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H eat T ran sfe r F ro m  a Baffled-Finned 
C ylinder to A ir

By A. W. LEM M O N, JR .,1 A. P. COLBURN ,2 a n d  H. B. NOTTAGE*

A ir-cooled  a ir c r a ft-e n g in e  cy lin d er s  u t i l iz e  ex ten siv e  
finned su rface  to  p e r m it m a in te n a n c e  o f  proper m e ta l t e m 
p eratu res w ith  h ig h  r a tes  o f  h e a t  tra n sfer  o ccu rr in g  a t  h ig h  
e n g in e  pow er o u tp u ts .  T h e  p ro cess o f  h e a t  tra n sfer  to  
th e  flow ing  a ir  s tr ea m  differs fro m  th a t  o f  u su a l finned  
tu b es  n o t  o n ly  in  s ize  o f  th e  c y lin d er  b u t a lso  b eca u se  
baffles are u t il iz e d  w h ic h  force a ll th e  a ir  to  p a ss  th r o u g h  
th e  fin sp a ces. B eca u se  o f  t h is  la t te r  d ifferen ce, d a ta  on  
finned  tu b e s  in  g en era l d o  n o t  a p p ly . T h erefo re , sp ec ia l  
te s ts  h ave b een  carried  o u t  to  e s ta b lish  th e  m e c h a n ism  o f  
h eat tra n sfer  in  th is  ca se  a n d  to  provide a  g e n e ra liza tio n  
o f  th e  d a ta  u se fu l for  d e s ig n . T h e  w ork w as carried  o u t  a t  
th e  U n iv ersity  o f  D elaw are  in  c o n ju n c t io n  w ith  a  P ra tt  & 
W h itn ey  A ircraft h e a t-tr a n s fe r  resea rch  p rogram . T he  
ex p erim en ts w ere  c o n d u cte d  o n  a  ty p ic a l s e c t io n  o f  a n  
a lu m in u m  fin n ed  c y lin d er  barrel. T h e  c y lin d er  w as  
h eated  b y  a n  in te r n a l e le c tr ica l h e a te r . T em p era tu res  
were m ea su red  n o t  o n ly  o f  th e  e n tr a n c e  a n d  e x it  a ir  s tr ea m  
but a lso  a t  e ig h t  p o in ts , e q u a lly  sp aced  c ir cu m fer en tia lly ,  
in  th e  b a se  m e ta l .  T h e  r e su lts  w ere in te rp re ted  b y  c o m 
p a r iso n  w ith  h e a t-tr a n s fe r  r e la t io n s  for  flow  in s id e  c o n 
d u its . T h e  m a x im u m  h e a t- tr a n s fe r  r a te s  w ere in  c lo se  
a g reem en t w ith  th e se  r e la t io n s  a lth o u g h  t h e  average ra tes  
w ere low er o w in g  to  th e  d ecrea sed  c o o lin g -a ir  v e lo c itie s  
over th e  fro n t a n d  rear fin  su rfa ces  o u ts id e  o f  th e  baffled  
p o rtio n  o f  th e  c y lin d er . T h e  over-a ll p ressu re  d rop  is  
sh ow n  to  be a b o u t d o u b le  th e  e s t im a te d  fr ic t io n a l r e s is t 
a n ce; th e  in le t  an d  ex it  lo sse s  provide a n  e x p la n a tio n .

N o m e n c l a t u r e

THE following nomenclature is used in the paper:
A b =  cylinder fin-base area (based on outside diam eter of 

base), sq ft
Ao, =  cross-sectional area for flow in cylinder fin spaces, sq ft 
A f = to ta l external heat-transfer surface of cylinder, sq ft 
C = heat capacity of humid air mixture, B tu /(lb )(degF ) 

Deq =  equivalent diam eter of fin space, ft 
£hp =  pumping horsepower 

G =  mass velocity, lb /(h r)(sq  ft) 
gc — dimensional constant, 4.169 X 108 f t /h r2 

h =  mean surface conductance per un it of As, B tu /(h r) 
(sq ft) (deg F)

hx =  “ local” surface conductance per unit of A/, B tu /(hr) 
(sq ft) (deg F)

1 Research Fellow in Chemical Engineering, University of Dela
ware, Newark, Del. Present address, National Defense Research 
Committee, Washington, D. C.

! Professor of Chemical Engineering, University of Delaware. 
Mem. A.S.M.E.

1 Project Engineer, P ratt and Whitney Aircraft, East Hartford, 
Conn. Jun. A.S.M.E.

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
Am erica n  S o c ie t y  o f  M e c h a n ic a l  E n g in e e r s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society.

P t = to ta l power loss per un it of /l/, ft-lb /(h r)(sq  ft)
APB, =  baffle pressure drop, in. H 20  (APbp =  lb /sq  ft) 

iavg =  average air tem perature across cylinder, deg F  
tb = average fin-base tem perature, deg F

=  maximum (rear) fin-base tem perature, deg F 
(i, k, etc. =  observed fin-base tem peratures, deg F

Atm = arithm etic-m ean tem perature difference, average fin- 
base tem perature to  average air-stream  tem perature, 
deg F

A<o =  reference mean tem perature difference, deg F  ( Af0 = 
100)

A<r =  mean tem perature difference ratio, Atm/  A?0 

U = over-all heat-transfer conductance per unit of A  B tu /  
(hr) (sq ft) (deg F)

Ux — “ local” value of U 
W  — a ir flow rate, lb per hr 

p =  a ir density, pcf 
Pavt =  air density a t  average tem perature and pressure across 

cylinder, pcf
pi = density of air a t  70 F, and 30 in. Hg, pcf (po =  0.0753) 
<t> = over-all pressure loss coefficient, E quation [5] 
ti = viscosity of a ir a t  average a ir tem perature across 

cylinder, lb /(h r) (ft)
N pt =  P rand tl number, C n/k  

iVRe =  Reynolds number, I)f<lG /n  
Nat =  Stanton number, h/C’G

I n t r o d u c t io n

Problems of designing a  fin-and-baffle system to be fitted to 
cylindrical sections of the size employed as air-cooled aircraft- 
engine cylinders have recently become of critical importance. 
Adequate design requires a foundation of fundam ental and gen
eralized data  from which any desired performance requirements 
may be met.

Since the publication of earlier preliminary work (2, 4, 7, 8)* 
along these lines, the general conception of the nature of the proc
esses and problems prevailing in an extended fin-and-baffle sys
tem has considerably advanced, and improvements in experi
m ental equipm ent and techniques have been made. On both of 
these counts, further experimental studies to  perm it extending 
the accuracy and range of the available design da ta  have been 
needed, together w ith a broadened fundam ental basis for general
izing the behavior of this type of heat-transfer system. Pre
liminary studies of the problem have suggested th a t the proc
esses w ithin the fin flow passages, where effectively all of the heat 
transfer takes place, can be treated  most satisfactorily and com
prehensively in term s of their relation to  the established da ta  on 
heat transfer in straight tubes or passages; all w ith due allowance 
for the effects of the extended-surface boundaries of the passages 
and the particular nature of the flow system  both w ithin the 
baffle section and a t the front and rear points where the stream 
enters and leaves.

4 Numbers in parentheses refer to the Bibliography at the eud of 
the paper.
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In  this paper are presented the results of experimental study 
and analysis for an actual aluminum-finned section of an aircraft- 
engine cylinder barrel, fitted w ith representative baffles and 
tested under controlled conditions of uniform internal electrical 
heating and smooth approaching air flow, as well as of visual-flow 
observations which aid in understanding local effects. These 
results have been given fundam ental study and interpretation, 
w ith particular emphasis upon the role and im portance of local 
point-to-point conditions in  the heat-transfer and flow processes.

D e s c r i p t i o n  o p  E x p e r im e n t a l  A r r a n g e m e n t

R equirem ents for the experimental system were based on 
the need for a  flexible assembly yielding reproducible results 
w ith a simple operating control. General features decided upon 
were the following:

1 A once-through air-duct system, arranged w ith a free room- 
air intake to  the tes t cylinder.

2 A tes t section to contain the cylinder and baffle assembly 
being studied, arranged for simple removal and adjustm ent, and 
w ith effective heat insulation.

3 An electrical heating element to  fit snugly w ithin the test 
cylinder and perm it ease of heating control.

4 M easurement of the tem perature, pressure, and moisture 
content of the intake air.

5 M easurement of the static  pressure drop and tem perature 
rise of the air passing across the test cylinder, which la tter requires 
a downstream mixing section to  obtain the mixed-mean air tem 
perature, and the use of effective over-all heat insulation.

6 M easurement of the tem perature pattern  about the base of 
the test cylinder by means of thermocouples installed within the

base metal, w ith the junctions and adjacent sections of leads in 
isothermal zones.

An over-all dimensioned sketch of the duct system constructed, 
showing, the points of static pressure and tem perature measure
m ent for the air stream, is given in Fig. 1.

Cylinder and Heater Assembly. P lan dimensions of the finned- 
cylinder and baffle installations are given in Fig. 2. The baffle 
was made of sheet metal, held in place by wooden blocks. De-

F i g . 1 D im e n s io n e d  S k e t c h  o f  T e s t  A p p a r a t u s

tailed dimensions of the finned test cylinder are given in Table 1. 
The fins on the tes t cylinder were lathe-turned from a forged 
blank of Alcoa A51S-T aluminum, having a nominal therm al con
ductivity of 99.2 B tu /(h r) (ft) (deg F) a t  100 deg C. The alumi-

T A B L E  1 G E O M E T R IC A L  D A TA  ON  F IN N E D  T E S T  C Y L IN D E R
Axial length  of te s t cylinder a t  fin base, in ............................................ ....25/s
O utside d iam eter of fins, in ...............................................................................813/22
R oot d iam eter of fins, in ................................................................................ ....63/ i 6
R adial w idth of fins, in ................... #.............................................................. ....V/e*
Thickness of cylindrical fin base, in ............................................... * . .  . .  s/«2
Fin  thickness a t  tip , in ................................................................................... ....0 .02
F in  thickness a t  roo t, i n . . . . ......................................................................... ....0 .04
C enter-line spacing of fins, in .................................................... ......................0.141
N um ber of fins ................ .• • • : .......................................................................
Base area  of fin-root cylindrical surface (Ab), sq f t ............................ ....0.349
T o tal fin side-surface area  (Aj), sq  f t ....................................................... ....6 .67
Cross-sectional area  of flow s tream  betw een fins, m easured on

d iam eter w ith tig h t baffles (.Acs) sq f t . . . ......................................... ....0.0308
E qu ivalen t d iam eter of fin passages (Deq), in ..........................................0.202
E qu ivalen t d iam eter of fin passages (Deq), f t .......................................... 0.01683

T A B LE 2 S P E C IF IC A T IO N S  O F H E A T E R
T ype of w ire ........................................................................................... ...Chrom el “ A ”
W ire gage................................................................................................. ...B. & S. 18
N um ber of coils................. ........... : ......................................................... 2
L ength  of wire in each coil, f t . ...................................................... ... 55
L ength  of each close-wound coil, in ............................................... ... 61
L ength  of each stre tched  coil, in ..................................................... ... 87
R esistance of each coil (cold), ohm s.............................................. ...22 .4
R esistance of each coil (400 F ), ohm s..............................................23 .0
Am perage of each coil a t  250-v ra ting , a m p .................................. 9 .2
T o ta l heat-release ra te  from  heater a t  m axim um  o u tp u t, w . . .  4600
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F i g . 3  T e s t  S e c t i o n  S h o w i n g  H e a t e r  a n d  T e s t  C y l i n d e r

num machined surface was given a  protective anodizing trea t
ment before testing. The baffles were installed in  contact with 
the fin tips.

