavior
leads to false results, and must be circumvented by use of a dif-
ferent expression for the residual on the liner = & (ie., p = «).

To develop suitable formulas, use is made of the fact that due
to axial symmetry @ is an even function of p for ¢ = const.

Use of the fourth-degree curve

a + bp* + ¢p’

&
leads to the equation (for the line p = «)

1 22
¢|+§¢‘z+‘1’3+54’i—“§¢0 =10

the surface of the shaft commences to yield. 1/
3 p=2a
P,
S 1
x'-\——:_ _h_-3 L Lol )
L8t A ?L' —_— - b o _J-'_ p ”~ O
— -—\ /’ : F16. 15
0.4 TN
’ 3 /2 _
] /!\+ /4 P=2q peda
A" R P e (S .
v | 1 1i-4 1
-l - ik Al -29 — p=2a
F ’I 1 ]- /3 1 p= t
0.2} ;:-5-;1-»19‘ = R S
ABAEEH . ]{3 p=a
- - ——l—p=0
1.0 1.1 1.2 £ T |
Fia. 14 Fia. 16 Fre. 17

The actual torque required to cause failure is, from Equation

[27]
Tp = 2xR3%/3

The relation, Equation [29], is shown graphically in Fig. 14.
The dotted curve, n = 1 — po?, indicates the relative amount of
the cross section of the shaft that has yielded for a given g.
The runaway nature of the failure is evident.

The stress components in the two regions are given by the
following:

{a) Elastic region

e = 0
1 9¢

= R3%? dp
kp
T a—s3p)7

Tés

From this, in the usual manner the residual operator, Fig. 15, and
the relaxation operators, Figs. 16 and 17, are obtained.
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Stress Concentration Around a Triaxial
Ellipsoidal Cavity’

By M. A. SADOWSKY? anp E. STERNBERG,?* CHICAGO, ILL.

Previous investigations! have been concerned with the
stress concentrations around internal cavities in the
shape of an ellipsoid of revolution. This paper contains
an exact closed solution, in terms of Jacobian elliptic func-
tions, for the stress distribution around a general triaxial
ellipsoidal cavity in an infinite elastic body. The body at
infinity is in a uniform state of stress whose principal
directions are parallel to the axes of the cavity, the magni-
tudes of the principal stresses at infinity being arbitrary.
The solution covers as limiting cases the known results for
spherical and spheroidal cavities. The technically im-
portant aspects of the ensuing stress concentration are
discussed in detail.

NOMENCLATURE
The following nomenclature is used in the paper:

(z, y, 2) = Cartesian co-ordinates
(u, v, w); (g, - * * 71y, "+ ) = Cartesian components of dis-
placement and stress, re-
spectively
¢ = dilatation
(at, s, a3) = orthogonal curvilinear co-

ordinates in general, and
ellipsoidal co-ordinates in
particular

(w1, M, u3); (a1, ** * 725, * * *) = orthogonal curvilinear com-
ponents of displacement
and stress, respectively

X, Y, Z, F = harmonic stress functions
A = Laplacian operator
G, v = shear modulus and Poisson’s
ratio, respectively
(@, b, ¢) = semiaxes of the ellipsoidal
cavity
b ¢ s g
po= " = 3 = shape ratios of cavity
E= z, n = g, ¢ = E = dimensionless co-ordinates

STATEMENT OF PROBLEM
We consider a homdgeneous, isotropic, elastic body of infinite

1 This investigation was carried on as part of a research program
conducted by the Armour Research Foundation under Contract Nobs
28377 with the David Taylor Model Basin, Washington, D. C.

2 Associate Professor of Mathematics, Illinois Institute of Tech-
nology. Mem. ASME.

3 Associate Professor of Mechanics, Illinois Institute of Technology.
Mem. ASME.

4 See reference (3), p. 93, et seq., and reference (4). Numbers in
parentheses refer to the Bibliography at the end of the paper.

Contributed by the Applied Mechanics Division and presented
at the Annual Meeting, New York, N. Y., November 28-December
3, 1948, of THE AMERICAN SoCIETY OF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until July 11, 1949, for publication at a later date. Discussion re-
ceived after the closing date will be returned.

Note: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48—A-29.
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extent which possesses a cavity in the shape of a triaxial ellipsoid,
and assume that the body at infinity is in a uniform state of stress
whose principal directions are parallel® to the axes of the cavity.
If the Cartesian co-ordinate axes are chosen coincident with the
axes of the ellipsoid, Fig. 1, the stress field at infinity is charac-
terized by

where a1, o2, oy are arbitrarily prescribed principal stresses. The
problem to be treated presently consists of the determination of

Fic. 1 ErLnirsoipaL CaviTy AND CARTESIAN Co-ORDINATE SYSTEM

the stress distribution induced by the given loading at infinity.
The surface of the cavity is to be free from boundary stresses.

In the absence of body forces, the foregoing problem is equiva-
lent to establishing a displacement field [w, v, w] which satisfies
the equations of equilibrium

1
[Au, Av, Aw] — ——— grad e = 0
2r—1

OO
e = div[u, v, w]
and gives rise to an associated field of stress
2@ ou
6’=1—2ve+2Ga:c""""
T T [3]*
rw=G'(S;+b—z),...,

which conforms to conditions [1] at infinity, while leaving the
internal boundary of the ellipsoidal cavity free from surface trac-
tions.

& The case of an arbitrary orientation of the principal stress direc-
tions relative to the axes of the cavity presents, essentially, no diffi-
culties beyond those encountered in the current loading case.

¢ Formulas not given explicitly are obtained by cyclic permuta-
tions.
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Basic Sorutions IN ORTHOGONAL CURVILINEAR Co-ORDINATEST

In order to render manageable the boundary conditions for the
surface of the cavity, it is imperative to introduce curvilinear
co-ordinates. For this purpose, we recall here that a curvilinear co-
ordinate system is defined by a transformation

&=l depon) wwed vnsssssssa gl

and that the corresponding co-ordinate surfaces, or; = const, are
mutually orthogonal provided that

o oe oy oy o o _
Oa; 0a;  Qda; O0a;  Oa; Oay B T [5]
(G

‘lf‘he differential of arc length is given by
3

ds? = Z (%)2 ................. [6]

1 (e, (), (2
(Y () (&)

and the direction cosines of the co-ordinate lines with respect to
the Cartesian co-ordinate axes obey

where

o}
cos (a;, x) =h,——{,...,... P e |1
aﬂ:,'
Finally, we note that
De; oz
— = b2 —, cakinl 51 b S D 9
ox da; 19]

and record the curvilinear transforms of the gradient and the
Laplacian operator

o o} b}
ad=|h —, b —, hs — |.......... 10
& [ ar’ 7 das "Daa] (10}

i T8 R B
A == hihshy b_m(kahs 30:1)

2 (h 2 2 (hs D
+ Das (h;hl aag) + das (h1hn aaa)] ..... (1]

The problem formulated previously will be approached on the
basis of the following general solutions of Equations [2], which
are due to J. Boussinesq® and admit the vectorial representation

(a) 2G{u, v, w] = zgrad X — [(3—4 »X, 0,0] |

(b) 2G[u, v, w] = ygrad ¥ — [0, 3—4)Y, 0] [12]?
(¢) 2@[u, v, w] = zgrad Z — [0, 0, (3 —4») 7] e
(d) 2Q[u, v, w] = grad F
where
AX =AY = AZ = AF m= Voo inosann [13]

The displacement fields given by Equations [12] and genera-
ted by the arbitrary harmonic functions X, ¥, Z, and F, will
be referred to as basic solutions (a), (b), (¢), and (d), respectively.

7 For a treatment of -general, orthogonal curvilinear co-ordinates
and their applications in the theory of elasticity, see, for example,
reference (1), arts. 19-22C, 58, 96.

8 Reference (2). In this connection see also references (3) and (4).

% The unessential coefficient 2G' isintroduced for computational con-
venience,
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By aid of Equations [10], [8] we obtain for the curvilinear sca-
lar components u; (i = 1, 2, 8) of the displacement fields associated
with the basic solutions, Equations [12], the intrinsic forms

oX oz
(@) 2Gu; = h, [z — —(B3—4v) — X:l
. Oay da;

()]
()
(d) 2Gu; = h; :—j

i

The corresponding stress fields are most conveniently established
by applying to Equations [14] the displacement-stress relations®
referred to orthogonal curvilinear co-ordinates. This computa-
tion yields

22X ohy ar \oX
N Wt B Wt SO 150 s
o g zam! ( 1aa;x : baq) Qay
h?dhy X  hi?dhy X
_ W% 05 o OX
By B Bos i Dos Doy
oz dX oz dX or oX
(k= o —he? o — Ryt — *)
Oay Oexy Qaz Ocxs day Das
Y B
T = 3 T Seueny
5 i B ohy 0X )
L TR N T L
dX X
11— hm,(E 25 4 DA [15)8
aag Oa: E)ch ba;,
R Ofy OF  h?oh, OF
TN © Y Song: | i Dy Dos
hs? Ohy  OF
Bi Duss Do
(@ ’
o ohy OF ok OF
= il ———— hy — — pefas
2 =R aaz aﬂ!\ + & aas aﬂz alxg ba,

EvruiesomnaL Co-OrpiNaTEs AND ELLipsoipAL HarMonics!s

In the particular problem under consideration, the shape of
the internal boundary suggests the use of ellipsoidal co-ordinates.
The corresponding co-ordinate transformation, which relates the
Cartesian co-ordinates z, ¥, 2 to the ellipsoidal co-ordinates a;(i =
1, 2, 8), is most conveniently introduced by aid of the Jacobian
elliptic functions'® sn a;, ¢n a;, and dn «;. For reasons of symme-

10 Bee reference (1), p. 54, equations [36], and p. 102, equations
[18].

i1 Equations [15b, ¢] are obtained from Equations [15a] by re-
placing z, X successively withy, ¥ and 2, Z.

12 See reference (5), chap. XXIII, and reference (6), chap. XI.

13 An exposition of the theory of Jacobian elliptic functions is given
in reference (5), chap. XXII.
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try it is expedient to define auxiliary complex arguments g;(i =
1,2, 3) as follows

B = ay + K’
By =K Sl {ovoenoensssannons [16]
B = o J

where 4K and 2{K’ are the real and imaginary periods of
snBj(j = 1, 2, 3) corresponding to the modulus . For the com-
plementary modulus &k’ we have

k=
Furthermore, let
dl' =dn o [18]“

8 =snpy ¢ =onp;,

By Equations [16], [18], and well-known identities for elliptic
functions, we obtain

1 1
5 = k’srm ’ 8 = dn(om, ) 8 = 8Nay
o o dna oo ik k) i
"7 iksnen’ i Gl T AW ol
cnoy k'en(as, k')
dy = T—i e dy =
"= e %= e &) b

With the notation of Equations [18] the co-ordinate trans-
formation in question may now be written as

T = kms,8:8;

km

VE T aee 20

im
= —d
H k' ©dads

The moduli & and k' as well as the parameter m are related to the
semiaxes a, b, ¢ of the ellipsoidal cavity, Fig. 1, in accordance

with
a? — b2
i Jaz — c?

and e, b, ¢ are assumed to be ordered by

m=vVa—b........ [21]

[VIE 7 I A T o T T [22]
F.quations [20] imply
z2 ¥ k2t
mis?  mc?  md? ol

and by inspection of Equations [23], [19], we note that the co-
ordinate surfaces oy = const., @; = const, and a; = const form a
triply orthogonal!” family of ellipsoids, hyperboloids of one sheet
and hyperboloids of two sheets, respectively, Fig. 2. As the
ellipsoidal co-ordinates e, traverse the ranges

0<a<K K2>2a0a20 KZZawauz20...... [24]
the foregoing quadrics cover the first octant of the Cartesian
space.’® If oy °is chosen such that

14 The modulus of any elliptie function is understood to be k unless
otherwise specified; see, for example, 83, 2, d: in Equations [19],

1 Although the subsequent computations involve complex-valued
functions, any result which possesses geometric or physical signi-
ficance is real, as is readily verified by aid of Equations [19].

16 This particular choice of k& and m is explained subsequently.

17 The orthogonality may be verified at once by Equations [5].

18 It should be noted that the infinity of the Cartesian space cor-
regponds to ey = 0.

+iK") = b e [25]

ksna1° m

5° = sn(an®

we confirm by Equations [23], [21], and the identities
d,', =1— k’s", ........... [26'

c," =1 4‘8;2'

that the ellipsoid an = e ® has semiaxes a, b, c and thus coincides

—— (ky? const.
Q,= const.-— —

2 Co-OrpiNATE SurrFaces ofF EvLuipsoipal Co-ORDINATE

SYsTEM

Fia.

with the surface of the cavity, which accounts for the form of
Equations [21].

The local scale coefficients k;, according to Equations [7], [20],
here become

i 1 i
3 - ] h’ -
kmgaqs kmgsq

with =
Q= '\/8:’ — &% @= f'\/sl’ —s8? = ‘\/81' — 8. . [28]

The remaining differential-geometric elements appropriate to
ellipsoidal co-ordinates are readily computed. In particular,
if U(B1, B2, Bs) is harmonic, Laplace’s equation by Equations
[11], [16], [27], [28] appears as

h =

AU LU 2 o

3§ =
imhatahs ~ ¥ op T W oga T g = 0128
Equation [29] is separable, and is satisfied by the Lamé products
U= Ai(B)As(B)As(Bs) oo . [30]

provided that 4;(8,)(i = 1, 2, 3) are solutions of the Lamé equa-
tion
ag®

The arbitrary separation constants n, p determine the degree and
the species, respectively, of the foregoing ellipsoidal harmonies.
Corresponding to each nonnegative integral value of n, there
are 2n + 1 distinct values of p for which Equation [31] has peri-
odic solutions. These solutions, which are known as Lamé
functions of the first kind and degree n, will be denoted by
AP (B8;). Theassociated second solution of Lamé’s equation, i.e.,
the Lamé functions of the second kind here [denoted by A,*)(8,),
are obtainable from \,» by a quadrature which we refer to the
real arguments e; instead of the former complex arguments

B;
= dt
AP () = 2 ) f o @n -

— [n(n 4+ k%2 — p(1 + kH]4, = . [31f
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It will be essential to keep in mind that the functions A, ®(«;)
are not periodic. Furthermore, from Equations [32]

APHO) = 0.ccwniwss vinans o |38]

According to Equation [30], and using the foregoing notation
for the Lamé functions of the first and second kind, the product
solutions of Laplace’s Equation [29] take the form

3
U ®(en, az, a3) = T [AP(a;) or 4,9 (a,)]
i=1

p=12.cs:20 41 1]

n=0123,....

CoNSTRUCTION OF SoLuTION TO CAVITY PROBLEM

The initial step in the solution of the problem stated previously
consists of extending the uniform stress field, Equations [1],
throughout the entire space. As this will violate the boundary
eonditions for the surface of the cavity

TTH = T2 = T3 = 0 at o = a!;o ........... {35]

we shall have to determine next a solution which, when super-
imposed on the uniform stress field, removes the stress residuals
at a1 = & °, while leaving undisturbed the stresses at infinity,
Equations [1]. The solution sought, consequently, must vanish
at infinity. With a view toward this procedure, we first trans-
form the uniform stress field, given by Equations [1], into ellip-
soidal co-ordinates. By means of Equations [1], [8], [27] and the
law of transformation'? for the components of stress, we obtain

—1
™m = W [(k") 2016121282282 -+ 0281%d12Ca%e5?
3
—*0381%1%d:d;? ]
g Ny o2 25 2 2 :‘ 2
n = m {(k")2181%c2%das52 + 026,%8:%d5%;
— aud) 82702752
—1
= [(k)2018,%85%s%ds? + 020126285 %da?
™m (k") %q1%q2” [(k)2a18:%82%s%ds 7201 LR . 136]
— o3y %ds?s5%c3?)
—89Co0281C(0,
m = Wqﬁ:}gﬁ [(k") 20182 + o261 — aad,?]
S d
'"sT%%%%KFWm“¥mf~ﬂWJ
27431
— 81611822
el ka%;:;z—ze l(k')zch‘]ag + o202 — ﬂ:.d::]
3212

We now have to construct the aggregate of solutions needed
toeliminate the residual stresses i1, 719, 713 8t @1 = a; ° of the stress
distribution, Equations [36]. This is achieved by appropriate
choice of the stress functions (displacement potentials) X, ¥, Z,
F appearing in Equations [15]. In selecting these harmonic
functions, we are guided by the requirements that the stress fields
80 generated are to be regular in the region exterior to the cavity
and muét vanish at infinity; they furthermore must possess the
periodic structure and symmetry with respect to as, as which is
inherent in the uniform field, Equations [36]. - It follows, in par-
ticular, that Lamé functions of the first kind in e; and those of
the second kind in a2 or as are not admissible in Equations [34].

1 Reference (1), Equations [9], p. 80.
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A survey of all available Lamé products reveals that the only
stress funetions with the required properties are as follows

(1) X = mSiss

—m
- (\eal3

@ v =

i T s [37)%
= PO Diyilody
4) Fy = kmiay

(5) Fy = km2Lill,

(3) Z

The preceding ellipsoidal harmonics involve the Lamé functions
of the first kind s; = sng;, ¢; = enB;, d; = dng;, 1, and l;, where

2

l. = ) = 8.8 - e
po=UB) = s, T (LR

[38]

and p will be given subsequently.

The Lamé functions of the second kind S,, 1, D), ey, and L,
whose argument is «, correspond, respectively, to the functions
of the first kind s;, ¢, dy, 1, I, and may be obtained by a direct
application of the quadrature Formula [32]. Carrying out the
necessary integrations, and thereafter dropping inconvenient
constant multipliers, we arrive at

81 = [en — E(au)]s1

d
a=ummmmmm+j
1
... [39]
D = 2 — dE(a)
8
] 201(}4
by = {2k2a1 + p(1 + &%) [E(ou)—m]} L+ u
1
where
E(a) = [" dn¥dt...............[40]

is the incomplete elliptic integral of the second kind.

The three separate factors in each of the five Lamé products
appearing in Equations [37] belong to the same pair of values of
n and p in Lamé’s Equations [31]. The values of n and p corre-
sponding to these five products in Equations [37] are listed here

(1) n=1 p=1

1
@ n=1 p=;op
k!
@) n=1, A t----141]
4 n=0 p=0
VI — k2 + ket
(6 a=8 p=flg————m

1+ k?

We note that a single ellipsoidal harmonic of the first degree is
to be used in connection with each of the basic solutions (a), (b),
and (c), whereas two distinet harmonice functions of degree two
in addition to one of zero degree are admissible in conjunction
with basic solution (d). Thus it appears that we have at our
disposal six solutions for the purpose at hand, However, the
six solutions which so arise are found to be linearly dependent.

2 The unessential constant coefficients are introduced for future
computational convenience.
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This linear dependence is eliminated by deleting the ambiguity  Solution 3
of sign of the fifth of Equations [41], and retaining merely the
positive sign. Equations [37] then lead to five linearly inde-  _ —Dy @— 4 si%cy*dads? 12
pendent solutions which will be designated as Solutions 1, 2, 3, - kd, (k') %q2%gs? g
4, and 5, respectively. The corresponding stress fields are es- 5 ey =il
tablished by means of Equations [15], [27], [28], [37], [38], (93], § s——‘c‘d‘d”‘i‘ [i, s 12 § 2 - 2)
[40]. We now record the results of this lengthy computation kgetqa® | gs g d' B
—dy Dy _8te’ds’ 2y
Solution 1 T [(2 ) g Tz :I
S 37 38,08.2 _saddtdt] 1 2
- Fotgt kg T ]
ks qatqs?
31014182’332 _1“ L 2 — 2 i) e ‘_dlDl [(2 . 41.) M .2_”.] [44]
kgtg? Lo o = 8* k (k) qq  di? "
. S soddidt[ 1 2
T = s (2 —4») 22 =2 khgatga? k’q, bt
k PoE 82
seds?s?| 20 1 . Py dxsz‘.'a;d:szcadal)l
7olra? 2 2 1°q2qs
kqitq: 51 g E(k")2q,*
d 233¢d; 8D ;2 2
15, Sa%ca’ds 2v ) a[ B L) s k.58 s
T T[@_‘” prme “s;s] 2l T e [T ey T T e
',’L‘_’}Elﬁﬁ_"'}: 2, 1 Sacodads? sieDy dy? 2v |-
kgiq® | &? B lh’:l T .}cqzqzqa’ l} 244 (k)2 ic‘q : T it
(2 — Av)sisscadass3dsS; Solution 4
ETONPRY Bt et
= ki *gags sicidy [ 1 1
™ = - i Sl ot
quﬂqzk qaﬂ q‘!2
sigsztad: 322
- IR P, NI W
™ k4'191"13 [( v)c. ek + qz’ 2"] P 8|€|,d|
m® =
kga2gst
85Co53;? : 8,
B kq:qw:é [(2 = drleicif— ot 2,] _ sedy
%A A [45)
Solution 2 =0
o 83¢uds
3 = e H
A kqigs?
C’ e 81‘!1: togt0,t L, | qig2°gs
™= ka (Fr ) 2q2*qs? g Tie = — L
- 4
medhetet[ 1 1. 2—2 kg
kgtas® | qs Tt o | Solution 5
() sy ’-c 2 § as
T " t—g D502 2dls? 202,02
siadietet| 2 1 g’k—,)s,c.dlb. Uly 4 2,2
VO YR o kg karigs
- ]
ol cpls;2dy? 2v = ——— [6k2? —— p(1 k%] Lyl
S et L T g R R
’ - = ' 242 — 0,2 2,02
sicidico?cs? 2 1 (q—s;-‘f"l**)' salea¥do?lnly + 288%&‘{%‘— il |
kgg | et T g2 ke kav'ey! .. 48]
) - BX
- (2 — 4y Gy bovgrt
e L 7 S R —
- Tz = gq lﬁkgs.i’ == P(l + IU)J L;[lgld
GzzsaCsfis[ &d,Cy c3? ke
=2 g g) T 2 2 ;
™ healC T et ”:l ! "('q;'cq .q—4-—) stestds?lal + k"c::', L'l f
1
11042 O 2 i
Tz = 325_13(__233 [ — 4y ) 81 7 : E“'z 22’] \ b 2_822(;’2':122 Ll I
kqigags® [Cor ) koig? |
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_ 2ssCatls85C3tls Ly
kg ?qeqs

d 8(1 —
g e 83C3( zl‘z [QE‘;LI' - ( 72l ]
kqig2'qs 3p

$2Cadlals , 81 —mp)
o kq.q-zqa‘l: ol ok 3p :I

With regard to solution [5], it should be observed that accord-
ing to Equations [41]

.. [46]
(cont.)

T2

V1—k + ke

ped S s e 4T
and by Equations [39], [40], and [16]
dL,  dL, 2Lsicd | 8(1 — p)
L'=—=— = — o ———o"
! da dgy A 3ph 48]

The eomplete solution to our problem js given by a linear com-
bination of the uniform stress field, Equations [36], and the five
component solutions, Equations [42, 43, 44, 45, 46]. We may

write symbolically
5

[Sol] = [uniform field] + z: Ay[Sol N .... [49]
) =

where the coefficients Ay are to be determined consistent with
the boundary conditions for the surface of the cavity, Equations
[35]. These boundary conditions demand that for a; = o, ° the
stress components ry;, mys, 73 vanish identieally in the arguments
az, as (or equivalently, in 8z, 8;). By imposing the foregoing re-
quirement upon the linear combination, Equations [49], we are
led to sixteen linear equations in the coefficients of superposi-
tion, Ay(N = 1,2..5). The system of equations so obtained is
compatible, and can be reduced to the following five linearly inde-
pendent equations which we now record in matrix form:

— -— - -

P, P, P; 0 J LA,
T T, T, 0 = A,
iz )
B gyt - k_; P Ay
2",
82Ty —etTs ~;r—;“ 0 —uL' || 4
(l|" =
_8[4 Cl‘ F 1 llp i _AGJ
N T [50]
I_: E;L_A —-‘k&d] k58101
& (k") (k")2dy
—kslcldl k¥*sy61dy
ksiend F = a1
= (k) (k")? o
0 0 0
a3
5 ksieddy  —ksiendy®
ks\deydy k)? (k")ﬂr
| 0 0 (U
Equations [50] involve ihe auxiliary notations
-~ _81—p
P 3p
Ty =(1—2) [l 4 28edi] ¢ ..... [51]

! 2
Tz = (] o 2]') [] e (k_'-); le;dl] ’:

JUNE, 1949
' 2%
s = (1 — 2 [1 -+ (P-); 8|clnl]
P z_i .215'.1 4 +1]
812 L. C],ﬂ}i
1w T e [51]
By atl sd T— l:| ‘ (cont.)
1 [2vp,
R . T
t ] e (T's + ]):I
L, i
= —L 2kt + @ —p) (1 + K9]

sied;

It should be emphasized that all functions of a; appearing in
Equations [50], [51] are to be evaluated® at «,°. An explieit
presentation of the solution for the unknown A 5 is quite lengthy
and will be omitted here. Indeced, it is more advantageous to
solve Equations [50] subsequent to the substitution of the nu-
merical values appropriate to a cavity of a particular shape.
In any case, Equations [49, 36, 42, 43, 44, 45, 46], together with
the solution of Equations [50] constitute the complete solution
of the problem under consideration.

NumericaL EvavLvarion AxNp Discussion o TECHNICALLY
SIGNIFICANT STRESS CONCENTRATIONS

The solution for the stress distribution around a triaxial ellip-
soidal cavity, established in the preceding section, depends upon
the values of the principal stresses o1, o2, o3 at infinity, the posi-
tion parameters (ellipsoidal co-ordinates) «), a2, o3, and the
shape ratios p1 = b/a, p» = ¢/b where a, b, ¢ are the semiaxes
of the cavity as indicated in Fig. 1. The solution, furthermore,
involves Poisson’s ratio ». For fixed values of 1, a3, 03, p1, p2, and
v, the stress components are found to depend solely upon the
dimensionless co-ordinates £ = z/a, 7 = y/b, ¢ = z/c. It follows
that the maximum stress concentrations are funections of the
loads, the shape of the cavity, as well as the elastic properties of
the medium, but are not influenced by the absolute size of the
cavity. Analogous conclusions are, clearly, characteristic of
all problems of the type under discussion.

2t The superscript zero which these functions ought to bear was
suppressed for the sake of convenience.

=&
P2 b
1.0

Sphere

'TProinh Spheroid

0.94
0.8+
0.7

N

08

0S5+t . !

Line Grac

04

Oblate Spheroid

03

w| m| o) =
02 3 > o] o| of o
NT —1 ' J
I, U I R .

© o1 02 03 04 o085 o.s\o.'r 08 0% 10
Flat Elliptic Crack--

0.97
0.9
0.8
o7

Fig. 3 Iso-MopurLar Curvea: &k = Consr



SADOWSKY, STERNBERG—STRESS CONCENTRATION AROUND TRIAXTAL ELLIPSOIDAL CAVITY 155

The shape ratios pi, pz enter the stress distribution implicitly
through the modulus k and the cavity parameter «;°. In view
of Equations [21], [25], we have the relations

snoon® = ‘\/1 — pi%pe?. ., .. [562]

and from Fquation [22]

0<p = 0 o 1, 0% gy 5 L snees 58]
a b

Fig, 3, which is based on the first of Equations [52], shows
“isomodular” curves, that is, the lines k2 = constant in the
p1, prplane (shape plane). Asthesquare0 € 5 < 1,0< pp < 1
is traversed, the ellipsoidal cavity assumes all possible shapes.
This diagram, in particular, also indicates the various degener-
ate cases which correspond to the limiting shape ratios p; = 0, 1
and p» = 0, 1. The dependence upon p; and p: of any displace-
ment or stress component for fixed values of ¢, 5, { may be repre-
sented by a surface erected over the unit square in the shape
plane. Once k and sn «,°, corresponding to a given pair of shape
ratios are determined, all remaining shape-dependent elements
of the solution are readily computed by aid of available tables??
of Jacobian elliptic functions or theta functions, Jacobi's zeta
function, and complete elliptic integrals. In particular, for any
specific choice of o1, a2, o3, and », the solution of Equations [50]
for the coefficients of superposition Ay(N = 1, 2, ... 5) is now
numerically obtainable.

Sinee the significant stress concentrations occur along the Car-
tesian co-ordinate axes Ozyz, the following relations are pertinent
to the evaluation of the component solutions, Equations [42, 43,
44, 45, 46], at interior and surface points of the body
for

y=9=0, z2=¢t=0, z>a
z  sna® ,
b = ap= B, ap = | anses [54]
a Sty
Tg = T, Ty = T3z, @ = Tn
for
z=¢t=0, z2=¢r=0, yzhbh
¥ sna°dne ’
p=TeE —— as = K o | [ SR 55
b zma;dnal” ! * § 5 [ ]
Tz = Tz, Oy = Tu, 0, =r7Tn
for
z=§(=0, y=9=0, z>¢
z Sna; ® cnay
s gy TS ~, e =a =0 — 1
c Inay CRay
Oy = Ta3, Oy = Tz, O, = T

The normal stresses o, o, o, are principal stresses along Ozyz,
as is apparent at once from considerations of symmetry. The
foregoing formulas permit the determination of ay, corresponding
to a given value of £, 4, or {, belonging to a point chosen on either
the z, y, or z-axis for a cavity of preseribed shape. With as, as,
a; known, the remaining position-dependent elements of the
solution, for points on the Cartesian co-ordinate axes, are again
readily found by means of the numerical tables previously re-
ferred to.

In connection with the numerical evaluation of the incomplete

22 See references (7, 8, 9, 10).

elliptic integral of the second kind, Equation [40], it should be
recalled that

Elay) = Z(ew) + “}‘{—E .............. [57)2

where Z(e) is the zeta function of Jacobi, Here K and ¥ = E(K)

23 Equation [57] is needed in the use of reference (10), which con-
tains extensive tabulations of the zeta function of Jacobi.
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are at the same time the complete elliptic integrals of the
first. and second kind associated with the modulus &

We now turn to a discussion of the numerical results obtained,
and confine our attention to the technically most interesting
case in which the uniform state of stress at infinity is one of unit
uniaxial tension parallel to the smallest semiaxis ¢ of the cavity.
We thus put

oy = 0, T3 = 0, e e [59]

in Kquations [50].
Oz
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The important stress concentrations in this instance take place
at the extremities of the semiaxes aand b, i.e., at points A and B,
Fig. 1. Figs. 4 and 5 show ¢, and ¢, at point A as a function
of the shape ratio pi, for various values of the shape ratio p..
The analogous diagrams for o, and o, at point B are given in Figs.
6 and 7. All of these curves are based upon Poisson’s ratio » =
0.3, and may be interpreted as profiles of the respective stress
surfaces erected over the basic unit square in the shape plane,
Fig. 3.

The curves for p2 = 1 apply to a cavity in the shape of a prolate
ellipsoid of revolution, and coincide with the results obtained by
the authors in a previous investigation.?* The stress values for

" See reference (4), Figs. 7, 8, 10, 11,

JUNE, 1949

pm = 1, i.e., the right end points of the curves under consideration,
are in agreement with the corresponding results given by H.
Neuber? for the case where the boundary of the cavity is an ob-
late ellipsoid of revolution. In particular, the stress-concentra-
tion factors reduce to those appropriate to a spherical cavity for
pr = pz = 1. The limiting stress values as p; approaches zero,
i.e., the left end points of the foregoing curves, are of special in-

% Reference (3), equation 133 on p. 98 and equation 136 on
p.99. See also Fig, 58.
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terest since they are representative of an internal line crack along
the z-axis. It should be recognized that the ellipsoids in the
neighborhood of the line crack possess an elliptic cross section in
the plane Oyz, which ranges from a circle to a straight-line seg-
ment parallel to the y-axis as p; traverses the range from unity to
zero. ‘We note that the line crack induces finite stress concen-
trations as long as p: > 0. As was to be anticipated, the line-
crack values of ¢, at point B, Fig. 6, coincide with the hoop
stresses which arise in the presence of an infinitely long, elliptic
eylindrical hole at the end points of the major axis*of its cross
section. The plane solution of the problem to which we are re-
ferring is due to C. E. Inglis.?

Regardless of the value of py, all of the stress-concentration
factors under discussion rise rapidly and tend to infinity as the
shape ratio p; decreases and approaches the limiting value zero
which corresponds to a flat, elliptic crack® in the plane Ozy.
With the exception of a, at point A, the stress-concentration
factors for fixed values of ps are found to be monotone decreasing
functions of p;, and thus steadily decline as the cavity is inflated
from the line crack to an oblate ellipsoid of revolution. o, at
point A, Fig. 5, rises with increasing p, in the neighborhood of
the prolate spheroidal cavity, given by p: = 1. However, the
values of this stress component throughout the range of ps, for
which the reversal of its monotone character occurs, are seen
to be insignificantly small. It is interesting to observe that for
all shapes other than the oblate spheroid, o, and o, at the point
B are larger, respectively, than ¢, and ¢, at the point A. The
maximum stress concentration is found in ¢, at the point B.

Fig. 8 illustrates the variation along the z-axis of the principal
stresses o, o, and ¢,. The curves shown are based upon the
sample shape ratios p, = p» = 1/; and again on the Poisson ratio
» = 0.3. This diagram indicates the rate of decay of the stress
concentration. The stresses o, and ¢, are steadily decreasing
functions of £ whereas ¢, attains its interior maximum approxi-
mately at £ = 1.009. We observe that the state of stress in the
vicinity of point A is one of triaxial tension, and that the uni-
form, uniaxial state of stress o, = 1 is practically restored at
£=12

Finally, we consider the influence of Poisson’s ratio » upon the
stresses at point A, illustrated by the curves in Fig. 9, which
again refer to the sample shape ratios p; = ps = 1/;. It is seen
that while the stress ¢, which acts parallel to the uniform stress
field at infinity, is essentially unaffected by changes in », the trans-
verse stress o, depends sensitively upon Poisson’s ratio.
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2 See, for example, reference (3), p. 48, et seq.

# The term “flat, elliptic crack” is used to describe a separation of
the material throughout the interior of a plane region bounded by an
ellipse.
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Stability of Linear Oscillating Systems
With Constant Time Lag

By H. I. ANSOFF,: PROVIDENCE, R. 1.

This paper discusses the influence of constant time delay
in transmission of the control signal upon the output sys-
tem of a closed-cycle control device. The use of Nyquist’s
stability criterion permits investigation of the control
signal proportional to any derivative of the displacement.

" The stability criteria are given in closed form.

INTROLUCTION

T is well known that closed-eyele control systems exhibit

a time lag between the input and the output signal. This

time lag is due partly to the inertia and damping present in

the system and partly to the inherent delay in transmission

of the control signal. This paper discusses the effect of a time

delay due to the transmission of the signal upon the stability of
the output system of a closed-cycle control device.

The feedback is assumed to be proportional to the nth deriva-
tive of the displacement and to be delayed by a constant time
7. The system is further assumed to be linear and to possess
viscous damping.