The method of arranging the heater in  the te s t cylinder is 
shown in Fig. 3. The heater consisted of two coils of chromel 
wire, each rated  a t  2 kw for 250 v. These coils were wound 
spirally on a core which was built up from 1/ 2-in. sheets of trans- 
ite. Larger end disks of transite were attached to  this core and 
fitted tightly to  the base section of the test cylinder, so th a t the 
uppermost and lowermost fin-side surfaces were exposed to an air 
stream of slightly less than  one half of the cross section between 
normal consecutive fins. Power for the heater was furnished by 
two 125-v 3-kw m otor generator sets. The generator voltage 
was controlled through variable-field rheostats. The transite 
end disks on the heater assembly serve as an  effective initial 
barrier to  endwise heat leakage. The entire assembly was com
pletely wrapped in a blanket of 4-in-thick glass wool before test
ing.

M ixing Unit. The mixing unit was located in the transition 
duct between the test and metering sections. This consisted of a 
three-piece disk-and-doughnut section w ith the disk in the mid
dle, each piece spaced 6 in. from the next. The disk and the 
holes were each 4 in. diam.

Metering Section. Fig. 1 shows the over-all dimensions of the 
metering section. The 4-in. orifice in the 6-in. pipe, carefully 
installed according to  the Fluid M eters R eport (1) w ith so-called 
vena-contracta taps, was considered to have a flow coefficient o f. 
0.684 (including velocity of approach factor) w ithout supple
mentary calibration.

Instrumentation. The heater power input was determined by a 
direct-current voltm eter (0-150 v) and am m eter (0-25 amp), both 
instrum ents being accurate to 0.5 per cent of full scale deflection. 
The voltage taps were c&nnected directly to  the heater terminals.

The static pressure drop from the room to  the tap  ju s t before 
the test section, and the static  gage pressure a t  the metering 
orifice were read to  0.1 in. on vertical U-tube w ater manometers. 
The static pressure drops across both the baffled and sealed-in 
test cylinder and the metering orifice were obtained w ith Type-B 
Uehling draft gages, graduated to  0.01 in., in the range below 1 in. 
H20 ;  and for the higher range, U-tube w ater manom eters were 
employed, graduated to  0.1 in.

All thermocouples were made from Leeds and N orthrup se
lected, 28-gage iron-constantan duplex-insulated wire. The ther
mocouple emf’s were read on a Leeds and N orthrup portable preci

sion potentiom eter, Type 8662. Single thermocouples were 
employed to  measure the air tem perature in three locations: (a) 
D irectly beside the intake-air thermom eter, as a check thereon;
(b) close behind the last “ doughnut” of the mixer, w ith provision 
for traversing, to  determine the mixed-mean heated-air tem pera
ture; and (c) in the discharge stream  from the metering orifice, to 
establish the air tem perature for calculating the flow rate. Meas
urem ents of the m etal tem peratures in the cylindrical base sec
tion of the finned tes t specimen were accomplished by the use of 
thermocouples, the junctions of which were installed in the bot
tom of small holes drilled in axially to  the mid-section of the 
cylinder base from one end. E igh t of these thermocouples were 
installed around the mull, spaced every 45 deg.

E x p e r i m e n t a l  P r o c e d u r e

Thorough precautions were taken when assembling the heater 
and finned cylinder to insure a tigh t fit and seal against all 
possible air leaks. Room drafts were no t allowed during a test, 
in order to  insure constancy of the air source and the surround
ings.

E ach point required the setting of a heater power and an air
flow rate. Once this was done, conditions were held constant 
until a  steady sta te  was assured. A normal te s t then consisted 
of four sets of readings, taken a t  5-min intervals, of the inlet and 
heated-air tem peratures, the orifice-air tem perature, and of the 
heater power; and one set of readings of the other variables. 
The readings taken only once included the m etal tem peratures, 
the pressures, and the wet- and dry-bulb tem peratures of the inlet 
air. W hen making calculations, the readings which were taken 
four times were averaged for purposes of analysis.

No te s t point was accepted until its heat balance had been 
judged satisfactory. All data  retained were w ithin the maxi
mum limit of 10 per cent difference between the rate  of energy 
reception by the air stream  and the heater power input.

M e t h o d s  o f  C a l c u l a t i o n

Air-Flow Correlations. Mass flow rates and  Reynolds numbers 
were calculated from the following relations

G = W /A ce and iVRe =  DeqG/ix

The values of ix were taken  a t  the average air tem perature across 
the muff; these values were obtained from the Fluid M eters 
R eport (1).

Pumping horsepower, the to ta l power required to  pum p air 
through the muff w ith negligible kinetic-energy and density 
changes, is calculated from the relation

The over-all pressure-loss coefficient is evaluated by an expres
sion similar to  th a t for the friction factor in sm ooth pipes. Since 
in this study it  was no t possible to  measure the pressure drop
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due to  friction alone, the over-all static  pressure drop has been 
employed for the purpose of obtaining an  index of the over-all 
flow loss which could be compared to  the friction factor for flow 
inside conduits, the friction factor as usual being defined as

where AP  =  frictional pressure drop. In  this 
case where only the over-all pressure drop is 
known, the pressure-loss coefficient is calculated 
by the analogous equation

Heat-Transfer Coefficients. The mean tem 
perature difference used in calculation of the 
heat-transfer coefficients in  this study has been 
taken as th a t prevailing between the arithm etic- 
average m etal tem perature indicated by the 
thermocouples in the base of the muff and the 
average air tem perature. The over-all unit 
heat-transfer conductance U is then calculated 
by the relation

U =  Q ./A b ............... ' . . .  [6]

M agnitudes of the mean un it surface conduct
ance h are obtained from the over-all con
ductance according to  the method of H arper 
and Brown (5) for tapered annular fins. 
Fig. 4 shows the relation between U and h cal
culated for the dimensions of the test cylinder.

F i g . 5  R e l a t i o n  o f  M a x im u m  M e t a l  T e m p e r a t u r e , B a f f l e  P r e s s u r e  
D r o p , a n d  H e a t  F l u x
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F i g . 6  R e l a t i o n  o f  A v e r a g e  M e t a l  T e m p e r a t u r e , B a f f l e  
P r e s s u r e  D r o p , a n d  H e a t  F l u x

The so-called “local” values of the un it over
all conductance Ux were calculated on the basis 
of an  assumed uniform heat flux to  all sectors 
of the cylinder ancj the actual measured fin- 
base tem perature distribution. These local 
values apply a t  the various angular positions. 
Assuming a  linear tem perature rise of the air 
through the fin passages, these data  then al
low the local fin-root-to-air tem perature differ
ence to  be established, from which the local Ux 
follows. Fig. 4 then  yields the corresponding 
value of hx. The values of hx are average values 
across the radius of the fin for various angular 
positions.

The remaining calculations need no fur
ther explanation. Complete details are sum
m arized in Tables 3, 4, and 5.

O b s e r v e d  R e s u l t s

M axim um  and Average Base Temperatures. 
T he variation of the maximum (rearmost in 
these tests) and average tem peratures of the 
fin-base cylindrical section is represented in 
Figs. 5 and 6, as a  function of the over-all 
static pressure drop across the test section, w ith 
the base heat flux as a  param eter. The sta te  of
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the inlet a ir is, in  th is instance, taken  into account through the 
definition of the co-ordinates, th a t is, the  m etal tem peratures 
are represented as differences w ith respect to  the initial air tem 
perature, and the air density is included in  the adjustm ent of 
the pressure drop to  standard  density by means of the ratio  of the 
average density to  the “standard” value chosen. The points as 
p lo tted  are adjusted to  “smoothed” values of heat flux according 
to  the assum ption th a t tem perature difference is proportional to  
heat flux. These curves illustrate the fam iliar condition of de
creasing return, in the form of m etal-tem perature reduction, as 
the air-flow ra te  is increased w ith the heat-dissipation rate  re
maining fixed.

Demonstration of Effect of Baffles on Temperature Distribu
tion. In  order to  illustrate the need for baffles around a finned 
cylinder of the dimensions tested, if the tem perature distribution 
is to  be kep t w ithin bounds, reference is made to  Fig. 8. Com
parative base-tem perature distributions are presented for baffled 
and unbaffled cylinders for a fixed air-inlet tem perature and with 
the over-all heat-dissipation ra te  being nearly the same. These 
patterns dem onstrate th a t the air simply will not flow properly 
around and in-between the relatively deep fins on the rear of the 
te s t cylinder w ithout the guiding influence of baffles.

Relation Between Air-Flow Rate and Over-All Static Pressure 
Drop. While it  is the mass flow of air which accomplishes the 
transfer of heat, i t  is the over-all to ta l pressure drop which repre

sents the flow-energy “potential” which m ust exist in order to  
cause the flow of air. For these tests the to ta l and sta tic  pressure 
drops are essentially the same. The relation between the flow 
rate  and  the sta tic  pressure drop thus becomes an im portant step 
in establishing or predicting performance. Fig. 7 presents these 
data  on an  over-all basis for the tes t system. The mass velocity 
through the fin passages is also included because of its funda
m ental role in  characterizing the heat-transfer and flow processes 
in the fluid stream.

This treatm en t of the data  implies an effective constant density 
for the air stream  a t  the average tem perature and pressure across 
the tes t cylinder. I t  is fully recognized th a t this approximation 
has a lim ited range of validity, and th a t density variations and 
component flow losses entering, through, and  leaving the fin 
passages need to  be considered in this problem.

Visual Flow Pattern. Before taking up the fundam ental corre
lations, i t  will be helpful to  consider the behavior of the flow 
stream  w ith respect to  the flow problems relating to  the tem pera
tu re  patterns presented.

Figs. 9 and 10 present typical flow patterns obtained in a

special visual apparatus w ith a full-scale installation of a section 
of the tes t cylinder. A slurry of aluminum powder in  w ater is 
employed as the photogenic flow medium. Similarity to  the air
flow case is characterized by maintaining comparable magnitudes 
of the Reynolds number in the fin flow passages.

By comparing the two illustrations, representative of high and 
low flow rates, i t  m ay be observed th a t no noticeable discontinui
ties of flow behavior need be expected within the range covered. 
The difference between water, behaving as an  incompressible

F i g . 9  V i s i t a l - F l o w  P a t t e b n , R e y n o l d s  N u m b e r  o r  3 5 5 0
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fluid, and air, a  compressible fluid, is recognized; b u t th is is no 
handicap for qualitative purposes in the range of air tests covered.

A careful study of the flow pattern  will show up such details of 
interest as: (a) Flow around the entrance lip of the baffle w ith 
some separation to  be noted; (6) partial stagnation and turning 
of the flow approaching the cylinder “head-on;” (c) traces of the 
secondary radial-flow component as the flow develops w ithin the 
curved passage covered by the baffle; (d) ab rup t separation of 
the flow from the base cylinder near the end of the baffle coverage; 
(e) the large eddy-stagnant area over the rear of the fins; (/) inter
action of the two jets behind the cylinder; and (g) eddy dissipa
tion in the section of ab rup t fluid shear as the je t passes through 
the downstream region of “still” fluid to  lose eventually its excess 
of directed kinetic energy.

Since an  effective transfer of heat from a surface by a fluid 
stream  requires a clean and rapid “sweeping” of the surface a t  all 
points, the nature of these visual flow patterns would indicate 
th a t the finned surfaces of the tes t cylinder are subjected to  par
ticularly unfavorable heat-transfer conditions w ithin the eddy- 
separation zone over the rear, and to  a lesser extent in the stagna
tion region over the front. These unfavorable conditions are 
accompanied by related undesirable distortions of the tem pera
ture distribution.

F u n d a m e n t a l  H e a t -T r a n s f e r  a n d  F lo w  C o r r e l a t io n s

Mean Unit Over-All Conductance and Its Variation W ith A ir- 
Flow Rate and Heat Flux. The mean unit over-all conductance, 
as calculated in these studies, covers m any component influences 
of local conditions. The approach employed here need no t be 
accepted as final, particularly in regard to  the definition of the 
effective over-all m ean tem perature difference which has been 
invoked. The over-all arithm etic mean implies th a t the cylinder- 
base tem perature is either constant or of linear variation from 
front to  rear, th a t the rate  of heat gain by the cooling air stream  
is the same for each unit of the circumference swept over from 
front to rear, th a t the fin effectiveness has the same value a t  all 
points about the cylinder, and th a t there is no radial variation of 
air tem perature a t any point around the cylinder. I t  is to  be 
recognized th a t these conditions m ay be m et only to  various de
grees of approximation in the actual cylinder assembly.

W ithout more detailed experimentation, i t  is possible to  
establish the effect of these approximations only indirectly 
through calculations and cross-checks of the data  correlations. 
To begin with, under the idealizing postulates the mean over
all conductance would be desired to be a  function of the air-flow

F i g . 1 0  V i s u a l - F l o w  P a t t e r n , R e y n o l d s  N u m b e r  o f  1 3 ,8 2 0

F i g . 1 1  V a r i a t i o n  o p  H e a t - T r a n s f e r  C o e f f i c i e n t  W i t h  M e a n  
T e m p e r a t u r e  D i f f e r e n c e

ra te  and fluid properties only. This thought was investigated 
through the checking of data  obtained a t  constant heat dissipa
tion and varying air flow by cross-runs a t  constant air flow and 
varying heat dissipation. I t  was determined in this way th a t 
the mean over-all conductance, as defined, was a function of both 
the air-flow and heat-dissipation rates, the fluid properties re
maining essentially constant.

Fortunately, the influence of the heat-transfer rate on the 
over-all conductance was found to  be small. I t  was decided to  
represent this influence empirically as a correcting function of 
the mean tem perature difference raised to  some power, which 
was found to  be —0.10 for these tests. Fig. 11 shows the data  
on which this observation is based. Thus in  all correlations 
involving the over-all conductance as a function of the air-flow 
rate, it  is necessary to  remove the sca tter occasioned by different 
heat-dissipation rates by plotting no t the conductance U, alone, 
b u t the product U( Atm/  Aio)0-10. The factor AU is an  arbitrary  
constant reference tem perature difference, taken  as 100 F. Fig. 
12 shows the corrected m ean un it over-all conductance repre
sented as a function of the mass velocity in the fin spaces for the 
te s t conditions. This unusual effect of tem perature difference in 
tu rbu len t flow points to  new factors involved in  this type of 
apparatus. These are believed to  include the effects of non
uniformity of flow and tem perature in the fin spaces.

Calculated Mean Unit Surface Conductance and Its Variation 
W ith A ir  Flow and Heat Flux. Next, turning to  the mean un it 
surface conductance h, i t  is expected th a t  similar approximations 
apply, particularly since the surface conductance is calculated 
analytically from the over-all conductance. B ut since the rela
tion between the mean over-all and surface conductance is not 
one of direct proportionality, the resultant effect would be of a
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F io .  12 O v e r -A l i, H e a t - T r a n s f e r  C o e f f ic ie n t  V e r s u s  M ass  
V e l o c it y

slightly different m agnitude in the two cases. In  Fig. 11 the 
same empirical approach is shown, establishing the mean unit 
surface conductance to  be proportional to  the —0.16 power of 
the over-all mean tem perature difference employed.

Before discussing the correlation of this calculated conductance, 
it  m ay be well to  consider more closely the method and inherent 
lim itations of its determination. The H arper and Brown (5) 
procedure is judged to  be the m ost satisfactory analytical means 
currently available for relating the over-all and surface conduct
ances. B ut the present data  have the lim itation of dealing only 
w ith mean values. M ean values offer difficulties of generalized 
extrapolation for systems which are not dom inated by fully de
veloped flow and therm al fields. The finned-and-baffled-cylinder 
studies have flow and therm al fields which are strongly influenced 
by upstream  and entrance-flow conditions, passage curvature, 
variations in fin-surface tem perature, flow separation, and stream 
interaction a t  the exit. Large variations locally in  the unit sur
face conductance would be expected under these conditions, so 
th a t any mean value would be unfair to  the best local performance 
and overly favorable to  the poorest local performance. Pre
liminary results of analyses dealing w ith the calculation of local 
radius-mean conductances will be reported in this paper to  sup
port the fundam ental inadequacy of over-all mean data.

The mean unit surface conductances inferred from the over-all 
data, and corrected for the effect of heat flux, are presented in 
Fig. 13 as a correlation of iVst/Vpr,/,,( A<m/A<o)01* versus N u r. 
The choice of At0 — 100 F  is seen to  make the data  correspond 
w ith the accepted function for straight passages a t  a  Reynolds 
number of approximately 4000. Since experimental values of 
Atm varied from 10 F  to 98 F, this empirical correction has had 
the effect of lowering very slightly the tes t points from the un
corrected level.

These data  serve to dem onstrate th a t the mean heat-transfer

characteristic of the fin passages is similar to  th a t of straight 
passages, b u t th a t a t  the same time there are differences which 
are too apparent to  be overlooked. An effort was made to  ex
plore the possible effect of employing a  local surface conductance 
instead of the over-all mean. Through a  procedure to  be indi
cated subsequently, the maximum local surface conductance was 
estim ated for the four representative points shown in Fig. 13. 
I t  is seen th a t these maximum points are more in line w ith the 
accepted data  for stra igh t passages, so the trend shown by the 
m ean values m ay be partially explained in  terms of the un it sur- 
face-conductance distribution being variable w ith flow conditions.

Relation Between M axim um  Unit Surface Conductance and 
Over-All Power Loss per Unit of Surface Area. Fig. 14 shows the 
calculated maximum unit surface heat-transfer conductance 
which occurs a t  point about halfway through the baffles, as a 
function of the over-all unit power loss. The comparison of these 
da ta  w ith da ta  for heat transfer for flow inside tubes is favorable, 
which indicates th a t on the basis of heat transfer from the finned 
surfaces inside the baffles, no great improvement of the maxi
m um transfer can be expected from subsequent design changes 
unless some special effects are invoked.

Since the m ean-tem perature difference is evaluated as a radial 
mean and is no t the over-all circumferential mean, there is not 
believed to  be necessity for the temperature-difference correction 
which has been shown necessary for the over-all case.

Over-All Pressure-Loss Coefficient. A m easure of the extent 
to which over-all flow losses in the assembly tested  were found to 
exceed those which would occur for isotherm al flow through 
straigh t tubes (6) is indicated in Fig. 15. As indicated previ
ously, in  E quations [4] and [5], the over-all static  pressure-drop 
da ta  have been reduced by an equation equivalent to  th a t defining 
the friction factor, to  establish the “ over-all pressure-loss co
efficient.”  By comparing these magnitudes w ith the accepted 
friction-factor da ta  for tubes, i t  becomes immediately apparent 
th a t the effects of entrance, internal curvature-induced, frictional, 
eddying, and separation losses, and the poor flow conditions a t  the 
exit are of considerable magnitude.

I t  m ay generally be rem arked a t  this juncture th a t test runs 
w ith the fin-passage Reynolds num ber extending down to about 
1000 showed no tendency in  the over-all loss to  pass through the 
“ dip” region of the friction factor in the transition between 
lam inar and tu rbulent flow. This indicates th a t the fin-passage 
flow is too far under the influence of entrance, exit, and curvature 
conditions to  allow the normal development of true laminar-flow 
behavior in this tes t range.

Calculated Local Magnitudes of Unit Surface Conductance. The
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Fig. 16 P o in t - t o - P o i n t  T e m p e r a t u r e  D i s t r i b u t i o n , R u n  26, 
.TVr .  =  2 0 2 0

uniform nature of the electrical heating employed in these tests 
permits calculations to  be made of the local surface conductance 
for the fins, under the assumption th a t the ra te  of heat transfer 
per unit of circumferential angle is constant around the cylinder. 
This calls for a linear variation of mean cooling-air tem perature 
from the front to  the rear of the cylinder. Then, having the fin- 
base tem perature from direct experimental data, local un it over
all conductances U m ay be calculated for different positions 
around the cylinder. From the pattern  of these over-all con
ductances around the cylinder the corresponding local un it sur
face conductances m ay be determined according to  procedure es
tablished for relating U and h, indicated in Fig. 4. The surface con
ductance thus established is a  mean over a  radial sector of the fins.

For precise results calculation of circumferential heat conduc
tion would have to  be considered. Prelim inary estimations indi
cate th a t the proportion of such heat flow is small. Considera
tion of such conduction would result in even lower values of h a t 
the rear of the cylinder.

An example of the air and fin-root m etal-tem perature distribu
tions for a representative run is shown in Fig. 16. The metal 
tem peratures represent averages from both sides of the cylinder. 
Fig. 17 presents the distribution of un it over-all conductances for 
four values of the fin-passage Reynolds number, where the

ANGULAR POSITION AROUND CYLINDER

F i g .  1 7  L o c a l  O v e r - A l l  H e a t - T r a n s f e r  C o e f f i c i e n t s ,  R u n s  9 ,  
1 2 ,  2 5 ,  a n d  2 6

maximum conductances are observed to range from 30 to 50 per 
cent above the minimum values. The nature of these variations 
is quite in accord with the pattern of the flow stream about the 
cylinder. Corresponding magnitudes of the unit surface con
ductance are shown in Fig. 18.

In due fairness to the performance of the fin surfaces it is 
again to be pointed out that the conductances are quite favorably
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ANGULAR POSITION AROUND CYLINDER 

F ig .  18 L o c a l  S u r f a c e  H e a t - T r a n s f e r  C o e f f i c i e n t s

high where the flow stream  is enclosed by the baffles; and th a t 
where the conductances are shown to be low over the unbaffled 
portions, then the effective Reynolds num ber for the flow stream  
in these regions is also low, due to  the fact th a t here the full 
stream  is no t passing circumferentially between the fins. A 
complete adjustm ent of the data  in terms of actual local condi
tions can be made only w ith the aid of properly detailed point-to- 
point experimental studies.

The mean unit surface conductances as previously calculated 
from the m ean un it over-all conductances are also shown in 
Fig. 18 for reference. The maximum conductances from these 
curves are those representing the four corresponding points in 
the general correlation of Fig. 13. These maximum points have 
been previously noted as representing slightly better performance 
than  the accepted data  for stra igh t tubes. I t  is observed th a t 
the angular position of th e  maximum conductance increases w ith 
increasing flow rate, presumably serving as an  indication of the 
influence of the entrance- and exit-flow effects upon the de
velopm ent of the flow within the covered passages.

C o n c l u s io n s

1 H eat transfer from a finned-and-baffled cylinder of the pro
portions tested has been found to  be generally similar to  the be
havior of a heat exchanger composed of a set of parallel passages.

2 The local patterns of m etal tem peratures and flow condi
tions have been emphasized as governing the resu ltan t heat- 
transfer processes in the fin system .,

3 The over-all ra te  of energy loss in  the flow stream  has been 
pointed ou t to  be considerably higher than  th a t for frictional 
dissipation in straight smooth passages, due prim arily to  the 
influence of entrance and exit conditions.

4 Possible applications of the data  obtained to  performance 
problems in engine-cylinder cooling m ay be developed.
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Discussion
C. M. A s h l e y . 6 Comments have been made concerning the 

radial movem ent of elements of the stream  flowing between the 
fins. The w riter believes th a t this radial movement can be ex
plained by considering the fact th a t the circumferential move
m ent of the stream  in the fin passage constitutes in essence, a 
portion of a vortex. W ith initially uniform pressure for all parts 
of the stream, the velocity of th a t portion of the stream  flowing 
a t  the outer portion of the fin will be lower than  th a t flowing a t 
the inner portion w ith correspondingly higher sta tic  pressure. 
N ext to  the fin, however, the fluid friction slows down the cir
cumferential velocity, thus perm itting the difference of pressure 
between the inner and outer portions of the fin to  become effec
tive, and resulting in an inward flow of fluid along the surface of 
the fins. In  order to  balance this there m ust be an equal outward 
flow in the m ain portion of the stream.

G. K . B e r n h a r d t .6 The authors have made a valuable contri
bution to  those concerned with heat transfer from finned surfaces. 
This paper did no t mention how the authors treated  the radia
tion effects. Although these effects should be small, the writer 
would appreciate a discussion of how they accounted for the 
radiation between the fin surfaces and from the barrel portion of 
their muff.