Under these conditions, it is shown that steady-state modes?
will exist only with & very eritical combination of the parameters
of the system. The problem of stability is then investigated by
means of the Nyquist stability criterion. For n = 2, it is shown
that under appropriate conditions there exists a band spectrum
of values of = for which the system will be stable. For n > 2 the
system is shown to be unconditionally unstable. The case of
n = 1 corresponds to a combination of the viscous and the “error-
rate damping” used in servomechanism design.

The following nomenclature is used:

= independent variable, time
constant time lag
dependent variable

[

constant parameters of system

‘
T
9

1}

R}

K
S

magnitude of feedback siguai

fl

STATEMENT OF THE PROBLEM

The differential equation of the freely oscillating output sys-
tem of a eclosed-cyele control device with viscous damping is
given by (18

fo(ty + ROE) + Ko(t) =0.............. 1]
! Formerly Research Assistant, Brown University. Now Mathe-
matician, The Rand Corporation, Santa Monieca, Calif. Jun. ASME.

2 Here and in the following the term ‘‘steady-state” will be used,
as in electrical engineering, to designate continuous osecillations of
constant amplitude.

3 Numbers in parentheses refer to Bibliography at end of paper.

Contributed by the Applied Mechanies Division and presented at
the Annual Meeting, New York, N. Y., November 28-December 3,
1948, of THE AMERICAN SoCIETY OoF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until July 11, 1949, for publication at a later date. Discussion re-
ceived after the closing date will be returned.

Nore: Statements and opinions advanced in papers are to be
understood as individual expressions of their anthors and not those
of the Society. Paper No. 48 —A-22,

where dots indicate differentiation, and I, R, and K are taken as
real and positive.
We introduce a feedback term proportional to 6(¢), of constant

magnitude 8, and lagging behind 8(f) by a constant r. Equation
[1] becomes
I§(t) + Ré() + Ke(t) = — S8t — 7). ... .. .21
A solution of this is given by
N
6= Dy s s p R e (3}
n=0

Substituting this into Equation (2] and equating the coeffi-
cients for each n, we obtain the characteristic equation

2 + 2R+ Sz~ + K =0............ [4]

If ¢=*n7 is expanded into its series, it is casily seen that, in gen-
eral, Equation [4] possesses an infinity of roots. Therefore, rather
than attempt a solution in closed form given by Equation (3], we
are forced to seek the stability conditions for the svstem Equa-
tion [2] in terms of the parameters of the system.

This problem has been attacked by numerous writers. The
present treatment differs from the others in its application
of the Nyquist stability criterion to the operational form of Equa-
tion [2] and in presenting the final results in an easily computed
closed form. This paper is of wider scope than the majority of
the preceding ones, since it formulates stability conditions for
feedback proportional to any derivative of .

STEADY-STATE SOLUTIONS

If Equation [2] has steady-state solutions, some values of z,

in Equation [3] will be purely imaginary. Setting z, = i, «
real, and substituting this into Kquation [4], we obtain
] & iwR 4 iSwe=™" =K =0......... 5]
Separating the real and the imaginary parls, we obtain
Seoser = Boiiiiiiiiiiiiiiie. .. [0u}
Sesiner = —K............... f6h

Since 8 and R are real and positive it follows from Lquation
[6a] that for integer n

1 3
r(é—FZR)§w1§1(5+2n).....‘.. 7

With this in mind, Equations [6] can be written

sin wr =

. Tt - K
s wr = o
Sw _y

Now, if the system of Equations [8] has solutions for real values
of w, then the system described by Fquation [2] will possecs
steady-state modes of oscillation.
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(iiven the positive real parameters of the system I, B, K, and
5, and the time lag 7, we can determine the existence of solutions
of [iquations [8] by the following procedure: Plot the graphs of sin
wr and (lw? — K)/(Sw) versus w. Beeause of condition given by
lquation [7], wr has a limited periodie range whieh is indicated
by a solid line in Fig. 1. On the same graph we draw two lines
£/ 1 — (K/8)? parallel to the w-axis. Now if the three graphs
have a common point of intersection (such as A in Fig. 1), sys-
tem, Kquations [8], has a steady-state mode, and the value of w

’ sinwT /

T

N

Fi1c. 1 Sorvrion or EquaTion [8]

at the commpn point of intersection is the steady-state fre-
quency. Since I, K, and S are positive and real, the graph of
(Iw? — K)/(Sw) will be monotonically increasing in w. It will
have only two points in common with the lines = \/1 —(R/8)?,
and the system of Equations [8] can, consequently, have at most
two steady-state modes for a given combination of parameters
I,R,K,S and 1.

On the other hand, given the parameters of the system I, R, K,
and S, we can determine whether a steady-state solution exists
and also what value of = is required for its existence. As before,
we plot (Jw?— K)/(Sw) and i‘\/l — (R/8)*versus w. Denote
the co-ordinates of the two points of intersection by (w,, a,),
wheren = 1,2. Then a time lag

m —1
i e s B (9]

Wy

will produce a steady-state mode, provided Equation (7] is satis-
fied.

It should be clear from the foregoing that only & very critical
combination of constants of the system will produce steady-state
solutions. Therefore, in the derivation of the stability criterion
for almost all systems, we will be safe in assuming that Equation
[4] has no pure imaginary roots.

A MrcHANICAL MODEL

Sume of the foregoing results are easily interpreted in terms
of a mechanical model used by Minorsky.*

This model consists of an oscillating pendulum of moment. of
inertia I and equivalent spring constant K (for small deflections).
The lower end is immersed in a viscous bath which produces a
viscous resistance B. A small gyroscope mounted on the pendu-
lum transmits a signal to an electric motor. The motor in turn

¢ Although the general method of approach in this section follows
closely that of Minorsky, the present resulta disagree with his find-
ings: seereference (4).

moves a weight which produces a feedback torque on the pendu-
lumn. The coupling between the gyro and the motor can be ad-
justed to produce a feedback torque proportional to (), which
is the time derivative of the angular displacement.

Applied to this system, Equation [2] becomes the equation of
motion; the term Ié(f) represents the torque due to inertia,
Ré(t) the torque due to viscous resistance, K6(t) the torque due
to gravity, and S8(t — ) the feedback torque due to the counter-
weight.

If again we assume existence of steady-state solutions and sub-
stitute 8 = 6" into Equation [2], we get

— B + BwRe™ + 0SSt =) 4 gKeft = 0.. . [10]

which leads directly to Equation [4].

Equation [10] can be represented by means of a vector diagram,
Fig. 2, similar to the impedance diagrams used in alternating-cur-
rent circuit analysis. Using polar co-ordinates we plot 6,K along
the initial ray and — 6wl 180 deg ahead of it (the common term
&t is left out). The term #fwwR is plotted along the 90-deg ray,
and the term i8xsSe %" along the ray which forms an angle — wr
with the 90-deg ray.

It is now clear that in order for the equation of motion, Equa-
tion [10], to be satisfied, the vectors in Fig. 2 must be in equilib-
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rium. This requires that the vector iwSe—%T be in either the
third or the fourth quadrant (which is just a different form of
stating Equation [7]). Tt is further necessary that § = R. Inter-
preted physically, this means that in order to maintain oscilla-
tions, the power supplied by the feedback torque (given by «?S)
should be at least as great as the power dissipated by the pendu-
lum (given by w?R). (It should be noted that because of phase
considerations the condition »?§ > &?R does not necessarily
imply instability.)

The Stasiuiry CrITERION ¥OR FEEDBACK PROPORTIONAL TO
6t — 1)

Denoting the Laplace transform? of 8(f) by Fp), we have
F(p) = L£16(2)]

Taking the transform of Equation [2], we get (6)

(pd + pR + K + Spe™"P)F(p) = plos + Iy + Rby...[11]

where 8, and o are used to denote the values at ¢ = 0.
Letting

L(p) = plts + Ibs + R8,

and @000 B esmmeees [12]
Y(p) = pI +pR + K
we get?®
L(p) L(p) 1
Fip) = ————————— = ——= L1
® = ¥ + S ~ Yim) G g B 1]
PPl PR + K
Whence by Mellin’s inversion theorem (6, 7)
1 o
6(t) = — Ll ] et dp fort > 0
B o Y0) g pe?
pl +pR + K
PRSI .. 4 |

where I' is a contour enclosing all of the roots of the denominator
in the p-plane.

Evaluating this integral by the method of residues we would
obtain

where p, are the values of the roots of the denominator. In the
“Statement of the Problem,” we have shown, however, that
there is an infinity of roots. Therefore a closed form of solution
is not obtainable by this method.

Turning to the question of stability, we note that if Equation
[15] contains p, with positive real parts, the solution represents
an unstable system, and 6(f) will increase without limit. The
existence of p, with positive real parts thus becomes a eriterion
of stability. This means that we must determine the existence
of any poles of the integrand of Equation [14] in the right half of
the p-plane or, which is the same thing, the existence of zeros of
the denominator of the integrand in the right half of the p-plane.

Now consider ¥ (p) which is the first factor of the denominator
in Equation [14]. Consulting Equations [12], we see that Y (p) is
the transform of a system described by the differential Equation

& Taking of the Laplace transform of an unknown function natu-
rally raises the question of its existence. Since we are seeking a com-
bination of parameters leading to a solution which is stable in ¢ (we
exclude even the steady-state modes), 8(t) will satisfy the convergence
requirements of the Laplace integral.

% For other examples of this procedure see reference (2).
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[1}. The solution of this equation is known to be stable. There-
fore Y (p) will have no zeros in the right half of the p-plane.
Tt remains to examine the solutions of

pe” P 0
P +pR + K

In order to do this, we make use of the Cauchy index theorem,?
which may be stated as follows:

1+8

w = f(p) is an analytic function in a simply
connected domain D bounded by a contour 8
2 f(p) = 0forpong

If p traverses g in a counterclockwise direction,
then w will traverse a closed curve in the w-
plane. Further, the number of zeros of f(p)
in D is equal to the number of times the con-
tour in the w-plane encircles the origin.

Hypothesis: 1

Conclusion:

For g we choose a Bromwich contour shown in Fig. 3. Since
we assume that there are no roots on the imaginary axis, we are
assured of enclosing all of the roots in the right half of the p-plane
by settingc = 0.

Examining the behavior of Equation (16] along the contour,
we note thatforp = = (=

T
pl + pR + K~

Consequently, we may limit our study of Equation [16] to the
straight-line contour along the imaginary axes in the range — ¢
SpSiws

Before proceeding with the applieation of the theorem, we di-
vide the second factor of Equation [16] by K and set the result

equal to f(p). Weget
pe” PT
el e e 1
f(p) P [17a]
where
S 1 )i4
= - =— b=—=...........
A e = e [17b]

Letting p = 7« in Equations [17] and simplifying the result, we
get
ade—tar—e)

f6) = [A—aay + a7 =
where
tan ¢ = . i 1 [18b]
ba

A graph of Equation [18a] is shown in Fig. 4, for — o < o £ 0.
It is a sensed spiral starting at the origin when ¢« = — = and re-
turning to the origin when « = 0. As aincreases from 0 to 4+ =,
the graph follows the second branch of the spiral which is sym-
metrical to the first branch with respect to the real axis.

We are now ready to apply the Cauchy index theorem. Equa-
tion [16] can be rewritten in the form

fPY +1 =00, [19]

Now as p varies along the imaginary axis between — i@ and
+ 7w, the contour T encloses all of the roots in the right half of
the p-plane and the number of times f(p) encloses point (—1, 0)
in Fig. 4 will be equal to the number of these roots. Because of

7 See, for example, A. Hurwitz, reference (8).
8 See Appendix of this paper for a proof showing that Equation
[17a] remains zero along the closing semicircular path of the contour.



ANSOFF—STABILITY OF LINEAR OSCILLATING SYSTEMS WITH CONSTANT TIME LAG

the symmetry of the two branches, unstable roots will oceur in
pairs. Therefore we need only to investigate the behavior of
one of the branches of f(p).

It is now possible to give the first formulation of the stability
criterion for the system represented by Equation [2]. The sys-

w-plane

Fii. 4 GraprH or EQuamions [18a] vor —o < a £ 0

tem will be stable if and only if the graph of f(p) does not en-
close the point (—1, 0). By direct examination it follows that
if b > A in Equation (18a], then |f(ia)] < 1 and the system
cannot possibly become unstable. Reference to Equation [17a]
shows that this implics that the system will always be stable if

R>8

This coineides with the conclusions at the end of the section,
“A Mechanical Model,” and means that in this case the power
dissipated is greater than the feedback power.
Assuming that 8 > R(S = R is trivial for all practical purposes)
set
Aa
1 = =
[(1 — ata)? + (b a))"2

and solving for « we get,

— (Bt —%a — AY) =V (b*— 25 — A%)2 — 4g?

o - [21]

Thus there are, in general, four real values of « (two for each
branch of the curve) for which [f(Za)] = 1. The conditions for
existence of these values are

b?—2a — A< 0
and
(b* — 22 — A)?— 4a? > 0

If these are combined with the aid of Equation [176] we get
8§ > R. Therefore a danger of instability exists whenever S > R.

Since the magnitude of the radius vector of the spiral, as given
by the left side of Equation [20], is a continuous function of «,
we may differentiate it in order to determine its extremum values.
It turns out to have only one maximum for each branch which
oeccursat o = = I/a'/'.

Thus on each branch the magnitude of the radius vector of the
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spiral attains the value of 1 twice, say, at @, and a:, and 4 maxi-
mum once. It follows that the magnitude of the radius will be
greater than 1 between o and as and will be less than 1 every-
where else. Along the positive branch (a > 0) let

B = —aur + @ l

and AT A e et
B = —aar + ¢2 J
and along the negative branch (« < 0)
fr=—arr + @ —w
and
Br=—asr +ea—miiii ... [220)

(the subtraction of = is made necessary by the factor « in front
of Equation [18a]. This form of Equations [22] makes the radius
vector always positive.)

Note from Equation [18b] that as « increases along each branch
the phase angle in Equations [22] decreases monotonically along
each branch from x/2 to — x/2. Hence if a; > a3 (on either
branch) we have —a; > — ay and ¢2 < ¢  Consequently, if
a; > an, B2 > By or, in other words, the angle 8, shown on Fig. 5,
is a monotone decreasing in a.

Now we know from the foregoing that as a; increases to a, the
magnitude of the radius remains greater than 1, Then g1 > 8;
and the shaded sector in Fig. 5, obtained by a positive (counter-
clockwise) rotation from the smaller to the larger value of 8, will
enclose all of the values of the radius vector which are greater
than 1.

Thus the stability criterion is reduced to the requirement that

w=plane

~ -~
i e

F16. 5 A StasLe CONFIGURATION

the shaded sector on Fig. 5 does not include the negative real

axis. This can be stated as follows: i
The system will be stable if no integer n can be found such that

B % (2)‘3 + 1)1r % R Ty l23]

Clearly, if |8 — 82| > 2, the system becomes unstable since
then there is a complete turn of the spiral with the magnitude
of the radius vector greater than 1. If |8; — .| < 2, Condition
[23] can be satisfied within a certain range of values of the time
lag r which will now be determined. The extreme case is shown
in Fig. 6. As seen from Fig. 6, if 82 > g1 we must have for sta-

bility

31 << (2n + 1)1’ }
B1>2n + 1r—2r = (2n—Dxr

Using Iiquation [22e] and keeping in mind that 7 = 0, we ob-



162

tain after simple transformations the following range in r within
which the system will be stable

e + (2n — ) g o1+ (2n -l:l_).'l_l‘

a2 g

where ay > @, and n is allowed integer positive values.

If Equation [22b] is used, it can be shown that Formula [25]
remains valid if magnitudes of a; and «, are used in the denomi-
nator.

w-plane

(=1.0)

F1a. 6 A CriTicAL CONFIGURATION

Examination of Formula [25] shows that, in general, for any
given system (fixed o, a; and ¢, ¢2) 7 is allowed a band spectrum
of values for increasing n with the band width given by Formula
[25]. Itshould be noted, however, that the spectrum will termi-
nate at somesvalue of n after which

e+ 2n— D= s, P + (2n 4+ U=

oy 241

This is due to the fact that 83 — 8, increases with increasing =
and Condition [26] corresponds to 8; — 8 exceeding 2x (see
sentence after Formula [23), -

STABILITY CriTERION FOR FEEDBACK PROPORTIONAL TO 8(f — 7)

For this case Equation [2] becomes
I4(t) + Ré(t) + Ko(t) = —S0(t —7)......... [27]

The discussion of the steady-state behavior is similar to the
sections, ‘‘Steady-State Solutions,” and “A Mechanical Model,”
with one important difference. Since the feedback power is now
given by Sw and the power dissipated is still w?R, the system
will have no steady-state frequencies at w > S/R.

Fquation [14] now becomes

1 L(p) 1
D=— [ = -
0( ) i ﬁ Y{P) 14 §— e—P7

p + pR + K

ertdp, ... [28)

Equations [15] and [16] still apply and Equation [17a] becomes
e~rr

i} = e i
Jp) ap® + bp + 1

. 29
with A, a, b still given by Equation [175].

As before, f(= i =) = 0, and we use a contour consisting of the
imaginary axis.
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Equations [18] become

Ae—i{ar-—w)
T8 = [ = + @l .
and
~—bee
tan ¢ = m—l[:mb]

A graph of Equation [30a] is shown in FKig. 7 for — = <
a< 0. Itisasensed apiral with the intercept S/K on the positive
real axis when « = 0. The graph is symmetrical with respect
to the real axis. The radius vector has a minimum at « = 0 and

maxima at
2a — b? e
= e
« 2a®

Now if (2¢ — b%)/(2a?) < 0 and S/K = 1, the spiral cannot
possibly enclose the point (—1,0). Using Equation [176], we get

S K BYE 2K oo o sn [31]

which are the conditions under which the system is always stable.
Setting the amplitude of Equation [30a] equal to 1 and solving
we obtain

. —b—20) = V" —20)" — 401 — AVa?

ot -
2a?

.. [32]

If Equation [32] has no positive o, § < K is automatically im-
plied, and the system is stable (note that the converse is not
true; § < K does not guarantee stability).

w=plane

/increasingc

Fra. 7 GraprH oF EQuaTioN [30a] ror — < a £ 0

If Equation [32] has positive «?, the system is in danger of in-
stability. The following cases are possible:

(a) Equation [32] has two a? > 0 (in this case 2IK > R® and
N < K). This case is identical to the last case of the preceding
section. Criteria [23] and [25] apply.

(b) Equation [32] has one distinct «? > 0. Then if § < K,
using Equation [30a] and « > 0, we get the following stability
criterion (this is the ecase of equal roots)

T e G S [33]
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with n, any odd integer.

Thus the system will be stable for all values of the time lag
r save for those specified by Equation [33].

(c) Equation [32] has one «®* > 0. Thenif S = K, we get the
most stringent stability criterion. Using @ > 0 and Equation
[30a], we obtain the following stability criterion

Stapiuity CRITERION FOR FEEDBACK PROPORTIONAL TO 8(t — 7)

For this case Equation |2] becomes

I6(t) + R6(t) + Ko(t) = —S8(t —7)......... [35]
Equation [14] now becomes
8(t) = *I—' 1 = @ ert dp_ [36]
2ri fr 148 ple~PT Y(p)
"pI+pR + K

Equations [15] and [16] still apply and Equation [17a] be-

comes
Ap’e_p’

fo) = o ——

ap® + bp + 1

with A4, a, b still given by Equation [175].

Now as p— = iw, |f(= iw)| — (A/a) = (S/I). The graph

of Equation [37) for the range —® < a £ 0 is shown in Fig. 8.

w=plane

Fi1c. 8 Grapu or EqQuaTioN [39a] FOR —= < a = 0

The branch of the graph for 0 £ a < = is symmetrical to the
branch shown with respect to the real axis.

It is clear from the preceding that if S/I > 1 the system cannot
possibly be stable, since the spiral will eventually enclose the
point (—1, 0) as « tends to «; consequently the system will be
unstableif S > 1.

The radius vector of Equation [37] has a minimum at &« = 0

and at
2 s
a = == (2"'“—*"—‘_ b’)

as shown by elementary differentiation, consequently the system
will always be stable if

S land B2 2K . coivavivnssinms (38]

. graph of (7.2) will necessarily enclose the point (—1, 0).

Now setting p = 7 « in Equation [37], and reducing it to our
usual form we get

Aatei@—9)

b)) e g s 39
T6e) = {00y + Gl 72 .
and
; ba
ta e TR 306
e [396]
Setting the amplitude equal to %1 and solving, we get

2a — b? 2a — bY)t — 4(a — A

o = V@a—b) e T

2(a — A)

According to Equation [17b], (a — A) > 0 implies I > S which
we have already shown to be a necessary condition for stability.
Therefore we need consider only I > S in Equation [40]. But
this makes Equation [40] identical in behavior to Equation [21].
Similarly, the total angle of Equations [39] can be shown to be
monotone decreasing in «. Consequently, the conclusions fol-
lowing Equations [22] apply to this case, and the stability eri-
terion will be given by Equation [23], and the allowable range in
7 by Equation [25].

STaBILITY FOR FEEDBACK ProPORTIONAL TOo HIGHER
DERIVATIVES

Consider a general case of feedback proportional to the nth
derivative of 8(t).
Equation [2] is generalized to

I8 + R6(t) + Ko(t) = — S8™ (t—1)....... [41]
Then by a now familiar procedure we obtain
Apre—PT
ap® + bp + 1

Now, referring to Fig. 4, let p = 0. Then |f(p)] = 0 excepr
when n = 0in Equation [42].
Ifp—>+ic

fp) =

)] =2 [pl=s

Thus |f(p)] = = except for n = 0, 1, 2. The stability of the
system has been discussed for these three values of n in the three
preceding sections of the paper. For all other values of n, the
We
conclude:

If the feedback signal is proportional to *(t — r) the system
will be unconditionally unstable whenever n > 2.

SUMMARY

For purposes of comparison, Fig. 9(a, b, ¢), show the general
béhavior of the magnitude of the radius vector p versus « for the
three cases in which stability is possible. Fig. 9(d) shows the
general behavior for n > 2.

The results of the three sections on “Stability Criteria for
Feedback,” and Fig. 9, show that for n < 2, the system will be
unconditionally stable, if certain relations between the parame-
ters of the system are satisfied in each case. The greatesi
latitude in the choice of the parameters is found for n = 1, where
the condition B > § is sufficient to insure stability. The narrow-
est restriction oceurs for n = 2, where S > I is sufficient to pro-
duce instability.

If the foregoing requirements for unconditional stability are
not satisfied, the system may still be stable for a specified range
in the time lag 7. In the most general case it is possible to ob-
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tain a band spectrum of values of r for which a given system
will be stable. The band width tends to zero as the value of 7 is
inereased. This indicates that in systems of this type large
time lags will produce instability.

It should be kept in mind that the systems treated in this paper
were assumed to be linear. Any comparison of experimental re-
sults to our conclusions should involve allowance for the exist-
ing nonlinearity. Thus, for example, the band spectrum de-

scribed would produce hunting in an actual system rather than a .

physical breakdown due to excessive vibrations, as predicted by
our results.
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Appendix

BenAavior oN SEMICIRCLE OF BromwicH CONTOUR

We still have to justify the assumption made in the three
sections, “Stability Criteria for Feedback,” that f(p) — 0 along
the semicircle of the contour asr — =,

Let

p = ré® = r(cos 6 + isin @)

and substitute into Equation [42]

Arnes'nag—r(coa 8 4+ ain @)

) = - s o i s 4
%) ar?é?® 4 bret? 4 1 43]
and note that for any fixed 0 in the range 7/2 > 0 > — »/2
, A
=T vt oMt Dagr e e (44)

for all n.



Dynamic Capacity of Rolling Bearings

By GUSTAF LUNDBERG! anp ARVID PALMGREN?

This paper is a condensation of a comprehensive theory
for fatigue failure in rolling bearings.® The character of
bearing fatigue failures is analyzed, and the effect of the
volume of stressed material is assessed by means of modi-
fication of Weibull's statistical theory of failure. The
variables aflecting bearing capacity are examined, and
general formulas are set up relating the variables to the
bearing capacity. Unknown exponents in the formulas
are evaluated by means of extensive tests, and the final
formulas are compared to experimental results.

has previously been hased on empirical formulas which

have been used with considerable suceess for bearing types
of conventional design.  Tn this paper the foundation is laid for a
unified theory of the dynamic capacity for rolling bearings, in
which regard is taken of the dispersion in material fatigue strength
from one volume clement to another.  Hertz's theory for contact
fatigue strength has been developed and extended for ealeula-
tion of the stress variation which can be taken to be the most
dangerous when bodies roll with respect to each other.  Although
the new theory still does not take account of all factors which
affect the life, it does give a satisfactory agreement with experi-
mental tests,

C.\I.( ULATION of the dynamie capacity of rolling bearings

MAGNITUDE OF SHEAR-STRESS AMPLITUDE

An understanding of the character of fatigue failure can be
obtained from a study of the change in the material which takes
place in bearing rings under rolling loads. The fatigue cracks
start from certain weak points, for example, slag inclusions
within the material. These weak points give rise to strong local
stress concentrations in the surrounding material.  Before the
fatigue erack develops, slip takes place in the material. There-
fore the causes of fatigue can be sought in the slip, which changes
the characteristics of the material in the immediate neighborhood
of the weak point.

Fig. 1 shows a cross seetion cut through the raceway in the
middle of a fatigued bearing ring.

Slag inelusions are usually elongated in the process of rolling,
und therefore the fatigue eracks start in directions parallel to the
direction of rolling. At times slag inclusions have more of a
sharp-cornered shape, whereupon fatigue eracks oceasionally ex-
tend in & 45-deg direction.

Fig. 2 shows how the shear stresses oceurring in the direetion of
rolling vary with the depth zo, where this shear stress has its

! Profesgor, Chalmers University of Technology,
Sweden.

t In Charge of Iingineering and Mechanical Research, SKF, Goth-
enburg, Sweden.
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greatest value. The distances a and b are contact ellipse half-axes,
¢ the maximum pressure in the contact area.

Introduce an auxiliary quantity {, from which the shape of the
pressure area is determined so that
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The depth of the point of maximum stress is obtained from

(=T I~

2=Zo=§b

s 1
§-=(£+1)‘\/ﬁ ................ [2]

Research shows that the largest number of fatigue cracks start
at this depth.
Table 1 presents corresponding values of ¢, b, T', and {.

TABLE 1 DEPENDENCE ON ¢ OF BEARING CONFORMITY
FACTORS :
t 1 1.02 1.05 1.1 1.2 1.2808
b/a t] 0.2050 0.3358 0.5020 0.7849 1
T 0.2500 0.2475 0.2436 0.2371 0.2241 0.2139
£ 0.5000 0.4854 0.4651 0.4347 0.3842 0.3509
The magnitude of the shear-stress amplitude is
Va—1
o= Ty T iniiivg ¢ [3]

2 + 1)

During the passage of one roll body the shear stress varies be-
tween =Tg. The determining factor for material fatigue is twice
the amplitude of the relative shear stress (i.e., 27"). Fig. 3 shows
how 2T varies with the shape of the contact area. As a com-

0.5

0,4

0.3

parison, the relative shear stress decisive at static loading T, is
drawn in. The comparison shows that this static stress cannot
be taken as a basis for the estimation of fatigue failure.

Srarisrica, MeTHOD FOR TrREATING FATIGUE PROBLEMS

For a statistical treatment of fatigue problems, consideration
must be given to the fact that the material changes little by little
through the action of repeated-loads. Plastic flow appears in
the neighborhood of the weak points of the material and con-
tinually increases in size until finally a microscopic crack forms
which grows slowly to macroseopic magnitude. At this point
the macroscopic stress distribution is disturbed and the fatigue no
longer follows the expected course since the assumptions for
caleulating the macroscopic stresses are no longer valid. How-
ever, that is only in an advanced stage of fatigue, a stage where
the eontinuance of the destructive process swiftly leads to rupture.

Changes in the material condition can, as long as the fatigue
erack has a microscopic extent, be taken as dependent chiefly
on the extent of the macroscopic stress in the element of volume
considered, that is, on the stress amplitude in the plane which is
most dangerous from a famgup viewpoint, and on the amount of
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material in the element of volume. It is also possible that
changes in the amount of material are dependent on the depth of
the volume element below the surface. That assumption has been
shown to be necessary for the presentation of fatigue failure in
rolling bearings.

A useful resultant formula for statistical presentation of dif-
ferent fatigue problems is thus

o e (N) ~ LS Sirt); ddan]av........ 4]

where S(N) is the probability that the material will endure N
million stresses, r(n) the stress amplitude at the depth 2z with the
nth loading, dV the infinitesimal element of volume, and V the
whole volume.

Tor highly concentrated loads, as, for example, in rolling bear-
ings, econsiderable simplifications can be introduced in the caleu-
lation if it is observed that only the conditions in the neighbor-
hood of the point where the maximum fatigue-stress amplitude
occurs are decisive for the probability of fatigue.

Lire FormuLA FOR ROLLING BEARINGS

When setting up the life formula, the known fact that the
more concentrated the load, the greater the endurance, must be
considered.

This fact has been proved by Neuber, among others, in a study
of concentrated stress conditions in fillets and by Féppl-Huber
with a study of the first flow lines oceurring for contact between
a cylindrieal and a plane body. Neuber and Foppl-Huber sought
the explanation of the dependence on volume in the crystalline
nature of the material.

Comprehensive investigations by Weibull of the static break-
ing strength of brittle bodies have resulted in a statistical theory
of strength based on the theory of probability, where the de-
pendcucei of strength on volume is explained by the dispersion
in material strength.

Weibull's theory, however, is based on the assumption that
the first crack results in a break. The frequent examples of
cracks which do not reach the surface seem to show that this
assumption is not valid for fatigue failure in rolling bearings.
Therefore, in setting up the life formula, consideration should be
given to the fact that the probability of a fatigue break occur-
ring must be taken to be dependent on the depth 2o at which the
most dangerous stress oceurs.

The life formula therefore should be written

1ug§ Tl N 20)Waces somaimmmeans [5]

For practical reasons it is desirable to give the functional re-
lationship as a power function

e Ne
Bl B, ) o e, i s et i T
G

*

Here 8 is the probability that the material will endure for N mil-
lion stress cycles, 7o is the decisive stress amplitude, and ¥ is the
volume representative of the stress concentration,

If b = 0, alife formula corresponding to Weibull’s theory is ob-
tained.

As an expression for the magnitude of the stressed volume, one
can choose

PR s e 71
where
a = major half-axis of pressure ellipse
! = circularlength of raceway
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The three lengths, a, I, and 2y, give an expression for the stress
extension within the raceway in the directions of width, length,
and depth.

As a result of the expressions given for z and 7o in Equations
[2] and [3] and with the help of Equations [5], [6], and [7] is
found

1 Teal QY
logS Tyt (ab) N sanamnsatmis [8]

where @ is the roll-body load.
For point contact according to Hertz's theory of elastie contact

a~mb~VOQD, . 9]

For line contact

QD
ﬂ~iu.-"~‘[Q i s I e [10]
[

where [, is the roll body’s length of contact, D, the roll-body
diameter.

If u is the number of stress cycles per revolution and L is the
life in millions of revolutions, then from Equations [8] to [10)

e—h+2

1 Q| 3
log 5~ [H}jl Dy hyelel. ... ...... [11}

with point contact, and
c—h+41 ce—h—1

} Q B D“ . 2-h e fe
log - ~ I:D,,”] [lj DA Puslel. ... [12]

with line contact, where the proportionality factor depends upon
the conformity between rolling body and bearing race.

The life Formulas [11] and [12] give the life I. which with
the probability § occurs for the roll-body load @. Specifically,
for L = 1 and § = 0.9, the dynamic-capacity value is found
corresponding to the load Q..

Since I ~ D,, from Equations [11] and [12]

2 +h—5
T s A, (13]
with point contact and
et+h—3 e—=h-—1
GO il s 14]

with line contact.

Since the roll-body load is proportional to the bearing load, @,
and @) are proportional to the basie dynamic capacity €, and the
actual bearing load F, respectively.

From Equations [11] and [12]

where
c—h+2
e e R R 16
o (16]
with point contact, and
c—h+1
p = w~—2——¥l7]
e

with line contact.
For radial bearings, the load on the rolling element depends
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upon the position of the rolling element. In that case, @, and Q,
respectively, represent mean values of the rolling-element loads,
that is, equivalent rolling-element loads.

With rotation, each point of the rotating inner ring passes
through the loaded zone. All points on the inner ring are thus
equally stressed, but the loads on the rolling elements, and
hence the stress amplitudes, vary eyclically with the rotation.
For a load which varies periodically with time, introduce the
cubic mean value as the approximate mean load

3
[ 1
Qi = Y5 JOWdy............... [18)

where the angle y gives the position of the roll body.

Each point of the stationary outer ring supports, under rota-
tion, a constant rolling-element load and therefore a constant
stress amplitude. The rolling-element load and consequently
the stress amplitude are dependent upon the position of the point
in the outer ring. The probability that the whole outer ring, ! =
w D,, will endure is the product of probabilities that the different
sections of the ring will endure. Therefore it is found from Equa-
tion [11] or [12] that

1 D
ng S.‘ e J'Q“(\L)L" _,j d\& = ch“ Lex D- ------ [19]
where the equivalent roll-body load
1
1 w
Qoa ~ o 8o O — (20)
Here
VLT T S [21]

DETERMINATION OF ExPONENTS IN LIFE ForMULA

The exponents ¢, k, and e occurring in the formulas for life
dispersion, Equations [11] and [12], can be regarded as material
characteristics and determined experimentally. The exponents
can be found by determining the exponent p in the life formula,
Equation [15], the dependence of the basic dynamic capacity upon
the bearing size (the exponent of D,, Formula [13] for point
contact), and the dispersion of bearing life under uniform condi-
tions of operation.

The logarithms of Equations [11] and [12] for constant service

- conditions are

1
log log 3= elogL +............... [22]

Therefore the probability S, for a sufficiently large test series,
gives the relative number of bearings which will endure L million
revolutions. In a graph with eo-ordinates log 1/S and L, set up
on logarithmic scales, the life formula is represented by a straight
line, whose slope gives the magnitude of the exponent e.

Fig. 4 shows test series with self-aligning ball bearings,* and
deep-groove ball bearings.® The step diagram obtained with a
finite number of bearings agrees very well in both cases with a
straight line having the slope e = 10/9.

Fig. 5 shows a test series for spherical roller bearings.® The
exponent e for this test seriesis 1.5.

The dispersion in material strength characteristics can vary
quite appreciably for different test series. Therefore it iz quite
natural that the exponent e may have appreciably different values

1 SKF, 1309.
5 SKF, 6309.
8 SKF, I-37906.
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for ball bearings than for roller bearings, as shown by the research
results in Figs. 4 and 5.

For the purpose of determining the exponent p for ball bear-
ings, there are at present available extensive results from tests
with self-aligning ball bearings,* and deep-groove ball bearings.*
In these test series, great care has been taken to see that the ma-
terial and the manufacture in the different series are statistically
similar. The test results are given in Fig. 6 where each point
represents the median life of a group of 30 bearings. In this
series the exponent, p = 3, corresponds to the solid line. For
determination of the exponent p for roller bearings, no similar
reliable test series is now available. The indications are, however,
that the exponent p may be somewhat higher for roller bearings
than for ball bearings.