F . A. M c C l in t o c k .7 In  calculating the local surface con
ductance, the authors assumed th a t “the rate  of heat transfer 
per un it of circumferential angle is constant around the cylinder.” 
This assum ption seems valid enough for the heat flow to the in
side of the muff when rad ian t heat is used, b u t if there is a cir
cumferential flow of heat, the flow from the outside of the muff 
will no t be constant around the cylinder. The presence of a  cir
cumferential tem perature gradient indicates th a t  there m ust be 
some circumferential heat flow. The following analysis shows 
tha t, for the authors’ tests, the local surface conductances are 
markedly in error because the circumferential flow was neglected, 
and th a t an  appreciable am ount of the heat flow to  the rear of 
the cylinder was carried away by conduction along the walls:

The cylinder height is designated by L  and the other symbols 
are as shown in Fig. 19 of this discussion. Term  q is defined as 
the ra te  of heat flow per unit area. The mean tem perature of 
the wall T  and the rate  of heat flow to the inside wall 2irraLqra 
are known. Each side of the cylinder is cooled by the flow of air 
W /2, whose specific heat Cp and  initial tem perature T t are 
known.

F o r steady-state conditions, the heat efflux from any given 
section m ust equal the influx, as follows

gvin LAB +  (q$ +  Aqe)tL — qntVa L A 6 +  qgtL..........[7]

By rearranging

6 Director of Development, Carrier Corporation, Syracuse, N. Y.
• Experimental Test Engineer, P ratt & Whitney Aircraft, East 

Hartford, Conn. Jun. A.S.M.E.
1 Research Division, United Aircraft Corporation, East Hartford, 

Conn. Jun. A.S.M.E.



LEMMON, COLBURN, NOTTAGE—HEAT TRANSFER FROM A BAFFLED-FINNED CYLINDER TO AIR 611

The rate  of circumferential flow per un it area qe is equal to  the 
negative of the therm al conductivity of the wall times the 
tem perature gradient

If the tem perature gradient is constant from to  n , Equations 
[7a] and [8] can be combined as follows

The term  is unity  when the heat flow to the inner wall is 
9v0r0

kt d2T
equal to  th a t from the outer wall. Therefore the te r m ------------- -

qr0r0rm dB2
denotes the ratio  of net circumferential flow to radial inflow a t  
any section.

Exact evaluation of the term s is difficult for two reasons: (a) 
The second derivative of tem perature w ith respect to  angular 

d2T
position depends to  a large extent on how the tem pera-

ture-angle curve is faired. (6) The tem peratures and hence the 
circumferential gradients in the fins are less than  those in  th e  base 
metal, so th a t if the thickness t includes the fins, the estim ated 
circumferential flow is too high.

The run  p lo tted  in  the authors’ Fig. 16, and shown as R , =  
2020 in Figs. 17 and 18, is taken as an  example. A trigonometric 
series was fitted to  the m ean tem peratures a t  the five points, w ith 
the condition th a t  the slope was zero a t  the fron t and rear of the 
cylinder. This condition m ust be satisfied if the second deriva
tive is to  be finite a t  those points. The resulting second deriva
tive was — 151 deg F /rad ian 2. A power series fitting the same 
points and conditions gave a second derivative of —464 deg F /  
radian2. If a  curve is chosen so th a t the second derivative is 
constant between the 135-deg point and the rear of the cylinder, 
the second derivative has the least possible magnitude, which 
turns ou t to  be — 108 deg F /rad ian 2. The trigonom etric serie« 
is used here because i t  seems to  give the m ost reasonable result, 
namely, — 151 deg F /rad ian 2. The full cross-sectional area of 
the fins was used in calculating the thickness t, and the log-mean 
radius rm. The following values are used in  solving Equation 
[3a] for the circumferential flow:

Because of the assumptions, the ratio  m ay be less, b u t it  is 
alm ost certainly over 20 per cent. A t other locations on the 
muff i t  is even harder to  estim ate the second derivative accu
rately, bu t i t  m ay be as much as one th ird  of th a t a t  the rear, with 
resulting circumferential flows of 5 to  10 per cent. Therefore 
the plot of local surface conductance, Fig. 18 of the paper, may 
be significantly distorted, especially a t  the rear of the cylinder. 
M ore data  would be necessary to  determine the actual shape of 
the surface-conductance plot to  see if the surface conductance 
may be practically constant in the baffled region. In  cylinder 
heads, where the wall thickness is greater, m etal conduction may 
well account for the m ajor p a rt of the cooling.

Circum ferential heat flow also makes the air-tem perature rise 
deviate somewhat from a stra igh t line. The a ir tem perature can 
be calculated as follows

The last term  gives the deviation from a straight-line function, 
which in th is case does no t exceed 5 deg F.

R. G. V a n d e r w e i l .8 The illustrations showing the flow 
characteristics through the baffled fins were taken from water- 
flow patterns. Were any provisions made to  guarantee th a t this 
w ater p a tte rn  is actually the same as the p a tte rn  resulting by 
the use of air? If  such provisions were made, how did the Reyn
olds number of the w ater flow compare w ith the Reynolds num 
ber of the actual a ir flow?

W .  R. W y k o f f .*  The authors deserve credit for attem pting 
to  break these data  down into local heat-transfer functions. I t  
is apparen t to  those who have attem pted  to  predict cooling per
formance w ith data  for the type of finned cylinders involved, 
th a t over-all da ta  are very restricted as to  extrapolation to  other

8 Office of Consulting Engineer, Chase Brass & Copper Co., 
Waterbury, Conn.

9 Experimental Test Engineer, P ratt & Whitney Aircraft, East 
Hartford, Conn. Jun. A.S.M.E.
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than the original tes t conditions. I t  appears necessary to  expand 
approximate point variable analyses of this type, including both 
component pressure-loss and heat-transfer functions, in order to 
predict effectively the performance of fin passages over the maxi
mum atta ined  operating range.

The authors have pointed ou t th a t over the unbaffled portions 
a t the front and rear of the muff, the full air stream  does not 
pass circumferentially between th e  fins. Also, they  have 
used the m ean stream  tem perature for computing local heat- 
transfer coefficients in these front and rear regions, as well as 
in the baffled section. I t  would appear from observation of 
the flow patterns, th a t a ra ther large radial-tem perature gradient 
exists in the air stream  over the unbaffled fins. T hus i t  is felt 
th a t the local coefficients over these exposed sections are only 
equivalent functions and should be so designated by broken lines 
in Fig. 18.

In  Fig. 14 the authors have p lo tted  a local heat-transfer factor 
against an over-all power loss. In  order to  ra te  fairly the heat- 
transfer surfaces a local power loss should be used. In  the cal
culations reported, baffle entrance and exit losses, which make up 
an appreciable component of the over-all loss, are included. If 
these losses were removed, the experimental points shown 
would fall slightly above the “ tube” line. This can be explained 
perhaps as an effect of the radial “sweeping” component of flow 
in the fin passages, as noted by the authors.

Furtherm ore, in regard to  the “m ean-tem perature difference 
effect” in Fig. 11, w hat is the interpretation of this? Presuma
bly, any quantity  which is properly designated as a “ conduct
ance” should be independent of the potential acting.

A u t h o r s ’ C l o s u r e

Even beyond the clarification of incidental details in  th is paper, 
the authors are appreciative of the opportunity  given by the dis
cussers’ comments to  speak further concerning the basic in
terpretation  of the results released for publication.

M r. Ashley’s comments on the flow behavior in the fin passages 
are in accord w ith the expected effects which were observed in 
the visual study. Still further evidence has been gained from an 
enlarged scale model, where pressure and velocity distributions 
could be obtained.

As to  M r. B ernhardt’s question on radiation, no analysis of this 
has been attem pted  as yet. R adiation would have a small effect 
on the fin surface-tem perature pattern  w ithin the fin spaces, and 
radiant exchange w ith the surroundings would enter as a  small 
term  in the hea t balance. Q uantitative investigation remains for 
the future.

M r. McClintock has brought forth the question of heat conduc
tion in  the circumferential direction, which has been skipped over 
in the published discussion. For purposes of practical judgm ent, 
it  is unfortunate th a t run  26, as analyzed in Fig. 16 according to  
the approximate m ethod adopted by the authors, was the one a t 
the very lowest air-flow rate. A t higher rates of air flow and 
heat transfer M r. McClintock’s Equation |9a] will yield much 
lower proportions of circumferential conduction.

There exists some question of how closely the idealized cylin- 
drical-shell system of Fig. 19 m ay be taken as representing a cool- 
ing-fin system. While th e  discussers’ comments mention some 
uncertainty, indeed, it  has been the authors’ preference to  adopt 
somewhat different analytical procedures for a quantitative study 
of how much error is introduced through adoption of the simplest 
one-dimensional concepts for prelim inary and entirely practical 
purposes. T he actual system is three-dimensional in its behavior 
a t any point. An initial experimental study of fin and air tem pera
tures over all radial and circumferential-angle positions has 
shown very interesting tem perature patterns, which a t once dem
onstrate the weakness of one-dimensional simplifications. Ana

lytical studies in two-dimensional co-ordinates (radial and circum
ferential) lead to  a system of partial-differential equations which 
are basically significant b u t solvable only by tedious methods. 
Some prelim inary calculations, however, have dem onstrated the 
fundam ental im portance of the circumferential conduction com
ponent over the unbaffled portions of the finned cylinder; but, 
contrary to  the implications of Mr. McClintock’s numerical re
sults, these calculations have shown th a t designs of engine-cylin- 
der fins m ay generally be made to  an accuracy compatible with 
production and assembly tolerances w ithout allowing for the 
presence of circumferential conduction. Thus for the tim e being, 
such refinements will be developed slowly rather than  adopted 
immediately.

The whole broad question of developing basic design procedures 
w ith fin-base circumferential tem perature distribution as one of 
the variables remains for future consideration.

In  replying to  Mr. Vanderweil, the fin-passage Reynolds num
bers, based on the mean velocity, were kept within the same range 
for the air and w ater tests. Lampblack patterns have been ob
tained on the fin surfaces w ith air flow, and these appear to  be the 
same as for th e  w ater tests. The greatest inadequacy of the visual 
pictures in comparison to  the actual system lies in another point. 
This point is th a t the fin passage in which the photographs were 
taken  was formed by substituting a sheet of plate glass for a  fin. 
This substitu tion  changed the entrance contraction, the cross- 
sectional form, and the exit contraction of the topm ost passage as 
compared to  the others. Justification resides in the fact th a t the 
visual studies were employed for qualitative purposes only.

M r. Wykoff’s comments concerning Fig. 18 are appreciated 
and agreed w ith. He is also correct in regard to  Fig. 14. D ata  
from other tests have allowed independent determ ination of the 
frictional loss w ithin the baffle-enclosed passages, which has been 
shown to  be roughly two th irds of the over-all loss.

Then th e  “mean-temperature-difference effect” of Fig. 11 comes 
up for further explanation. The authors offer this as nothing 
more than  an empirical result, obtained from the particular test 
installation, instrum entation, and procedures of da ta  analysis 
which were employed in these tests. The so-called “conduc
tances” reported are no t to  be employed for calculations outside 
of the range of th e  tes t results. These prelim inary tests  simply 
did no t include sufficient internal measurements w ithin the test 
specimen to  allow a more satisfactory analysis of the data . The 
dem onstrated weaknesses of the over-all treatm en t m ay serve 
as an excellent example of how real systems do no t usually behave 
in accord w ith simple idealizing postulates. T he interpretation of 
Fig. 11 is therefore th a t the over-all-mean procedure, as applied 
to  the tem perature difference and the conductance U, is basically 
inadequate. This has been known for several years, b u t the prac
tical slant follows the reply to  Mr. McClintock.

Readers will also recognize th a t the conductance h has been 
calculated and not directly measured. This leads to  the possi
b ility of a small error in the m agnitudes reported; bu t this is no 
worse th an  the use of an over-all mean.

By way of further interest to  those concerned w ith applica
tions to  design problems, it  is hoped th a t the eventual removal of 
w artime restrictions will allow release of the very considerable 
am ount of additional da ta  which have been obtained in other 
more comprehensive studies. The flow-system design problems, 
in  particular, have been entirely neglected in this paper. Y et in 
some respects, and particularly for low-density air, the flow-loss 
design requirem ents m ay be more critical than  those for the over
all heat transfer.

T he combined challenges of obtaining improved basic data  and 
extending application design methods to  m eet all problems en
countered in practice are, however, goals within the grasp of con
tinued effort.



Local Coefficients of H ea t T ran sfe r for 
A ir F low ing A ro u n d  a F inned  C ylinder

By W. H. M cADAM S ,1 R. E. D R E X E L ,2 a n d  R. H. G OLDEY ’

T h is  p ap er d escr ib es  a n  a p p a ra tu s  for  m e a su r in g  lo ca l  
co effic ien ts  o f  h e a t  tr a n sfe r , h ith e r to  n ever  o b ta in e d  fo r  a 
ja c k e te d  or b a ffled -fin n ed  c y lin d er . T h e  in n e r  su rfa ce  o f  
th e  v ertica l c y lin d er  w a s d iv ided  in to  narrow  v ertica l se g 
m e n ts  to  c o lle c t  s te a m  c o n d e n sa te , a  m e a su r e  o f  th e  loca l  
flux. S in c e  th e  o v er-a ll h e a t  b a la n ce s  ag reed  w ith in  a  few  
per c e n t ,  lo ca l h e a t  b a la n ce s  w ere u se d  t o  c a lc u la te  loca l  
a ir  te m p e r a tu r e s . W all te m p e r a tu r e s  o f  th e  b a se  o f  ea ch  
se g m e n t  w ere m ea su red  by ca lib ra ted  th e r m o c o u p le s , and  
lo ca l co e ffic ie n ts  o f  h e a t  tr a n sfe r  w ere d e te r m in e d  a t  11 
s ta t io n s  a ro u n d  o n e  h a lf  o f  t h e  c y lin d er . T h e  r e s u lt s  w ere  
ea s ily  d u p lica te d  a n d  t h e  c o n d e n sa te  fr o m  th e  u n d iv id ed  
sid e  agreed  c lo se ly  w ith  t h a t  fr o m  t h e  d iv id ed  s id e . A ver
a g e  su rfa ce  c o e ffic ie n ts  fr o m  fin s t o  a ir  ag reed  sa t is fa c to r ily  
w ith  p u b lish e d  d a ta . F or a  g iv en  R ey n o ld s  n u m b e r , t e m 
p era tu re  d ifferen ce  h a d  n o  e ffe c t o n  t h e  S ta n to n  n u m b e r .

N o m e n c l a t u r e

The following nomenclature is used in  the paper:

A  =  area of to ta l air-cooled heat-transfer surface, 12.6 
sq ft

A,, = area a t base of fins, 0.686 sq ft 
A x = local area a t base of fins for 1 segment, 0.0312 sq f t  

a =  dimensional term  y / 2h /(kxm), reciprocal feet, 
in equation for effectiveness 

C =  correction factor in Equation [1] for effectiveness, 
dimensionless 

Cc — for curvature, Fig. 9 
C t — for taper, Fig. 9
c„ =  specific heat of air, 0.24 B tu  per lb per deg F  

D, = equivalent diam eter of gas passage arbitrarily 
taken as D, — 4sw/2(s +  w), ft 

e =  base of natural logarithms
/ '  =  over-all friction factor, dimensionless, in Fanning

equation:
4f'LG*

A p  =  — ———
2gcD.p

G — mass velocity, lb a ir/(h r)(sq  ft of cross-sectional 
area of gas passage 90 deg from front of cylinder) 

h =  surface coefficient of heat transfer, from surface of 
fins to  air, B tu /(h r)(sq  ft) (deg F  difference in 
tem perature), from U and Equation [2] 

h„ =  based on arithm etic mean At 
hx — based on local At
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hm - based on logarithmic mean At 
k — therm al conductivity of fins, B tu /(h r)(sq  ft) (deg 

F /f t)
L  =  nominal length of air travel, arbitrarily taken as 

+  0.5w), ft
q — ra te  of heat transfer for entire finned cylinder, 

B tu /h r
qx =  ra te  for 1 segment having base area A x 
R  — radius, ft 

R t, — radius a t base of fins, ft 
s =  mean spacing of adjacent fins, ft 

8(, =  fin spacing a t base of fins, ft 
s, — fin spacing a t tips of fins, ft 
t =  local air tem perature, deg F  

h =  tem perature of entering air, deg F 
<i =  tem perature of exit air, deg F 
tb =  local tem perature of base of fins, deg F  

tbm =  length-mean tem perature
U  =  apparent coefficient of heat transfer, U — <// 

A (tb — t) , B tu /(h r) (sq ft of base area) (deg F, base 
to  air)

Um =  mean value, from Equations [4] and [5]
U, — local value, from Equation [3 ] 
w =  width (radial length) of fin, ft 

w ' = w +  0.5*,, ft 
x  =  thickness of fin, ft 

xm =  mean thickness of fin, ft 
xt — fin thickness a t tip, ft 
At =  tem perature difference, deg F 

At„ =  arithm etic-mean tem perature difference 
Atm = logarithmic-mean tem perature difference 

ti = effectiveness of tapered radial fin, dimensionless, 
from Equation (1]

7)' =  approximate effectiveness, tanh  aw '/aw ' 
n =  viscosity of air a t  mean bulk tem perature, lb / 

(hr) (ft), equal to  2.42 X centipoises 
P =  density of air a t  mean bulk tem perature, pounds/ 

cu ft
D,G/n  =  Reynolds number 
hm/cpG — Stanton number

I n t r o d u c t io n

The finned cylinders of air-cooled engines are provided with 
external baffles which jacket a  portion of each cylinder and cause 
the air to  flow between the fins. I t  is known th a t the cooling of 
the cylinder may be profoundly influenced by factors such as the 
extent to  which the baffles cover the cylinder, the clearance be
tween the baffles and the tips of the fins, and the shape of the 
baffle a t  the air entrance and exit. For the im portant case where 
the air velocity through the passages between the fins is known, 
average coefficients of heat transfer for the entire finned cylinder 
are reported in the literature, bu t local coefficients are not availa
ble.

The purpose of the present study was to  develop an apparatus 
for measuring the local coefficients of heat transfer around a 
jacketed or baffled-finned cylinder.
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A p p a r a t u s  D e v e l o p e d  i n  I n v e s t ig a t io n

T he apparatus developed in this investigation consisted of a 
special finned heat-transfer surface constructed so th a t local heat 
flux could be measured, a blower to  draw air through the test 
section, a  boiler to  supply steam, and standard orifices. Fig. 1 
is a  diagrammatic sketch of the apparatus. The cooling air 
passed through an entrance fairing and then across the baffled- 
finned cylinder into a mixer after which the air tem perature was

F i g . 1 D ia g r a m m a t ic  P l a n  o f  A p p a r a t u s  
(E ntrance fairing always s ta r ts  20 in. from  leading edge of fin.)

measured. The ducting between the test section and the mixing 
section was insulated with hair felt 1 in. thick. After flowing 
through straightening vanes, the air was metered by a standard 
orifice and passed to  the blower and out to the room. The blower 
was driven by a 5-hp variable-speed motor.

Steam free from impurities, which would cause dropwise con
densation, was generated in a gas-fired boiler a t a  gage pressure 
of 15 psi; the pressure was reduced by passing the steam through 
a regulator. M oisture was removed from the steam in a  trap, and 
the steam was superheated as it  passed through an electrically 
heated section of pipe before entering the test section.

The heat-transfer surface consisted of two aluminum-alloy 
muffs from an air-cooled airplane engine. The fins of nonuniform

w idth were machined off and the remainder of the muffs,4 Fig. 2, 
were shrunk onto a  vertical steel barrel having the same outside 
diam eter (6.015 in.) as an actual engine cylinder. One side of the 
barrel was divided into eleven vertical segments, Fig. 3, which col
lected steam condensate ( l ) .6 The equally spaced segments were 
formed by steel strips silver-soldered into slits cut entirely through 
the barrel on a milling machine, provided w ith a dividing head.6 
A machined ring, Fig. 4, silver-soldered to  the division strips 
and cylinder, collected the condensate which flowed out of the 
apparatus into 100-cc graduates through l/ 8-in. copper tubes and 
U-bends of glass tubing which served as liquid seals.

A cross section of the test section is shown in Fig. 5 and indi
cates the methods used to  prevent heat losses by conduction from 
both ends of the test section and the precaution taken to collect 
only the condensate resulting from heat transfer from the finned 
surface. To prevent heat loss from the top of the test section, 
the top of the nonfinned portion of the barrel was kep t a t steam 
tem perature by the steam in the upper chamber made of 8-ifi. 
steel pipe. The horizontal glass plate supported by pegs pre
vented condensate from the top cover from dripping into the 
collector ring. In  the lower steam chamber the condensate 
lines were bathed in steam  to prevent heat losses. The conden
sate level was kep t constant in the drain lines by adjusting the 
pressure inside the apparatus by means of a needle valve in the 
inlet steam line and by adjusting the w ater level in a w ater seal 
used as a final pressure regulator. To make certain th a t conden-

4 Each muff had an inside diameter of 5.995 in. and a diameter of 
6.188 in. at the base of the fins. Each fin had a width (radial length) 
of 1.11 in., and the thickness decreased uniformly from 0.040 in. at 
the base to 0.020 in. at the tip. The center-to-center spacing of fins 
was 0.141 in.; since the average thickness of each fin was 0.03 in., 
the average clearance was 0.111 in. The total cross section between 
the fins was 0.0616 sq ft. The two muffs contained 36 such fins and 
the total air-cooled surface was 12.6 sq ft. The height of the two 
muffs was 5.09 in., and the total area at the base of the fins was 0.686 
sq ft. Since each segment represents V22 of the total base area, Ax 
was 0.0312 sq ft.

6 Numbers in parentheses refer to the Bibliography at the end of 
the paper.

6 Drew and Ryan (1) first used this method of measuring local 
flux and applied it to a bare vertical cylinder placed in the center of 
a wind tunnel.
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F ig . 6 T e s t  Se c t io n  W it h o u t  J a c k e t  o b  B a f f l e  
(Air-cooled surface is 12.6 sq ft.)

sate was no t overflowing from the collector ring, sight glasses 
were installed in the top cover of the test section so th a t frequent 
observation of the interior of the apparatus could be made; 
film-type condensation was always obtained. Steam was vented

from both the upper and lower chambers, to  remove noncondensa- 
ble gases. Fig. 6 shows the test section.

Calibrated thermocouples (No. 30 copper-constantan) were 
inserted in slots in the base of the bottom  muff and cemented in 
place w ith “Insalute” cement prior to heating the muffs and 
shrinking them  onto the steel barrel. The theimocouples were 
connected to  a cold junction immersed in an ice bath, and a 
Leeds and N orthrup portable precision potentiom eter (Serial 
No. 347007) by means of a selector switch. A couple was located 
a t  the center of each segment 2 in. from the bottom  of the lower 
muff. Thermocouples were also placed in the steel barrel and a t 
different depths in the muff on the undivided side. The locations 
of thermocouples 1-16 are shown in Fig. 7. Air tem peratures 
were m easured by a shielded thermocouple (No. 19) in  the inlet 
stream , by a  shielded couple (No. 17) 1 in. behind the trailing 
edge of the muff, and by a thermocouple (No. 18) after the mixer. 
Tem peratures of the air a t the orifice, of the inlet steam, and of 
the ven t steam  from the bottom  of the apparatus were taken 
w ith thermometers.