However, there would be very great practical difficulties if the
exponent p were taken as different for point and line contact.
Hence it seems justifiable from a practical viewpoint to calculate
for all bearings with a common value, p = 3, without regard to

1
[ag}
05¢

Qz.._._ e

01—

0.5

0,03

s = e — whether point or line contact is present.
L e e i For determination of the dependence of the basic dynamic
lo g 1 capacity on the size of the bearings, the results from tests on ap-
S proximately 1500 bearings are given in Fig. 7. This shows that
05— —— within the test range from D, = 1.5 mm up to 25 mm, the basic
e dynamic capacity C = FL'* can be taken as proportional to
D,*# corresponding to the solid line.
In Table 2 respective values of the exponents corresponding
0ok to e = 10/9 and 3/2 are given for p = 3 and an exponent of 1.8
' for D, with point contact, For the assumed values of the expo-
nents in the life formulas by study of the dependence of capacity
01— upon the conformity between roll body and bearing rings, accord-
* ing to Equations [13] or [14]
D, cos a |1
005 2K r 0,41 1= T D \o.3
' = A= m_=— (2] Dpsz-h
R S e
i)
R 100 200 _-_ 500 T -
LMe (23]
Fic. 5 for point contact, and
. . ; . . . D, cos o |/
for different test series of the same bearing. To determine with Lo Em——— ™
certainty whether the exponent e is dependent on the bearing type Q, = B =——— e . L (P—‘) D2 Z=b (24]
or not, an investigation should be carried out with test series of [ = Dy cos o« |7* \do
different, bearing types in such a manner that the material in -
the different bearing types ean be considered statistically similar, for ki
No such research series is as yet available. The available sta- oE lulg et fhisy
tistical material indicates that the exponent e has a lower value B = 10.82 A" . . ... ... [25)
10
c
F
3
4
.3
2
1 —
| |
05 ' ' ‘ i :
1 2 5 10 20 50 100 200L M 500 1000
r

Fia. 6
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TABLE 2 RELATIONS BETWEEN EXPONENTS
FORMULAS

IN CAPACITY

~—Point contact— ~——Line contact——

] [ h P exp Da P exp Da exp la
10/9 101/ 21/ 3 1.8 .

3/2 10Y/s 21/% 1.8 3 1.07 0.78

where r is the raceway, and R the roll-body profile radius, D, and
l, the roll-body diameter and contact length, respectively, d,,
the pitch diameter of the roll-body set, « the contact angle, and
Z the number of rolling elements per row; A is a material con-
stant. The upper signs are valid for the inner ring, the lower
signs for the outer ring.

From the test series in Figs. 6 and 7 it is found that 4 = 10.

For SKF steel with a hardness of 61.7 to 64.5 Rockwell C
(750 825 Vickers), and with units in kilograms and mil-
limeters, on the average '

A = 10,

B =60

Figs. 6 and 7 show the comparison between theory and tests
for self-aligning ball bearings (mark o) and deep-groove ball
bearings (mark x) where f, enters into the theoretical value. The
solid line corresponds to the theory. The comparison shows good
agreement between theory and experience.

Basic Dynamic Capacrry

In the calculation of the basic dynamic capacity of the bearing,
consideration should be given to the probability of fatigue in the
different parts of the bearing. The basic dynamic capacity of the
bearings is thus dependent on the capacity C; of the inner-ring
contact, and the capacity C, of the outer-ring contact.

The basic dynamic capacity C of the bearing is obtained from
C; and C, by the observation that the probability that a bearing
will endure is the product of the probabilities that the various
parts will endure. If S; is the probability that the inner ring of
the bearing will endure and S, is the probability that the outer
ring will endure, then according to Equations [11] and [12] for
a bearing load

1
log — = k; FeLs
og s,

.............

1
log = =

g, = kFL

where k; and k, are proportionality factors. The probability
that the bearing will endure is found from the product law

1
log = = (ky + k,) FeLe.. .. . .. ... ..
08 3 (kg + k,

From

If L =1and8;, 8, and 8§ = 0.9, then F' = C;, C,, and C.
Equations [26] and [27], it is found that

C = Je Cl'

O

For Swedish SKF steel, w = 10/3 and 9/2 for point and line con-
tact, respectively.

Thrust Bearings. A centric thrust-bearing load is distributed
uniformly among the rolling elements for satisfactory operating
conditions. Thus for single-row bearings

(/'; =t Qci Z sin « }

Il

de

A
L, 5 ) B g | 7 PR R (29]
where Q.i and Q.. are obtained from Equations [23] and [24]
for point and line contact, respectively.
One obtains for the following conventional bearing types:

Thrust ball bearings, e # 90 deg

C = f,(icos @) tg a Z/* D8, ....... . [30]
Thrust roller bearings, o # 90 deg
C =f,(icos a)Btg a Z'/F D070 (31]
Thtust ball bearings, @ = 90 deg
C=f072%Das . (32]
Thrust roller bearings, « = 90 deg
C = faom zapporjoem (33]

where 7 is the number of active rows of rolling elements.

For thrust bearings the higher values of fi, given in Table 3, are
valid for centric load and uniform load distribution on the rolling
elements. For a non-self-aligning thrust bearing, an eccentric
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TABLE 3 CONVENTIONAL BEARING TYPES

Type Point Contact of Ball Bearings Line Contact of Roller Bearings
c fetai® 2% DI fofai™ 2% D i
27; 0,41
fe ‘ gh fs [MT.D.] &his
C.-) lw’a]—o-s C\ 93 —12"
I it el
: [+ :+(@)"]
Gi ri 27,—DJ]"* i
C. : re2r;— D, f' [Ia_c]
Type Radial Thrust Bearing | ooy Thrust Bearing
Bearing @ =+ 9o = Qo Bearing @+ | =
90 @ = g0
D, cos « D, D, cos « D,
y - —_— ———— —_—
Adm dp dm A
fa | (cos @*7 |(cos@)*” - tgx I (cos @) | (cos @)’ tg « I
fL*) 3.7—41 6 —10 18 —-25 36— 060
I ﬁ-: {I B y)x-so a5 },#9 ( l :?)29137 "
] (! +y)’j! ? (I +J’!lh
fs 1.04 f, } /4 I L.14fq Is ‘ 1
1 —y Lz I '-—‘)’ 3#/a7
: =) (5]
I+y L1y

* Units in kg and mm

bearing load is caused by a slight variation in the thickness of the
bearing rings at the bottom of the groove, and, when the bearing
is equipped with self-aligning support washers, by the frictional
resistance to the alignment of the washer. An unequal load dis-
tribution on the rolling elements ean also be caused by eccen-
tricity or out-of-roundness of the raceways. For most thrust
bearings the theoretical value of the basic capacity must be re-
duced, often to about 60 per cent, on the basis of unequal distri-
bution of load among the rolling bodies. The lower values of
f1, given in the tables, correspond to that reduction.

Radial Bearings. With radial bearings the load distribution
must be found among the rolling clements. For a single-row
bearing with radial relative displacement of the rings

C; = (0.407 0.419)Qci £ cos «
C, = (0.389 0.367)Qs Z coS @

The former values are valid for point contact and the latter values

for line contact.

One obtains for the following conventional bearing types:
Radial ball bearings

------

C=f(icosa)0T 2D . ..., [35]
Radial roller bearings
C = f, (i cos a)®B 21 D207 10 ... [36]

Also with radial bearings must be considered the faults in the
bearings resulting from the manufacturing process. For rigid-
bearing types, in particular multirow bearings, it is best to calcu-
late with the lower value of fi, although the higher value can be
used for completely seli-aligning bearings. For roller bearing-
the highest values may be used only if the rollers or races are so
shaped as to avoid edge pressure. This ean be achiceved, for in-
stance, by crowning the rollers and making the bearings sufficientls
self-aligning.

Of course for all kinds of bearings which are not completely
self-aligning, consideration must be given, in the calculation of
the bearing equivalent load P, to the moment loads arising due
to deflections in shafts and bearing housings or due to imperfect
mounting conditions.

In order for the basic dynamic capacity ' to be valid with § =
0.9, that is, for 90 per cent of the bearings, decp-groove ball
bearings should be calculated with the maximum value of the
groove radius. Thus 7; max, 7, max, and Dy min should be substi-
tuted in the formulas.

If it is assumed that the material quality is constant, the choice
of the value of coefficient f; depends on the bearing design and
dogree of precision. Since these factors differ greatly in different
bearings and influence each other in a complicated manner, the
value of f; must be determined for each bearing entirely on the
basis of tests.
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After consideration of what is known concerning the average

capacity of different bearing types and variations, the values given
in Table 4 can be suggested.

For some conventional eonformity values, f. may be found
irom Table 5.

Within the ordinary range of dimensions, the contact length
i, of the rolling element. can be estimated for conventional roller

bearings by

Iy =1, —120%mm................[37]
for bearings with grinding relief grooves and by
L = Q.91 M0 s asvans s sim o 50 GO

for bearings without relief but allowing for end radii. Here I, is
the length of the rolling element. In certain bearing designs, for
example, double-row spherical roller bearings with loose guide
rings, a special calculation of I, is required.

EquivaLenT LoADps OF BEARINGS

The bearing life for arbitrary conditions of load and rotation
¢an be determined from the equation

where € is the basic capacity of the bearing, and P is the so-called
equivalent load. Since the definition of basic capacity differs
for thrust and radial bearings, one should distinguish between the
equivalent radial load P, and the equivalent thrust load P,. In
this paper P = P, for radial bearings, and P = P, for thrust
bearings.
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A functional relationship exists between the equivalent loads
2, P, and the bearing thrust and radial-load components ,,
F,, which gives a relation between the effects of #zand F, on the
equivalent life of the bearing. These functional relationships are
clear from the solid-line curves in Figs. 9 and 10.

TFig. 9 is valid for deep-groove ball bearings with nominal con-
tact angle @« = 0. The contact angle « assumed with load is
found from Table 6, where D and d are the bearing outer diameter
and bore, respectively.

The points marked with x are taken from four test series total-
ing 210 bearings, carried out by SKF, Gothenburg, with deep-
groove ball bearings.? In these tests special care was taken to
make the four series statistically similar in regard to both mate-
rial and manufacture. The points marked with o come from test
sories carried out by SKF Philadelphia? The agreement is
satisfactory.

In Fig. 10 the dotted line represents a single-row bearing, the
solid line a double-row bearing with point contact. For angular-
contact bearings the contact angle varies with the load so that
cot a is found from Table 6.

Both rows are loaded if

Fo< (167.....200)F, tg a

for point and line contact, respectively.

Only one row is loaded if F, is greater than that value. In that
case the life for the double-row bearings can be calculated as
well from the theory of single-row bearings as from the theory
of double-row bearings; P and P, are the equivalent loads if
the bearing is considered as single-row or double-row, respectively.

7 With bearings of SKF type 6308.

TABLE 4 VALUES OF FACTOR fi FOR DIFFERENT BEARINGS

Bearing Type Nt
Self-aligning ball bearings ......ocovveiennsanentscanncaccecasonasonans 4.1
Single row deep groove ball bearings without filling slots .........co0enevenes 39
Double row deep groove ball bearings without filling slots ...........cieneun.. 3.7
Angular contact boll bearings.......... s ST PR ST R R 3.9

Thrust: Ball Beannps, (0 = 00” o smmerewnryom s es s ez s pes s sEs 6

Single row cylindrical roller bearings: Raceways and rollers cylindrical ........ 19

One race CONVeX ....vvevrrnnannnn G e 20

Rollers crowned ......ovvvvivrvsnnnnnnes 24

Double row cylindrical roller bearings: Cylindrical rollers.......c.coveevinsnns. 18

Rollers crowned .......icoiiennininnns 21

Tapered roller bearings: Raceways and rollers tapered ..........ccvvvvininnn, 19

Rollers or raceways some chamfer .................... 20

One race CONVEX v.ovuvevavans v e 20

Self-aligning radial roller bearings........coveiereinrnssrnronrnsnrssnccanrsaans 21

Self-aligning thrust roller bearing€s .......v.ceeevnsarnsanssssnonsnassrsnnnanns 50

TABLE 5 VALUES OF f; FOR VARIOUS BEARING TYPES
Bearing 2l A o. ! ;

Type h D‘ D, y o 012 0.0% 0.1 0.2 0.3 0.4
Self-aligning Ball Brg..| 4.1 | 0.54 | — ° 1.26] I1.76] 2.36/ 3.3 3.8 3.77
Deep-groove Ball Brg..; 3.9 | 0.52 | 0.52 [ 3.65 4.77] 5.67] 6.12( 5.7 4.94
Angular Contact Ball i '

B conciadoena i 3.9 | o.52 | o.53 o 3.35| 4.43] 5.39] 6.00 568 4.93
Thrust Ball Brg. ..... (1] 0.5435| 0.545% L] 4.19] 5.52) 6.79] B8.36] 0.44| 10.29
Spherical Roller Brg. ..| 21 — — | fi]| o 7.05] 8.66| 0.94| I0.57| 9.06| 8.83
Cylindrical Roller Brg.| 20 — — o 6.71] B8.24] 0.47| 10.06] Q.49 B.41
Tapered Roller Brg. .. 20 T o 6.71| 8.24] 09.47| 10.06] Q.49 8B.41
Spherical Thrust Roller

Brg .o ssmsmnes ...| 50 — — o | 17.9 | 2.8 | 24.5 | 25.5 | 23.8 | 2Lo
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TABLE 6 VALUES OF X, V,AND Y.VALUES FOR CONVENTIONAL BEARING TYPES

_ v Single Row Double Row Bearings
C. For | For Bearings
P=XVF,+YF, ~i |Fixed|Fixed| P, VF, | P,z2VF, | P 52VF,
C, Outer | Inner
Ring | Ring Y Y Y
X X X |——
Load | Load cota cot a cot a
Self-Aligning Ball Bearings..| 1...2 1 ] — —- 0.6 0.7 1 0.3
Deep Groove Ball Brgs.

Xy == P T T 0.4...0.8 1 1.2 0.5 0.4 e = = o
Angular Contact Ball Brgs.

Oy = 30" . 0% i i se 0.5...1 1 1.2 0.2 0.5 0.4 0.8 1 0.3
Spherical Roller Brgs. .......lo.s...0 | 1 | 1.3 0.4 04| 06| o7 1 o.s
Tapered Roller Brgs. ! !

¢.=10°...30° .......... a.5...1 ! I : 1.3 0.3 0.5 0.5 0.8 1 0.5
Cylindrical Roller Bearings...|o.5...1 1 i‘ 1.3 I | &y E s o I ’ —

Variation of Contact Angle with Load
| % i J 30° ‘ 40°
Deep Groove and =
Angular Fg* I ! I | ‘
Contact I)T—_c—f; 0,01 II 0.03 | 0.09 o | 0.2 0.4 (o] 0.2 0.7
Ball Bearings ! ‘ | | !
cot @ 5:4ljj17’1.5|1¢I13.1: I.o
*1 Units in kg and mm.
Vi
By ¥
4 |
[_-1__¥“\ '''' LT T ——
|
hY
{14 N - i e
!
‘ 12— —
I
| wf —+ -
)i
P
”; 0,8 ===
06
L 1
Wi
a2f—p—
""O(r 05 20 25 30
— | Facora
Frr

For practical reasons it is better to caleulate on the basis of the
broken lines ABC in Figs. 9 and 10, in place of the solid curves.
The calculation is done then according to the formula and values
in Table 6, where V is a factor which takes regard of the rotation
relations of the bearing; that is, a “rotation factor,” X is a “radial
factor,” and ¥ is & “thrust factor.”

The values have been corrected with regard to combined loads.

The equivalent thrust lead P, of a bearing is found from the
equation

. :
(] a5 15 20 25 30
p,__g,;&f:';. . PP e Pl kcmemvmoms wet sosss 41)

r where £, is obtained from Table 6: V is the thrust factor for pure
Fig. 9 thrust load, that is, for F =0




Slow-Motion Pictures of Impact Tests
by Means of Photoelasticity

By LUDWIG FOEPPL,* MUNICH, GERMANY

The experiments described in this paper were carried
out in investigating the distribution of stresses and their
variation with time in a test bar subject to bending stresses
resulting from an impact. While a series of tests has been
made, only two of them will be dealt with in detail. In the
first test the impact is of moderate intensity, so that the
response is entirely elastic. The test results will be com-
pared with a theoretical treatise by St. Venant and Fla-
mant published in 1889. In the second test the impact
is strong enough to break the test bar.

TusT APPARATUS

IE test setup for carrying out the investigation on the
distribution of bending stresses resulting from an impact
is shown in IMigs. 1 and 2. A bar consisting of plastic

::/

Fia. 1

TesT SETUP

1 Professor of Applied Mechanies, Munich Institute of Technology.
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at the Annual Meeting, New York, N. Y., November 28-December
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ceived after the closing date will be returned.

Nore: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48—A-24,

Bar WitH ImpacT MECHANISM IN PLAcE BETWEEN
PorLaroips

F1c. 2

“Dekorit” as used in these photoelastic tests is supported at the
ends (sce Fig. 1). Each support consists of a fork, in which the
bar is placed to avoid lateral shifting, and a rubber band is drawn
over it to press the ends of the bar firmly against the support.
This setup corresponds to a mild clamping of the bar ends. On
the center of the bar supported in this way, a hammer falls from
a height of 2 meters (6 ft).  To the lower end of the hammer is at-
tached a eylindrical cap of Dekorit, the axis of which is normal to
the axis of the test bar, so that a uniform transmission of impact
over the entire width is ensured. Thus a state of plane stress is
produced in the test bar. This effect is made visible by placing
the test setup between the two polaroids of the photoclastic ap-
paratus and sending light rays through it. In the figure two
vertical guide wires for the hammer and the releasing mechanism
can be seen. The dimensions of the test bar are length | = 28.5
em (11.2 in.), rectangular cross section of & = 1 em (0.39 in.)
breadth, and A = 2 em (0.79 in.) height. From the specific weight,
¥ = 1.3 grams per cu em, the weight of the test bar results as

P = lbhy = 28.5-1.2.1.3 = 74 grams (0.163 Ib)

As shown in Fig. 2, the bar with the impact mechanism is
placed between the polaroids @; and a. of the photoelastic appara-
tus. The concave mirror ¢ is an elliptical mirror produced in the
author’s laboratory. The curvature of the mirror could not be
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Fra. 3

(Clantirnued)

varied continuously,  Therefore the curves visible in the mirror
soparale regions with ‘ifferent, radii of eurvature, These curves
appear in the pictures of isochromaties, which will be discussed
Inter, as cireular ares and should not be confused with the iso-
chromaties themselves.

At one foeus of the coneave mirror the electrie are of an are
lamp & is centered, while at the other focus, which is on the other
side of the polaroids, the objective of the slow-motion camera is
located (not visible in Fig. 2),

Frrst Tesr
Hlustrations from the first test are shown in Fig, 3.

Impact woight Q = 60 grams (0.1321h)
Impact height /' = 200 cm (6t 7in.)
Frame speed, 3020 frames per see

Frame 1 shows the test bar in its initial state immediately be-
fore the impact. Between this view and the second one, the im-
pact weight has begun to touch the test bar. The increasing trans-
parency of the entire bar shows that meanwhile stresses due to
the impact have appeared over the entire length of the bar. The
distribution of isochromaties, characteristic for bending stresses
(see frame 2) shows that the bending stresses are noticeable only
in the vicinity of the field of impaect, while on both sides of the
axis of symmetry the stresses rapidly decrease as indicated by
the isochromatics turning toward the boundaries of the bar. At
both sides of the axis of symmetry and at a distance approxi-
mately equal to the double height of the bar, the bending stress
approaches zero (frame 2). At a somewhat greater distance,
i.e., where the wires guiding the impact weight appear as sharp
dark lines in the picture, again a low stress is indicated by the
isochromaties at the lower and upper edges of the bar. This
stress must show a sign opposite to that of the stress arising in
the central part of the bar, i.e., the line of curvature, while reach-
ing its lowest point in the eenter of the bar, reverses its coneavity

downward al points farther away from the center. This experi-
mental result agrees well with the theory to be developed later.
Probably a great number of bending-stress waves run along the
bar, are reflected at the ends, and are superimposed on the ini-
tial waves.

Frame 3 is especially interesting.
shows a relieving of the center eross scetion.  The maximum
bending stress here appears on cross sections of the bar loeated
about one quarter of the entire length away from the center
eross scetion, as indicated by the erowding of isochromatics in
these cross seetions.

Frame 4 again shows an increase of bending stresses in the
eenter cross seetion. This inerease continues in frames 510 8. In
frames 7 and 8 the number of isochromaties in the center eross
section is approximately equal, as can be ascertained by enlarging
the pictures. In frame 9 the number of isochromaties is on the
decrease, so that the maximum is probably reached between frames
7 and 8. At the same time, frames 4 to 7 show that zero points
of moments, which in frame 4 are still about halfway between the

A comparison with frame 2

point of impact and the supports, shift farther toward the sup-

ports in frames 5 to 7. This phenomenon also agrees with the
theoretical deductions, as will be seert later.
bar, i.e., its swinging back from its maximum deflection, can be
observed in the decreasing number of isochromaties in frames 9
to 13. Frame 14 shows the last phase of contact between impaet
weight and bar. Frames 15 to 19 correspond to free oseillations
of the bar, free of external loads at different instants of this o=
cillation process.

In order to prove that the stressing of the bar is elastic during
the entire impact, frame 150 of this series is also shown, where the
free oscillations have vanished. A comparison with frame 1
demonstrates that the impact did not leave any residual stresses,
and therefore there are no permanent deformations.

We have conducted several tests similar to the one deseribed
here, in which the impact weight, the impact height, and the bar
height were varied. The corresponding serics of pictures does
not offer any new information, as compared with the first test.

The relieving of the

Stconn TesT
Frames taken from the second test are shown in Fig. 4.

Bar length! = 28.5c¢m (11.2in.)

Bar height h = 2 em (0.79 in.)

Impaet weight, 240 g (0.529 1b)
Impact height # = 600 cm (19 ft, 8 in.)
Frame speed, 1980 frames per sec

In this test the impact weight is not shown in the illustrations
sinee it does not consist of transparent Dekorit. Frame 1 shows
the bar before the impact. In frame 2 there is already a great
number of "isochromatics in the central part of the bar. Since
the number of isochromatics is increasing rapidly, the separate
isochromatics can be discerned only with difficulty. During this
test, as well as during the first one, the slow-motion camera was
adjusted to a time of exposure that amounted to 1/ of the time
interval between the separate frames.  In frame 3 the number of
isochromatics has further increased. In frame 4 the first signs
of tearing at the tension side of the bar appear. The progress of
rupture can be observed clearly in the remaining views.

THEORETICAL CONSIDERATIONS

St. Venant and Flamant? dealt with the theory of a bar clasti-
cally stressed by an impact at its center, as in test 1 of this paper.
The solution as offered in this treatise will be given here. If y
stands for the deflection and z for the cross-sectional co-ordinate,

2 St, Venant and Flamant, Journal de U'école polytechnique, Paris,
France, vol. 59, 1889,
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Fig. 4 Frames Taken From Seconn Test
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I'na. 5 SumMaTioN OF VALUES OF EQuaTioN [1] BY ST. VENANT AND FLAMANT

z = 0 corresponding to the left support, the solution of the differ-
ential equation is

sin 2m = sinh 2m E
4 )
4 _-(_eus m cosh m . t
y = ;;‘ ] 7 2Pslnan"'r,,..|l]
" costm  coshm | m 6

where v is the velocity of the impact weight at the moment of
impact, r is an abbreviation for

B |p
r—;‘/igm ................... 2]

where P is the weight of the bar, £I its stiffness against bending,
and g the acceleration due to gravity. The summation in Equa-
tion [1] extends to all values m that satisfy the “period equation”

2 »
—(3— =m(tanm—tanh m)......co00.es [3]
where Q is the impact weight.

For the values of P/} = 1/;, 1, and 2, St. Venant and Flamant
caleulated the seven lowest values of m that satisfy the period
Equation [3). For PP/Q = 1 they found the following values:

mg = 1.19161 my = 13.42093
m o= 4.11972 ms = 16.55021
me = 7.18994 my = 19.68824
my = 10.29839

In the present tests the weight of the bar is P = 74 grams
(0.16 lb). =, according to Equation [2], which represents time,
results in the example as

285 0.074 X 3 s
TT 74 Y285 X 27,000 X 2 X 981 400

8sec

E is the modulus of elasticity of the Dekorit bar. Its value E =
27,000 kg per sq em (390,000 psi) has been introduced from an
clastic tensile test.

In our first test P/Q = 74/60 = 1.23.

St. Venant and Flamant calculated the functions of curvature

y(x) at different times ¢ after the impaet of the weight @, by
using Kquation [1] and the first seven values of the period Equa-
tion [3]. The results of their long calculations are represented in
curves. For PP/Q = 1 these curves arc given in Fig. 5. They
represent the summation values of Equation (1] without the fac-
tor vr, i.e., they are pure numbers. The ratio z/(1/2) is used as
absecissa.

A comparison of these curves with the results of test 1 of this
paper shows a good degree of conformity. Since in test 1 about
3000 pictures have been taken each second, the time interval
between pictures is /00 sec = /3 7, il the value of 7, as pre-
viously given, is used. In the discussion of test series 1 we have
found that the maximum bending oceurred between frames 7 and
8, i.e., approximately 7.5 frames after the impact. This would
correspond to a {/r = 1 in good agreement with the bending
curves in Fig. 4, as the St. Venant curves are based upon P/Q =
1. There the maximum deflection oceurs at t/r = 1.2, The
curves further show that at ¢/ = 0.3 the initial curvature in the
center cross section has almost vanished, and then again begins
to increase. Also, this effect is elearly shown in the present photo-
elastic tests. The reversal of curvature shortly after the impact
can be found in the curves until ¢/ = 0.15. The gradual shift-
ing of the zero point of moments toward the supports appears in
these graphs as well.

In concluding our evaluation, it may be stated that the results
constitute an excellent verification of the mathematical deduc-
tions of St. Venant and Flamant.

REesuLTs AND RECOMMENDATIONS

The verification of the classical theory by photoelastic tests is
an important result of this report. Theory and experiments
indicate that shortly after the beginning of impact, an initial
bending stress in the center cross section vanishes almost com-
pletely. Tt is only at a later time that the bending stresses again
increase. Just this effect should be more closely investigated
by varying conditions of support of the bar. In this connection
it also would be interesting to investigate test bars with variable
height subject to impact tests.

ACKNOWLEDGMENT

The author wishes to acknowledge the valuable assistance
of his former assistant, Dr. K. Moench, during these experiments



Fracture of Gray-Cast-Iron Tubes

Under Biaxial Stresses

By R. C. GRASSI' axp I. CORNET,? BERKELEY, CALIF.

The fracture of gray-cast-iron thin-wall tubes was in-
vestigated, for various ratios of axial to tangential stress
ranging from pure tension to pure compression, yielding
data for some stress ratios not previously reported.
Analysis of the results reveals that the present theories
of fracture do not account completely for the data ob-
tained, thus indicating the need for further investigations
of similar materials.

INTRODUCTTION

HERE have been numerous investigations of materials
Tundcr combined stresses. These investigations have been

concerned with state of stress, deformation to fracture, and
theories of metal flow in general. Most of these studies have
been limited to mild steel, and alloys of aluminum and magne-
sium. Justifiably the emphasis has been on these materials be-
cause of the applicability of the results to problems of working and
forming these metals. However, data for the fracture of brittle

matical expressions for the laws of behavior of metals under com-
bined stress. These laws have clarified the dependence of frac-
ture stress on stress state. The validity and applicability of these
fracture laws to brittle materials, such as ecast iron, have not been
determined.

Studies of the fracture of cast-iron tubes under biaxial stress
date back to the work of Cook and Robertson (1)% in 1911, and
Ros and Eichinger (2) in 1926. The work of Siebel and Maier
(3) in 1933, constitutes the latest data reported for the study
of east iron under combined stresses.

Purrose anp Scori

The purpose of this investigation was to extend the work of
previous investigators on gray cast iron in the tension-compres-
sion quadrant, and to obtain for material from the same foundry
heat data in the tension-tension quadrant. In addition, the data
obtained were to be analyzed to determine the applicability and
validity of existing laws of fracture for the brittle material
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Fic. 1 Gray-Casr-InoN FRACTURE SPECIMENS

materials subjected to biaxial stress are meager and inconclusive
as to acting fracture law. Investigators have developed mathe-
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studied. The gray cast iron used was of the following composi-
tion: C 3.48 per cent, Mn 0.52 per cent, Si 2.41 per cent, P 0.31
per cent, and S 0.14 per cent. The data obtained represent
the result of testing 41 tube specimens and 7 solid eylindrical
specimens.

Procepure

The specimens used are shown in Fig. 1. The tube specimen
was mounted in the grips as shown in Fig. 2, and stressed accord-
ing to the desired ratio of axial to tangential stress (referred tc
as “stress ratio”) by the proper combination of internal pressurc

3 Numbers in parentheses refer to the Bibliography at the end ol
the paper.

178



GRASSI, CORNET—FRACTURE OF GRAY-CAST-IRON TUBES UNDER BIAXTAL STRESSES

and axial tension or compression. The solid eylindrieal specimens
were tested in compression.

A modified two-cylinder Diesel injection pump was used to
produce the internal pressure. The pressure was measured by
a calibrated Bourdon-type gage which was accurate to =1/, per

=— UPPER GRIP

~— PACKING WUT

LEAD PACKING

SPECIMEN

OIL COMNECTION LOWER GRTP

F16. 2 Grrr SeEcTions FoR Stupy oF FrRAcTURE oF GRAY CasT
IroN UnpeEnr BiaxiAL STREss

cent. The axial loading of the specimen was accomplished on a
200,000-1b Southwark-Emery testing machine, using the 10,000-
1b scale with a least division of 10 Ib.

The tube specimens were machined from cast bars 1.2 in. diam
and 22 in. long, all cast bars being from the same heat. Three
specimens were machined from each cast bar which had been
previously given a 1-hr anneal at 1000 F (4). The specimens
were drilled and reamed to produce the internal diameter, and
then rough-turned. The blank was then mounted on a mandrel
and finish-turned and threaded. A circular-radius tool was used
for the finished cut, which produced a smooth surface with no
discontinuity at the radii.

The loading of the specimen, for both axial tension and com-
pression, followed a schedule (refer to Appendix) in which prede-
termined increments of axial load and internal pressure were used
to maintain the desired ratio of axial stress to tangential stress.
The specimen holder shown in Fig. 2 was used for axial tension
and compression of the tube specimens. However, for axial
compression, alignment of the tube specimen was controlled by
means of a surface gage and dial indicator. For both axial ten-
sion and compression, the technique used was such as to provide
tests upon which there would be no effect of eccentricity. The
solid eylindrical specimens were tested in a die set with polished
anvils, designed to obtain axial loading; the ends of the specimens
were lubricated, and the anvils polished to reduce friction effects.

For some of the tube specimens tested, strain measurements
were taken at various stages during loading. The relatively small
amount of duetility obtained, as revealed by these measurements,
will be referred to in the discusion.
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Resurnrs

Values of true stress at fracture are plotted on Fig. 3. All data
plotted in this figure are for the tube specimens shown in Fig. 1.
Stress values are based on cross-section area at fracture. Per-
tinent formulas are given in the Appendix.

Except for stress ratios between —2.7 and — the cast-iron
tubes possess so little duectility that the cross-section areas at
fracture are equal to the original cross-section areas, within limits
of experimental error. Between stress ratios of —2.7 and —,
there is increased ductility, and the true stresses differ from nomi-
nal stresses as much as 3 per cent.

Shown in Fig, 4 are the fractures obtained under various stress
ratios. Under pure tension loads and for stress ratios to approxi-
mately +1.2, fractures occurred across the tube perpendicular to
the axis of the specimen. From stress ratios of +1.2 to —2.7, the
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4
L S B0 H.oe 0,71
| kxfal Stvess = +33,000 pai, . +28,920 pai, 426,200 poi, 21,210 pet,
ergentis) Stress = 0 pof, 5,750 pai. 22,300 psi, 27,500 pad,

=340

. : n = -2,2 o o*
Axial Stress = =19,600 R, a;o pei, =19,380 psi. =B8,200 pai,
: 'L‘ungm!.m Stress = 22,500 pei. . 16,1.59 p“.. 8,97¢ psi. a pais

Fic. 4

Fracrures OpTainep 18 Gray Cast IRoN UNDER Various True Stiess RaTios

[r = true stress ratio = (axial htresq)/(mngentmi stress).]
*Note that these hars were broken apart on removing from grips.

fracture pattern consisted of blowouts of seetions generally 2 to 4
times longer than their width, irregular in outline, and oriented
with the length of the blowout fragment parallel to the length of
the tube. At the stress ratio —4, fractures obtained were either
longitudinal blowouts or an irregular diagonal erack in the tube
which is shown in Fig. 4. All fractures discussed to this point were
characterized by negligible ductility. The fractures at stress
ratios of —9 and —e were preceded by uniform eireumferential
bulging at one end or at both ends of the tube, a short distanece
from the fillet. Failure actually occurred through the formation
on the bulge of fine diagonal eracks, at approximately 45 deg
with the axis of the tube.  Fig. 5 shows the fracture condition on
these bulges clearly.

For pure eompression, the average true stress for seven solid
eylinders was 96,200 psi, as compared to a value of 89,700 psi for
five tube specimens,  The difference in averages was reasonable,
considering the dissimilarity of the specimens.

In general, data within the tension-compression field are much
more reproducible than within the tension-tension field, as may
be noted in Fig. 3.

Discussion

In the studies of the fracture of east-iron tubes under biaxial
stress, Cook and Robertson (1) subjected thick-walled cast-iron
tubes to the combined effeet of internal pressure and compres-
sion. Ros and Eichinger (2) later obtained data for thin-walled
cast-iron tubes subjected to internal pressure plus tension, which
was followed by the work of Sicbel and Maier (3), who also used
thin-walled cylinders of gray cast iron. Research of previous
investigators has been plotted in Fig. 6, based upon a manuseript
of J. K. Dorn (5). These data are for different cast irons of un-
specified compositions.  In general, these results have been inter-
preted to conform to the maximum normal stress theory for frae-
ture, with some reservation by Gensamer (6) and Dorn (5). Fur-
thermore, there are no experimental data given between stress
ratios —1and —e,

The ideal theories most generally applied for fracture of metals
under biaxial stress may be represented graphically as in Fig. 7.

o= =g n=ew

-79,300 pai. ~68,200 pat,
8,970 psi. 0  psi,

Axisl Streest
Tangential Stress:

n = =9 {splid cylinder)

DS e
Axial Stress: =01,000 pai, 9, 500 pei.
Tangential Stress: G pai, O psi,

Frc. 5 Ducrine Fracrures or Gray Casr Inon

[n = true stress ratio = (axial stress)/(tangential stress). |

The theories are expressed quantitatively in the Appendix of this
paper and are discussed at length (5, 7, 8).

Reference to Figs. 3 and 7 reveals the inapplicability of the
hydrostatic tension theory to cast iron. In the tension-tension
quadrant the shear-stress and normal-stress theories eannot be
differentiated. In the tension-compression quadrant, the maxi-
mum-normal-stress theory is clearly distinguishable from the
maximum-shear-stress theory. The effective-stress theory is rep-
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reseuted by an ellipse circumseribed about the figure of the
maximum-shear-stress theory.

The normal-stress theory is not operative in the entire tension-
compression quadrant bucause it does not provide for failure in
compression. The compressive strength of cast iron, which is
2.5 to 4.5 times its tensile strength, precludes the applicability
of the shear-stress theory for fracture unless the theory is modi-
fied. J. E. Dorn (5) and others have postulated that the maxi-
mum-shear-stress theory holds for the stress ratios between pure
compression and the region where the normal-stress theory pre-
vails, as illustrated in Fig. 6.

The results obtained from this investigation, as shown in Fig. 3,
indicate that the fracture of thin-walled cast-iron tubes under
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biaxial stress cannot be accounted for completely by the conven-
tional fracture theories. A modified maximum-shear-stress
theory for fracture, with a limiting condition represented by a
line drawn from the stress value at pure compression at an angle
of 45 deg with the axial stress ordinate, would not be in accord
with the data obtained. The lack of agreement with a modified
maximum-shear-stress theory for fracture may not be attributed
to experimental error and therefore would point to the fact that
the fracture of cast iron under biaxial stress departs from conven-
tional fracture theories. Cast iron could be considered as a
material composed of a matrix of carbon steel with interspersed
graphite. It is possible that under comparatively low tensile
stresses the graphite flakes would give rise to sharp notches which
grow to cause brittle failure. Under high compressive stresses
cast iron sustains loads approximately equal to those of a carbon
steel. Cast iron is set apart from materials which have generally
been studied under biaxial stress beeause of factors such as due-
tility, work hardening, ratio of compressive to tensile strength,
and the like.

There is sufficient ductility present, particularly at the stress
ratios of —4, -9, and — =, to permit measurable deformation.
The deformation present, which results in less than 2 per cent
change in cross-section area, has little effect on the caleulation of
stresses. It is recognized that for the ratio of —9 and — = the
circumferential bulges result in tension stresses at the outer fibers
and give rise to tension failure. For a representative bar at —e
stress ratio, the bulge diameter was 0.583 in., with a radius of
curvature at the bulge of 0.61 in., and the diameter at the center
of the gage length of 0.569 in. at failure.

The local cireumferential bulging of the tube specimen was
not gradual in nature but appeared at stresses very close to frae-
ture, and, for the stress ratio of —e, oceurred at a stress which
was within 2 per cent of the value obtained at fracture. Strain
history of bars at representative stress ratios was obfained by
measuring the diameter change of the specimen at various stages
during loading. These were interrupted tests, but the data ob-
tained therefrom were consistent with those from continuous
tests.

At the present time, some investigators (9) interested in the
fracture of metals are beginning to approach the problem from a
micromechanical viewpoint. It is believed that this trend of
thought ultimately will yicld theory more in accord with the data,
Development of such theory will take time and neécessitate
further investigations.

There is a need of data and theory, by the design engineer, for
brittle materials under combined stresses. This is particularly
evident when one considers the application of cast iron as pressure
castings, cylinders, valves, fittings, and pipe. Such applications
subject east iron to combined stresses and may result in failures
unaccounted for by published design data. Thus the fracture
of east irons for various stress ratios, particularly for those ratios
not previously obtained, should be of great interest to the design
engineer.

CONCLUSIONS

1 Fracture data are given for gray-cast-iron thin-wall tubes
under tension-tension and tension-compression stresses, includ-
ing stress ratios not previously reported.

2 The type of fracture and ductility at various ratios of axial
to tangential stress is reported.

3 The fracture data may be explained in part by the maxi-
mum-normal-stress theory, but cannot be entirely accounted for
by present. theories of fracture. .

4 'The need for further investigations of similar material is
evident if a comprehensive fracture law is to be established and
necessary design information provided.
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Appendix

Stresses, stress ratios, and loading schedules for the tube tests
may be calculated by use of the following formulas:

Let

load, 1b

p = pressure, psi

= normal stress in axial direction

normal stress in tangential direction (eircumferential or
hoop stress)

= inner diameter (initially 0.500 in,)

outer diameter (initially 0.560 in.)

tube-wall thickness (initially 0.030 in.)

_ 9+ =/4(d?)
(d* —dYm/4

Oa

where n is referred to as “the stress ratio’
then
_ e Q + «/4dip)
T Top T (d* —d&a/a

For conditions of negligible ductility, d;,"d,, and h are known,
and the relationship between (J, p, and n is obtained

Q =078 p (0.63n —0.25)..............[5]

The last relationship permits the preparation of a schedule of
axial loads and internal pressures for any predetermined stress
ratio.

Fracture stress theories:  Let

o1 = algebraically greatest prineipal stress
oz = intermediate principal stress
o3 = algebraieally least principal stress

Then the fracture stress theories discussed may be stated as
follows:
Maximum normal stress, oy = o
. o — 0y
Maximum shear stress, r = "

Effective stress (quadratie invariant), o =
‘!](O't— a2)? + (g2 — a3)? + (02 — @)?
2

U;+Uz‘+ijux

Hydrostatic tension (linear invariant), ¢ =

These theories are generally called “fracture laws ™



A Strain-Energy Expression for Thin
Elastic Shells

By H. L. LANGHAAR,! URBANA, ILL.

A derivation is given for the strain energy of an isotropic
elastic shell whose radii of curvature are sufficiently large
that strains may be assumed to vary linearly throughout
the thickness. The work of Love (1)? has been the only
previous general investigation which expresses the strain
energy in terms of the displacements of the middle sur-
face., The effects of the tangential displacements upon
the energy due to bending are found to differ appreciably
from Love’s results in the first-order terms. As in the
classical large-deflection theory of flat plates, quadratic
terms in the derivatives of the normal deflection are re-
tained in the strain tensor, but quadratic terms which in-
volve the tangential displacements are neglected. Special
forms of the general energy expression derived in this
paper are given for shells in the shapes of flat plates, cir-
cular cylinders, elliptical cylinders, ellipsoids of revolu-
tion, and spheres. These applications, as well as certain
intuitive observations, provide checks on the theory.

INTRODUCTION
F I YHE undeformed middle surface of a shell is defined para-

metrically, with respect to a given system of rectangular
Cartesian co-ordinates X, Y, Z, by equations of the type

X=X, Y=Y@Euv,Z2=2E19........ (1]

The variables z, y are surface co-ordinates, since any pair of
values of z and y define a point on the middle surface. The loci
y = const, and z = const are curves on the undeformed middle
surface, respectively, called the z-co-ordinate lines and the y-co-
ordinate lines. The surface co-ordinates z, y, are selected in such
a way that the co-ordinate lines coincide with the lines of prin-
cipal eurvature on the undeformed middle surface. The distance
ds between two points on the undeformed middle surface, which
have co-ordinates z, i, and (z + dz, ¥ + dy), is then given by a
differential quadratic form of the type

dst = Edz® + Gdy®............... L ..02)

Here, E and G are each functions of z and y.

The positive sense on a co-ordinate line is defined to be the
sense in which its co-ordinate increases. Through any point
P, on the undeformed middle surface, there pass three mutually
perpendicular fixed straight axes, such that one axis is normal to
the surface, and the other two axes are, respectively, tangent
to the x and y co-ordinate lines. The tangential axes are given

I University of Illinois. Mem. ASMI.

2 Numbers in parentheses refer to the Bibliography at the end of
the paper.
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the same senses as the corresponding co-ordinate lines, and a posi-
tive scnse is arbitrarily assigned to the normal axis, The dis-
placement vector of the point P is defined by its reetangular com-
ponents (u, v, w), upon these axes. Then u and » are, respec-
tively, the displacements in the directions of the z and y-co-
ordinate lines, and w is the normal displacement.

For the application of the principle of virtual work or the prin-
ciple of least action to problems of elastic shells, it is desirable
that the strain energy be expressed as a function of the dis-
placement vector of the middle surface, since there is no simple
way to express the virtual work of the external forees, if a displace-
ment vector is not explicitly employed. Also, the use of the dis-
placement veetor obviates the need for compatibility eonditions,
A gencral formula for the strain energy of an elastic shell, in
terms of the displacement vector of the middle surface, was de-
rived by Love (1). Love’s theory shows that the strain energy-
of a shell is a power series function of the thickness, in which
only odd exponents occur. The linear term represents the energy
due to stretching of the middle surface, and the third-power
term represents energy due to bending. Higher-power terms
are ordinarily negligible. Love has remarked?® that his formula
for the third-power term is not entirely satisfactory.

Some intuitive considerations will disclose certain properties
which should be anticipated in an expression for the energy of
bending of an elastic shell. It is evident that displacements out
of the original middle surface, due to the tangential displacements
u and », are infinitesimals of higher order than u and ». Conse-
quently, except for second-order effects, a displacement vector,
for which w is zero, defines a deformation of the middle surface
into itself. Bending of the shell, under this condition, can be
attributed to two first-order effects. Any small element of the
middle surface, with center at a point P, has its center displaced
to a neighboring point @ on the original middle surface, and sinece
the principal curvatures of the middle surface are slightly dif-
ferent at P than at @, the element experiences changes of curva-
ture, i.e., the element is bent. Obviously, the bending depends,
in a finite manner, upon the tangential displacemients » and
v. It is less apparent that the bending also depends upon
derivatives of u and ». This is most easily seen if we consider a
particular point P on the middle surface, which remains fixed
when the middle surface is deformed into itself. A small element
of the middle surface, with center at P, then experiences bending,
only as a result of rotations of normal sections of the element
about the normal line through P. TFor example, a surface
clement of a cylinder is bent, if the element is rotated about
its normal line and is simultaneously deformed, so that it
remains in the original cylindrieal surface. Rotations of
normal sections of the middle surface about their normal
line are determined solely by the derivatives u, and »,, and
therefore these derivatives, but not the derivatives w, and
v,, should oceur in the expression for the energy due to bending,
This reasoning leads to the further conclusion that the deriva-
tives u, and v, should vanish from the bending term if P is a
spherical point (i.e., a point where the two principal curvatures
have the same sign and magnitude), since, at a spherical point,

3 Reference (1), art. 329.
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rotations within the middle surface cause no changes of eurva-
ture.,

The foregoing discussion shows that Love’s theory (1) does not
correctly express the effects of the tangential displacements upon
the energy due to bending. Love’s tormula for the energy of
bending, per unit of area of the middle surface! is

Wy =1/2D [(x1 + x2)* — 2(1 — #}{kica — 79)]..... [A]
in which D is the flexural rigidity of the shell, » is Poisson’s ratio,

and «;, &, and 7 are quantities defined by the following equa-
tions:®
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Here 7; and 7, are the radii of eurvature of normal sections of the
undeformed middle surface in the dircetions of the z and y co-
ordinate lines.  The quantitics £ and G have been defined by
LEquation [2].

It is seen that Fquation [B] contains the derivatives u, and Uy,
and that these terms consequently enter into the expression,
Iiquation [A], for the energy due to bending. This is seem-
ingly erroncous, since it has been shown, by intuitive reasoning,
that the derivatives u, and », do not contribute to the energy of
bending. Furthermore, Iiquation [B] contains the derivative
2, but not the derivative w,. Clearly, the derivatives w, and o,
have similar effeets, and an energy formula which contains the
one derivative, but not the other, is of doubtful accuracy. Vari-
ous special cases also discredit Equations [A] and [B]. TFor
example, the deformation of a spherieal surface into itself cannot
entail bending, and thercfore W, should vanish if Equations
[A] and [B] are applied to a spherical shell, and w is set cqual to
zero.  However, this is not the case.

Aside from Love's work, there have been numerous investiga-
tions of the general theory of shells. 15, Trefftz (2) and E. Reiss-
ner (3) have presented new derivations of the gencral differential
cquations of shells. 'W. Chien (4) has made an elaborate and criti-
cal study of the subjeet, which may serve as a gage for appraising
speeial theorics.  However, recent investigators, unlike earlier
writers, have not applied the variational principles of Bernoulli
and Hamilton to the general shell problem. The work of Mar-
guerre (B) is an exception to this statement, but his theory is
restricted to the case of shells that are almost flat, so that the
energy due to bending is approximated, with sufficient accuracy,
by the flat-plate formula.

This paper provides an analytical derivation of the strain energy
of a thin isotropic elastic shell, in a form suitable for the applica-
tion of the principle of virtual work and the principle of least
action. The theory which is developed is approximate; in fact,
the essence of shell theory is a set of approximations which re-

+ Reference (1), Equation [38].
¥ Ibid., art. 326, Equation [26G].

JOURNAL OF APPLIED MECHANICS

JUNE, 1949

duces a three-dimensional problem to a two-dimensional problem.
The degree of approximation in the theory is of the order that is
usual in the theories of beams and plates; acceuracy greater than
this seemingly leads to severe eomplications.

Resvrrs or Tne Turonry

Since a detailed study of the theory is not essential for an
understanding of the results, the mathematical developments
are deferred to the Appendix. Tor the presentation of the results
of the theory, some further geometrieal considerations are re-
quired. .

The direction of the normal to the undeformed middle sur-
face is defined by a unit normal veetor which is dirceted toward
the side of the surface for which the normal deflection w is de-
fined to be positive. The ecomponenis of this vector upon the
X, Y, Z-axes are respectively denoted by «, 8, v, These com-
ponents are functions of the parameters  and y which have been
defined by Equation [1].  The unit veetor (e, 8, v) may be de-
termined readily by the fact that it has the same direction

(though not necessarily the same sense or magnitude) as the
vector whose components on the X, ¥, Z-axes are
Y2, — %%, Z.X;,— X0, XV,— ¥, [3]

Here, and elsewhere in this paper, the subscripts  and y denote
partial derivatives.

The Gaussian theory of surfaces rests upon the following funda-
mental differential expressions

= _5(22 + }"z - Z;'z
_ }("2 + sz + Zy"’
L mXx‘ + B}'Tz + Tzfz
= O‘Xw + BYy, + vy,
= a4+ 8,2+ v.°
= a4+ B+ 72 J

The general theory of surfaces supplements lquation [4] by three
other differential expressions (usually denoted by F, f, and F),
but these are zero, due to the fact that the lines of prineipal
curvature have been selected as co-ordinate lines.

Equation [4] defines the quantities £ and G, which determine
the distance between two neighboring points of the undeformed
middle surface (sce Iiquation [2]). The angle d8 between sur-
face normals creeted at the points z, y, and (x + dz, y + dy) is
given by the equation

do? = 8dz? 4+ Gdy?. .. .oiiin e8]

‘|
|
e
|
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Iiquations [2] and [5] show the physical significance of the quan-
tities K, G, &, and G. In the present ease, the quantitics e and g
may be interpreted by the faet that the curvatures of normal sec-
tions of the undeformed middle surface, in the directions of the
r and y co-ordinate lines, are respectively

n==e/B 1fro=g/G..ccovvvvoven.... [6]

The normal distance from the undeformed middle surface,
measured positively in the direetion of the vector (e, B, v), and
negatively in the other direcetion, is denoted by 2. Any point in
the undeformed shell may be located by its distance z from the
middle surface, and by the co-ordinates z, y, of the foot of the
normal dropped from the point to the middle surface. Conse-
quently, the variables (z, y, 2) constitute a system of curvilincar
space co-ordinates. These co-ordinates are employed exclusively
in the subsequent development. It may be shown that the co-
ordinates (z, 7, 2) arc orthogonal, i.c., the three co-ordinate lines
through any point in space are mutually perpendicular. This is
a consequence of the fact that the co-ordinate lines on the unde-
formed middle surface are lines of prineipal curvature.
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Seven functions A;, By, Ci, As, Bs, Ca, Co’ oceupy a central
position in the theory. These functions are defined as follows
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The following additional notations are empioyed:
u = shear modulus of material
» = Poisson’s ratio
h = thickness of shell (not necessarily a constant)

With the preceding notations, the strain energy due to stretch-
ing of the middle surface of the shell is

{__ ER ER

"EG

1 o ’
us 2(1~v)EG}h VEGdzdy....... 19]

The strain energy due to bending of the shell is
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Equation [9] agrees completely with Love’s expression for the
strain energy due to stretching of the middle surface, with the
exception that quadratic terms of Equation [7] were not re-
tained in Love's theory. However, Equation [10] is different
from Love’s expression for the energy due to bending,

The quadratic terms in Equations [7] and [8] are significant
for some problems of flat plates. Flat plates are somewhat ex-
ceptional in thejr behavior, since membrane straing of the middle
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plane are quadratic functions of the normal deflections. On the
other hand, it is intuitively obvious that the membrane strains
due to the normal deflections of the middle surface of a nonde-
velopable curved shell are ordinarily first-order quantities.
Consequently, the quadratic terms in Equations [7] and [8]
are less important for curved shells than for flat plates, and it is
frequently advisable to drop these terms.

Also, in the interest of simplicity, it is usually advisable to dis-
card the terms (& — 2¢?/E) w and (§ — 2¢2/G) w in Equation
[8]. These terms are of the order of the square of the curvature.
Their significance will be shown in the discussion of cylindrical
shells.

It is seen that the derivatives u, and v, do not enter into the

‘expression Equation [10] for the energy due to bending. In the

introduction it was indicated that this is a necessary condition
for a correct energy formula. Also, in accord with introductory
remarks, the derivatives u, and v, vanish from the bending term
at any spherical point, since, by Equation [6], the factor (e/F —
¢/@) is zero at a spherical point.

The strains at any point in a shell consist primarily of the
extensions, per unit length, in the z, y, and #z-directions, and the
reduction of the angle between line elements initially in the
and y-directions. These quantities are represented, in the con-
ventional manner, by e, ¢, ¢, and v,,. In terms of the functions
defined by Tquations [7] and [8], these strains are given by

e, = B~ (A, + As2)
¢, = G~(Bi + Bx)
o e te) J [11]
: 1—vw»
Yey = 2EGC) ~* N/ (Ci + C22)(C, + Cv' 2)

The expressions for e, ¢, and +., in Equation [11] are purely
geometrical, and therefore they are valid even if inelastic action
oceurs.

Frar Prates

A flat plate is a special type of shell which is characterized
by the conditions

g=-g=8=9=0

The quantities ¥ and G depend upon the type of co-ordinate
system that is established on the middle plane. No restriction
is placed upon the ce-ordinates other than that they be orthogo-
nal. If rectangular Cartesian co-ordinates are used, ¥ = G = 1.
Then Equations [7], [8], [9], and [10] yield the classical equa-
tions for the strain energy of a flat plate with large deflections
(6a).

In the case of large axially symmetrical deflections of a circular
plate, polar co-ordinates (r, #) are convenient, 1.0, z = randy =
8. Then E =1land G = 2. Due to symmetry of the deflection
pattern

u=ulr), »=0 w=wlr

Hence Equations [7], [8], [9], and [10] yield

2

U =1 f [(ur + e w2 + utfr? + 2o(u/r) (u,
g

+ I/Ewr")] hrdr........ [12]

Uy = T f]:rw,,’ + rtw2 -[-_2wi,w,,.:| h3dr..[13]
6(1 — »)

The Euler dilzférential equations for the integral U; + U, are
the same as the classical differential equations for large deflec-
tions of a circular plate that is loaded by a constant bending-
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moment distribution and a constant radial tension on its pe-
riphery (6b).
CireuLAr CYLINDRICAL SHELLS
For this problem, eylindrical co-ordinates (z, 8) are employed,
ie. )
X=2 Y=acos8 Z =asing

Then, by Equation [4]
=1,@=ae,e=0,g=—0¢8=00G =

in which a is the radius of the middle surface of the shell. Con-
sequently, when third and fourth-power ferms are neglected,
Equations [7], [8], [9], and [10] yield

Uy

I:u 2 a v + u')’ + 2va~t u (vg + w)

+ Ya(1 — v} (v, + a~"ug)? jlhd.r: B0z 7 v (14]

U, = ... w4+ a (we + w)* 4+ 2ra~2w,, (1wes
12(1 — »)

+w)+ 2(1 — v) a 2wz — v,)(1wz0 + a tug) :Ih“ dr dg. .[15]

Equations [14] and [15] are general energy expressions for a thin
cireular eylindrical shell with small deflections. If w and v are
set equal to zero, and w is considered to be a function of 8 alone,
Equation [15] reduces to

2ﬂ'
y uli . :
fy o e ———— ) /1!
U, 1201 *v)a:‘,/o‘ (wee + w)2h® d [16]

in which L is the length of the eylinder. This is equivalent to
the known formula for the energy of bending of a thin ring. In
contrast to straight-beam theory, in which the curvature is the
second derivative of the deflection with respect to the axial co-
ordinate, the change of curvature of a eircular ring (7) due to ra-
dial defleetions is a~2(wgp + w). However, if the radius of the
ring is very large compared to the deflection w, the term w in
this expression may be discarded, with small error, and the re-
sulting formula is equivalent to that for a straight beam. An
approximation of this type results when the terms (& — 2¢*/E) w
and (§ — 2¢*/G) w are discarded from Equation [8], for then
the finite w term disappears from Equation [15].

In the case of axially symmetrical deformation of a circular
cylindrieal shell, 4 = w(z), v = 0, and w = w(z). If these sim-
plifications are lnt.roduced into Equatlons [14] and [15], and if
the finite w term is neglected in Equation [15], the following
differential equation for w may be derived by the principle of
virtual work

Wenzy + 12072 21 — 12) w = 6(1 — )~ th=2P....[17]

Here P denotes the external radial load per unit area of the middle
surface. Kquation [17] is a known equation (6¢) for symmetrie-
ally loaded circular cylindrical shells. It is noteworthy that the
present derivation of this equation neglects the terms (& — 2 2/
E) wand (G — 2¢2/G) w of Equation [8]. If this approximation
had not been made, the coefficient of w in Equation [17] would
have been increased by the term a~4 and the left side of the
equation would have been augmented by the term 2ra=%w,,.

EvLirric CYLINDRICAL SHELLS *

In 1.hc‘ case of a shell whose middle surface is an elliptical
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eylinder with major radius a and minor radius b, parameters
(z, 8) may be chosen in such a way that

X=2 Y =uacos0, Z=~bsint

Here, 8 is written instead of y. It foHows from these equations

and Equation [4]

E=1 G =asin*0 + b2 cos® @
a=0 B=bG Yicos8 v =aG Ysing
e =0, g=~abG“W

Then, if quadratic terms, and the terms (& — 2¢*/F) w and

(G — 2¢?/@) w are neglected in Equations [7] and (8], there
results
A; = U,
abw
Bi= VGu+ L2
V@
€ = Va(us + VG0
As = —p,, 18]
3ab(at— b2 2 — b2) wy
B: = %ﬁ) sin 26 + ('1276)“5{:1 26— wee
Cr=abuv,/G— w:yp
—a b ug
Cy' = - —— Wz
GG

The general strain-cnergy expression for a thin elliptic eylindrical
shell with small deformations is obtained by substituting Equa-
tions [18] in Eqfations [9] and [10].

Ifu=0,w = 0,» = v(z), and if the thickness A is constant,
Liquations [9] and [18] yield

Ui = Ywh S S NG v, dz do

Since the circumference ¢ of the eylinder is given by the equation

= SVGa
it follows Uy = Youh e f v, dz

This is the elementary expression for the energy of torsion of a
eylindrieal shell.

In this case there is also some encrgy of bending, since Equa-
tions [10] and [18] yield

uhs -
s s oo G- RB,? E G dx de
s 12(1—»)_[_[ 2 VEGdz«

The existence of energy of bending is explained by the faet that
an element of an elliptic cylindrical shell experiences changes of
curvature when it is displaced circumferentially. 1t may be
verified by Equations [6] and [18] that, if P and ) arc two points
on a cross section of the undeformed middle surface, which are
separated by a distance », then the difference of maximum normal
curvatures at P and at @ is Bs/G. Since ‘\/Iff (7 dx df represents
an element of area of the middle surface, the preceding equation
for Us is consequently correlated with the clementary formula
for the energy of bending of a beam.

SHELL IN ForMm orF an ELLirsoin oF REvoLuTION

If the middle surface of a shell is an ellipsoid of revolution,
with axial length 2¢ and equatorial diameter 2b, it is possible to
choose parametersz = §and y = ¢, such that

X =bsinfcosep, V¥ = bsinfsing, Z = acos 8
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Then, by Equation {4]
I =a?sin?f + b2cos? 8, G = b2sin? @

b K~
cos @

- . W - ’
a = a ™" sin 6 cos ¢, B8 =all""sinfsing v =

e=—abl Y, g=—ablk Y sin2e

Then, neglecting quadratie terms, and the terms (& — 2 e2/K) w
and (G — 2 ¢%/G) w, in iquations [7] and [8]

A = ‘\/E‘uu +abli="rw

B = b["'es +hE~rucos o +a E~Y*wsin 0] sin 8 -[19]

Cy = YolVE ug + bvg sin 0—b v cos 0]
Ay = Vo li-V (a? —b%) [ug —3abE "ulsin28 - wes
By = — /o E-10% [og + Vo(a/b)(a® — BHE- (1

— cos 26) ul sin 20 — wee
[20]

Co=ak=" (1 —abE-") (vgsin — v cos 0)

+ wy cot 6 — weg

Cy'= — {a/b)

(I —ab E-Yuy + wy cot 8 — wpy

Substitution of Equations [19] and [20] in Equations [9] and
[10] yields the expressions for the encrgy of stretching and the
cnergy of bending of a thin axially symmetrieal ellipsoidal shell
with small deflections.

Spherical shells are included in the class of shells whose middle
surfaces are ellipsoids of revolution. Tor a spherical shell, a = b;
and consequently, ¥/ = a% FEquations [19] and [20] then re-

duce to
A = a (ug + w) )
By = altg + uwecos 8§ + wsin 0] sing } ... .. [21)
Oy = Yy alug + rgsin 8 — v cos 0]
Az = — wep ]
By=—wpsin 0cos 0 —wyg + ... ... .. [22]
Oy = €y = wy cot 0 — wpy

Since u and » do not oceur in Equation [22], the energy due to
bending depends only upon the radial deflection w. This is in
agreement with the intuitive observation that small tangential
displacements cannot contribute to the bending of a spherical
shell.

.
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Appendix

Durrvarion or Equarions (8)
Derivations of the general Equations [7], [8], (91, [10], and

[11] are given in Lhis Appendix.
DISPLACEMENT VECTOR

As a consequence of the orthogonality of the co-ordinates
(z, y, 2), the metrie tensor for these co-ordinates takes the fol-
lowing form

gu0 0 1/gn 0 0
gii ={0 g20), g7 =10 1/ge20 Joeenn.. [23]
001 (1] 0 1

It may be readily shown, by the methods of differential geometry,
that the components of the tensor g;; are expressed in terms of
E, G, e, g, & G by the equations
gu =F—2ez+4 &2
- G B ) Gk T e

Power-scries expansions for the reeiproeals of g, and g2 vield

g = E-' 4+ 26E-22+....
g =G4+ 296G %z +.

[24]

where here, and in the following, power series are cut off after the
linear terms.

With Equations [24] and [25], the following expressions for
the Christoffel symbols are derived directly

1 _E'=+LE= 2 ]
Ton Er K i

o
(=

1 _ 1 Ky ek, Pu) )
{12}"{21}“2;’+(E= gyt

2 2] G (96, 5)
{21}_{12}*2,‘*"(02_6 T

_G . (26 _ 9

{22}_20"'(02 o

. gl &
{11}* 26 (G“ ! o

.[26]

1}_ q, (eG, &) +

29f = 2k m E)F

ANELT I,

gl = a1 ET\ET E)?

20 _J2_ g g 24
{2 3} = {32} G+(G__ Gz)er

3
{I 1} =e—8&z
{ } 9—Gz
All other Christoffel symbols of the second kind are zero.

The covariant displacement vector is denoted by w;, The
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components of this vector are functions of (z, v, z). The signi-
ficance of the vector u; is that the scalar component of displace-
ment in the direction of any unit vector & is u; .

The general strain tensor is

& = Yol + i + 0™ Ui Ynfd o o ovevne [27]

Iere, commas signify covariant derivatives. Equation [27] is
taken from the general theory of elasticity. This equation has
been derived, for the ease of rectangular Cartesian co-ordinates,
by Love (la). Since Iquation [27] is a tensor equation which
reduces to the proper form for rectangular Cartesian co-ordinates,
it is valid for arbitrary co-ordinates. When the quadratic terms
are retained in Equation [27], the magnitudes of the displace-
ments and the rotations are unrestriected, provided that the
strains are small. The significance of the strain tensor is that
the extension, per unit length, of a line element with the initial
direction of any unit veetor £ is ¢; £ . Also, it may be shown
that the angular decrement (shearing strain) between two line
elements with initial directions of two perpendicular unit vec-
tors £ and 7' is 2 ¢; £ 7/,

It is assumed, as in the theories of beams and plates, that the
shearing stress upon any plane element parallel to the middle
surface of the shell is negligible.  Since the shearing stress is
proportional to the shearing strain, this condition is expressed by
the equations

lquations (27] and [28] yield

wa (14 ¢ w,) + e (1 4 uss) + 9% ey uey = 0 } . 29]
Uss (1 4 g% uap) + g2 (1 + wsa) + ¢ 2 = 0

I

The quadratic terms in Iquation [29] are of the type which are
neglected in plate theory, and it is assumed that they are neg-
ligible in the present case.  Then Iquation [29] become

Uz + uzy =0 } _________________ [30]
w3 + uz2 =0

Equations [26] and [30] yield

2 e & 2¢
ou, /0z + Ouz/ox + 2wy [E‘ - (E‘ — P-) z:‘ =0

..[31]
2 2
Qus/0z + Ous /Ay + 2us [(% - (g - F‘i) z] =0
Equation [31] may be solved by power series in 2. To this
end, it is convenient to set

w|?=0 = u\/ E )

wlF=0 = v\/G J\ ______________ [32]

"= = w

Then, in view of the physical significance of the veetor y, the
variables (u, v, w) are the rectangular components of the dis-
placement of a point of the middle surface upon the orthogonal
triad of straight axes which are respectively tangent to the
z, ¥, and z co-ordinate lines at the given point. In view of
Tiquations [32], the vector u, is represented by the following power

series
u;=u\/_{‘l+pz+....]
us v\/G+qz+.... j ........... {33)
U =w+rz4+....

Substitution of Equations [33] in Equations [31] gives directly

It

w = u‘\/EJ— (2el—"2u +w)z + ... }
VG — (2060 +w)z+ .. .-

I

U2
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Covariant differentiation now yields, with the aid of Equations
[26]

- E 2
U1 = ‘\//E U, + ﬂv —cw—{ o

VE
Fow,

ell,\ u e
e — T ——— 8 —_
* (e’ E)\/ﬁ;+\/(; YT on

- G e
U,y = ‘\/E u, s 'i" —_— { PH?;

246G

+(e__?&) u__ g I,

" EJNE e 2

G w, ]
-—'2(;'-!-'"!“,/(2-"....

..[35

=
I

g 8 V(‘I‘ By, =

B { 20
I,

2 VE VG
pfg Gy 2GR Eps
9.0 )No VE 2K

s £ +w,,,}z+...

: G 2
Uy = \/G v,, + éz—uF — gw — j gv?.

3 N G\ v a /A G,

")V T Ve T e
G w

ot 14

StrrAIN TENSOR

It is assumed that quadratic terms involving the derivatives
of the tangential displacements w and v may be discarded from
the strain tensor. This approximation has been previously
used to obtain Equations [30]. Accordingly, Kquation [27] is
approximated by

1
en = iy, + 2 w,?

e .. [36]

€ = Uz + 5 w,?
= e =1 (s + ) + 3
€2 = €31 = 2 U2 g,y 5 WL,

These components will be represented by the following power
series
E||=.A|+PZ+.... 1
e =8B +0Qz24+....
az=en=Ci+Rz+....

When Equations [35] are substituted in Equations [36], and the
result is compared with Xquation [37], it is seen that A,, By, and
C, are given by Equations [7], and that the coefficients P, @, and
R are given by

2eu ekl u e, Ew
P=—="24 ‘z-—e —_—-—'-'-=+Gw+—f—;5
VE (E “IVE G 26
Ew,

- 26 — Wpg
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2gv il 9@, Gaw,
e R e, S —y G g i
Ve VE ((‘ ”) Ve T
@
g
cu Gv ek u gGLv !;' w
R=——L 124 _ 4 z L
Vi Ve wmAE 264G 2
G,
26 "
.......... [38]

Equations [25] and [37] yicld the following mixed form for the
strain tensor

E-A + B 2el'A) + Pz 4+ .. ..

€y =
e =GB + G U2G B, + Qz + .... (39]
e = B0 4+ K- Y20, + Rz +.... ’
=G + G260 C + Rz 4+ .. ..
These equations are of the form
o' = E-Y A, + Az +....) )
e =GB+ Bz +....) |
ot = BUC, 4O 4. onn) e 0]
62 =G~ (C1+sz+. ),I

When Equations [38] and [7] are substituted in Iquations [39]
and the results are compared with Equations [40], it is scen that
As, Bs, Cu, and €' are given by Equations [8].

Equations [7], [8], and [40] determine completely the mixed
form of the strain tensor. The extensions, per unit length,
(physical strains), in the z and y-directions are

= a6 = et [41]
This is seen from the fact that the extension, per unit length, in
any direction £ is ¢;£#&. If the direction & is tangent to the
z co-ordinate line

= 1/Vgn= Vg2 =5=0
Then
&= gll=«q!

A similar derivation applies for e?.

It is assumed, as in the theories of plates and beams, that the
normal stress on any surface, z = const, may be neglected. It
then follows from the stress-strain relations of classical elasticity

vie, + ¢,)
1—vp

By e

in which ¢, is the extension, per unit length, in the z-direction,
and » is Poisson’s ratio. Consequently, by Equations [41]
s e + &?)
B3 B o e i R e T
1 —w»
The angular decrement between the = and y-directions (physi-
cal shearing strain) is
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For, if £ and %/ are unit vectors, respectively, in the z and y-
directions

= 28! = = = 2 Vgig# e
\/!?11922

=2 ‘v/ng ‘\/Quﬂz =9 ,\/“1_61;

It follows from liquations [40] and [43]

Yoy = 2 (BG) =Y A/ (Cy + C2)(Cy + C4'2)
This relation has been given in Equation [11].
StrAIN ENERGY

The classical theory of elasticity provides the following invari-
ant formula (1b) for the strain energy per unit volume of the
material

= ulee + 7

Here u represents the shear modulus, and » is Poisson's ratio.
By Equation [28] &! = &2 = 0. Hence with the aid of
Equation [42], Equation [44] reduces to

V = ] == [el’el‘ + e e? 4 2vgle? + 2(1 — v)ele ] [45]

Substitution of Equations [40] in Equation [45] yields

A: | B A.B 0
= [l+—l+2u 21— ) ‘,:I

Y
E? EG EG
rs Az B AgB: 0-102' n
) V[E=+G2 g T2 EG]z
+ a linear terminz........ [46]

The linear term in z is irrelevant, since it cancels out of the sub-
sequent equations. The quadratie term in z is important, for it
accounts for the energy of bending. This term is approximate,
since it is derived only from the products of the linear z-terms in
the strain tensor. Quadratic z-terms in the strain tensor, which
have been neglected for the sake of simplicity, would also give
a small contribution to the quadratic z-term in Equation [46].
However, the nonlinearity of the strain distribution throughout
the thickness of the shell will have a negligible effect upon the
strain energy, if the radii of curvature are large compared to the
thickness. o

The element of area of the middle surface of the shell is ‘\/EG'
dx dy. Hence the total strain energy of the shell is approxi-

mately
- h/2 )
=ff\/EGd:cdyf Vde....... [47]
—h/2

in which A is the thickness of the shell. If Equation [46] is sub-
stituted in Equation [47], integration with respect to z may be
carried out, and the linear term in z disappears. In view of the
form of Equation [46], the strain energy splits into a sum of two
terms, U; and Us, in which U, contains k to the first power, and
U contains h to the third power. When integration with respect
to z is performed, Equations [9] and [10] are obtained,



The Use of the Centrifugal Pendulum
Absorber for the Reduction
of Linear Vibration

By F. E. REED,! CAMBRIDGE, MASS.