S tatic pressures were measured before the tes t section and be
fore the orifice. Pressure drops across the tes t section were 
measured from the pressure tap  1 in. in front of the  leading edge 
of the  muff to  pressure taps 1, 2, 3, 4, 5, and 7 in., respectively, 
from the trailing edge of the muff. The pressure drop across the 
orifice was also measured.

T ests were m ade w ith a  jacket, Fig. 7, and w ith a baffle, 
Fig. 8. To determine w hether tem perature difference had any 
effect on the heat-transfer coefficients, the inlet air was preheated 
in some runs (Series B ); heating steam was available a t a  gage

F i g . 7 P l a n  V ie w  o f  T e s t  S e c t io n  W it h  J a c k e t  
(All therm ocouples a re  2 in. from  b o ttom  of lower muff, except No. 12, which 
is l/ j  in ., and  No. 14, which is 1 in. Jack e t touches tips of fins, and  cross-sec
tional area  for a ir flow is 0.0616 sq f t. E n tran ce  fairing is 5.25 in. long and 
reduces from  a rectangle 7.50 in. wide X 10 in. high to  a  rectangle 2.50 in. 

wide X 5.09 in. high.)

F i g . 8  P l a n  V ie w  o f  T e s t  Se c t io n  W i t h  B a f f l e  R e p l a c in g  
J a c k e t

(M ass velocity of a ir was a rb itra r ily  based upon to ta l cross-sectional area, 
0.0816 sq f t  of a ir passage, 90 deg from  fron t of cylinder. T he en trance fa ir
ing is 7 in . long and reduces from  a  rectangle  16 in . wide X 11.0 in . high to  a 

rectangle 10 in. wide X 5.09 in. long.)



616 TRANSACTIONS OF TH E A.S.M.E. NOVEMBER, 1945

pressure of 40 psi. In  these runs th e  entrance fairing was re
placed by a  special section consisting of an air heater, a disk- 
and-doughnut mixer, and straightening vanes.

P r o c e d u r e  F o l l o w e d  in  T ests

When the tes t section had become heated, the blower was 
started  and the speed adjusted to give the  desired air-flow rate. 
The steam  valve was again adjusted to  m aintain th e  steam- 
chamber pressure a t 7 cm of w ater gage. W ater was then  forced 
back into the apparatus through all the drain lines to  remove air 
bubbles. The apparatus was then allowed to  run for about l/ i  
hr, until steady-state operation was secured.

T he run was started  when consistent readings of several ther
mocouples indicated th a t a steady sta te  had been reached. 
Eleven 100-cc graduates were simultaneously placed under the 
condensate outlets from the divided side of the cylinder; a 
beaker was placed under the condensate outlets from the un
divided side of the cylinder; and th e  tim er was started . Con
densate was collected during three consecutive intervals of equal 
duration. Constancy of the am ount of condensate from a given 
segment during each interval was a confirmation of steady-state 
operation. All th e  readings of the thermocouples, thermom eters, 
and manom eters were recorded during each interval. R uns 
lasted from 30 to  90 min, depending upon the air-flow rate.

The consistency of the da ta  taken in the three different parts 
of a  run is a  tes t of the reproducibility of the data . Table 1 
gives the complete da ta  for run 6-J. The volumes of condensate 
in different portions of a run usually checked within 1 cc; since 
the smallest volume ever collected from any segment was 20 cc, 
the maximum error so introduced was 5 per cent. Upon repeat
ing a  run  1 m onth later, using a different observer, it  was found

th a t the maximum deviation in a local coefficient was only 2 per 
cent from the mean value. The pressure-drop da ta  agree within 
the possible error in reading the manometers.

The close agreem ent between the  condensates from the two 
halves of the cylinder verified the assumption th a t the air flow 
divided equally around the cylinder. In  the worst case (run 2A), 
the condensate rates on the two sides disagreed by 6 per cent.

The heat balances range from 1.5 to  —8.4 per cent; as an av
erage the steam  condensate indicates 4 per cent less heat trans
fer than  th a t calculated from the air ra te  and the measured tem
perature rise.

T he areas of the segments were accurate within 1 per cent. 
T he local air tem perature was calculated from the measured 
to tal tem perature rise (accurate w ithin 0.5 deg F) and the ratio 
of condensate up to  this point to  the to tal condensate. I t  was felt 
th a t th e  condensate ratios are accurate w ithin 2 per cent. The 
local tem perature difference was evaluated from the calculated 
local air tem perature and the observed wall tem perature; the 
thermocouples are accurate within 0.2 deg F, and these readings 
varied bu t little.

M e t h o d  o f  C a l c u l a t io n

On air-cooled cylinders the average tem perature of the sur
face of th e  fins is of secondary interest. The purpose of cooling 
and finning is to  reduce the tem perature a t the base of the fins. 
Since th is tem perature is of prim ary interest, a  correlation of 
surface heat-transfer coefficients should involve the fin-base 
tem perature. This tem perature and a m athem atical effective
ness of the fins are used herein to  calculate surface coefficients. 
In  the design of cylinders the procedure is reversed and the cal
culated surface coefficients and the  m athem atical effectiveness
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For a given fin jj', Ct , Cc, and consequently y and U are unique 

functions of h, and hence a plot of U can be constructed by as

suming values of h. The local apparent coefficient V is first cal

culated from the data by the simple relation

Fio. 9 T a p e r  a n d  C u r v a t u r e  C o r r e c t io n s  t o  Be A d d e d  t o  
A p p r o x im a t e  E f f e c t i v e n e s s  i j '  i n  O b t a in in g  T r u e  E f f e c t i v e n e s s  
(Taken from Harper and Brown, reference 3, by courtesy of National 

Advisory Committee for Aeronautics.)

are combined to give the fin-base temperature. Furthermore, it 

is known that average surface coefficients, based upon the meas

ured mean temperature of the surface of the fins, often differ 

from those based upon measured base temperatures and a cal

culated effectiveness. Consequently, both the correlation of 

test data and the design procedure based thereon should involve 

base temperatures and calculated effectiveness, so that any er

rors due to differences between measured and calculated effec

tiveness are not involved.

The effectiveness i; is defined as the mean temperature differ

ence between the surface of the fins and the air, divided by the 

temperature difference between the base of the fins and the air, 

and is given by the following equation for tapered radial fins

L o c a l  S u b p a c e  C o e f f i c i e n t s  hx

R uns (Series J) were made a t various air-flow rates with the 
jacket shown in Fig. 7, and similar runs (Series A) were made 
w ith the baffle shown in Fig. 8. The results are summarized in 
Figs. 10 and 11, plotted in term s of local surface coefficients h, 
versus the position of the segment; position 0 is a t the front and 
11 is a t the rear. For a  given Reynolds number DeG/n, for both 
the jacket and the baffle, the curves of hx go through a maximum 
roughly half-way around the cylinder; as the Reynolds number 
increases, the maximum shifts somewhat nearer the front of the 
cylinder. For these runs, it  is noted th a t the local surface coef
ficient of heat transfer from muff to  air was always found to  be 
lower in the rear than  a t the front.8

From Figs. 10 and 11 i t  appears th a t the local surface coeffi
cients of heat transfer are unduly high for segment 2 (position 
1-2) and low for segment 8 (position 7-8). D a ta  for the jacketed 
cylinder are shown plotted versus location of segment in Fig. 12, 
which suggests th a t the contact between th e  steel barrel and the 
muff was unusually close in segment 2 and less close in segment 8, 
which doubtless was caused by high spots on th e  cement in the 
grooves on the inner wall of the muff. A t segment 8, where the 
muff tem perature and local condensation ra te  were abnormally 
low, heat flows circumferentially by conduction in the muff from 
adjacent segments 7 and 9. If th is effect were allowed for, 
th e  local coefficients for segments 7 and 9 would decrease and 
th a t for 8 would increase, tending to  eliminate th e  dip in the curve 
of hx a t  segment 8.

Tests (Series B) were run on th e  baffled cylinder to  determine 
the effect of tem perature difference on the mean surface coef
ficient of heat transfer, hm. The tem perature difference was 
varied by changing the tem perature of the inlet air a t  substan
tially constant Reynolds number. The da ta  are p lo tted  in  Fig.

7 Equations [1] and [2] will reduce to the usual approximate equa
tion of reference (4) for a bar fin of constant cross section

U = -— r ----r Q- ^  1 +  tanh au>’ +  s&J.......... [2a]
(8 +  aim)

if the sum Ct and Cc is assumed zero and the term wxt/2Rb is neg
lected. Although in some cases Equation [2a] will give a result 
not differing seriously from that obtained from the more rigorous 
Equations [1] and [2], the latter were used herein.

* In order to simplify Figs. 10 and 11, runs are shown only for 
alternate Reynolds numbers; intermediate Reynolds numbers 
(not shown) gave curves of the same shape a8 those shown.
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F i g .  1 0  L o c a l  S u r f a c e  C o e f f i c i e n t s  hx V e r s u s  P o s i t i o n  f o r  
J a c k e t e d  M u f f ,  f o r  S e v e r a l  R e y n o l d s  N u m b e r s

F i g .  1 1  L o c a l  S t j b p a c e  C o e f f i c i e n t s  hx V e r s u s  P o s i t i o n  f o b  
B a f f l e d  M u f f ,  f o b  S e v e r a l  R e y n o l d s  N u m b e r s

13 and show th a t hm/c pG is independent of Atm. H eat balances 
agreed within a maximum deviation of 7.7 per cent and an aver
age deviation of 3.4 per cent.

Fig. 14 shows the present data  for both  the jacketed and baf
fled cylinders, plotted as Stanton numbers, hm/cpG versus the 
Reynolds number, DeG /n  based upon the  equivalent diam eter of 
the passages between the fins. I t  is seen th a t the results w ith the 
jacket are higher than  those for th e  baffle; for th e  same Reyn
olds num ber; this would still be th e  case if the definition of D, 
had  been based upon th e  to ta l air passage instead of th a t between 
the fins.

The da ta  of reference (2) for an electrically heated muff with 
a  jacket were recalculated by means of Equations [1] and [2] 
as an  approximation, obtaining hm from Um based upon an arith
metic-mean tem perature difference
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f r o n t  P O S IT IO N  b e a r

F i g . 12 P l o t  o f  D a ta  f o r  J a c k e t e d  M u f f  V e r s u s  P o s it io n  
(P lo t shows m inor b u t system atic  irregularities of muff tem pera tu res, con

densate  ra tes, and local surface coefficients.)

which is a  fair type of mean to  use with these data  obtained with 
electric heat. The results are plotted in Fig. 14 and average but 
little below the present da ta  for a  jacketed muff. The present 
da ta  lie on or above the usual equation for tu rbulent flow of air 
in long straight tubes

finned cylinder. D ata  for other designs and arrangements of baf
fles have been obtained and m ay be released in a subsequent 
paper.

C o n c l u s i o n s

This study established the following points:

1 The data  were reproducible.
2 Good heat balances were obtained.
3 The condensate rates from the divided and undivided 

halves of the cylinder agreed within 6 per cent.
4 In  every run  w ith the baffle or jacket tested, the local coef

ficient of heat transfer from fins to  air was low in front, high 
roughly halfway around the cylinder, and lowest in the rear.

5 For a  given Reynolds number, the baffle gives a somewhat 
lower S tanton num ber than  the jacket.

6 In  term s of average surface coefficients of heat transfer, 
the data  for the jacketed muff of the present study agree well 
w ith those of other investigators who determined only average 
coefficients.

7 For a given Reynolds number, tem perature difference was 
varied from 30 to  85 deg F  in tests on the  baffled cylinder and 
had no effect on the Stanton number, expressed in term s of the 
average surface coefficient of heat transfer for the entire cylinder.

A c k n o w l e d g m e n t
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over-all friction factor f ' / 2  was found to  average 0.51 w ith the 
jacket and 0.36 for the baffle, as compared w ith a value of 1.0 
predicted by the Reynolds analogy and 1.22 by the Colburn anal
ogy (5) for tu rbulent flow of air in  long straight tubes.