A machine, consisting of rotating tuned pendulums free
to oscillate in planes containing the axis of rotation, is
proposed as a dynamic absorber for linear vibrations. The
influences of size, exactness of tuning, and damping are in-
vestigated and curves for evaluating the effectiveness of
the machine are shown.

. InTrRODUCTION

HE use of centrifugal pendulum vibration absorbers for
the elimination of torsional vibrations in internal-combus-
tion engines has been very suceessful.?  Not only have they
been useful in the reduction of torsional vibration stresses in
engines of the conventional type but their use has permitted the
design of gear systems which could not be expeeted to be reliable
were the torsional vibrations not reduced. These benefits have
been obtained with a relatively simple attachment which does
not add appreciably to the cost and weight of the power plant.
Since the torsional pendulum absorbers have proved so success-
ful, the question naturally arises as to whether the same prin-
ciple could not be applied to the reduction of linear vibrations.
Since most objectionable linear vibrations are set up by some
machine, it might be possible to drive some type of pendulum
absorber by the machine which would by the action neutralize
the forces which the machine generates.
It is the purpose of this study to investigate the characteristics
and the effectiveness of such an absorber.,

DovenLoPMENT oF CHARACTERISTICS OF LINEAR PENDULUM
ABSORBER

The device proposed is expected to absorb vibrations acting in
the direction of the axis of rotation. It is mounted on some
structure which is subjected to a harmonic foree generated by a
machine which will allow the absorber to be rotated at a speed
which bears an exact predetermined ratio to the frequency of
the force. This study will show that the absorber will behave as
a large mass which, if rigidly attached to the point of action of
the force, will by its movement absorb a large portion of the ex-
citing force; or, if located at a point remote from the exciting
force, will tend to reduce the vibratory motion at the point of
attachment to zero.

! Assistant Professor of Mechanieal Engineering, Massachusetts
Institute of Technology. Mem. ASME.
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The absorber consists of two or more pendulums, each free to
oscillate in a plane containing the axis of rotation. The pendu-
lums are identical and are so disposed about the axis that the cen-
trifugal forces will cancel. The shaft with its attached pendulums
rotates at some multiple n of the frequency of the vibrating force.

In order to analyze the behavior of the absorber it is necessary
to define quantities which characterize the elements of the sys-
tem. A diagram of this is shown in Fig. 1.

F1G. 1 ELEMENTS OF THE ABSORBER SYSTEM

Let each pendulum be characterized by the following:

m = mass of pendulum

r = distance of center of gravity of pendulum from pivot axis

I, = moment of inertia about axis 1 parallel to pivot axis through
center of gravity '

I = moment of inertia about axis 2 which passes through
center of gravity and pivot axis and is perpendicular to
pivot axis

Is = moment of inertia about axis 3 which is perpendicular to
axes 1 and 2

R = distance of pivot axis of pendulum from axis of rotation

Choose a cylindrical co-ordinate system, letting z be the motion
of the center of gravity of the pendulum in the direction of the
axis of rotation, taking the positive direction downward, and the
base £ = 0 corresponding to the position of the pivot axis when
the time ¢ = 0. Let 8 be the angular motion of the pendulum
measured from the plane of rotation of the pivot axis, with the
positive direction giving a displacement of the center of gravity

190
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opposite to z. Equation z; = z, sin wt represents the motion of
the plane of the pivot axes.

Fig. 2 illustrates the eo-ordinate systems. The co-ordinates
of the center of gravity of the pendulum are as follows

a5 mm gy B B o en e [1] -
p=R+rcosf........ [2]
@ =R D e [3]
/ R S
T
1 FiG. 28] TOP VEW
PivOT Ax
FIG 2fol SDE VEW
X=O F PLANE OF PENDULUM
x.l
[ R

F1G. 2 Co-ORDINATE SYSTEM
(a, Top view. b, SBide view in plane of pendulum,)

= |
'“-M—\__ nest =
Mz L e TOP VEW
! e —“-‘_-‘_-‘—-_._
Fu
]
1
o
x=0 X SIDE ViEW
X'l M,‘\ 4/§ N PLANL OF PENDULUM
1

& i SOE VEW
i =\

R
\3

)

I'ta. 3 Reactions AT PEnpuLum Prvor

(a, Forces-nnd torques on pendulum ecarrier. b, Forces and torques on
pendulum.)
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Let a set of pairs of forces and moments represent the reactions
at the pendulum pivot; £, the forces in the z-direction, F, the
radial forces, I, the tangential forces, and M, and M; the torque
reactions. These reactions are shown in Fig. 3.

Applying dynamical laws to the pendulum gives the following
equations for translation

—F,=m (& +rsin0f>—rcosod).......... [4]
—F, = m[—r sin 6§ — r cos 802 — (R + 7 cos O)n%?]....[5]
—F, = m(—2rsin0fnw)............... [6]

The following are equations for rotation
—0§ — (I3 — I)n%® sin 0 cos § = F,r cos 0 + Frsing...[7]
—Is nwh cos § — (I} — I)nwdcos 0 = Ma......... 18]
—Iynwdsin @ + (Io— Inwfsind = My + Fr...... [9]

Equations [6], [8], [9] would be used for determining the bearing
reactions and would not be of particular interest in this study.
Eliminating I, and F, from Equation [7] by use of Equations
[4] and [5] results in the equation

(I + mr’)ﬁ + (I3 — I3)n%? sin @ cos 6
+ mr? (E -+ cos B) nfw? sin @ = mri; cos 4. .. [10]
T

This equation is difficult to integrate as it stands. By restriet-
ing 0 to small values (i.e., # < 10 deg), the equation simplifies to

(i +1)§+n2w” [13—114_?4_1]9 » %‘...[111

mr? mr?

Since z; has a circular frequeney of w, the solution of this equa-

tion is .
- [..Il_z EI (’ﬂ —212 4B 4 1)]3.._,[121
mr mr r

If now the element in the brackets be made equal to zero, then

- 1 should be zero for any finite value of 8, and the device under the

conditions assumed will prevent any longitudinal movement of
the rotating axis.

There is a definite relationship between 6 and F,, the force
acting on the absorber, which may be determined from Equation
[4] which, since z; = 0, may for small angles be written as

F,=mré........... R | &1 |

or,
f = Omax SiN wl

It is proper to say that the force exerted by a perfectly tuned ab-
sorber in the absence of damping is

Prcmm AP g @i e e [14]
actingin a direction opposite to ;.

ErrFecTs oF DAMPING AND OF INEXACT TUNING ON ABSORBER

The practical absorber could not be perfectly tuned and would
contain some damping. The practical effects of each should be
considered.

Damping may be considered to exist as a torque ptoportional
to the angular velocity of the pendulum. Considering this pro-
portionality factor to be ¢, Equation [7] would be modified to in-
clude the damping torque

—Ihi— (I — Idn*w? sinfAcos® = F reosd + Frsind + o
B e i T [15]
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Substituting the values of F, and F, and restricting the motion
to small angles, this develops to

(— +1 )§+c—ﬂ+nw[j"
mr? mr? mr?

By Equation [4], the force exerted by the absorber, being
equal and opposite to that exerted on it, is in the direction of
minus z and is equal to

F = m(&, + r sin 68* — r cos 84)

1 4= +1:|9—— . [16]

or for small angles
F=m(ii—rd)......cccoooo..... [17]

To ascertain the value of F it is necessary to find ¢ in terms of
71 by solving Equation [16]. To simplify the development con-
sider two nondimensional quantities

I
T = a tuning function = — ( 12 +1 )
mr
I
+ nt [ P — + +1 ] .......... (18]
mr
C = a damping function = m:’w .......... [19]

Letting

0 = ysin (wl— ¢) and z;=xsin wl

Equation [16] becomes

tan ¢ =

wVT o =2 S
.

__
Tt + I sin (wt — @)

F = —maw? [zu sin wl + \/

It is apparent from this that the neutralizing force is not in
phase with the displacement when there is damping present.
Therefore it is necessary to consider the response of a more com-
plete system to the stimulus of an imposed force when it is fitted
with the absorber.

Consider therefore a mass M, connected to a fixed point by a
spring of stiffness K, which is fitted with an absorber of the char-
acteristics considered and is subjected to a harmonic force
Py sin (ot + %) of such amplitude and phase that the resulting
motion of the mass is y sin wt, as shown in Fig. 4.

P SN fute)

Xo SN wit
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The equation of motion of the mass is

Posin (wt 4+ 9) — P — ke = mi...........[20]

Upon substitution of the force from the absorber and the ampli-
tude of motion this becomes

Posin (wt + ) + me? [-‘l’.‘n sin w! + :/;:2—?' sin (wl — qa):|
I i 12 .

~—~krgsin wl = —Mw2rysinwl. ... ... .. [21]

When this equation is solved for z,, the following value is ob-
tained
Py

T mTer [ mCe? |
‘/[(M + m)at —k + ,1,2+C,] + [T=+U=:|

To simplify the considerations of this equation, introduce two
more nondimensional quantities

-[22]

M
B — frequency ratio = : = w :_ 2 s [23]
m
S — a size funetion = e B [24]
Then
1
— — _[25]

By Vg m) ot : s¢ P
T Ty cz] ¥ [E;é + (ﬁ]

The maximum value of 2y will oceur at a value of 8 such that
the first bracket in the denominator is equal to zero

if v;_'l_ K (".',—_
8= {ﬁ——_'_(:z_rwv,...............[26]
and will have an amplitude
_ Py n4-cr P 4-0% 27]
REMFmer T T 8C T meic T

This indicates that in the absence of any other damping, some
damping is nceessary in the absorber to secure a finite amplitude
in the mass. However, if the tuning is perfect (7' =0), this reso-
nance would occur at g = 0; if not perfect, the resonance will

oceur at a value of
T
CNT+S

The minimum value of z; at a given value of T will be secured

where Copy = T at which point
2P 2P,
o= —— Copp = — Tovvnssvincnss [28]
T e
=
= Voies ¢
8 {T o TR 29]

The significance of these equations is most casily shown by the
plots in Figs. 5, 6, 7, 8, 9, and 10.

It is necessary in designing an absorber of this type to have
some concept of the magnitudes of the tuning and damping func-
tions which it is possible to obtain. Consider first the tuning
function -

I I.—1I
T=—(1,+)+n’[v* :
mr mr?




REED—USE OF CENTRIFUGAL PENDULUM ABSORBER FOR REDUCTION OFF LINEAR VIBRATION
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Of the quantities involved in this function, n is exact as set by the
speed ratio between the absorber and the source of the disturb-
ance; m and » may be obtained by careful weighing of the com-
pleted pendulum; I, may be obtained by finding the period of the
pendulum in a gravity field; 7. and I3 in the actual application
would be approximately equal and could be caleulated with rea-
sonable accuracy; R is a measured value which should also be
obtainable with a high degree of accuracy. Furthermore, it
should be possible to tune the pendulum to a specific application
by the addition or subtraction of small weights., A pendulum
carried by antifriction bearings, if onee accurately tuned, should
remain in tune indefinitely.

The same degree of control is not available for the damping
constant

c Friction torque

mrien mrin?

By loading a facsimile of the pivot bearing with loads corre-
sponding to the centrifugal foree of the pendulum and rotating
the bearing at different speeds, it should be possible to obtain
an accurate value of ¢ and hence of C.

Another estimate of the value of C can be obtained by a com-
parison with the pendulum acting in a gravity field. In this
case it can be shown that

RaTtio

where p is the radius of gyration about the pivot; r is the distance
of the center of gravity from the pivot, as before; 8. is the ampli-
tude of vibration at the nth swing.

Since p is probably not very different from r, it will be seen that
if the amplitude of vibration is reduced to !/, of its original ampli-
tude in 50 eycles, C would be approximately 0.0044; if 100 cycles
were required to cut the amplitude in half, C would be approxi-
mately 0.0022. A simple experiment will show that a relatively
light pendulum fitted with ball bearings will oscillate 50 times
for a 50 per cent reduction, and that the number of eycles will
increase appreciably as the size is increased. Damping functions
C of from 0.0050 to 0.0005 seem quite within the region of
probability, and experience may indicate that lower values are
possible.

APPLICATIONS

If an absorber of this type is to have any application, some
estimates of the size and complexity of the mechanism, as ap-
plied to actual applications, should be made. In general, the
details of the absorber will be set by considerations of particular
design application, but it is possible to outline briefly what might
be determined by the first considerations of particular applica-
tions. The applications are applied to a ship, since the ship vibra-
tions excited by the propeller are difficult to reduce.

Casel. Alarge passenger ship is subjected to an undesirable vi-
bration excited by the propellers. Let it be assumed that each
of the two propellers puts a harmonic force into the ship of
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100,000 Ib, having a frequency of 500 vibrations per min., and the
amplitude over the propellers due to the action of each is 0.10 in.
(or a total in-phase amplitude over the propellers due to the ac-
tion of both is 0.20 in.) when at a natural frequency of the hull.
It is desired to reduce this vibration to '/; of its present value by
the use of a pendulum absorber located over each propeller.

Let it be assumed that a damping constant of ¢ = 0.001 ecan
be obtained. Tuning the absorber to 77 = 0.001 results in a
value of

Py

ey X 0.002

(5]

Tomax =
IJ

= 0.73 X 105 —
m

0.10
For a value of Tymax = — and Py = 100,000 1b

m = 2.82 lb-sec/in.
w = 1090 1b
Check for amplitude of 6

T

Tn
O = ———— = —70.7 =
T T ATt .

Limiting max 6 to 10 deg gives
Fmin = 105 in.

This radius would appear large for the weight, and so design
considerations would probably act to reduce the radius to, say,
60 in. Then, with the same damping factor, the amplitude of
zo would be reduced to 0.143 in., and the total weight of the pen-
dulums would be increased to 1900 lb. This would be divided
among at least two pendulums and probably three or four or
even more, depending upon the details of the design. It is diffi-
cult to estimate the total weight and space requirements of such
an absorber, but a rough estimate might give a weight of from 5
to 10 tons and a space requirement of 300 to 500 cu ft. THull
stiffening and conneeting shafting should be added to these
figures. The advantage of this type of absorber would lie in its
ability to neutralize the propeller forces at all speeds and thus
the amplitude of vibration at every resonant speed. However,
the forees involved in an absorber of this size become of such
magnitude that a much more complete study would be required
to ascertain whether an application such as this is practical. One
c¢lement which should be considered is the reduetion in Py, which
is caused by the lowering of the resonant frequeney.

Case II. The towers on a battleship being remote from the
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hull are found to vibrate excc’ssivcly, making it difficult to use
the range finders and other sensitive apparatus.

The amplitude of motion is measured and is found at the worst
location in the operating range to be 0.15 in. at a frequency of 600
vibrations per min and is found to be composed of the propeller-
blade frequencies from the two propellers, i.e., at times it adds up
and then cancels as the blade forees come in and out of phase.
By tests with a vibration generator it is found that a harmonic
foree of 1000 1b with a frequeney of 600 vibrations per min at one
of the uppermost points on the tower will give a similar vibra-
tion pattern having an amplitude of 0.07 in. It is desired to re-
duce the maximum vibration amplitude to 0.02 in. using pendulum
absorbers.

Two absorbers would be required, one conneeted to cach shaft
through an alternating-current motor and generator. Since the
absorber would not be very large take C = T = 0.003.

Py N
Tomsx = —— X 0.006
Mew?®

1000 X 0.006

== = G. 2
m 8{)0 - . — 076
o T ;
w = 2941b
0.02
= 4.71 in.

Ty = ———=
' 0.003V2

If #is limited to 10 deg = 0.169 radians, then 7 would be

|

|
]
-1
.
Y
-
=

This would indicate an absorber some 6 ft diam, whose weights
are only 30 lb. A more practical design would have a larger
pendulum weight and a smaller size. If the tuning and damping
constants be kept the same, and the weight increased to 50 1b,
then 2o max would be lowered to 0.0118 in., providing a steadier sup-
port and the necessary radius would be decreased to 16.5in. The
optimum weight-size ratio would be determined by the over-all
design characteristics. It would appear that the weight of the
absorbers and their equipment, particularly topside weight,
would be appreciably less than the stiffening which might other-
wise be used. The pendulum absorber would scem to be
admirably suited to an application of this type. Another ad-
vantage would arise from the charaeteristic of the absorber which
reduces the resonant frequency. It is not possible to calculate
the new resonant frequency without an claborate consideration
of the particular system, but the drop in resonant frequency
alone should be of great value.



Supersonic Diffusers for Wind Tunnels

By E. P. NEUMANN! anp F. LUSTWERK,? CAMBRIDGE, MASS.

An investigation of supersonic diffusers was conducted
for conditions wherein a boundary layer was present at the
diffuser entrance. The pressure rise obtained from a shock
in a constant-area tube was measured, and the measure-
ments compared with values computed from a simple one-
dimensional analysis. For the range of Mach numbers
covered (1.8 to 4.2), separation of the stream from the tube
wall was always induced by the shock. The length of the
separated region was from 8 to 12 tube diameters. The
results of the tests on shocks in a constant-area tube were
utilized in the design of several types of diffusers for which
test data are reported at Mach numbers ranging from 2 to
3. The most efficient diffuser tested consisted of a con-
traction to a minimum starting area followed by a con-
stant-area tube approximately 10 diam long. The tube was
in turn followed by a subsonic diffuser. Only diffusers of
constant geometry were considered.

NOMENCLATURE
The followmg nomenclature is used in the paper:

a = cross-sectional area, sq ft

¢, = specific heat at constant pressure, 0.240 Btu/(deg F) (1b)
D = diameter of test section

¢ = acceleration given to unit mass by unit force, fps?

h = enthalpy, ft-1b per 1b

J = number of ft-lbin 1 Btu = 778.3

k = ratio of specific heats, 1.4

L = length of test section
M = Machnumber = V/V ge, (k—1)TJ

P = pressure, psia

T = temperature, deg If abs

V' = mean velocity of fluid stream at given cross seetion of test

section, fps

diffuser efliciency, work of isentropiec and adiabatic com-
pression between initial condition and final pressure
divided by kinetic energy expended (see Appendix)

Subscripts:

y refers to state of fluid stream upstream of a “transverse”
shock where veloeity is supersonie, and sometimes refers to
diffuser entrance

» refers to state of fluid stream downstream of “transverse”
shock where stream is subsonic

a refers to state of fluid stream after diffuser where velocity is
approximately zero.

o refers to stagnation state of fluid stream at entrance of ac-
celerating nozzle
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. refers to state of fluid stream at Mach number of unity

Superseripts:

* (prime) refers to minimum eross section or throat of super-
sonic diffuser

" (double prime) refers to minimum cross section or throat
of supersonic diffuser when this section is elongated and of
constant arca

INTRODUCTION

The most important single factor contributing to the large
power requirement of a supersonic wind tunnel is the irrever-
sibility encountered in the wind-tunnel diffuser. For example,
if the diffuser efficiency of a tunnel operating at a Mach number
of 2 is inereased from 80 to 85 per cent, the power required to
drive the tunnel is reduced by 30 per cent.

The primary object of the investigation reported in this paper
was to use simple small-scale apparatus to obtain information
that would aid in the design of an efficient diffuser for a wind
tunnel. A secondary object was to obtain information that would
make possible the design of diffusers for air intakes on missiles
or on aircraft traveling at supersonic speeds, and of diffusers for
rotating machinery.

In the case of supersonic intakes, air usually enters the diffuser
passage with little or no boundary layer. Under these condi-
tions, the analytical design of the passageways is reasonably
satisfactory since here the assumption of no boundary layer is
more tenable than in the case of a wind-tunnel diffuser.

However, as a first step in the design of a wind-tunnel diffuser,
the assumption can be made that no boundary layer is present,
and a simple one-dimensional analysis can then be undertaken.
For a wind tunnel of the steady-flow type, the design of an efficient
accelerator or nozzle of the Laval type is practicable. The pres-
sure drop across this nozzle is not much different from that eom-
puted if reversible flow is assumed, that is, the irreversibility
introduced in the accelerator is small. Although this might seem
to indicate that a similar passage introduced in the reverse direc-
tion would serve as a satisfactory diffuser, such is not the case
because of the effect of the transverse pressure shock that is
formed at the accelerator throat when the tunnel is started. As
the downstream pressure is reduced, this shock will move down-
stream to higher Mach numbers. The process involved in the
shock is irreversible, the degree of irreversibility increasing as
the Mach number at which the shock oceurs increases. It ean
be shown readily that the minimum possible eross-sectional arca
of the stream after the shock must be greater than the minimum
cross-sectional arca in the aceelerator. Since the.arca of the dif-
fuser throat must be greater than that of the accelerator, a re-
versed accelerator, identical with the first, will not funection as a
diffuser. In other words, if an irreversible effect between the ac-
celerator and diffuser (i.c., the transverse shock) must accom-
pany the starting process, the state at the accelerator entrance
cannot be re-established. If, however, it were possible to devise a
mechanism that decreased the area of the diffuser throat after
the shock had passed by, a reversed Laval nozzle would function
as a diffuser. Should such a device be used, it would still be neces-
sary to provide a pressure ratio for starting, equivalent to the
total pressure loss that would be obtained if the only irreversibility
during deceleration oceurred in a shock at the Mach number pre-
sent at the diffuser entrance.

If a transverse shock during the starting process is assumed to
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be inevitable, the pressure ratio at which a wind tunnel will start
can be computed.  These computed values, subject to the limita-
tions imposed by a once-dimensional analysis that neglects frie-
tion, are presented in Fig. 8 for Mach numbers from 1.0 to 3.0.

The results of the one-dimensional analysis may be summarized
as follows:*

(@) For starting conditions, the minimum pressure across a
wind tunnel (nozzle plus diffuser) must be equal to the loss in
stagnation pressure across a shock at the test-section Mach num-
ber.

() For operating conditions, the minimum pressure across a
wind tunnel must be equal to the loss in staenation PreSSUre across
a shoek at the Mach number in the diffuser throat.

These conelusions must be aceepted with reservations sinee it
has been assumed that no boundary layer is present and that the
only possible transition from supersonie to subsonic flow during
the starting operation is a transverse shock.  The assumption of
no houndary layer, i.c., no wall friction, ignores irreversibilities
which are actually present, whereas the assumption of a trans-
verse shock may assume greater irveversibilitios than are actually
necessary.  In addition, the expedient of decreasing the area of
the diffuser throat after the shoek has passed through would per-
mit reversible operation in the absenee of frietion.

Tue TraNsVERsE SHock

Transverse shocks, whieh seemed fo be inevitable in a super-
sonie diffuser, were studied experin antally in a constant-area
tube by means of pressure measurements and also by sehlieren
observations.  The wrrangement of the test apparatus is shown in
Fig, 1.

Figs. 2(a) and (b) are sehlieren plates of a shoek in a constant-
aren passageway.

Note in Fig. 2(a) that the influence of shock
extends some distance downstream from its point of ineeption.

# See Appendix for formulas used.

Fra. 2(a)

(Light vertieal line shows end of nozzle.

ofgpassage perpendiculargto plane of view =
. st
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Fig. 2(b) shows a transverse shock in the constant-area section
which follows the contraction in a supersonic diffuser.

Figs. 3 and 4 show pressure measurements taken at the wall of
2 constant-area passage. The lower curves sloping gradually up-
ward and to the right represent the conditions when supersonic
flow fills the entire tube. The steeper curves represent pressure
measurements for different positions of the shock region in the
constant-area passageway. The curves at the top part of the
diagram sloping downward and to the right represent pressure
measurements for the ease where the stream again filled the
passageway and friction causes a pressure drop in the direction
of low. In Fig. 3 are shown runs A and 3. These runs are for
identical pressure and temperature at the entrance fo the ae-
celerating nozzle. The slight diserepancy between runs A and I3
can probably he aseribed to the fact that humidity of the air
supplied to the compressor varied hetween these two runs,

The pressure measurements, Figs. 8 and 4, and sehlieren plates,
Figs. 2(a) and (b), indicated that the idealized transverse shock
assumed in the one-dimensional analysis was never obtained.
Instead, the interaction of the shock and boundary layer caused
separation of the stream from the tube wall.  Onee separation

ScHLIEREN Prate or SHocK Recion v ConsTanT-ArREA TURE
Flow is from left to right. | :
f ).919 in.; width of constant-arca scction = 0.919 in.;
.exposure time, 5 microsec. ) .

Mach number = ¥W; depth

FiGc. 2(b)
{Note repetition of transverse shock.

Flow is from left to right. |
fuser; 13-deg wedge angle; width of passage before diffuser = 1.292 in.;

SCHLIEREN PLATE oF SHOCK 1N CoNSTANT-AREA THROAT SECTION OF DIFFUSER

Mach number = 2,55 before dif-
depth of passage perpen-

dicular to plane of view = 1.292 in.; exposure time, 5 microsec.)
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oceurred, the stream did not again fill the passage for a distance
equal to 8 to 12 diam of the tube. Fig. 5 shows the length of
shock region in terms of tubé diameters for Mach numbers rang-
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ing from 1.8 to 4.2. The length of shock region is defined as the
distance from the point of inception of the shock to the point
downstream at which the maximum pressure was recorded. The
value of this length, as determined from Figs. 3 and 4, agrees rea-
sonably well with measurements obtained from high-spéed
(/200,000 5¢¢) photographs taken in conjunction with a sehlieren
apparatus.  For the schlieren photographs, the test section hal
a rectangular eross section (see, for example, Fig. 2a).

Fig. 6 compares the measured values of the efficiency and pres-
sure rise across 8 shoek with the corresponding values eomputed
from & one-dimensional analysis,  The good agreement between
measured and ealeulated values, a maximum departure of 5 per
cent, indieates that the wall forees in the separated region are
small. '

Some measure of the effect of bhoundary laver on length of
shock region may be obtained by comparing runs A and B with
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run (!, In runs A and B, for example, 26 diameters of straight
tube preceded the shock at a Mach number of 2.6; whereas, in
run (¢, 21 diameters preeeded the shock at the same Mach num-
ber. The length of shock was the same for both cases. Keenan
arfd Neumann® indicate that it is necessary that a distance of be-
tween 30 and 50 tube diameters precede the shock before a
developed veloeity distribution is obtained.

SurERsSONIC DIFFUSER

In order to establish a standard of comparison between the
various diffusers to be studied, the diffuser in Fig. 7 labeled type
I, a type commonly used for supersonie wind tunnels, was tested.
The efficieney of this diffuser is appreciably lower than is predicted
by one-dimensional analysis,

When it was observed that separation accompanied a shock,
but that the change in state across the separated region was ap-
proximately the same as that predicted by a one-dimensional
analysis, the diffuser shown as type IT in Fig. 7 was designed
and tested. In the same illustration, measured and caleulated
values of the diffuser efficiency are shown. For the type IT dif-
fuser, the ratio of measured to ealculated value of efficiency is
approximately 0.97 for a range of Mach numbers from 2 to 3.
This efficiency () is defined as the ratio of the isentropie increase
in enthalpy to the change in kinetie encrgy in the diffuser. The
iseniropic incrcase in enthalpy is computed between the state
preceding the diffuser entrance and the pressure after the exit to
the subsonic diffuser. The change in kinetic energy is computed
between the entrance and exit states. The efficieney may be
expressed in terms of symbols as follows:

E—1
_2_|:2';’)k'__1j|
k—1L\p

S i

Vs?

gkRT,

In order to measure the effeet of cross seetion on performance,
a type L1 diffuser with a square eross section was tested at a Mach
number of 2.46. As is shown in Fig. 7, there is little difference in
officiency between the square and the eircular-cross-section dif-
fusers. Note also that the diffuser with the square eross section
was preceded by a scale model of a supersonic wind tunnel.

To obtain the maximum operating efficieney predicted by one-
dimensional analysis, it is necessary to have a contraction to
minimum arca in the supersonic diffuser. The type IIT diffuser
of Fig. 7 was designed with this minimum starting area, i.e.,
x(D")?/4. The experimental results obtained with this diffuser
indieate a slightly better operating efficiency than that obtained
for the type II diffuser. Ilowever, schlicren observations indi-
cated that the shock at the minimum-area section was separating
from the passage wall much in the same fashion as in the type 1
diffuser, except that the point of separation oeccurs at a lower
Mach number for a given entrance Mach number.

To inerease the operating efficiency, a diffuser, shown as type
IV in Fig. 7, was designed and lested. The only departure from
a design indicated by a one-dimensional analysis was an elongated
throat or minimum-area secetion, which should permit the sepa-
rated region to again fill the passageway before it is introduced into
the subsonic diffuser. The ratio of measured to computed effi-
cieney for stable operation was 0.92 at Mach numbers of 2.32 and
2.99. A higher efficiency, indicated by the solid dot in Fig. 7,
could be obtained with this type of diffuser under unstable con-
ditions. For this less stable case, the ratio of measured to com-
puted efficiency was 0.94.

In the case of this diffuser, the minimum area for starting is

4 “Measurement of Friction in a Pipe for Subsonic and Super-
sonic Flow of Air,”” by J. H. Keenan and E. P, Neumann, JOURNAL
or Aperien Mecranics, Trans, ASME, vol. 68, 1946, p. A-91.
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greater than the minimum value computed from a one-dimen-
sional analysis which does not take into account friction in the
elongated throat during the starting process.  For example, the
experimental value of the ratio of the diffuser-entrance area to
the throat area for a type IV diffuser was 0.757 at & Mach num-
ber of 2.99; whereas, a computed value of 0.71% was obtained
when reversible conditions from entrance to throat were as-
sumed. If friction in the 10.9 diam of straight section is taken
into account, a computed value of 0.761 is oblained. The
friction coefficient was computed from the Kdrmén-Nikuradse
relation between friction coefficient and Reynolds number. The
computed value of diffuser efficiency used in obtaining the ratio
of measured to caleulated efficieney was based upon the actual
minimum starting-area ratio of 0.757, rather than on the com-
puted minimum value of 0.719.  For the types 1T and V dif-
fusers, the value of the throat area for starting which was com-
puted when reversible conditions from entrance to throat were
assumed, agreed with the measured value within the precision of
measurement of the throat area.

CONSIDERATION OF STARTING CONDITIONS

The comparison between measurement and theory has been
made on the basis of eonditions obtaining after the diffuser has
started, that is, after supersonic flow has been established at the
throat or minimum-area section. Often, the maximum pressure
ratio available, rather than the power available, is the determin-
ing factor in defining the Mach number possible for a given super-
sonic tunnel. A better eriterion than the operating efficiency is
then the minimum efficicney during starting, or the maximum
pressure ratio po/ps necded to establish supersonie flow at the dif-
fuser throat.

Again, simple one-dimensional considerations indicate that the
pressure ratio necessary for starting is that obtained across a
shock at the test-section Mach number and a reversible subsonic
diffuser after the shock. This condition appears to be present
even if a variable geometry type of diffuser is used.

In the case of the types 1 and 1T diffusers, the starting and op-
erating conditions are identical. The type IV diffuser has a
higher operating efficicney and a lower starting efficiency than
does the type II. For example, the pressure ratio (ps/p1) obtained
during starting is 10.6 for the type IV diffuser and 11.0 for the
type II diffuser.

In an effort to improve the starting characteristics of the type
IV diffuser and at the same time to maintain high operating
efficiencies, the constant-area throat scetion was given a slight
divergence in order to compensate for the effect of friction when
subsoniec flow is present during starting. A type V diffuser,
designed in this manner, was built and tested.  As indicated in
Table 1, the starting characteristics were improved at the ex-
pense of a small decrease in the operating efficicney over that ob-
tained with the type IV diffuser.

DIFFUSER STARTING CONDITIONS AT M = 2w
Pressure ratio pa/m obtained across

— - Dijffuser=— =
Diffuser type Starting Operating
1 8.53 8.53
I 10.99 10.99
111 11.07 ’il';gé —_—
; e, —3table
¥ 10.63 {13.66—Unstable
N 10.99 12.82

@ Fifteen diameters of straight tube preceded the diffuser entrance for the
conditions tabulated.

Di1rrFUsER ENTRANCE SHAPE®
An investigation was conducted to determine the best inlet

s The test results presented here were obtained by Angus N, Mac-
Donald in a thesis submitted to the Department of Mechanical
Engineering, Massachusetts Institute of Technology, June, 1947,
“An Investigation of Supersonic Diffusers for Wind Tunnels.”
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included angle for the convergent portion of the diffuser. These
tests covered only diffusers with a rectangular cross section.
The apparatus used to study this variation in entrance angle is
shown in Fig. 9. The entrance angle was varied between 10 and
50 deg at a Mach number of 2.55, and the effect on efficiency was
measured.

In all of the tests, the contraction to minimum starting
arca was followed by a constant-area passage approximately
7 hydraulie diameters in length, and a subsonic diffuser of
square cross scction with walls at a 6-deg included divergence
angle,

The test results are shown in Fig. 10. The best diffuser effi-
ciency was obtained with the smallest entrance angle tested,
namely, @ = 10 deg. A smaller inlet angle might have shown a
slight additional improvement in efficiency. However, tests at
smaller angles were not attempted because an inerease in length of
the apparatus would have been necessary, and the resultant in-
ercase in frietional arca would probably have offset the gain ob-
tained by the smaller wedge angles.
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Appendix

All ealeulations used in this report were based upon a one-
dimensional analysis of the flow. The velocity and pressure were
assumed to be uniform across any cross section in the tube. The
energy, momentum, and continuity equations were used to ob-
tain the state of the fluid from pressure measurements made at

¢ Measurements of Diffuser Efficiency of Supersonic Pressure
Shocks,” by Eric G. Newberg, Jr., S. M, Thesis, Department of Me-
chanieal Engineering, Massachusetts Institute of Technology, Feb-
ruary, 1946.
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the walls of the tube. Air was assumed to be a perfect pas
withk = 1.400 and R = 53.35 ft/degF.