The jacket gave 20 to  30 per cent greater surface coefficients 
hm than  the baffle for the same over-all pressure drop, and 22 to  
40 per cent greater coefficients for the same power loss per square 
foot of finned surface. .

By measuring local coefficients for each portion of the baffled- 
finned cylinder it  is possible to  determine the faults in location 
and design of baffles, and improvements in  baffles can be worked 
ou t more readily and on a sounder basis than  when measuring 
only the usual average coefficients of heat transfer for the entire
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Efficiency of E x tended  Surface
By KARL A. G A R D N E R ,1 NEW  YORK, N. Y.

T h e work o f  p rev io u s in v e s t ig a to r s  o n  h e a t  flow  th r o u g h  
ex ten d ed  su rfa ce  i s  briefly  rev iew ed  a n d  lite ra tu re  c ita t io n s  
are g iven . G en era l e q u a t io n s  are derived  fo r  th e  te m p e r a 
tu re  g ra d ien t a n d  fin  e ffic ien cy  in  a n y  fo rm  o f  e x ten d ed  
su rface t o  w h ic h  th e  a s s u m p tio n s  l is te d  are a p p lica b le . 
T he so lu t io n  o f  th e s e  e q u a t io n s  in  te r m s  o f  B e sse l fu n c 
t io n s  is  sh o w n  t o  cover p r a c tic a lly  a n y  fo r m  o f  ex ten d ed  
su rface  w h o se  th ic k n e s s  varies a s so m e  pow er o f  th e  d is 
ta n c e  m e a su r ed  a lo n g  a n  a x is n o r m a l to  th e  b a sic  su rfa ce . 
C urves are p resen ted  for th e  fin  e ffic ien cy  o f  several fo rm s  
o f  s tr a ig h t fin s, a n n u la r  fin s, a n d  sp in es .
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N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
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F i g . 1 S o m e  C o m m e r c i a l  F o r m s  o p  E x t e n d e d  S u r f a c e  
(Sam ples fu rn ish ed  th ro u g h  th e  co u rte s y  of A T h e  G risco m -R u sse ll C o m p a n y , 

B T h e  B ab co ck  & W ilcox C o m p a n y , C T h e rm e k  C o rp o ra t io n .)

These added heat-conducting strips constitute “extended 
surface;” they m ay be of various forms, as shown in Fig. 1. The 
ratio of the average tem perature difference over the extended 
surface to  th a t over the basic surface is commonly called the “fin 

•efficiency,” “fin” being used as a  concise generic term  for all 
forms of extended surface. I t  is the purpose of this paper to 
derive a general equation for the tem perature gradient in fins 
and to  present a solution for fin efficiency which, although not 
perfectly general, nevertheless includes all the forms previously 
investigated and several others besides. A secondary purpose is 
the review and compilation of the significant results of previous 
investigators.

L i t e r a t u r e  R e v i e w

Some early measurements of the tem perature distribution in 
long metallic rods are available in the experimental determination 
of the therm al conductivities of iron and copper by Stew art (1).*

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper.
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In  a  conventional heat exchanger heat is transferred from one 
fluid to  another through a metallic wall and, other things being 
equal, the ra te  of heat flow is directly proportional to  the extent 
of the wall surface and to  the tem perature difference between one 
fluid and the adjacent surface. If th in  strips of m etal are a t
tached to the basic surface, extending into one of the fluids, the 
to ta l surface for heat transfer is thereby increased and it  might 
be expected th a t the rate  of heat flow per unit of basic surface 
would increase in direct proportion. However, the average 
surface tem perature of these strips, by virtue of the tem perature 
gradient through them , tends to  approach the tem perature of the 
surrounding fluid so the effective tem perature difference is de
creased and the net increase of heat flow m ay be considerably less 
than  would be anticipated on the basis of surface alone.
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The iron rod was 3/ i in. sq X 4l/ 2 f t long, and the copper rod was 
x/ 2 in. diam X  7 ft long.

Parsons and H arper (2) derived an equation for the efficiency 
of straight fins of constant thickness in the course of a paper on 
airplane-engine radiators. H arper and Brown (3), in connection 
with air-cooled aircraft engines, investigated stra igh t fins of 
constant thickness, wedge-shaped straight fins, and annular fins 
of constant thickness; equations for the fin efficiency of each type 
were presented and the errors involved in certain of th e  assump
tions were evaluated.

Schmidt (4) covered the same three types of fin from the stand
point of m aterial economy. He sta ted  th a t th e  least m etal is 
required for given conditions if the tem perature gradient is linear, 
and showed how the thickness of each type of fin m ust vary  to 
produce this result. Finding, in general, th a t the calculated 
shapes were im practical to  m anufacture, he proceeded to  show 
the optimum dimensions for straight and annular fins of constant 
thickness and for wedge-shaped straight fins under given operat
ing conditions.

M urray (5) presented equations for the tem perature gradient 
and the effectiveness of annular fins of constant thickness w ith a 
symmetrical tem perature distribution around the base of the fin.

A stepwise procedure for calculating the tem perature gradient 
and efficiency for fins whose thickness varies in any m anner w hat
soever was given by Hausen (6). Curves of both properties for 
the fins investigated by Schmidt (4) are also included.

T he tem perature gradient in conical and cylindrical spines was 
determined by Focke (7) and, independently, by  the writer in un
published work of which this paper is the outcome. Focke, like 
Schmidt, showed how the spine thickness m ust vary  in order to 
keep the m aterial requirem ent to  a minimum; he, too, found the 
result im practical and went on to  determine the optimum 
cylindrical- and conical-spine dimensions.

Avrami and Little (8) derived equations for the tem perature 
gradient in thick-bar fins and showed under w hat conditions fins 
m ight act as insulators on th e  basic surface. Approximate 
equations were also given including, as a special case, th a t of 
H arper and Brown.

Carrier and Anderson (9) discussed straight fins of constant 
thickness, annular fins of constant thickness, and annular fins of 
constant cross-sectional area, presenting equations for the fin 
efficiency of each. In  the la tte r  two cases the solutions are in 
the form of infinite series.

A rather unusual application of H arper and Brown’s equation 
was made by the w riter (10), in ponsidering the ligaments be
tween holes in heat-exchanger tube sheets as fins and thereby 
estim ating the tem perature distribution in tube sheets.

The types of extended surface previously investigated, aside 
from those which m ay be approximated by H ausen’s method, 
are as follows:

1 S traight fins of constant thickness (2, 3, 4, 6, 8, 9).
2 Wedge-shaped straight fins (3, 4, 6). ■
3 Annular fins of constant thickness (3, 4, 5, 6, 9).
4 Annular fins of constant cross-sectional area (9).
5 Cylindrical spines (7).
6 Conical spines (7).

M a t h e m a t ic a l  T r e a t m e n t — A s s u m p t io n s

The m athem atical analysis is based upon the following assump
tions, which are essentially those given by M urray (5), b u t which 
are common to all previous investigations except th a t of Avrami 
and Little (8):

1 The heat flow and tem perature distribution throughout the 
fin are independent of time, i.e., the  heat flow is steady.

2 The fin m aterial is homogeneous and isotropic.

3 There are no heat sources in the fin itself.
4 The heat flow to or from the fin surface a t any point is 

directly proportional to  the tem perature difference between the 
surface a t th a t point and the surrounding fluid.

5 The therm al conductivity of the fin is constant.
6 The heat-transfer coefficient is the same over all the fin 

surface.
7 The tem perature of the surrounding fluid is uniform.
8 The tem perature of the base of the fin is uniform.
9 The fin thickness is so small compared to its height th a t 

tem perature gradients normal to the surface may be neglected.
10 The heat transferred through the outermost edge of the 

fin is negligible compared to  th a t passing through the sides.

Of these assumptions, only 6, 8, 9, and 10 are open to  serious 
question. W ith some types of fin the heat-transfer coefficient 
undoubtedly does vary  from point to  point on the fin, bu t 
McAdams and Turner, in a discussion of a  paper by Sage (11), 
show th a t the use of average coefficients and average conduc
tiv ity  in the theoretical equation for tem perature gradient gives 
good agreement w ith Stew art’s measurements (1). M urray’s 
paper shows how to take account of a nonuniform tem perature 
a t the base of annular fins, although it  seems reasonable th a t an 
average tem perature based on the average inside-film co
efficient should give sufficiently accurate results for m any pur
poses. The question of tem perature variation a t the base of the 
fin is not ap t to  arise for other types.

The error involved in  assumptions 9 and 10 has been investi
gated by H arper and Brown (3), and Avrami and Little (8), for 
straight fins of constant thickness; it  is very small for most 
practical forms of extended surface.

F i g . 2 D ia g r a m s  o f  (A ), G e n e r a l iz e d  E l e m e n t  o f  E x t e n d e d  
Su r f a c e ; (B ) St r a ig h t  F in  

(Thicknesses are greatly exaggerated.)

A p p l i c a t io n  o f  B e s s e l ’s  D i f f e r e n t i a l  E q u a t io n

Temperature Gradient. The basic differential equation results 
from a heat balance on an element of the fin normal to  the direc
tion of heat flow, as shown in Fig. 2(a)

d26 ^  / l  tia \ dd /  h d A \  ̂ ^ 
dx2 \ a  d x )  dx \k a  dx )

In  this, 9 represents the tem perature difference between the fin 
and the surrounding fluid a t a  distance x  from some reference 
point. Termwise comparison of this equation (after multiplica
tion by x2) w ith the general form of Bessel’s equation given by 
Douglass (12)

x 2 —  +  [(1 — 2m )x  —  2ax2] -7- +  [p2c2x2P +  ot2x2 +  a(2m  — 1)* 
dx2 dx

+  {m2 — p 2n 2)]9 = 0 . . . .  [2] 

shows th a t both have the same form if

a = ......................................... [3]
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Equations and curves are shown in Figs. 5 and 6. The solution 
is exact for n — 0.

Three general classes of extended surface have been investi
gated thus far; straight fins, spines, and annular fins. Other 
classes might be discussed b u t the m ost practical forms have 
already been included. I t  will be noted, however, th a t no 
straight fin or spine whose thickness varies as the square of the 
distance along it, can be described in terms of Bessel functions, 
since n  becomes infinite and u  is a  constant. This case will now 
be treated  for the sake of completeness and to  reproduce the 
results of Schmidt (4), and Focke (7). Termwise comparison of 
E quation [1] w ith Euler’s differential equation shows th a t the 
cross section and surface m ay vary  thus

where the expressions for u b and u e are given in Figs. 3 and 4.
n = 0. This yields the equations for wedge-shaped straight 

fins and annular fins of constant thickness, as derived by H arper 
and Brown and Schmidt. Furthermore, the same equations 
apply to  spines whose thickness varies as the square root of the 
distance from a point a t or beyond the tip.

n  =  — 1. This represents the conical spines investigated by 
Focke (7). I t  also covers straight fins whose thickness varies as 
the 8A power of the distance from a point a t or beyond the edge.

W ith these three values of n  all previous expressions for fin 
efficiency based on assumptions 1 through 10 are reproduced. 
Furtherm ore, the general solution makes it  possible to  recognize 
the applicability of the equations for one particular type of fin to  
other types, e.g., only five different types of fin have been shown 
previously to  be covered by these three values of n, yet it  has just 
been shown th a t a t least seven types can be included. Some 
other types for which special equations have been developed may 
also be mentioned.

n  =  V3. This corresponds to the annular fins with constant 
m etal area for heat flow, for which Carrier and Anderson gave a 
solution in terms of infinite series (9). I t  could also represent 
straight fins whose thickness varies as the square root of x, and 
spines whose thickness varies as the fifth root of x.

n  =  °3. This covers the straight fins of Schmidt (4), and the 
spines of Focke (7), whose thickness varies as the square of the 
distance from the edge or tip.