The pressure rise across a transverse shock was computed
from the following equations

2
il 2
M: = i L [1]
F—1 M —1
P _ L+ M2 @
s SR

The efficieney, as used in this paper, is defined as the work of
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isentropic compression between the initial condition and the
final pressure divided by the kinetic energy expended

(ks — et — 2
V2 Va2 -

2¢ 2g

.[3]

This is illustrated in Fig. 11,
Substituting

JUNE, 1944

and the definition of Mach number into Fquation [3], we obtain

The calculations for the minimum diffuser throat area for star-
ing were made assuming an isentropic expansion to M = 1 after
a shock at the entrance to the diffuser. The contraction ratic
ar/a’ can be found from the stagnation pressure after the shock
by means of the usual isentropie flow equations

.l ]

* -1

where ps, is the stagnation pressure after the shock and py, is the
pressure obtained if the fluid after the shock is accelerated re-
versibly to M = 1.0.  Since k equals 1.400 '

O 0.255804
' / 1 k—1
a (p--:)Iilﬂ |:(15_i,) S l]
Pan Po

The pressure ratio and efficieney for the minimum-throat dif-
fuser were calculated by assuming an isentropic compression
from conditions before the diffuser to the diffuser throat, followed
by a transverse shock at that point and a reversible subsonie
diffuser aflter the shock. For the theoretical caleulations, the exit
veloeity was assumed (o be zero.  In the actual eases the kinetic
energy at the exit was between 0.5 to 1.2 per cent of the initiai
kinetic energy.



Vibration of Slender Bars With

Discontinuities 1in Stiffness

By W. T. THOMSON,* MADISON, WIS.

Vibrational characteristics of elastic bodies are altered
by discontinuities in stiffness resulting from narrow
grooves or cracks. This paper presents a theoretical
method for determining the effect of such discontinuities
on the flexural, longitudinal, and torsional vibration of
slender bars.

NOMENCLATURE

The following nomenclature is used in the paper:

A = cross-sectional area

A" = reduced cross-sectional area
Iy = moment of inertia in bending
Iy’ = reduced moment of inertia
[, = polar moment of incrtia
/., = reduced polar moment of inertia

4 L

ETE BT L

kK = modulus of elasticity

(; = shear modulus of elasticity

p = density, Ib/unit volume

{7 = longitudinal strain

y = flexural displacement
M, = momentata

P, = axialforeeat u

Ty = torqueata

a = position of slot

¢ = widthofslot

&£ = Laplace transform

s - (™) ;3"3_’)'/' L)
TU\nL) O \kg) T\

= length of bar

m = mass per unit. length of beam

InTRODUCTION

Hetényi? has shown that the statical deflection of beams of
varying cross section can be determined by considering the beam
10 be uniform with a modified load. The fundamental equation
for such problems ean be written as

d?y 1 M

T R R e (1]

where Elg is the stiffness of the equivalent uniform beam, and

t Associate Professor of Mechanics, University of Wisconsin,

* “Deflection of Beams of Varying Cross Section,” by M. Hetenyi,
JUURNAL oF ArpLiED MECHANICS, Trans. ASME, vol. 59, 1937, p.
A-49,

Contributed by the Applied Mechanies Division and presented
at the Annual Meeting, New York, N. Y., November 28-December
3, 1948, of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary.
ASME, 29 West 39th Street, New York, N. Y., and will be aceepted
until July 11, 1949, for publication at a later date. Discussion re-
ceived after the closing date will be returned.

Nore: Statements and opinions advanced in papers are to be
understood ag individual expressions of their authors and not those
the Society. Paper No. 48— A-17,

M /a = MIy/I the new moment which ean be obtained by modi-
fying the original loading.

This concept can be extended to vibration problems where
the change in stiffness is due to a narrow slot of width ¢ a distance
a from one end of the bar, as shown in Fig. 1(a).
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Letting A, Io, and 1, be, respectively, the cross-sectional area,
and moment of inertia in bending and torsion with correspond-
ing primed Symbols for the reduced section, the slotted bar can
be replaced by a uniform bar with the following modified loads aa
shown in Fig.1(b, ¢, and d):

Flexural vibration

1
M’—}l’!,( ‘-I) ................. (2]
o
1y
a =
I
Longitudinal vibration
1
Pri= Pyl == Vovorimmnias T )
(43
Af
a = iy
Torsional vibration
1
= I (- ————— l) .................. (4]
o
_ f %
-

Actually, this simple concept is an idealization, since much
of the material adjacent to the slot is ineffective in carrying the
load, and just how the equivalent slot varies with the width and
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depth of cut must be established by experimentation. Kirmser,?
using a static curve and Rayleigh’s method, has found for the
flexural problem that the computed natural frequencies of a
beam with a slot at mid-span agreed with the experimental values
when an equivalent slot width of 5 times the actual width was
used. However, even a casual inspection of the problem would
indicate that, in general, such a simple relationship could not
exist as the amount of ineffective material adjacent to the slot
must vary with the depth of the slot, with the width of the slot
having little influence.

FunpamenTaL CoNcEPTS

The operational method based on Laplace transformations
offers a convenient approach to problems with concentrated
forces and moments, and hence some basic concepts of the
method will be briefly reviewed.

The Laplace transform F(s) of a function f(z) is defined as fol-
lows

F(g) = Lf(x) = f 115 RS N [5]
0
Of particular interest to this problem are the transforms of the
following types of functions:

Unit Funetion. The unit function u(z — a) is the basic build-
ing block for other functions. As shown in Fig. 2, it is equal

7.
e

GrapHICAL REPRESENTATION OF & Unir Funerion

Fri. 2

to unity for = greater than e and zero evervwhere else. The

Laplace transform for such a function is

a -« g—at
Lu(z —a) = 0-e ¥ dr + l.e™® dr = — .. .[6]
0 8

Unit Impulse. The unit impulse wi(z — a), shown in Fig. 3,

unit impulse

u—-li
|

Fia. 3 Grarrical REPRESENTATION oF o Unit IMPULEE

is defined by the following limit

wi(r — a) = lim Yr—u) —ur—a—0
e—0 [

with the added restriction that

f u(z—a)dz = 1
0

1 “The Effect of Discontinuities on the Natural Frequency of
Beams,” by P, (5, Kirmser, Proceedings of the ASTM. vol. 44, 1944,
p. 80T,
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Its transform can be obtained by substituting the transform of
each term in the foregoing relation and using L’Hospital’s rule

e—98 e—(n-l-c)a
Sulz — a) = lim ————— =% .. 8]
e—={) 8

Unit Doublet. The unit doublet ualr — a) shown in Fig. 4

A T | <. o
& |

; unit doublet

1 X
0

Pp—
- ¢
Fic. 4 Graruwar Rerresenranion oF A Unit Douscer

is obtained from the limit

wx —a) — 2ulz —a—c) + ulz —a — 2c)

¢t

ui(z — a) = lim

c—0

...... [49]

For determining its transform, we use the same procedure as for
the unit impulse, the indeterminate form after two applications
of L’Hospital’s rule becoming

—as __ g,—(a+c)a —(a+2¢)a
Luyz —a) = lim Wil Bl i 4. B — ge—as
c—+0 cls

THE SraTICAL PROBLEM

Consider the problem of determining the statical deflection
of the beam in Fig. 5, with a crack at a distance a from the left
end. The beam can be treated as a uniform beam with a positive
doublet M'uy(x — a) and a negative doublet — M u,(z —a — ¢)

—» ] F

e ©
z
-
==
z

e —— O

Fig. 5 Beam Wit Sror Revucep To UnirorM Beam Witk
Mobirtenp Loap

as the modified loading.
ing can then be written as

EIod;y = —Qulz —b) + wilz — L+ b)) + M'uslx — a)

dzt

The differential equation for the load-

—uglt—a—c)]....... [11]

Letting ¥ be the Laplace transform of y, the transformed equa-
tion becomes
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v —bs 4 g—(l—b)s
ElY = El, [?’ 0 ““] - [ ....... ol i ]
8t st

—as __ ,—(a+c)s
+ M'['—— — ] ..... [12]

33

where »(0) and y'’(0), representing the deflection and moment
at = = 0, are zero. Taking the inverse transformation of Equa-
tion [12], we obtain

Kilyw = EIL I:y'(O)z + y'""(0) E:I - g [z —b¥ulz—b

+x—l+b3u@E—I1+b]+ %:[(x—a)’u(z—a)
—(z—e—oufz—a—e)]........[13]

Evaluating 3’(0) and y’’’(0) from the boundary conditions y(I) =
y'@) =0

Eloy'""(0)

I

Q
—Qb(l—--b)—%[zc(z --u)_ce]J

£loy'(0) - [14]

and the final equation for the deflection becomes

y ;Iel: (lwb):c*'—+‘(x-—b)'u(.rﬁb)+—
M, (1
(z— 1!+ b)ulx—1! + b):l ~ 2EIL (— —_ 1)[[20(!—(;)

z
— ] —

(z—a)lu(x—a)+ (z—a-—c)u(z —a —c):I

The first part of Equation [15] is the deflection of the beam
without the crack, and it will depend on the type of loading. The
second part repregsents the contribution due to the crack, and it
will have the same form regardless of the type of loading, pro-
vided the boundary conditions are the same as that of this prob-
lem. Thus the statical deflection of the beam for any type
of loading can be written as

where y, is given by the second part of Equation [15].
Substitution of Equation [16] into the expression for the strain

energy, results in the relation
Mz (1
-—1)......
2FIa (a ) 2

1
U=2mfn *dr +

where the second part is the contribution of the crack to the total
strain energy of the beam. This relation can also be obtained by
inspection of the M/(EI) diagram and the moment-area con-
sideration.

ViBraTION OF BEAMS WiTH A CRACK

We will consider here the vibration of the free-free beam with
a crack at a distance a from one end. The dlﬁerentml equation
for the loading then becomes

diy
Ely— = moty + M'[usx — a) — ug(z —a — ¢)].

= (18]

Letting
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the transform of this equation is
’ —as ___ o, ,—(a+c)s 3 2 g
| BB se 4 [8 y(0) + 8ty (0)]_ f9]
El, gt — g4 3t — g

where y’/(0) = y"'(0) = 0. Applying the inverse transforma-
tion, we obtain the deflection equation

¢

M
Y= ol {[cosh B(z — a) — cos B (z — a)]u(z —a) —
[cosh Blxr —a —¢) —cos B (x —a—¢)] u(lz —a —¢) }

+ y(éq) [ecosh Bz + cos Bz] + V( )

[sinh Br + sin Bz]. [ )]
Letting y(0) =
resulting from the boundary conditions ¥"'(I) = y'”’()
obtain the frequency equation

1, and eliminating y’(0) from the two equations
= 0, we

[cosh Bl cos Bl — 1] = {[cosh (I — a) — cosh g

M
ZﬁzFIu
(I—a—c¢) 4+ cosB(l —a) —cos B (I —a —c)llcosh gl
—cos Bl) + [sinh 8 ({ —a —e) —sinhg(l—a) + sin B

(l — a) — sinB(l — a — ¢)] [sinh Al — singl)
e

Substituting

where

M, d_’y)
BEL B z=a

and assuming ¢ to be small, the frequency equation can be sim-
plified to the final form

[cosh Bl - cos Bl — 1] = i (1 = 1)(':) (8D { [cosh 8a —
[+ 3

sinh gl 4 sin gl . .
cos pa] — [ o g gy ] [sinh Ba — sin Ba) }

X {[sinh (I — a) — sin S(I — a)][cosh Bl — cos Bl]
+ [— cosh B(l — @) + cos 8 (I — a)][sinh gl — sin 8l} }

Equation [22] is a function of three dimensionless parameters,
namely, Bl, Ba, and [(1/a) — 1](c/l). The depth and width of
the slot is described by the quantity [(1/«) — 1](e/l), while its
position along the beam is specified by ga.

Equation [22] must reduce to the frequency equation for a
uniform beam, cosh Bl cos Bl — 1 = 0, when the discontinuity
is reduced to zero. Examination of the equation shows that this
condition is satisfied when

¢ = 0 (width of slot = 0)
1 (depth of slot = 0)
0, or | (position of slot is at either end of beam)

]
/]

Numerical computations for a slot at mid-span (a = 1/2) were
carried out and each side of Equation [22] was plotted as func-
tion of gl in Fig. 6 for various values of the slot parameter
[(1/a) — 1](c/l). Since this quantity appears only as a factor
in the right side of the frequency equation, the variation in the
slot dimensions for any given position a can be obtained from a
single curve with different values of the multiplier [(1/a) —
1](e/1).

Examination of Fig. 6 indicates that minute cracks in beams
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vor a = 1/2, AND VArYING VALUES OF THE SLoT PARAMETER [(1/a)
—1](e/l)

have only a small influence on the natural frequencies. For

deeper slots, the quantity

increases quite rapidly and the change in the natural frequency
" due to a change in the slot dimensions becomes considerably
larger. For higher modes, the trigonometric terms bhecome
negligible compared to the hyperbolie terms and

1
cosh gl = sinh gl s Bl

The right side of Equation [22] then approaches zero while the
curve for the left side is nearly vertical. It is evident then that
the effect of the slot on higher modes is negligible.

LonGITUupINAL AND TORSIONAL VIBRATION OF BARS

For the longitudinal vibration of a bar with a narrow slot of
width ¢, a distance @ from one end, the equivalent uniform bar
must be loaded with axial loads

P =P, (1 — 1)
(£4

atz = eandz = ¢ 4+ ¢. Assuming harmonic motion, the dif-
ferential equation for this case becomes
axU (wmp

AEJ? + —0_) U= —Plule —a) —uer —a —¢)]

where the concentrated loads are represented by the unit impulse,

The transform of Equation [23] is
P fe—0s — e—(ani-c)s sU(0)
U(8)=‘-—H?{ st + gt }+8’+ﬂ’

U')
s+
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where

wlp
-
Eg

Performing the inverse transformation, we obtain the following
equation
s

Ulx) = — A—Eﬁ [sin ﬂ(;r: —ajufr —a) —sin B (x—a—rc)u
U (0)

(r—a—2c)] 4+ U0 cos gr + sin Br...... [25]
For a free-free bar U'(0) = U’(l) = 0, and letting U(0) = 1,
the frequency equation from the second boundary conditions

becomes
1
_P"(L B 1)
o
st lelii|]

AEB cos Bl —a — c'_]

sin gl = cos 8, (L — a)

Since P, is the axial tension just to the left of the crack, we have

oU

Pa= Al (—9) = -—Algsin Ba....... [27]
or r=a

Substituting Equation [27] in [26], and assuming ¢ to be small,

the final form of the frequency equation becomes

sin Bl = (1~ 1)(;) (8I) sin Ba sin B — a)....[28]
&

Equation [28] also reduces to that of the uniform rod, when the
slot, dimensions approach zero, or when its position approaches
either end of the rod. If the depth of cut is extended completely
through the rod, 1/a = =, and we obtain the frequency equa-
tion #in Ba = 0 and sin 8(I — «) = 0, corresponding to the natu-
ral modes of the two severed rods.

Numerical computations from Iquation [28] are again carried
out for a slot at mid-length (@ = {/2), and the plotted curve in
Fig. 7 shows that the natural frequencies are lowered by the slot
as expected. Modes of vibration with a node at the center are of
course not affected by the slot at @ = [/2. Unlike the flexural
case, the influence of the slot on the higher modes is greater than
for the lower modes.
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Fia. 7 LoneiTupinaL oR ToRSIONAL ViBRaTION: ProT oF Fre-
QUENeY FBquaTion [28] ror a = /2, AND Spor ParaMmeETER [(1/0)
—1l{e/D) = 0.10




THOMSON—VIBRATION OF SLENDER BARS WITH DISCONTINUITIES IN STIFFNESS

Since the differential equation for the torsional vibration is the
same a8 that of the longitudinal vibration, Equation {28] also
applies for the torsional case with free ends provided

wlp
. (Gy)

CONCLUSION

A procedure is developed for the determination of the vibra-
tional characteristics of slender bars with discontinuities in
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stiffness due to a narrow slot or crack. Interpretation of the re-
sults is illustrated by the numerical computation of the natural
frequencies for a special case of a = /2. No attempt is made
to determine the equivalent slot accounting for the ineffective
material adjacent to the slot. This the author believes can be
carried out experimentally by vibrating bars in flexure, torsion,
and longitudinally with various width and depth of slot at vari-
ous positions a along the beam. It would also be of interest to
obtain the same reduction in cross sectipn by different means
such as drilling holes instead of cutting slots.



Correlation of Tension Creep Tests With Relaxation Tests

By IRVING ROBERTS,! JEANNETTE, PA.

This paper shows that analytical solutions to the bolt
relaxation problem, based upon empirical creep-data
equations may be obtained by direct substitution, rather
than by differentiation and integration, as was done by
Soderberg, Popov, and Housner,

Soderberg? has presented the following analysis of the prob-
lem: The bolt is assumed to be originally tightened on rigid
flanges, so that

IN order to predict relaxation rates from tension creep data,

g e =g ssumonshs ceean e v w1

where e* is the initial elastic strain.

time e,, is given by

The elastie strain at any

a

where FE, the elastic modulus, is assumed constant. The plastic
strain e, is assumed from creep data to be a umhnuous funetion
of stress o, and of time ¢, of the form

e.p==%(e"/"‘-—l)T....A....,.,.,..[3]

where 1'is a tim'®e function, one form of which may be
B ST vy svm sy v 8]

but which is handled as a single variable.
Equation {1]is differentiated to give

de, | de,

Equations [2] and [3] are then differentiated and substituted
into Equation [5], giving

1 Division Engineer, Process Division, Research and Development
Department, Elliott Company. Mem. ASME.
2 “The Interpretation of Creep Tests for Machine Design,”

by C.
R. Soderberg, Trans. ASME, vol. 58, 1936, pp. 733-743.

Soderberg states that this differential equation cannot be in-
tegrated readily, and numerical integration is suggested.

In a recent paper,® Popov has made a thorough comparison of
the methods which have been proposed for solution of the re-
laxation problem, ineluding not only Soderberg’s analytical
method, but also arithmetical and graphieal methods based upon
various assumptions, notably that of strain-hardening. In
using Soderberg’s method, Popov also states that Equation [6]
eannot be integrated readily, and he uses numerical integration
for his comparison.” It is of interest that the numerieal integra-
tion of Equation [6] is found to be in good agreement with the
results given by the strain-hardening method.

In his discussion of the Popov paper, Housner* states that he
has integrated IEquation [6]obtaining
I (o0—o)

="
st ((,crf‘sl e I)

where a9 is the stress at 7" = 0. Housner also integrates a dif-
ferential equation given by Popov for the ease of relaxation with
elastie follow-up.

The author wishes to point out that it is not necessary to pro-
ceed through differentiation and integration to obtain a solution
to this problem. Sinee both ¢, and ¢, are assumed to be continu-
ous functions of ¢ and ¢ (or T'), Equations [2] and {3] may bo
substituted direetly into Equation [1], giving

i (pm* — )T =¢

Remembering that
B = Thvmnsi cEeeRTRES Y 9]

Equation [7] is obtained directly. The other solutions given by
Housner may be obtained also by simple substitution in the same
manner.

With this simplification, it is possible that Soderberg’s analyti-
cal method may find wider application in the solution of problems
of a similar nature,

3 *Correlation of Tension Creep Tests With Relaxation Tests,”
by E. P. Popov, JourNAL orF ArprLiEp MecHanics, Trans. ASME,
vol. 69, 1947, p. A-135.

1 Ibid., discussion by G. W. Housner, p. A-352.
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Note on the Bending of Circular
Plates of Variable Thickness

By H. D. CONWAY,!' ITHACA, N. Y.

In a recent paper? a solution was given to the problem of
a symmetrically loaded circular plate with a central hole,
the thickness of the plate at any section being proportional
to the distance of the section from the center of the plate.
A very simple solution can be obtained for another varia-
tion of thickness of which the foregoing is a special case.

equation to besolved is

i
0 d dg + 3 + d)'_) dd_; L
dr \ dr r dr \dr

where 1) is the Hexural rigidity, ¢ the slope of the middle surface
at radius r, and @ is the shearing foree per unit eireumferential
length of plate.  Many variations of thickness ean be represented
approximately in the Torm 1) = Dyr» where Dy and m are con-

IN this problem, making the usual assumptions, the differential

stants.  Using this variation of flexural rigidity, Equation [1]
becomes

L ¢ _ dep Q

pa ih" + (m 4+ 1) ,h — (1 — mw)p = — n'“'r'”;"'ﬁ. .. 2]

For a load P uniformly distributed around a central hole, this
equation becomes

ol ¥ i
4+ (m + r . (1 — mv)p = -
«

%
2 _ 2 —
lr 2w Dyr™ 1

lr

]

the general solution of which is

2o =t _(2« -%-m_) P

¢ =Ar 2 4+ Br 2 o e P L |

2eDymrm=1 (1 — »)
where da? = 4 = 4mp + m?.  The constants A and B are then
obtained from the boundary conditions in the usual manner, and
the stresses and defleetions found.

As an example, the case of a plate with the external edge
clamped and supported and the internal edge clamped, may be
considered,  Denoting by a and b the external and internal radii,
respectivelv, the constants A and B are

" Pa'—» ne1 —-n.‘z“}

= 2aDogm (1 — ») n2e — 1
—Pqglta nr—l—1

2rDem(l — ») | 02 — 1

! Professor of Mechanies, Cornell University.  Jun. ASME.

t “The Bending of Symmetrically Loaded Circular Plates of Varia-
ble Thickness,” by H. DD. Conway, JourNAL or APPLIED MECHANICS,
Trans. ASME, vol. 70, March, 1948, pp. 1-6.

Contributed by the Applied Mechanies Division and presented
at the Annual Meeting, New York, N. Y., November 28-December
3, 1948, of THE AMERICAN SOCIETY 0oF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until July 11, 1949, for publication at a later date. Discussion re-
ceived after the closing date will be returned.

Note: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48—A-06.

m,and n = a/b.

where 2p = 2a + m, 2¢ = 2«

Hence

P J al=vroe L

S et i o i e o a2 (=t — 1)
* = 2o — ) 1 s e o
- p2e (e 1 ey }

de P { yl~py=I=4
== TR (1 n)rom =
dr 2xDym(1 — ») e T n2x — 1

[p“'..'rr (",, L) qr‘_'u (“_p—l i nfﬂ'” {

The bending moments caleulated from the well-known equa-

tions
il
M, D (”” 4 "’)
lr r

7] (Q“ + v i@:)
r dr

Mg =
are then given by
P 1
M, = ] = il
£ 2xm(l — v) { e potigr1 (p2e — 1)
) Za () 20 (10— 2 t
[l — wlarsprr== 1) = (¢ + e -t —n==)) (
2 l 1 + B
Wi i e e e — s
g 27m(l — ») l ; ! prlgr=1 (e 1)
[vp + D a2e (ar ' — 1) + (vy — D2 (n""—n""')l}' 5]

The positions of the maximum stresses caleulated by the use of
Equations [5] will vary with the value of the constant m and are
best found by graphical methods.

For a linear variation of thickness, m = 3.
Poisson’s ratio is !/;, Equation [5] becomes
P a*n + 1)(8a — dnr) — r(da® + n*r?H

M =—
. 127

Assuming that

alr(n +n + 1)

P_ gai(il+ llf,!il{ + 2nr) + J‘(Jxﬂz__-_i_-_ 3n2r?)

127 (n* + n A

My = 16

atr (n® + n + 1)

Integrating Equation [4] and finding the new constant of in-
tegration from the condition of zero deflection at the outer edge
of the plate, the maximum deflection is

;n"‘“’ -1 1

I)ﬂ‘!—ﬂ&
2Dm(l —») | m—2  u¥—1
(nr7'—1)2
el ]} ------- 71
p—1

[("”“1 — n2%) (=1 — 1)
Placing m = 3 in this equation and assuming that Poisson’s ratio

Wmax =

qg+1
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is 1/; and that the thickness at the outer edge is H, the maximum
deflection is

et bB—1F
3ebH? n* +n + 1

Wmnx =

For the case of a plate subjected to a uniformly distributed load
w per unit area

4 ,
wrdr
r b

Q=

and Kquation [1] becomes

JUNE, 1%

d%p e ) —w(r?-—- b?)
8 S0 il T e 1 s FEMR L. SRR - S
r ™ + (m + 1)r = i me)gp 2D 9
The general solution of this equation is
2e—m 2a+m . ( .
e - Eia = “ 2
¢ =Ar 2 +H,-(1) ! :
2Dyt l?% ~=3m 4 my
T 0]
m(i-ﬁy)[“ o

The expressious are seen to be rather cumbersome, and there is
no particular value in obtaining expressions for the deflections
and stresses with other boundary conditions.



Stresses and Displacements in a Semi-Infinite

Elastic Body With Parabolic Cross Section
Acted on by Its Own Weight Only

By R. J. HANK! anxo F. H. SCRIVNER,? AUSTIN, TEXAS

The earlier solution for the stress distribution in a semi-
infinite elastic wedge is compared with the solution for a
cross section of parabolic shape. Displacement diagrams
for two extreme values of Poisson’s ratio are given for the
parabolic section.

[NTRODUCTION
N 1898, Levy,® and in 1912, Fillunger* published the solution
I for the stress distribution in a semi-infinite elastic wedge.
The solution was discussed at length by Terzaghi ®
The present solution is similar to the wedge solution but. applies
to cross sections of parabolic shape.

STATEMENT OF THE PROBLEM

Fig. 1 represents the cross seetion of the body, taken perpen-
dicular to the z-axis.  All cross seetions taken from z = — = to
z = 4 = are assumed identieal, and the problem of stress deter-

o]

Y

Fro. 1 Semi-Invivirs Bopy With Bounpary Equarion, y = ax?

mination is one of plane deformation. Gravity acts in the posi-
tive direction of the y-axis, and no other forces act on the body.
The equation of the boundary is

T T L TS ——— 1 1 |

where @ is an arbitrary constant.

! Materials and Tests Engineer, Texas Highway Department.

* Senior Research Lingineer, Texas Highway Department.

S “Sur la Légitimité de la Regle Dite du Trapeze dans 'étude de
la Resistance des Barrages en Maconnerie,”” by M. Levy, Académie des
Seience, Paris, France, Comptes Rendus hebdomadaires des séances,
vol. 126, 1898, pp. 1235 -1240.

# “Direi wichtige ebene Spannungszustinde des keilformigen Kérp-
ers,” by P. Fillunger, Zeit. fur Mathemalik und Physik, Leipzig,
Germany, vol. 60, 1912, pp. 275-285.

8 “Theoretical Soil Mechanics,” by K. Terzaghi, John Wiley &
Sons, Ine., New York, N. Y., 1943, pp. 406-409 and 429-430.

Contributed by the Applied Mechanies Division and presented
at the Annual Meeting, New York, N. Y., November 28-December
3, 1945, of THe AMERICAN SoCIETY OF MECHANICAL ENGINEERS.

Discussion of this paper should be addressed to the Secretary,
ASME, 29 West 39th Street, New York, N. Y., and will be accepted
until July 11, 1949 for publication at a later date. Discussion re-
ceived after the closing date will be returned.

Nore: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Paper No. 48 --A-27,

THE STrRESS FUNCTION

limploying the methods outlined by Timoshenko,® it can be
shown that the boundary and all other conditions required by
the theory of elasticity are satisfied if the Airy stress funetion
¢, is taken in the form
u 1w
— 2y -

A T
where w = weight per unit of volume of the material.

STRES: AND DispLackeMENT FQUATIONS

The components of stress corresponding to Equation [2] are

u
-
2w
PR | 3]
3
w
Rt

and the associated displacements are

—w(l+p) [ (1—an ‘r
- 3K 2a e lt
(1 + 4 o
—w m . m
= = I (] — )yt — — 3 1 z
" 3% I:{ uhy o u+( +,u)x:| 5
where
o, = horizontal normal stress
o, = vertical normal stress
7y = shear stress in zz- and yz-planes
u = displacement parallel to the z-axis
v = displacement parallel to the y-axis
u = Poisson’s ratio
E- = Young's modulus

DispLaceMeNTs AT CERTAIN Locarions WrrtHin (CROSS SECTION
quations [4] lead to the*following conelusions:

1 A plane surface containing points of zero horizontal dis-
placement passes through the body. Ttsequation is

Horizontal lines located above this plane are shortened; those
below it are lengthened.
2 A curved closed surface, containing points of zero vertical
¢ “Theory of Elasticity,”” by 5. Timoshenko, MeGraw-Hill Book
Company, Ine., New York, N. Y., and London, first edition, 1934,
pp. 12-51.
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displacement, lies within the upper portion of the body. It is
given by

g e R S e e [6]

4a(l — u)

All points ¢nclosed by this surface move downward during de-
formation. All points outside the surface move upward.

3 A plane surface of zero vertieal strain passes through the
body. Itsequation is :

m
o T

da (1-—p)
Vertical lines above this plane are elongated; below it, they are
shortened. It can be seen by comparing Equation [7] with Equa-
tion [5] that the planes represented by these two equations coin~
cide when Poisson’s ratiois 1 /s,

For Poisson’s ratio » = 0, surface, Equation [6], becomes
imaginary; surface, Equation [7], ceases to exist; and surface,
Equation {5], exists only at an infinite distance below the ori-
gin.,

DiIsPLACEMENT DIAGRAMS

Fig. 2 illustrates the displacements in the upper portion of the
body when the value of Poigson’s ratio is 1/s.  The length of each

X

Fie. 2

DispLACEMENTS For Pomssox's Rario = 1/,

(OBC is surface of zero vertical displacement; DE is surface of zero hori-
zontal displacement and zero vertical strain.)
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Fie. 3 DispLacements For Porsson's Ramro = 0
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arrow in the figure is proportional to the magnitude of the dis-
placement of a point located at the feather of the arrow, while
the direction of the arrow is the direction of the displacement.

Fig. 3 shows displacements when Poisson’s ratio is zero.

For both figures, the factor w/E, in the displacement Equa-
tions [4], was set equal to 0.004, while the constant a, in the
boundary equation was assigned a value of 0.01. Thus the
differences in magnitude and direction of arrows, representing
corresponding points in the two diagrams, result solely from the
differences in the assigned values of Poisson’s ratio.

ArpLicATION—CONDITIONS AT FOUNDATION

Conditions at a rough rigid boundary, parallel to the zz-plane,
would require that (?v)/(dz) = 0 and that « = 0 for all points on
this boundary. From the second of Equations [4]

w  —2uw(l + p)
o 3E

From Equation [5]

Equation [8] precludes the existence of the exact conditions
necessary for a rigid boundary, as might have been expected.
-Also, from the principle of the uniqueness of the solution, it may
be concluded that the conditions necessary for the existence of
a horizontal elastic foundation are absent.

From these considerations,
and according to the princi-
ple of Saint Venant, it may
be concluded that the solu-
tion could be legitimately
applied only to a limited re-
gion in a cross section having
a8 large height-to-base ratio.
The same restriction of course
applies to ‘the solution for
the triangular cross section,
Fig. 4.

F16.4 Seumi-InFinite Bopy Wit
Bounpary EQUATION, y = =+ az

ComrarisoN WITH SoLuTioN For Evastic WEDGE

The similarity of the foregoing solution to that for the elastic
wedge may be seen by comparing Equations [2] and [3] with the
following equations which apply to the wedge, Fig. 4

w w
PR )
4 42"y 12&2_}..............{]0]
w
Gy Wp ¥
w .
ity ==y R [11]
w
'r,,,=—;x
where the equation of the boundary is
TR USRS ( . |
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Discussion

a

Vibration of a Cantilever Beam

With Prescribed End Motion'

R. V. CuourcHiLk.?  The author presents an interesting and
aceurate analysis of the transverse forces oceurring at the mova-
ble end of a cantilever beam when that end is made to move in
certain preseribed ways.  The three types of end motions which
are considered are simple ones related to physical applications.
His examination of conditions under which the end foree under-
goes a reversal in sign is especially pertinent. The details of his
mathematical analysis are presented elearly and concisely.
Readers not familiar with: the modern form of Heaviside’s opera-
tional caleulus will need to do some collateral reading to follow
the steps; but, to some degree, this situation is bound to be un-
avoidable. The assumption in problem D that 2 =/d # ¢,* was
not explicitly pointed out. In ease 2x/d is equal to one of the
numbers g,, a new type of term is involved in the series which
represents the end foree; but this special case seems to have no
very great signifieance.

Avrnor’s CLOSURE

Professor Churchill’s comments are’ appreciated. In problem
D, the inequality to which he refers is indeed necessary for the
solution as presented. However, the values of d for which the

27
curves of Fig."8 are plotted are such that T < ¢ so that the
d

inequality is satisfied.

Centrifugal and Thermal Stresses
in Rotating Disks'

Froksnes F. Buckranp.? The method deseribed in this
paper seems to be a handy scheme for ealeulating stresses, but
certain parts of the paper need to be clarified,

In the introduction it is stated that the radial temperature
gradient may be expressed as k¢, Radial temperature distribu-
tion is what is meant.

"The nomenclature lacks several important symbols, including
sand . Also {is used for temperature as well. Y and Z do not
need to be included, except for sayving YV, Z, M, F, h, p, w, and ¢
are defined where they oceur.

The tabular form sheet starts with 25,000 psi radial rim stress
which may be assumed to mean only two significant figures.
The numerical operations performed end up with five and six
significant figures. This is an example of the unnecessary pre-
cision of a caleulating machine giving results which are by no
means justified by the primary data.

It would be helpful to know the constants in the equation for
temperature distribution given in Fig. 3.

1 By G. A. Nothmann, published in the December, 1948, issue of
the JournaL oF Appriep MecHANIcs, Trans. ASME, vol. 70, pp. 327—
334,

* Professor of Mathematics, University of Michigan, Ann Arbor,
Mich.

! By W. R. Leopold, published in the December, 1948, issue of the
JoURNAL OF APPLIED MECHANICS, Trans. ASME, vol. 70, pp. 322-326.

 General Engineering and Consulting Laboratory, General Elec-
triec Company, Scheneetady, N. Y.

R. A. Srrus.* The method of ealeulating thermal stresses in
disks presented in this paper has the advantage of being simple
but is limited to a given type of temperature distributions. How-
ever, this limitation is wide enough to permit the caleulation of
thermal stresses in most cases encountered in turbine disks. A
generalization can, however, be reached if the temperature gra-
dient of each elementary ring is taken as a constant. The radial
temperature distribution in the disk can then be split up into
elements of straight lines. The true temperature distribution is
thus approximated by a polygonal line. When proceeding thus,
the functions ¥ and Z will have a discontinuity each time the
temperature gradient changes. The graphical method for the
computation of & and ¢ developed by R. Grammel can still be
used, and the condition Ae, = pAe, remains unchanged.

Such a procedure will give a sufficiently accurate result for the
field of thermal stress due to any temperature distribution.

" A somewhat similar method can be used in introducing the
radial and tangential thermal stresses due to a constant gradient
of temperature, and for the following boundary condition at the
inner radius of each elementary ring ¢, = 0; o, = 0. The corre-
sponding stresses at any radius of the elementary ring are given by

n.
o, = lpa-l 6212 3P

" E[ tran 2
“ 68" 8 8"

in which p is the ratio of any radius to the inner radius of an ele-
mentary ring and f, the temperature at the inner radius, the ele-
mentary distribution of temperature being given by { = fp.
The method deseribed by R. Grammel for centrifugal forces only
can be used for determining s and £ and the stresses given by the
foregoing relations are added at the outer diameter of the ele-
mt-:ntz'u-y ring. The boundary conditions at the inner diameter
are unaffected.

A somewhat similar method has been developed by the writer
in an unpublished work, “A General Method of Calculating Me-
chanical and Thermal Stresses in Disks and Tubes.” The method
is semigraphical and makes use of elements consisting of conical
convergent and divergent disks and introduces thé variation of
the modulus of elasticity and of the eoefficient of linear thermal
expansion with temperature.

J. T. Wana.* This is a brilliant paper except that a revision
is necessary in the viewpoint of the distribution of temperatures
in the disk. Neglecting the variation of the temperatures along
the axis of the disk, the differential equation of temperature dis-
tribution symmetrical with respect to the axis is

I

9y

o% 1ot
e
The solution of the differential equation is
= 1b [(t, — t.) log r — (s log @ — 1, log B)]
log -
a

3 Research Mechanical Engineer, E. I. du Pont de Nemours &
Company, Inc., Belle Works, W. Va.

4 Professor of Machine Design, University of Chekiang, China;
Visiting Consulting Engineer, Allis-Chalmers Manufacturing Com-
pany, Milwaukee, Wis.
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TABLE 1 ANALYTICAL RESULTS OF AUTHOR'S PROBLEM
1 3 4 3 [} 7 8 9 10 11 12 13 14 15 16
. — 4y )
Sect. " [ 100 Sk fo¥r: Y Z ¥ ¥y + Ay or As At ot an Tr
1 12,5 156 6.41 35100 20200 0 — 33800 T 25000 ..., 6400 6560 25000
) 2 0 2000
2 11 121 8.26 27200 15700 4080 — 27800 i 0.200 , 36980 7400 2220 16600 17320 40735
' 2 . —290 2290
3 89 81 12.35 18250 10500 10100 — 17850 ” —=0.167 680640 10100 —3030 32680 30660 55740
) , — 987 2013
4 7 49 20.4 11000 6350 16200 — 3980 o —=0.250 64117 — 16000 — 4800 47473 44340 56430
- — 2063 4197
5 4.5 20.25 49 .4 4550 2620 20000 27400 36 —0.200 51%’95 —10240 —3072 54025 81900 47000
. —5720 5
6 2.75 7.58 132 1705 283 0 87000 -2716 ..... |l)36%8 166150 0
— 15810 2011

* By using this expression of temperature instead of ¢ = ¢, + kr* as
proposed by the author, we have, instead of his expressions of ¥
and Z, the new expressions
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By this rational method, the resultsof analysis of the same prob-
lem illustrated at the end of the paper is shown in Table 1
herewith. Comparing it with the author’s original solution, the
difference in the maximum stress is about 25 per cent. The
representation of the temperature gradient by the author’s for-
mula is, in faet, impossible. A better form of the equationis ¢ =
t, + K(r — r,)*. Nevertheless, the rational formula is no more
complicated than the empirical. The use of the latter is there-
fore not justified particularly with the view that the values of n
and k will vary with each particular case. The rational formula
will give a completely determined temperature gradient as soon
as the boundary temperatures are known.

Y

AvuTtHOR's CLOSURE

In the preparation of this paper, the terms “gradient” and
‘““distribution’ were both considered for the expression kr". Both
appeared correct from dictionary definitions, but the term
gradient was chosen since it seemed to connote more accurately
the author’s intended significance of the expression. Inasmuch
as the choice of words does not affect the meaning or the method
proposed in the paper, the choice remains with the reader. Since
the temperature curve in the sample calculation was an arbitrary
assumption for purposes of illustration, the values of the con-
stants were not given. Any one of several well-known methods of
determining such econstants will show that » = 5 and k =
0.001805.

The author agrees with the assumptions that Mr. R. A. Strub
suggests, However, it is believed that the method proposed in
the paper is more accurate without the addition of serious com-
.plication of computations, especially in the case of a rapidly
changing temperature curve. The method proposed by the
author is limited to temperature curves which continually in-
crease or decrease for exact analysis. However, in the case of
rotating disks, this type of temperature curve is a generalized
case rather than a limited one. If however, a temperature curve
which does not continually increase or decrease is encountered,
several fairly accurate methods are available which transform
these curves to the type of expression used by the author. The
resulting expression is of course approximate, although a high

degree of accuracy still exists. This type of transformation al-
lows the method proposed to be used in almost any problem en-
countered.

The comments of Professor Wang are interesting, although
quite misleading. The differential equation proposed by Pro-
fessor Wang is obtained by neglecting several terms from the
following differential equation

— (log r +1) | where

o fon, 1o, 1o, o
oT or? rt or rt 08 YA
T = time
Z = axial axis
6 = angular displacement of a point on disk

Since a steady-state condition is assumed 9t/07 = 0. Further,
since the disk is subjected to a uniform temperature distribution
circumferentially

1 0%

r: og*

However, by neglecting the term 9%/04%, Professor Wang as-

. sumes that no heat transfer takes place through the sides of the

disk, which of course makes his expression very limited in applica-
tion. The method proposed by the author assumes that transfer
can exist through the sides of the disk, but assumes that, sinee
the axial dimension is small, the stress resulting from a gradient
in that direction is negligible.

The author has taken the liberty of plotting the temperature
gradient obtained from the equation proposed by Professor
Wang. Fig. 1 of this closure shows the resulting temperature
curve, as well as the one used by the author in the sample problem.

‘The difference between the two curves results in the 25 per cent.

increase in maximum stress as reported by Professor Wang. The
versatility of the method proposed by the author is again illus-
trated since, by using a value of n = 0.156, k = 1730, Professor
Wang’s curve is duplicated, and the stresses Professor Wang
predicts with his temperature-curve result.

In defining temperature gradient, in the paper, the gradient was
stated to exist from the absolute center of the disk to the rim and

PROFESSOR WANG'S ASSUMPTION
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hence the equation ¢ = ¢; + ke does exist. «Since the tempera-
ture gradients in a disk with a central hole have a small change of
slope at the hole, the error introduced by neglecting the r, term
proposed by Professor Wang is negligible.

It is evident from Professor Wang's comments that the fact of
this method’s, being general for any temperature gradient actually
existing in the disk was not clearly presented. These various
gradients can exist from heat transfer through the sides of the
disk, various types of cooling, predictions from previously meas-
ured data or caleulated by other means. For these reasons, a
theoretical expression as suggested by Professor Wang was not
used as it is too limited in scope. It is hoped that the foregoing
has clarified this point.

Stress-Strain Laws of the Mathe-
matical Theory of Plasticity—
A Survey of Recent Progress'

R. Hiu.? The author has given a comprehensive and ad-
mirably lucid survey of the stress-strain relations which have been
suggested by various writers for a plastically deforming metal.
As he has mentioned, there are, broadly speaking, two main
types of stress-strain relations, which have been designated by
Ilyushin flow and deformation theories, respectively. It would
be preferable to speak rather of differential and finite strain
theories, since “flow” has a special significance in metal physics,
connoting deformation brought about by thermal aectivation
under constant external stress. It appears inappropriate to ap-
ply it. to describe a theory for a work-hardening metal in which
plastic deformation under constant stress is not possible, and
where the element of time is absent.

In the differential-strain theory (typified by the Reuss equa-
tions) the ratios of the components of the plastic-strain inerement
(or velocity strain) are directly related to the ratios of the com-
ponents of the current stress, while the increment of stress enters
only in determining the magnitude of the strain inerement
(through the rate of work-hardening). The differential relations
hetween the plastic-strain inerement, stress, and stress inerement
are nonintegrable, and there is no unique relation between the
current stress and the total strain (which may be of any magni-
tude). In the finite-strain theory, typified by the Heneky equa-
tions, the total strain (always assumed small and defined as in
vlasticity) is directly related to the current stress. The finite
strain theories, in their present form, are not applicable to prob-
lems where the strains are large, for example, in most mechanieal
working processes,

It is easy to sce that a [inite-strain law is inappropriate for
representing the observed behavior of a metal. Suppose an ele-
ment of metal has been plastically deformed in some way, and
then unloaded. If the element is now reloaded, under a differ-
ent system of combined stresses, until it is again on the point of
yielding, the change in strain during the unloading and reload-
ing is purely elastic (secondary effects such as the hysteresis loop
are disregarded in present theories). However, according to the
finite-strain theory, a different plastic state of stress implies a
different, state of plastic strain. Consequently the finite-strain
theory is not in agreement with observation.

The author refers to a similar objection raised by Handelman,
Lin, and Prager with regard to neutral changes of stress, where
the stress is changed in such a way that the element is kept just
on the point of yielding. Differential-strain laws are free from

! By W. Prager, published in the September, 1948, issue of the
JourNAL oF ApPLIED MECHANICS, Trans. ASME, vol. 70, pp. 226--233.
* Clavendish Laboratory, Cambridge, England.
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these objections, as the author mentions. In the special case
when the loading is such that the deviatoric stress components
are inereased proportionately, it is ecasy to show (as remarked
in particular by Ilyushin) that the Hencky and Reuss laws agree
in predicting the same process of deformation. In general, how-
ever, the finite- and differential-strain theories lead to different
conelusions, especially when the change of stress tends to be
nearly neutral.

A rather interesting comparison of the Hencky and Reuss equa-
tions is provided by the behavior of a thick-walled eclosed tube,
expanded under internal pressure. Both theories agree in pre-
dicting that, with increasing plastie distortion, the axial stress
tends to the mean of the radial and ecircumferential stresses,
everywhere throughout the wall. Hence the Reuss theory im-
plies that the successive inerements of axial plastic strain tend
to zero, so that the total axial plastic strain (of elastic order of
magnitude) tends steadily to a maximum value. The Hencky
theory, on the other hand, implies that the total axial plastic
strain itself is finally zero, and thus that it reaches a maximum
and then diminishes. It would be interesting to test this experi-
mentally, the axial strain being measured of course between
two sections well away from the ends. ;

In view of the shortcoming of finite-strain theories, it is a little
surprising that they have been so much used in applications.
There seem to be three possible reasons for this: (1) their mathe-
matical convenience in small-strain problems, (2) their approxi-
mate agreement with experiment when the material is never
unloaded and the stress changes are far from neutral, and (3)
the lack of experiments specifically designed to discriminate
between the two theories. It is, in a sense, unnecessary to per-
form such experiments, since the outcome of the unloading and
reloading process mentioned previously is of course known.
On the other hand it is not surprising that for certain loading
paths the Hencky equations may give results more in agreement,
with observation than the Reuss equations. This was so, for ex-
ample, in the experiment of Hohenemser, where a tube was
twisted and then extended, while the twist was held constant.
Sinece the theories can be compared only when the strains are
small, a significant comparison is largely prevented by secondary
effects (anisotropy, rounding of yield point, creep, and elastic
after-effect), disregarded in both theories. The significance of
Hohenemser’s or similar experiments lies much more in a test of
the Reuss equations. These are known not to be strictly accurate
when the stress increment is negligible, owing to the deviations
from the Lévy-Mises relation observed by Lode, and by Taylor
and Quinney.

The author has discussed more general differential-strain theo-
ries which take these deviations into account. However, there
is also the possibility that the stress inerement may affect the
ratios of the components of the plastic-strain increment. This
possibility is not taken into account in present differential-strain

theories. Its effect would be most pronounced where the
elastic- and plastie-strain  increments  are  comparable  in
magnitude.

On the general question as to what theory is best suited for
practical applications, there seems no doubt that when the
strains are large the Reuss theory is satisfactory. The error
due to neglecting deviations from the Lévy-Mises relation is
probably smaller than the accuracy required in most practical
applications, particularly in view of random variations in the
material itself. The inclusion of work-hardening within the
framework of the Reuss equations, either by the coneept of a
generalized stress-strain curve, or by the equivalent assumption
that the hardening is a function only of the plastic work, appears
reasonably well confirmed so long as appreciable anisotropy is
not developed during the straining. When an especially high



216

aceuracy is required, and is justified by experimental technigque,
the Reuss equations will have to be replaced by some more gen-
eral differential-strain theory of the tvpe mentioned by the au-
thor. At the moment, however, theory has here outstripped ex-
periment,

W. P. Roor.? The papers on the flow and fracture and the
theory of plasticity of metals which were hrought together at the
Applied Mechanies Conferenee of June, 1948, were even more sig-
nifiecant as a group than singly. Taken together they offer a
stimulating résumé of the subjeet at its present stage. The
author! referred to two ways in which progress is to be made: by
(a) eritical discussion of the laws and their general consequences,
and (b) the solution of conerete problems. The question of
priority between these is that around which the main eontrasts
of thought turned, and the writer wishes to offer herewith some
detailed eomment bearing upon this question.

The separation of these two points of view is only for conven-
ience in thinking about them. Fven the most refined theories
eannot. cut loose entirely from the baekground of experienee,
and not even the grossest empirieism can get along without ideas
which have at least some shred of truth.  The octahedral theory
takes a middle path: it is assaredly inadequate in generality, hat
it is also regarded by certain men able to buikl exeellent strue-
tures as too theoretical for any use. Both of these objeetions
are valid, but instead of condemning this theory for both of two
opposite reasons, the writer prefers to extract from it all the
guidanece it ean give in practical design, without ignoring the
limitations which the philosophers see so clearly.

Let us eonsider four reports referring mainly to experimental
work, ie., those of 8. J. Fraenkel,* of Julius Miklowitz,® of
. I, Davis and E. R. Parker,® and A. Gleyzal.”  All four relate
to phenomena of How in simple geometries, all make use of grids,
and give more or less attention to questions of strain distribution,
all use medium steel in the duetile mode, all took data pertinent
to the validity of octahedral theory.  Yet in addition to the dif-
ference in geometries, each exhibits a different attitude with
respect to the purposes for which the data were taken and the
conelusions to be drawn from them.

In Fraenkel's work,! a specific effort was made to explore the
effeets on strain of varying the intermediate prineipal stress oo
from equality with o; to equality with o;.  Octahedral theory
is an approximation which assumes that the Mohr cireles of
stress and of strain are similar in form,® ignoring the position of
the origin of eo-ordinates on the stress cireles, or otherwise
stated, using the Mohr cireles of the stress deviators.  What will
be ealled the “eccontricity” of the cireles of stress is the departure
of a: from the mean value (oy 4 03)/2. To make this difference
dimensionless, it is divided by the semidiameter of the outer
cirele (o — ¢1)/2 to give a coefficient of cceentricity of stress u
3 Structural Rescarch Laboratory, Swarthmore College, Swarth-
more, Pa.

1 “Experimental Studies of Biaxially Stressed Mild Steel in the
Plastic Range,” by 8. J. Fraenkel, published in the September, 1948,
issue of the JovrNaL oF AppLiep MecHANICS, Trans. ASME, vol. 70,
pp. 193-200. :

¢ “The Influence of the Dimensional Factors on the Mode of Yield-
ing and Fracture in Medium-Carbon Steel—I,"" by Julius Miklowitz,
published in the September, 1948, issue of the JOURNAL OF APPLIED
MgecHANICS, Trans, ASME, vol. 70, pp. 274-287.

§ “Behavior of Steel Under Biaxial Stress as Determined by “l'ests
on Tubes,” by H. E. Davis and E. R. Parker, published in the Sep-
tember, 1948, issuc of the JournaL oF ArpLiED MEcHANICS, Trans,
ASME, vol. 70, pp. 201-215.

7 “Plastic Deformation of a Circular Diaphragm Under Pressure,”
by A. Gleyzal, published in the September, 1948, issue of the Jour-
NAL oF AppLIED MEcHANICS, Trans. ASME, vol. 70, pp. 288-296.

8 “Stress and Strain in Plastic Flow,” by W. P. Roop, The Welding
Journal, vol. 25, September, 1946, pp. 799-823.
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as defined by the*author.  Thix also may be expressed as the
difference between the two minor shear intensities,
measured by the semidiameters of the inner eireles, divided by
the major shear r,, measured by the semidiameter of the outer
cirele.  In dealing with these shear intensitios it is hetfer to think
in terms of absolute values and ignore sign.

n Tie

Now plastie low is the response of a duetile metal to shear
stress, and in a polyervstalline material with random orientu-
tions enough single erystals will have their planes of weakness
near the plane of maximum shear 72 to eanse slip in a zone in-
cluding this plane, regardless of what happens in the planes of
minor shear 7y and 7. These minor shear-stress intensities vary
in sueh o way that one is at least and the other at most equal to
half 75, and at the limit hoth have this same valoe, and the stress
cecentricity g is zero.  In this ease the shear sirain is in fucet
greatest in the plane of 7., but sinee by syvmmetry the two minor
shear strains will be equal, and their sum equals the major strain,
the eceentricity of strain » must also he zero. For similar reasons,
when one of the minor cireles has shrunk to zero and the other
has expanded to coineide with the major eirele, the index of ce-
centricity for stress g, and also that for strain », both will reach
the value unity, and thus again equal cach other.

Octahedral theory assumes that this equality of eceentricity of
strain with that of stress holds also for all other values of g 17
the ratio of 7 to 4 be regarded as a plastic modulus A, varyving
with the stress level 7o, then at any given .. it will also be true
that r/9 = 73/ = A, regardless of the value of 7. The modu-
lus A is in effeet the ratio of any dimension on the stress cireles to
the same dimension on the strain circles, and thus also the ratio
of oetahedral stress to strain.

[t comes now to a question of the nature of the error in infer-
enees from the octahedral theory if this assumption of equality
is incorrect. Some evidenee exists in this paper and in its refer-
enees, 10 show that the index of strain eecentricity is reluctant
to follow the stress eceentricity as it departs from the zero value
at which the two are in any case cqual.  Only as 7 (or =) ap-
proaches = in intensity does y; (or ya) follow it in the assumed
ratio. Tt is possible that in some geometries or patterns of load
this might make a decisive difference, although no such ease
oceurs to the writer.

Similar comment. may be made on the data relating 1o the
significanee of path.
Fraenkel paper,* is not strictly one of neutral loading in the au-
thor's (Prager)! sense, which would require ¢ to diminish as
a¢ increases, so as to maintain constant octahedral value.  THow-
ever, there is no reason to suppose that the resalt would have
been notably different if this condition had been exactly satis-
ficd.

In the Miklowitz paper on the flat tensile bar,® the deseriptive
data relating to the highly nonuniform action of the later stages
of flow marks a start along a path which has already been fol-
lowed much further in connection with the round bar.  With
notable differences, this case has some interesting similarities to
that of a meridional slab cut from the round bar. A point of re-
semblance lies in the combination, in transverse sections, of con-
cavity toward mid-length near mid-length, with convexity at
greater distances. In no other way can the presence of greater
axial strains at mid-width than at the edges in the sections near
mid-length be reconciled with the greater over-all length of the
sinuous line at the edge as compared with the straight line at the
axis. A point of difference lies in the absence in the flat bar of
the eounterpart of the hoop components of stress in the round
bar. A significant query may be made whether the crossed re-
gions of high strain shown in Fig. 16 of the paper,® have analogs
in the round bar.

The example, shown in Fig. 11 of the
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The Hat tensile bar, however, has an importance of its own.?
The dimple which develops at the center of the cross is in effect
a plastic notech, and the fact that e at this point has a maximum
value which depends not at all on the width of the plate and only

a little on thickness, Fig. 15,5 is new evidence that the duetile.

behavior of a flat plate in tension has a stable character of the
sort that makes this type of specimen a good indicator of how
a given material will act in an assembled structure. By placing
a machined notch at the point where the plastic notch would
otherwise develop, we come closer to the conditions of serviee
without losing the advantage of this stability.

Fig. 155 also shows that the octahedral strain at fraeture in the
dimple rises with decreasing thickness and (below about five
thicknesses) with deercasing width., The additional data on dis-
tribution of residual strain in Figs. 17 to 21 of the same paper, if
brought together in a contour chart like that in Fig. 20, but in
terms of octahedral strain, would come close to giving a true
picture of energy distribution. To earry through such a reduc-
tion, even on a single specimen, would be a big job, and for all
18 of them hardly practicable. However, the average of the unit
energy absorption, in inch-pounds per eubie inch, taken over the
whole of a region, say, two widths long, could be taken out at mod-
erate cost; comparison with the maximum values in the dimple
could then be made. The writer is of the opinion that this ratio
of maximum to average unit energy may be greater in these un-
notched plates than in those with notehes. Might we infer from
such a conclusion that to increase the gross energy absorption of
an extended structure we should put holes in it?

More nearly amenable to analytical study is the question of
strain ratios in the range of uniform straining, as in Fig. 10.5
It is usual to assure that a length of not more than 10 widths
is needed to obtain a uniform distribution in-the mid-section of a
tensile speeimen.  The ratio of 5 in this case, combined with
generous fillets in both width and thickness, should have come
near the mark. A [urther assumption widely accepted is that
even in a long speeimen a high ratio of width to thickness increases
transverse constraint, reducing e from equality with e in narrow
widths toward zero in great widths, the condition of plane strain
in the length-thickness seetion,  Fig. 10 shows the stages through
which this transition passes.  lven at the low strain level at
which the effeet is the greatest, and at the highest width-thick-
ness ratio tested, namely, 10, the ratio e:/e; has hardly more than
a good start toward the zero value. On the reason for such a
state of affairs the theory of plasticity seems thus far to be silent.

Sasier to theorize about are the two remaining cases, of tubes
and diaphragms. The tube tests are considered by Davis and
Parker® to give general confirmation to octahedral theory. Even
in the single case in which stress ratios were varied, the octahedral
stress strain reasonably falls in with the curves at constant
ratio. Predictions of strain ratios drawn from similarity of
strain with stress circles are reasonably confirmed and this oe-
curs also in the one case at low temperatures in which a ductile
strain of 50 per cent was followed by cleavage fracture. In
addition, these authors give, with almost no comment, some dis-
tribution data. In specimens 1, 2, and 3, a condition like that
of plane strain in the peripheral-radial section was achieved
over a fair part of the length, with hoop strain of about 25 per
cent and near-zero axial strain. The inverse condition of load
which would produee zero hoop strain was not used.

In the case of the diaphragm, with its polar symmetry, Dr.
Gleyzal” offers a complete analytieal solution in open form for the
two components of stress not zero, for the two independent
components of strain, both as funetions of the radius; and also

Y “Tests of Duetility in Ship Structure,” by W. P. Roop, ASTM
Symposium, June, 1948,
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a series of deflection profilessat a series of assigned pressure values;
all by direct inference from octahedral theory with appeal to
experiment only for the functional relation between oetahedral
stress and strain. Agreement with observation lies within the
limits with which the stress-strain curve is defined.

It would be difficult to trace the details of this caleulation
or to paraphrase the processes of thought by which, the ten
different relations between the ten independent quantities as
listed were established. Dr. Gleyzal states, in notes to Figs. 6
to 10, that his solution is based only on the “equilibrium condi-
tions, strain-displacement relations, and plastic stress-strain
laws.” It would be useful to follow more closely the proeess by
which the form of the stress-strain curve acts in controlling the
radial displacements » which, in turn, are associated with the
radial distribution of thickness h.

For a simple numerical check of Fig. 57 the writer has evalu-
ated t/hy at the center point, where & = ¢, for the stress-strain
curve r = 48.4 /1, and finds the numbers reasonably confirmed.
However, sinee ¢ falls away from equality with e at the center to
zero at the rim, is not the upper half of Fig. 5 in which e > &
superfluous?

It is noted that although the strains in Fig. 5 are carried only
to values of 0.05, the calculated strains in Figs. 6 and 7 of the same
paper,” go up to 0.09 and the rupture point in Fig. 1 is at a strain
of not less than 0.40 octahedral value, or 0.14 linear value. If
the stress-strain exponent is '/, differentiating Dr. Gleyzal's
formulas gives a maximum of {/hs at e = 0.10, and of ¢ at about
e = (.18 wherc e = & = . X

So far as the writer is aware, this is the first complete solution
proposed for the cireular diaphragm. It is hoped that it can be
reduced to somewhat more tractable form and espeecially that
questions of stability may be studied further. In any ecase,
however, it offers a good example of what the octahedral theory
can do for us.

To balance our discussion, take now the three papers presented
in quick succession by J. E. Dorn and A. J. Latter,® E. A,
Davis,' and Professor Prager.! The intent of all three of these,
again is the same, to find a middle path between the nominal
formulas which have the merit of giving useful numerical pre-
dictions in special cases and a more generalized analysis whose
merit lies in complying more rigorously with basic requirements.
All three make use of the concepts and nomenelatures of the
theory of elasticity, moving thence toward broadened ranges of
application.

In the ordinary elastie ease the stress-strain relation is that of
simple proportion, the strains are infinitesimal, the action is re-
versible. Between load and deformation the correspondence is
unique regardless of path of loading, a condition which is de-
seribed!? by referring to the existence of a valid “deformation
theory.” Whether or not it is possible to imagine exeeptions
axes of elastic strain are usually parallel to those of stress, and
when load patterns are held constant, with changes only in
intensity, ratios of principal stress deviators to each other and
to prineipal strains remain constant, and their axes remain fixed in
the body. The distributions, i.e., the variations from point to
point in the body of intensity, orientation, and ratios of compo-
nents, are determined uniquely by the geometric condition of “com-

10 “‘Stress-Strain Relations for Finite Elastoplastic Deformations,”
by J. E. Dorn and A. J. Latter, published in the September, 1948,
issue of the JoUurRNAL or ArpLiEp MEcHANICS, Trans. ASME, vol. 70,
pp. 234-236.

11 “A Generalized Deformation Law,” by E. A. Davis, published
in the September, 1948, issue of the JournaL or AppLiep ME-
cHaNics, Trans. ASME, vol. 70, pp. 237-240.

12 “General Stress-Strain Laws of Elasticity and Plasticity,” by
A. Gleyzal, JourNaL oF AppPLIED MEcHANICS, Trans. ASME, vol. 69,
June, 1947, p. A-167; comment by William Prager.
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patibility,” the dynamic condition ,of equilibrium, applicable
throughout the interior of the body, and the restraints or “sur-
face tractions” applied at the boundaries.

Given ingenuity and patience enough to follow through the
necessary process of search and confirmation, every specific
problem in elasticity is soluble, and examples of success are
found in other parts of the program of the conference.

With such precedents it is natural to wish for a correspondingly

complete theory of plastic behavior. It is clear that under given -

conditions the problem still has a unique solution, namely, that
found by the metal itsell, which shows no signs of doubt as to
patterns of deformation. But it is equally clear that none of
the three conditions used in calculations in the elastie range is
now applicable. The stress-strain relation is discontinuous, the
strains finite, and loading and unloading must be handled sepa-
rately. How can we make assumptions of a more intricate
nature that will lead to caleulated results reasonably correspond-
ing with the facts?

One such assumption is so naive that it is not even mentioned
by any of our four authors, %11 although it underlies work which
has been prolific in solutions of praectical value. It is that after
the elastie limit has been left behind locally, for moderate further
advances in load level the strain pattern persists, with only the
change in stress, its local peak values are cut down to yield point
intensity. Whether or not this violates conditions of equilibrium
and compatibility, it does lead to approximations for ohserved
values of load-bearing capacity which are useful in design (van
den Broek, Hrennikoff, Wang), and these have led to efforts to
provide for it a more rigorous basis (Osgood, Shanley). Duetility
does not come in question since the method at best is still limited
to small strains.

Such a direet treatment of plastic as an extension of elastie
behavior is not contemplated by Professor Dorn,! although the
word “elastoplastic” occurs in his title. He is seeking principles
of more general validity and the question with him is: What
concessions are to be made for what benefits? The benefits are
those of a more specific recognition of the difficulties in prin-
ciple, and for this we must give up the hope of early solution
of specific problems on the more rigorous basis proposed.

The difficulty in principle which is chiefly discussed is that
caused by strain being no longer infinitesimal, and the remedy

" : 2 % g Oe
proposed is that of proceeding by a series of 111('r&'.lnentsé—tdt

as in his Equation [10].2¢  TIn addition to integration with respect
to space co-ordinates, solution of a particular problem will also
require integration with respect to f. This variable might, in a
simple case, be time, but more generally it represents “the
extent of the deformation.”” However, like time, presumably, it
is independent of the space co-ordinates, so that any particular
value of ¢ applies equally to all parts of a body.

To make such & procedure at all feasible, further concessions
are necessary. Professor Dorn, in Equation [12] aceepts the
idea that elastie and plastic strains ean be separated and super-
posed. It is noted, however, that the step from superseript ¥
to superscript P will oceur at different values of ¢ in different
parts of the body. He also accepts in the plastic range the con-
stancy of volume and the sufficiency of the second invariants,
oy and €1, His Equation [15] makes the ratio of the strain
increment to the stress deviator the same for each of the prin-
cipal axes.

The writer ventures to describe this as octahedralism, coupled
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with the reservation that plastic strain must be taken in incre-
ments, Thus is it not a suitable compromise between pure de-
formationism and the flow theory?

What worries Mr. Davis"! is something quite different, not

.deformationism, with which he is quite content, but the per-

verseness of eccentricity of strain in not always equaling that
of stress. He proposes to allow for this by introducing into
his otherwise purely geometrical Equation [5] the quantity f,
which refers to the stress components. Quantity f is called a
distribution function; not that it has anything to do with space
co-ordinates, but because, as in Equation [23], it determines the
partition between 4, and v; of their sum 4,. If 4 = », this fol-
lows the proportion of the shear stresses, but if not, then it is no
longer true that /v = m2/v: = 73/7s, and the value of vyoes
as in his Equation [8] is changed in consequence. Quantities f
and F can then be independent of each other only if the change
is such as to leave §F unchanged by the shift of f to something
different from simple equality with 4. Substitution of the values
in Equation [18] in Equations [3] and [8] seems to indicate that
this condition is met, since f drops out of the expression for .
Whether in fact this is true or not, the formulas are useful if they
permit prediction of the change in principal strains caused by
a given deviation of » from p.

Professor Prager’s broad résumé! speaks for itself. The writer
is sure he would not like to be called an octahedralist but it
is also sure that Professor Prager has a clear idea of the condi-
tions under which octahedral theory forms a valid approximation.
Isotropic incompressible material monotonieally loaded is all
that was assumed by Mr. Davis,'* the avowed octahedralist.
Professor Prager's Equation [19] exeludes strain-hardening, but
this restriction is lifted in his Kquation [30]. Neutral changes of
lIoad, in which the ratios of the prineipal stresses change without
affecting the octahedral value, are related to variations in path
of loading. The question as to what then really happens is still
unanswered, but octahedral theory claims nothing more than
that octahedral strain also remains unchanged. Parallelism of the
axes of principal strain with those of stress and the equality of the
ratios of the principal strains to the corresponding stress devia-
tors are conditions which are satisfied approximately in a wide
variety of practical cases.

It has often been observed that it is not easy to design experi-
ments which will furnish eonclusive data on the effect of de-
partures from the assumptions mentioned in actual materials,
ordinary geometries, and common load configurations. As a
designer the writer is quite willing to wait for such errors to
make themselves felt; so long as he retains a mind open enough
to recognize them when they do appear, he does not feel obli-
gated to go in search of them.

AvTHOR'S CLOSURE

The author greatly appreciates the interest which the discussers
have shown in his paper. The objection which Dr. Hill raises
against Ilyushin's terminology (“flow” and “deformation”
theory) is doubtless a valid one.  On the other hand, Dr. Hill's
term “finite-strain law" might prove somewhat confusing because
these theories are not necessarily concerned with finite (as opposed
to infinitesimal) strains. Moreover, any finite stress-strain rela-
tion can be written in differential form. The important fact is
that a differential law in the sense used by Dr. Hill, cannot be
integrated to yield a finite law. Tt seems to the author that a
really adequate terminology suggesting all these faects is missing
as yet.



" DISCUSSION

The Propagation of Plasticity in
Uniaxial Compression'

D. 8. Crark.? The authors in their paper state, “No experi-
mental data exist on compression impact, at least in cases where
the type of behavior is expected to differ fundamentally from that
observed in tension.” The authors are referred to an investi-
gation on compression impact by P. E. Duwez, D. S. Clark, and
I1. IN. Martens.?

In these studies of compression impact, static stress-strain
curves for several materials were determined on specimens for
which the [/d ratio was 2. These results are shown in Figs. | and
2 of this discussion. In comparing these curves with Fig. 1 of
the paper, it is to be observed that there is no well-delineated
infleetion point, and that the slope of the stress-strain curves i=

! By M. P. White and LeVan Griffis, published in the September,
1948, issue of the Journan or ApprLiEDp MECHANICS, Trans. ASMIE,
vol. 70, pp. 256 260.

? Associate Professor of Mechanieal Engineering, California Insti-
tute of Technology, Pasadena, Calif,

¥ “The Propagation of Plastic Strain in Compression, " by P. .
Duwez, D. 5. Clark, and H. K. Martens, NDRC" Report No. M-302,
OSRD No. 3886, 1944,

219

2
8 (2 N
3 —_—
§ a | dim—1
= w0 | 100 N
b
o
: P i
1
E! / / 7
o 40 L - et
H
[ ——
o
. ;m"‘:"ﬁ_ﬂ//
ol 1 1] e IG. 3 Leap Seecimess ArTer CoMprEssioN IMPacT at VELOCI-
/ 1 TiES InnicaTen (Fr. pER SEc).  Omicinan LEngTH 12 1IN,
| — ¢ H
WL o ———
] { - prry --el! BN WO
-
i
132 ft/eee
8 1o 1k £/ el
Serulo (percent) —-—‘m—
Fra. 1 Srarre CoMPRESSION STRESS-STRAIN Cunrves [ /d=2
20 = e N
16 —— " | S——— /
L [
o |
- |
z | |
£
—
L) 12 — i ——
o
—
-
-
o
& B |— U, | 3 AN NN
w)
4 - - o
/ |
10 0 30 40 50 &0 70 80
8 9 10 11 12
Strain [percent) Distance X in inghes
F1a. 2 Srartic COMPRESSION STRESS-STRAIN CURVE FoR LEAD SPECIMEN I'ré. 4 Strary DistrisurioNn CUurves. COMPRESSION

3/s In. v Diam, 3/ In. Lone

ImpacT on Leab Sercivevs 12 Tn, Loxa, 3/s In. v Diam
L



222

1/74/?4_4 ril’\H
{(a) (b)

x\f?___%rx x\/?_ﬁ\/x
c) (d)

(€e)

Fic. 1

(h) All precessions. A3? equals 8, Fig. 9; lines three and eight,
Fig. 11.

(¢) Lower negative precession.
g, 11,

() Positive precession.  Ky* between [ and 4, Fig. 9; line four,
Fig. 11.

(e) Higher negative precession,
and seven, Fig. 11.

K3? below 1, Fig, 9: line five,

K2 above 4, Fig. 9; lines one

The mode shapes of the other syvstems are not too difficult to
visualize, once those of the two systems deseribed are under-

stoad.

Investigations of the Flow in Curved
Ducts at Large Reynolds Numbers'

W. L. Trumrrer.? The paper is very instructive in convey-
ing the exact nature of flow in curved passages. Such presenta-
tions are of great help to engineers in hydraulie machines, where
flow losses generally are lumped together in a percentage and
little is known of its real nature. It would be of further advan-
tage il such an investigation could be extended to curved chan-

! By J. R. Weske, published in the December, 1945, issuc of the
JovrNaL oF AppLIED MEcHANICS, Trana, ASMI, vol. 70, pp. 344
348,

¢ Chief Engineer, Centrifugal Compressors, Clark Bros, Company,
Ine., Olean, N. Y. Mem. ASME.
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nels in rotating elements, such as eentrifugal-pump or compressor
wheels,

Aurnor’'s CLOSURE

Certain aspects of sceondary flows in rotor wheels of turbo-
machines have been studied by the author and a paper, “Second-
ary Flows in Rotating Passages at High Reynolds Numbers”
presented at the VII Congress of Applied Mechanies in London,
England, in September, 1948, which will be published in the Pro-
ceedings of that Congress. °

Theory of the Damped Dynamic
Vibration Absorber for
Inertial Disturbances'

C. F, Garnanp? anp F. M. Saver.®  The results of a similar
analysis of the dynamical vibration absorber, together with ex-
perimental data, are ineluded in a paper by the writers.* A com-
parison of the writers” analysis with that of the author indicates
a diserepancy in the expressions for the optimum damping in the
“Lancaster-type” absorber. It is believed that the author’s
Equation [34b]is incorrect and that the optimum damping for this
ease should be

1

2(_2+ ®)

The author’s Equation [34b] leads to a corresponding distortion
of curve 3, Fig. 6 of the paper. It is noted that curve 1 in Fig. 6,
is not in agreement with Equation [34].

hopt’ —

Avrnor’s CLOSURE

Professor Garland and Mr. Sauer give the correct form of
Equation [34b] and note that curves 1 and 3 of Fig. 6 are not
consistent with the correct formulas [34] and [34b] which they
are supposed to represent. I am grateful to them for correcting
the record.

Also the author would like to point out that the expression
rewt* appearing in Equation [45] .of the paper and two lines
carlier should read wewz*2,  This oversight does not affect later
results.

1 By J. E. Broek, published in the March, 1949, issue of the Jourxar
or ArpLiED MEcHANICS, Trans. ASME, vol. 71, pp. 86-92.

2 Associate Professor, Department of Mechanical Engineering.
University of California, Berkeley, Calif. Mem. ASMIZ.

3 Instructor, Department of Mechanical Engineering, University
of California, Berkeley, Calif. Jun. ASMIL.

! “Performance of the Viscously Damped Vibration Absorber Ap-
plied to Systems Having Frequeney-Squared Exeitation,” by C. F.
Giarland and I, M. Sauer, published in this issue of the Joursan or
Arerien MeEcHANICS, pp. 109 116,



Book Reviews

Applied Scientific Research

Arpriep ScieNTivie Rusgancd.  Reports published under the aus-
pices of three societies for applied seience and engineering in Hol-
land. Vol. 1A, No. 2, Mechanies, Heat. [Paper, 61/5 X 9/ in.,
168 pp., figs.; Vol. 1B, No. 2, Electrophysics, Acoustics, Optics.
Paper, 6'/4 > 9/ in., 148 pp., fizs. Published hy Martinus
Nvhoff, The Hague, Holland, 1945,

Revi b BY J. P. Dex Harrog!

"I HIS new publication, entirely in the Lnglish language, ap-
pears in two series: A, mechanies, heat; and B, electrophys-
ies, acousties, opties; so that series A is of particular interest to
readers of this JourNan. It appears in sections of about 80 pages
each, to form a volume of 480 pages, which is estimated to take
about one and one-half years, and the subseription price is about
88 per volume.  The printing, illustrations, and quality of paper
are excellent, :
We have belore us the second issue, pages 81 1o 168, containing
8 articles on a variety of subjects.  The first article is on the flow
of a viscous fluid through a porous mass with application to oil
cracking, where oil or gas passes through a bed of porous catalyst.
The second article deals with abrasive action of various tooth
powders and pastes on teeth, reporting on an interferometer
method whereby very small ehanges in the tooth surface can be
clearly demonstrated. There are two artieles on thermodynamic
properties of substances under high pressure and temperatures,
There is one article in soil mechanies on the resistance of a steam
roller when rolling down a roadbed, and on the energy dissipated
in the process.  Another paper deals with the buckling of pipes
standing vertically in water or in another fluid medium with
application to a mine shaft and still another with the vibration
of 1 beam on elastic foundation with damping, subjected to an
arbitrary force.  The last paper deals with a near vector theory of
involute gearing.  Judging from the range and quality of the
papers in this issue the new publication deserves the serious at-
tention of workers in the field.

Historical Appraisal of Mechanics

By Harvey F. Girvin.
Cloth,

A Hisrorican Appramsan oF MECHANICS.
International Textbook Company, Seranton, Pa., 1948,
6/ % 9 yin., ix and 275 pp., $3.25.

Reviewrn sy I O, Frons?

HIS compact. volume will be welcomed by all those who see
“in mechanics a branch of human thought and growth, rather
than just a collection of recipes. Interest in history is a necessary
part of our urge to seek understanding of the world; the history of
mechanics will be more inferesting than any other to readers
of this JournaL, because here we are best equipped to see each de-
velopment in perspective, in its relation with others, its contrast
with current views, and its effect on applications.

Too many libraries have no books on the history of mechanies;
Professor Girvin’s book ean, and should, [l this gap where it
exists. It can be recommended to all students curious to see
whether knowledge was developed as logically as it is deduced in

! Professor of Mechanical Engineering, Massachusetts Institute of
Technology, Cambridge, Mass., Mem. ASME

2 Assistant Chiefl Engineer, Preco, Ine., Los Angeles, Calif,
ASME,

Mem.

the textbooks (it was not). Kngineers interested in the develop-
ment of their profession will also want to read this historical ap-
praisal.

In this brief volume the author gives the dates of the most im-
portant discoveries in mechanics, sketehes of the lives of outstand-
ing men, some reflections on the philosophy of the subject, a brief
history of engineering education, and a bibliography. No deduc-
tions or explanations of mechanical theorems are given; the
reader is assumed to be familiar with elementary mechanies.

The text is divided into three parts: Part 1 includes, among
others, sections on Aristotle, Arehimedes, the Moors, and Roger
Bacon. Part 2 is mainly concerned with the development of
classical dynamies from Leonardo da Vined to D’Alembert.  One
chapter of this part is devoted to Galileo, another to Newton.
Part 3 i titled Mechanies of Materials; it takes us from Galileo
and his theory of cantilever beams on to current literature such
as, for instance, Van Den Broek's Theory of Limit Design. On
the way we find such interesting items as the very slow develop-
ment of the concept of “neutral axis” by Hooke, Mariotte,
Coulomb, and Young, and the purely mathematical derivation of
heam deflections by Bernoulli and of column stability by Euler—
both without benefit of neutral axis or Young's modulus. Part 3
also includes a chapter on the history of engineering education
with data on the earliest schools, on early texthooks, and on the
organization of engineering courses.

Obviously so brief a volume on so large a subject is bound to be
uneven. Professor Girvin probably is receiving scores of letters
from readers who have suggestions for improvements. By pub-
lishing the volume as it is, the author has performed a valuable
service. If the book has the circulation which it deserves, a
second edition will become necessary, and the author will no
toubt be able to refine his work with each edition.

Combustion Engines

By Arihur P. Fraas. MeGraw-Hill Book
Cloth, 6 X 9 in., vii and 428

CoMmpusTioN ExciNes.
Company, New York, N. Y., 1948,
pp.. $5.50.

Reviewep By A. R, Rocowskr?

"T"HIS book is a general college text on internal combustion

“engines and as such must touch upon the theoretical and
practical as well as the purely deseriptive aspects of a wide range
of subject matter. To achieve a balance between these categories
which will satisfy all readers is obviously impossible, My per-
sonal feeling is that Mr. Fraas has done particularly well in his
treatment of the practical and descriptive aspects of the internal-
combustion engine and its aceessories, but that he leaves some-
thing to be desired in his development of basic theory, and in
bringing out its direct application to the caleulation of engine
performance.

The book starts with a chapter on engine types and construc-
tion. This is brief but well done with many fine illustrations.
In fact, the photographie reproductions throughout the book are
of exceptional clarity with none of the usual loss of detail. There
follows the usual chapter on the theoretical air eyele with a short
discussion of other approximate eyeles. Mean effective pressure

3 Associate Professor of Aeronautical Engineering, Massachusefis
Institute of Technology, Cambridge, Mass.
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is introduced as a constant hypothetical pressure, but the more
useful concept of mean effective pressure ag the number of inch-
pounds of work done per eyele per eubie inch of displacement
volume, is not used. In the next chapter, the use of the air tables
of Keenan and Kaye is explained, and about ten pages are de-
voted to the use of the thermodynamic charts of Hottel. The
Hottel charts are probably the most useful tool we have for es-
timating the effects of engine variables on eyelic pressures, tem-
peratures, and efficiency. The discussion of these charts seems to
me totally inadequate and confusing. [ would recommend going
back to the original charts and discussion of Hershey, Eberhardt
and Hottel. (Reference 5).

There follows a chapter on combustion which contains the ex-
eellent schlieren photographs of normal eombustion and detona-
tion taken by Mr. C. D. Miller at NACA.

Actual eycles and the effect of various engine variables are then
covered in some detail.  Carburetors are discussed fairly well,
with the aid of one page of simple theory. Fuel injection is
covered ina general way with some fine spray photographs and
pictures of injection pumps and nozzles,

The chapters on Ignition, Fuels, and Lubricants are excellent
and contain much up-to-date material. The chapter on lubrica-
tion would be improved by the inclusion of the simple Petroff re-
lationships for plain bearings.

The chapter on cooling has much useful information. The
cooling theory might have started with the effect of Reynolds
number; leading to Equation [15] and lollowing through to the
same end results without using Campbell’s semirational for-
mula.

Supercharging is covered briefly, and there is a good chapter on
performance. ’

Chapters on the gas turbine, overhaul, and maintenance com-
plete the book.

There is almost no discussion of the two-stroke engine, al-
though this type is widely used in large sizes for marine and sta-
tionary power plants. There is no mention of the application
of the principles of similifude to engines, so that the effect of size
and inlet Mach number are not considered.

The lists of references and the problems at the end of each
chapter add greatly to the value of the book.

The author has apparently had wide practical experience and
keeps up with American developments.  He is usually 100 per
cent right about what an engine will do, but sometimes wrong
about why it does it. Some examples are the discussions of the
“Ricardo” head, the effect of residual gas on volumetric efficiency,
and the best economy fuel-air ratio at part load.

I would say that this is a better than average engine book
whose place is somewhere between the books on maintenance and
construction and the more scholarly texts such as Taylor and
Taylor or Lichty.

Flight of Birds

Bulletin No. 28, Cran-
Cloth,

THe FuaaT oF Binps. By John H. Storer.
hrook Institute of Science, Bloomfield Hills, Mich., 1948.
6 X 9in., xv and 94 pp., illustrated.  $2.50.

ReviEwED BY G 5. CHERNIAKY

IT becomes evident after reading this book, that the engineering

tasks attempted with varying degrees of success by Icarus,
da Vinci, and other pioneers (legendary or otherwise) in the
field of aeronautics would have been furthered had they studied
the problem of bird flight with the thoroughness of Mr. Storer.
Man’s earliest attempts to fly have been based on efforts at

i Chief Engineer, Lessells and Associates Inec., Boston, Mass,
Jun. ASME.
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simulating the mechanism and equipment of birds.  Until fairly
recent times, aeronautical engineers have looked down upon this
early approach in the belief that the modern airplane bore but a
slight and exceedingly fundamental relationship to a bird.  Mr.
Storer’s book indicates that this is far from being correct,

By dint of painstaking observation and some first-rate photo-
graphic records of birds in flight, the author has succeeded in
producing a technieally plausible analysis of the bird as a flying
machine. | The book is divided into three main sections dealing
with the aerodynamics of flight, the flving equipment of birds,
and an analysis of various aspects of bird flight such as control,
take-off, landing, soaring, manueverability, ete.  The technical
reader will probably be irked by the oceasionally awkward or
inaccurate terminology; however, this does not appear to detract
materially from the data presented, as for example in tables of
speed and wing loading where the latter for various species is
expressed in s em per-gram.

The author brings out the fact that in general a bird combines
the features of the fixed wing, rotary wing, and eyeloidally
propelled wing.  Specialized types have evolved such as gliders
and soarers (condor, albatross), helicopters (humming bird),
speed fliers (duck hawk, eagle), férmation fliers (pelican, goose),
as well as birds adapted for special take-off and landing eondi-
tions (egret, ibis). It is shown that the basic wing comprises a
relatively fixed inboard lifting surface and an oscillating outboard
section which serves as the propeller and one of the control sur-
faces.  The aerodynamic properties of these two elements ean be
controlled through a wide range by varying the thickness, angle of
attack, and also by introducing such scientific sophistications as
slots, flaps, tabs and automatic piteh controls.  Wing contours
and aspect ratios have been evolved fo enable these unmotorized
flving machines to take full advantage of environment, and in
this connection the author presents a very interesting discussion
of the difference in wing form between the albatross which is an
ocean glider, and the California condor which is a land glider.

Any engineer who has on occasion given some thought to
biomechanies will find this book a stimulating and informative
addition to his library.

Fluid Dynamics

Frvip Dysasies.  Vietor L. Streeter.  MeGraw-Hill Publica-
tions in Aeronautical Seience. MeGraw-Hill Book Company,
New York, 1948. Cloth, 6 X 9 in., illustrated, £5.

ReviewEeDb BY Asciir . SHAPIRO?

P;\l[,\[)( YXICALLY, modern developments in the understand-

ing of the mechanies of real fluids have, through widespread use
of the boundary-layer concept, served to inerease rather than
diminish the importance of the classical theory of frictionless
fluids. This new work, although it refers almost exclusively to
coneepts and methods which were in the mgin known at the turn
of the century, will therefore he weleomed by many.

Lamb’s great treatise, “Hydrodynamics,” has long been an
invaluable source book, but it is generally felt to be unsuitable for
purposes of instruction. Professor Streeter's book, on the other
hand, is primarily a textbook designed to promote an understand-
ing of methods rather than to colleet the fruits of these methods.

It is stated in the preface that “every effort has been made to
clarify the concepts and to include those exasperating steps in
derivations which are usually omitted.” For this many students
(and their professors) will be grateful, as they will be also for the
many refreshers in mathematies preceding and accompanying
each section where advanced mathematics is necessary.

5 Associate Professor of Mechanical Engineering, Massachusetts
Institute of Technology, Cambridge, Mass. Mem. ASME.



DISCUSSION

Chapters 1, 2, and 3 provide the fundamental econcepts by
which the motions 6f inecompressible, frictionless fluids are studied.
After introducing the ideas of the continuum, stresses at a point,
and the ideal fluid, there are discussed in detail Euler’s equations,
the equation of continuity, the nature of boundary conditions,
irrotational flow and the velocity potential, the stream function,
circulation and vortices, the Laplace equation, and uniqueness
theorems for ideal motion.

In chapter 4 we find the application of these fundamentals to
problems of three-dimensional flow, comprising combinations of
sources, sinks, doublets, and uniform flows, and leading to solu-
tions for flow past Rankine ovoids, spheres, ete.

An introduction to the algebra of complex numbers, and a
demonstration of how two-dimensional problems are greatly
simplified through the special properties of analytic functions of a
complex variable, are presented in chapter 5. Numerous exam-
ples are given in chapter 6. In chapter 7 are the special applica-
tions to airfoils, particularly the line of development leading to
the Joukowski airfoils. The treatment of flows with free stream-
lines with the aid of the Schwarz-Christoffel Theorem is outlined
in chapter 8, together with a detailed development of the the-
orem itself, .

The fundamentals of vortex motion and such examples as vor-
tex rings and rows of vortices are given in chapter 9.

The book is concluded with three brief chapters on the Navier-
Stokes equations, examples of laminar flow, and the boundary
layer.

There are many well-sclected examples throughout the entire
book. However, the practical usefulness or range of validity of
these examples is seldom diseussed. This reviewer is of the opin-
ion that the potential usefulness of these examples was not fully
exploited, largely because the results are not interpreted in terms
of the mechanics of the boundary layer.

The concluding three chapters, on real fluids, are not well
integrated into the remainder of the book, and are in fact too

. brief to survey the many modern developments on the boundary
layer, viscous flow, and turbulence. Professor Streeter’s real
contribution lies in a lueid introductory exposition of the mathe-
matical methods for dealing with the flow of an ideal, incompressi-
ble fluid.

Thermodynamics

TuerMopyNAMIcs. By Edward F. Oberi. McGraw-Hill Book Com-
pany, New York, N.Y., 1948. Cloth, 6 X 9 in., xiv and 471 pp,,
illus.  $5.50. .

ReviEwED BY JosiepH KAyrS

HIS volume is intended as a fundamental text in the fields of
* thermodynamics and heat power. The first quarter of the
hook begins with a survey of dimensions and units, then proceeds
with a discussion of fundamental concepts, the First Law, the re-
versible process, and ends with a chapter on the Second Law.
The remainder of the book deals mainly with properties of fluids,
and with applications to the heat-power field. In this latter sec-
tion, much space is devoted to characteristics of real and perfect
guses, flow of fluids, processes using mixtures of air and water
vapor, thermochemistry, power eycles, and refrigeration. A
brief description of the Third Law is given in the chapter on ther-
mochemistry.

The many sketches and drawings in the book are excellent and
serve to give the reader a quick picture of the process or piece of
machinery under discussion.

One of the basie objeetives of a text which introduces thermody-

¢ Assistant Professor of Mechanical Engineering, Massachusetts,
Institute of Technology, Cambridge, Mass. Mem. ASME.
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namies to undergraduate students should be a clear and concise
presentation of the simple concepts, definitions, and principles.
The present text makes many attempts to achieve this objective
but falls far short of this goal. A careful examination shows that
whereas the introduction of some of the concepts and definitions
is above standard, there are many instances where the student is
given tools which he can neither understand nor use until he has
studied some later chapters in the book. There appear to be
many cases where the organization of the basie material has been
poorly accomplished. As an illustration, we note that heat is de-
fined excellently on pages 30 and 31, its transitional nature clari-
fied, and yet on page 121, under the discussion of entropy, we find
the following sentence: ‘“‘One simple answer to these questions is
found in the singular fact that heat has only one measurable prop-
erty, temperature.” Certainly such a statement has no place in
the art of teaching thermodynamies, or even in metaphysics.
Again consider the following definition of “available energy” (on
page 83) which is used to introduce the concept of reversibility:
“Available energy in the broadest sense of the term is the maxi-
mum amount of work that can be obtained from a quantity of
energy in a specified state.” No method of measuring this “avail-
able energy” is given in the discussien which follows, yet the stud-
ent is asked on page 85 “to remember that reversibility is merely a
test to ensure that neither work nor available energy is misused.”
The number of such examples is large. Since thermodynamics is a
quantitative science, one cannot justify the use of such ambigu-
ous concepts in any course on this subjeet.

The greater part of the book covers the properties of fluids and
applications in the heat-power field. The deseription of these ap-
plications with the aid of many clear diagrams will help the reader
congiderably. Many numerical examples are included for pur-
poses of illustration. At the end of the book is found a collection
of numerical constants and of properties of common fluids. In
addition, a collection of diagrams such as specific heats, compressi-
bility factors, temperature-entropy charts, efe., is given after the
index.

Advanced Dynamics

Apvancen Dynamies, By 8. Timoshenko and D. H. Young.
McGraw-Hill Book Co., New York, N. Y., Toronto, Can., London,
England, 1948. Cloth, 6 X 9!/y in., diagrams, charts, tables, 400
pp.,$5.50.

REVIEWED BY MARTIN GOLAND?

HIGHLY controversial topic relating to modern trends in
applied mechanics is whether too many current contribu-
tions place undue emphasis on mathematical elegance, to the
detriment of physical clarity. An opinion to the effect that
advanced mathematical techniques should not be used whenever
more elementary methods will suffice draws the accusation
“reactionary’ and ‘‘shortsighted” from some quarters, while a
statement to the contrary is inevitably the cue for the counter-
argument that unnecessary analytic sophistication serves but to
obscure the physical mechanism being studied., o
Professors Timoshenko and Young have long been associated
with the philosophy that the most direct path between a problem
and its solution is the best, and that the impressive aspects of
an investigation are in the results deduced, rather than the
methods employed. Continuing along these lines they have now
come forth with a new text on advanced dynamics which has
wide breadth, and which does not have a solitary printed “meat-
rix” or “tensor” in evidence,
In their characteristic style which we have come to know so

7 Chairman, Engineering Mechanies Division, Midwest Research
Iostitute, Kansas City, Mo. Mem. ASME.
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well from their previous writings, the authors conduet the reader
on a disarmingly smooth exeursion into the various phases of
dynamies. Far from constituting a classical treatment of the
subject, the approaches to the theoretic developments are in-
formal, with free use being made of problem illustrations drawn
from practice to break ground for new proofs, or to point up
significant high lights. For the research student this text forms
an invaluable engineering link between elementary and classieal
dynamices; for the practicing engineer it permits a diseriminating
use of advanced techniques without the encumbrance of unneces-
sary generalization,

The scope of the text is suitably broad. Chapter one deals
with the dynamies of a particle and provides the ocecasion to
investigate various approximate numerical and graphical methods
for the solution of the total differential equations of dynamics,
tools which so often must be used in practice. The chapter
includes a concise but adequate treatment of partiele dynamies
techniques in ballistics, and a similarly satisfactory discussion
of one degree-of-freedom  vibrating systems. The remarks
dealing with nonlinear oscillating systems are refreshingly to the
point. It seems to this reviewer that this first chapter should
certainly be made required reading for all students of engineering
dynamies.

The second chapter develops the usual theorems with regard
to systems of particles and investigates the theory of engine
balaneing in some detail.  Chapter three introduces the concept
of generalized co-ordinates and then proceeds to the derivation
and discussion of the Lagrangian equations, which have become
an essential part of the equipment of the present-day dynamies
engineer.  Hamilton's principle is also dealt with briefly.

Chapter four is devoted to the theory of small vibrations and
approaches the general problem in a series of gradual steps. In
addition to touching on the usual facets of the subject a typical
iterative procedure for extracting the normal mode frequencies
from the charaeteristic determinant is deseribed. While the
treatment of general vibrating systems is entirely adequate for
the purposes of the text, the student specifically interested in
this branch of the subject will probably feel the need to consult
a more extended treatise.  (Professor Timoshenko already has
provided a text entirely devoted to vibration theory.)

The final chapter of the book is concerned with gyroscopic
theory and its applientions, and an appendix provides a briel but
useful aceount of dimensional analysis and the theory of models.
Approximately 150 well-chosen problems, together with answers,
are included to test the skill and understanding of the reader.
The style and format of the text are uniformly exeellent.

With this new book Professors Timoshenko and Young have
added a powerful tool for advanced engineering eduecation. A
forthright text, such as they have written, has long been needed
in the field of dynamies. In view of the extreme scarcity of
competent dynamists in the profession today, the. authors’
efforts are both timely and significant.

Gas Tables

Gas Tasues., By Joseph H. Keenan and Joseph Kaye. John Wiley
and Sons, Ine., New York, 1948, Cloth, 10 X 7 in., 237 pp., $5.

ReEvisweDd BY NEwMman A, HavLn®

MONG current developments in the field of applied thermo-
dynamies, one of the more dominant has been the demand

for working data on the thermodynamic properties of the various
media of practical importance. The developments in steam power

¥ Professor of Thermodynamies, Institute of Technology, Univer-
sity of Minnesota, Minneapolis, Minn. Mem. ASME,
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and refrigeration required the ultimate preparation of tables of
the thermodynamie properties of steam and the several refriger-
ants,

The much simpler thermodynamic strueture of the simpler
gases has enabled the engineer to get along with approximate data
with reasonable success. Recent advances in thermodynamie
systems, particularly those associated with flight propulsion have
demanded, however, much more extensive and much more ae-
curate information,

In the “Gas Tables,” Professors Keenan and Kaye have made
a further step in meeting these expanding needs of the develop-
ment engineer. Briefly, this new publication represents a revision
and a major expansion of the authors’ earlier publication “Ther-
modynamic Properties of Air.”

The collection of tables falls into two eategories: Tables |
through 23 pertain to the thermodynamic properties of air, basic
gases, and produets of combustion of hydrocarbon fuels.s Tables
24 through 59 pertain to fluid-dynamic analysis, ineluding items
relative to one dimensional aceelerated steady fluid, one and two-
dimensional supersonie shoek phenomena, and isentropie super-
sonie two-dimensional expansion fields,

The thermodynamie tables give enthalpy, internal energy,
constant-pressure entropy, pressure and volume ratios for isen-
tropie processes, specific heats, speecific-heat ratio and sonie
velocity for air, nitrogen, oxygen, water vapor, earbon dioxide,
carbon monoxide, and combustion products of hydrocarbon fuels
with 200 and 400 per cent of theoretical air, all at zero pressure.

The Huid-dynamic tables are largely reprinted from two sources:
M.LT. Mecteor Report 14 “The Mechanies and Thermodynamies
of Steady One-Dimensional Gas Flow With Tables for Numerical
Solution,” by A. H. Shapiro, W. R. Hawthorne, and 8. M. Fdel-
man and J.H.U. A.P.L. Bumblebee Report 26, “The Theory and
Practice of Two-Dimensional Supersonie Pressure Caleulations,”
by N. Edmonson, F. D. Mornaghon, and R. M. Snow.

The zero-pressure thermodynamie properties are based on the
carly caleulations of Johnston, Geauque, Gordon, and Kassel as
interpolated by Heck?® and adjusted to accomodate revisions in

fundamental constants in aceord with practice of the Bureau of
Standards.’  The accuraey is similar to that of the earlier air
tables and is wholly sufficient for engineering purposes.  The
tables of produets of hydrocarbon-fuel combustion are presented
in a form suitable for convenient interpolation to any lean mixture
combustion analysis as described recently by Kaye.1t

It is clearly stated that the thermodynamie tables apply
strictly only for zero pressure and an extended diseussion is given
to indicate in general that only at unusually high pressures is the
aceuracy too poor for engineering analysis. [t seems unfortunate,
however, that in view of many applications where these high
pressures do oceur that the authors did not inelude more ade-
quate quantitative data on the pressure limifations as well us
suitable high-pressure correction fuctors.

This reference handbook will find its major use among two
groups of development and research engineers. Those concerned
with power plants and propulsion will use the thermodynamic
data while those concerned with performance and design in-
volving fluid dynamies will use the corresponding tables.  While
these two groups and their problems overlap to some extent, it is

? “The New Specific Heats,”” by R. C. H. Heck, Mechanical
Engincering, vol. 62, 1940, pp. 9-12; vol. 63, 1941, pp. 126-135.

10 “Heats, Free Energies, and Equilibrium Constants of Some
Reactions Involving O, Hs, H.O, (', CO, COy, and CHy,” by D. D.
Wagman, J. E, Kilpatrick, W, J. Taylor, K. 8. Pitzer, and F. D.
Rossini, J. Res. National Bureau of Standards, vol. 34, 1945, pp.
143-161.

1 Thermodynamic Properties of Gas Mixtures Encountered in Gas-
Turbine and Jet-Propulsion Processes, by Joseph Kaye, JOURNAL oF
“ArrLigp Mecaanies, Trans, ASME, vol. 70, 1948, pp. 349-361.
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possible that their needs might have been met more conveniently
had the two sets of tables appeared separately.

The authors have organized and explained their tables skill-
fully and the reproduction is an example of elarity. There is no
doubt that this publication will become an essential addition to
the library of many engineers.

Scientific Foundations of Vacuum
Technique

SereNTIEle FouNpaTrons or Vacuum TrcanNiQue. By Saul Dush-
man, John Wiley and Sons, Ine., New York, N. Y., Chapman
and Hall, London, England, 1949, Cloth, 6 X 9'/s in., illus.,
diagrams, charts, tables, xi and 882 pp., $15.

Revieweb sy Ricuarp 8. Morsi!?

N GENERALbooks on the subjeet of high vaeuum have to date
tended to fall into two categories: those which describe the

techniques of a particular laboratory or author, and those which
review the work of others from- a historical and bibliographical
viewpoint. The title of Dr, Dushman’s book is in keeping with
the contents. IHere in one volume we now have a very thorough
treatment of the seientifie foundations of high-vacuum practice.
The book is written to be of maximum value to the worker con-
cerned with research and development where vacuum phenomensa
are encountered with less emphasis on the engineering and
sconomic aspeels of industrial processes.

Complete data are given for computing the flow of gases and
vapors as may be required by the vacuum engineer.  The theory
ol flow and gas viscosity is treated with great elarity and thor-
oughness, based on fundamental concepts of kinetie theory.

An excellent review ol the development of the diffusion pump
also includes typical operating data for the most recent commer-
cial units.  All possible methods for the produection and measure-
ment of low pressures are deseribed in detail with specific infor-
mation concerning the most recently developed instruments as
currently employed by research workers and industry. Here
for the first time is given a review of modern developments in
leak detection.

A substantial portion of the book is devoted to three chapters
totaling 266 pages, deseribing the interaction of gases and vapors
with solids. Here is a very exhaustive review of the theory with
available data on gas and vapor adsorption and absorption under
varying conditions ol pressure, temperature, ete., and with a
variety of materials such as glass, cellulose, charcoal, powders,
and metals.  Problems of gas evolution and diffusion of gases
in solids under vacuum eonditions are discussed in detail. In
the metals field questions of gas content are again covered with
particular emphasis on gas diffusion and oeclusion and the in-
fluenee of such problems on vacuum melting and degassing.

Problems of evaporating metals and alloys are particularly
well covered from a theoretical viewpoint, although the develop-
ment of such operations on an industrial seale is omitted. A
hrief review of problems of free-energy caleulations is included
together with a diseussion of typical reactions of metals, inelud-
ing data on thermal reduction of compounds and oxidation rates.

With the exception of patent references Dr. Dushman’s book
contains by far the most complete and up-to-date review of all
prior art in the field that has yet been published.  The most valid
eriticism of the book is probably the extent to which the work
of others has been included without the elimination of the more
obsolete or less important information.

Certainly no library can afford to be without this publication,
even based on its value as a reference manual alone; and it is a

' President, National Research Corp., Cambridge, Mass.
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most welcome and long awaited addition to the desks of all
research men or engineers engaged in the growing field of high
vacuum,

Cours De Mécanique

Cours De MEcaniqgue. Volume II.  Dynamique des Corps Solides
Rigides. By Henry Favre. Published in French by Dunod,
Paris, France, and Leemann Fréres, Zurich, Switzerland, 1947.
Paper, 61/ X 9/a2in., 434 pp., illus. (No price)

RevieweDp BY J. P. DEn HarToa!s

HIS is the second volume in a series of three volumes, cover-
“ing the regular (Freneh language) course on engineering ma-
chanics at the famous bilingual Federal Polytechnic of %urich,
Switzerland. The first volume in the series, reviewed previously
in this Jour~nan (March, 1948, Vol. 15, No. 1, p. 93), covered
statics and elementary strength of materials, the present second
volume is on dynamies, while the third and concluding volume is
to treat the theory of elasticity.

The book comprises 13 chapters, of which the first four are on
particle dynamies, including a fairly elaborate theory of linear
vibration, free and foreed, with damping and with consideration
of transient conditions. The next four chapters deal with the
dynamies of a single rigid body, with a rather complete exposition
of the slowly rotating gyroscope. The last five chapters treat
the dynamics of systems in a general way with the theorems of
Lagrange and Hamilton.

After each chapter a number of exercises is listed, totaling 173
in the book, of which some are problems in the usual sense (with-
out answers) and some ask for proofs of general theorems.

The book is well written and the subject matter treated is of
considerably greater completeness than is usual in courses in our
schools, although it does not go quite as far as Webster's treatise,
It is clearly and beautifully printed and well illustrated and will
be very valuable as a reference work.

Yankee Science in the Making

Yankee Science N tHE Maxking., By Dirk J. Struik. Little
Brown & Co., Boston, 1948. Cloth, 5%/4 X 8!/ in., 430 pp.
25.00

Reviewep BY J. P. DEN Harroc!?

NCE in a blue moon a book is written that equally well de-

serves to be reviewed in the JourNaL or ArprLiEp MECHAN-
1cs as in the Saturday Review of Literature, and this is it. Itis a
delightful history of scientific and engineering development in the
United States, particularly in New England, up to the period of
the Civil War. Some years ago Van Wyck Brooks published
“The Flowering of New England” and “New England: Indian
Summer” with the literary and artistic history. What Van
Wyck Brooks did for the poets and writers, Struik did for the
scientists, engineers, and manufaeturers. The book is divided
into three parts: “Beginnings,” covering prerevolutionary days,
the “Federalist Period” and the “Jacksonian Period.” It eon-
tains a wealth of most interesting details. There is the story of
Benjamin Thompson, the poor boy from Boston, who became a
schoolteacher in the town of Rumford, N. H., which is now Con-
cord, N. H. e married the richest widow in town and assoei-
ated only with the best, which gave him the reputation of being a
Tory. To show that this was correct, he left New Hampshire
during the revolution and went to England.  Being a good scien-
tist he was of great service to King George, who made him a

13 Professor of Mechanical Engineering, Massachusetts Institute
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knight. Later he entered the employ of the King of Bavaria and
laid out improvements in the City of Munich, for which the King
made him a ecount, and Benjamin called himselfl henceforth (fount
Rumford. He published many important seientific papers,
among which is a rough ealeulation of the mechanieal equivilent
of heat, deduced from the heat produced in boring eannon for 1he
Bavarian King. This was fifty vears before Joule.

Then there is the story of Bowditeh, the eminent Practical
Navigator, whose name is known to every sailor and who wax one
of the founders of the first scientific academy in this country:
the American Academy of Arts and Seiences in Boston.

A very interesting and large chapter deals with the develop-
ment of turnpikes, canals, and later railroads, of water power
and the water-supply system of Boston. The most prominent
name mentioned here is Laonuni Baldwin, the first eivil engineer
of great reputation in this country,

Ameong the many inventors is 18i Whitney, who invented the
cotton gin, (while he was teaching Latin for a spell to the sons of
a rich planter down South), and with it revolutionized the ceon-
omy of the South. This invention gave him little money and
many law suits, and he turned around and made a fortune manu-
facturing rifles in a plant which eventually beeame the Win-

JOURNAL OF APPLIED MECHANICS

JUNE, 1949

chester Arms Company. Similar stories are told of Colt, the in-
ventor of the revolver, Slater, who started the still existing firm
making textile machinery, the various members of the Brown
family, who founded the Brown and Sharpe Company and Brown
University, and of many others.

Another chapter deals with the founding of the various schools
ol science, medicine, and engineering. Seience, as such, in the
heginning was mostly “natural science,” geology and biology, and
many interesting details are given of Audubon, Agassiz, and
others. A story is told of a great comet which appeared in 1843
and aroused much public interest in astronomy, leading to u
large bequest to Harvard for an observatory., The “great tele-
scope’’ was installed in 1847 but had to be imported from Europe.

This book should be of intense interest to historieally ineclined
scientists and engineers, and to all economists and historians.
Logically it should have been written by a native New Englander;
historian or engineer, but it was not: the author of all things is a
mathematician and a Dutechman, although he has lived in Boston
for twenty vears. It is rumored that he has plans to write a sec-
ond volume on the developments after the ('ivil War and the re-
viewer hopes that the rumor comes true and that the second
volume will be as interesting as the first.
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