In  order to  bring the abscissas on all graphs to  a  common basis, 
the fin height w has been introduced into the various expressions 
for ub and u, by writing

w — ± {x b —  xe) , or w = xb if x, =  0

Aside from this no a ttem pt is made to  compare one type of 
extended surface with another. S traight fins with the same 
height, base thickness, conductivity, and surface coefficient are 
comparable one w ith the other, and the same is true of annular 
fins. This is so because changing the contour of the sides of such 
fins has a negligible effect on the surface. Therefore, to  some 
extent Fig. 3 gives an indication of the relative merits of various 
straight fins, and Figs. 5 and 6, of annular fins. Fig. 4, however, 
should not be considered as anything more th an  a  means for 
determining fin efficiency, because the surfaces of the different 
spines are not the same, e.g., the thorn-shaped spine represented 
by the highest curve has only one th ird  the surface of the cylin
drical spine of the same height and base thickness, represented by 
the lowest curve in Fig. 4.
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A ppend ix  1
D e t a i l s  o f  D e r i v a t i o n  o f  E q u a t i o n s

The heat flowing through an element of a  fin normal to the 
basic surface (Fig. 2a) is given by the Fourier equation

de
q — —  ka  — .......................................[24]

dx

The heat entering or leaving the sides of the element is

—dq — hedA....................................... [25]

By differentiating Equation [24] and substituting the result into 
Equation [25], dq is eliminated and Equation [1] is obtained.

If  the second term s of Equations [1] (after multiplication 
through by x2) and [2] are to  be identical, then

^2 da
-  —  =  (1 —  2m) x  —  2ax2.........................[26]
a dx

Integration gives

In a — (1 — 2m) In x  — 2ax +  const................ [27]

or

o =  Xx1 ~Pme ~ 2ax............................. [27a]

From the th ird  terms 

hx2 dA
■—• -— —  -  [ p W p +  a 2x 2 +  a(2m  —• l)x  +  (to2 —• p2n 2) ] . [28] 

/eel dx

Introducing a from Equation [27a] and rearranging 

dA k
------------ - \ e - 2axx -< 1+ 2m\ p 2c2x 2P +  a 2x 2 +  a(2m —  l)xax n

+  (to2 — p 2n 2) ] . . [29] 

Since the  surface variation is not a  function of k or h, the terms

w ithin the brackets m ust either be zero or inversely proportional 
to  (k /h ); a, p, and m  occur as exponents so they cannot contain 
(k /h ). Therefore, a  =  0, and m  =  pn, leaving c2 as the only 
constant involving (k/h).  Substitution of these results into 
Equations [27a] and [29] gives Equations [3] and [4].

In  order to  integrate Equation [8] to  obtain the fin efficiency, 
dA  m ust be expressed in  term s of u; from Equations [4] and [7]
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Tables of Bessel functions are given in the Jahnke-Em de 
“Tables of Functions” (14), and in “Bessel Functions” by Gray, 
Mathews, and M acRobert (13). The la tte r is a  treatise on the 
properties and application of Bessel functions; for more elemen
tary  discussion sufficient for m any engineering purposes, see 
Sherwood and Reed (12). The nomenclature used in this paper 
is th a t used by Gray, e t al. (13). If the Jahnke-Em de tables are 
used, it  will be necessary to  substitute i~ nJ n(iu) for /„ (« ), and 
i~"H  for K n(u) in  the various equations of this paper.

D iscussion
G. M. D u s i n b e b b e . 1 For all fin problems the writer recom

mends the “relaxation” method of Southwell. This has been 
outlined by Emmons." There is a  great advantage of ease and 
simplicity as compared w ith the solutions in  Bessel functions, 
and there need be no sacrifice in accuracy. In  fact, there m ay be 
a gain in accuracy w ith thick fins and short cylindrical spines, 
since i t  is not necessary to  make the au thor’s ten th  assumption.

In  Fig. 5, for example, if x e/ x b =  4, and w 's/h/ky =  1, a 
rough calculation gives <t> =  0.605, neglecting the edge, and this 
agrees very well w ith the curve. B u t if we take account of the 
edge, we get <j> = 0.583.

This agrees w ith the author’s references, th a t the error in 4> 
due to  assumption 10 is not large. B ut the point is, why intro
duce an  error, however small, for the sake of perm itting a  certain 
m athem atical treatm ent, when we can avoid th a t error by the use 
of a much simpler m athem atical treatm ent?

An inexperienced person, intending to  use the author’s curves 
and noting th a t the edge area was neglected in computing the 
efficiency, might assume th a t this area should consequently be 
neglected in using the curves to  estim ate the over-all performance 
of a proposed design. B ut the edge area m ay be a considerable 
fraction of the lateral area. I t  would add to  the usefulness of the 
paper if the author would clarify this point in his closure.

W a l t e r  G l o y e b .7 N ext to the fin efficiency, the correct 
spacing of fins is of great im portance to  the designer. Though 
this is not w ithin the exact scope of the paper, a  few words may 
be said about it here.

If a  maximum of heat per unit area of base surface could be 
transferred just by an increase in extended surface, then fins 
placed on close centers would be the ideal solution. Fins have 
to  be spaced, however, in such a  manner th a t adjoining fins do not 
interfere w ith each other. Fig. 7 of this discussion represents 
three adjoining straight fins, showing the so-called boundary 
layers on the center rib as they develop under flow condition, L 
being the length of a  straight rib in the direction of flow or 
diam eter of a  circular rib. Before the fluid stream  reaches the 
leading edge of the fin, its velocity is constant over the whole 
cross section. After entering the fin section a t the leading edge, 
the velocity field is changed, however. The velocity of the fluid 
is zero a t the fin surface and increases within the boundary layer 
to the full maximum. Blasius8 investigated the velocity field of 
the boundary layer theoretically and gives for viscous flow the 
following equation for the thickness of the boundary layer

For turbulent flow von Kdrmdn* determined the boundary-layer 
thickness from theoretical considerations and gives the following 
equation

6 D epartm ent of Mechanical Engineering, Virginia Polytechnic 
Institu te , Blacksburg, Va. Now on du ty  a t U. S. Naval Academy, 
Annapolis, M d. Mem. A.S.M.E.

6 “The Num erical Solution of H eat Conduction Problems,” by H. 
W. Emmons, Trans. A.S.M .E., vol. 65, 1943, pp. 607-615.

7 American Locomotive Company, New York, N . Y.
8 “Grenzschichten in FlUssigkeiten m it Kleiner R eibung,” by H. 

Blasius, Z e it.filr  Mathematik und Physik, vol. 56, 1908, pp. 1-37.

wherein
S =  thickness of boundary layer, cm
i) =  kinematic viscosity, in stokes, cms per sec

w =  fluid velocity outside boundary layer, cm per sec
L  =  distance from leading edge, cm

If no interference between adjoining ribs would be allowable at 
all, the distance between them should be twice the thickness of 
the boundary layer as calculated from the foregoing equations. 
To clarify this point, W agener10 carried through a  series of tests 
on straight ribs with air as the cooling medium. The ribs were of 
trapezoidal shape, 20 mm high and 20 cm long in the direction of 
flow. For the tests, the spacing of the ribs as well as the air 
velocities were varied. Wagener plotted, as shown in  Fig. 8, 
heat transm itted  per unit area, time and degrees tem perature 
differential for various air velocities against the spacing of the 
ribs.

Each resulting curve shows, a t a  certain spacing, a  maximum 
which swings w ith decreasing air velocities to  a larger spacing. 
Using a formula of the von Kdrmdn type, Wagener found the 
most effective spacing to  be about 12 per cent larger than  the 
thickness of the boundary layer. These results show th a t inter
ference between adjoining ribs is slight in the outer regions of the 
boundary layer. Using his tests as a  basis, Wagener recommends 
a minimum rib spacing of one boundary-layer thickness.

A series of tests similar to  W agener’s was conducted a t the 
Langley Memorial Aeronautical Laboratory by Oscar W. Schey 
and Herman H . Ellerbrock.11 These tests were conducted on 
finned cylinders. All cylinders had a diam eter of 4.5 in., and fins 
which varied in height, thickness and pitch. The tests were run 
with air as the cooling medium, and the air velocity was varied 
between 10 and 130 mph. Schey and Ellerbrock observed the 
same phenomena as Wagener, b u t presented no explanation.

• “Uber laminare und turbulente Reibung,” by T. von K&rm&n, 
Zeil. filr Angew. Mathematik und Mechanik, vol. 1, 1921, pp. 233-252.

10 “Der Warmeuebergang an Kllhlrippen,” by G. Wagener, Beihefte 
zum Gesundheita Ingenieur, Reihe 1, Heft 24, 1929.

11 “Blower Cooling of Finned Cylinders,” by O. W. Schey and H.
H. Ellerbrock, Jr., U. S. National Advisory Committee for Aero
nautics, Report no. 587, 1937.
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Fio. 8

M a x  J a k o b . ”  The author has used an idea of R. D. Douglass 
to generalize the equations which describe tem perature distribu
tion, to tal heat output, and efficiency of various types of fins. 
This is presented in such a clear and simple manner as is not often 
found in the literature on applied m athematics. The paper 
bristles w ith Bessel functions; however, an engineer w ith not 
more than  undergraduate knowledge of calculus and who may 
never have heard of Bessel functions should be able to operate 
straightaway w ith the formulas and one of the tables of Bessel 
functions referred to  in the paper.

According to  the outline, contained in the abstract a t the be
ginning of the paper, some forms are excluded from the author’s 
generalization. One of them  is the annular fin requiring a 
minimum of metal, described in E. Schmidt’s paper.13 Using the 
author’s nomenclature, the profile curve of th a t fin is represented 
by the equation

y = k(2x'~3x-x + xi)
or

2 Trh
°  =  —  (2* 3 — 3x.x* +  *,*)

which does not satisfy the author’s E quation [3],
The differential equations of tem perature distribution and heat 

output of annular fins w ith triangular or trapezoidal profile do 
not seem to have been solyed exactly as yet, nor are they included 
in Gardner’s generalization, except for the special case where 
x -y  =  const.

On the other hand, G ardner’s equation covers m any cases not 
dealt w ith in  literature so far. So the generalization in  addition 
to its aesthetic value from a m athem atical viewpoint possesses 
considerable practical value for engineering purposes.

C. F . K a y  a n . 14 The excellent treatm ent of the fin problem 
by the author leads one to  consider comparative methods of 
analysis by other means. Herein the validity of some of the 
different assumptions cited by the author and by other workers in

** Consultant in Heat Research, Armour Research Foundation; 
Research Professor of Mechanical Engineering, Illinois Institute of 
Technology, Chicago, 111.; Nonresident Research Professor of Heat 
Transfer, Purdue University, Lafayette, Ind. Mem. A.S.M.E.

ls Reference (4) of author’s bibliography.
14 Assistant Professor, Department of Mechanical Engineering, 

Columbia University, New York, N. Y. Mem. A.S.M.E.

this field m ight be verified, and possibly the effect of a  varying 
heat-transfer coefficient over the fin surface could be studied. 
I t  is believed th a t the use of a geometrical type of electrical 
analog could uncover some interesting information along this 
line. The present paper prom pts such a  study, w ith one objec
tive being the determ ination of isotherms under different condi
tions of fin shape and of boundary conditions.

H. B. N o t t a g e . 11 The author of this paper is to  be compli
m ented for having presented an excellent analytical sum mary of 
the extended-surface heat-transfer problem which lends itself 
very neatly to the treatm ent of different geometrical contours. 
W ith the usual idealizations and boundary conditions being in
voked, i t  is significant to  note how Bessel’s equation m ay be 
employed to  represent th e  different cases. For most practical 
designs, it  would commonly be possible to  describe the efficiency 
of representative fin types, which can be m anufactured through 
ordinary procedures, either in term s of some one or another of the 
solutions presented or through an approximate interpolation.

Certain considerations beyond the simpler cases rem ain for 
future study, however, and i t  m ay be helpful to  offer a few 
comments based upon recent experience in similar analyses.

The simplification introduced by the assumption th a t the heat 
transfer from the  outer edge of the fin tip  is negligible, which 
leads to  the author’s Equations [6] and [6a], is certainly justi
fiable for m ost ordinary problems. However, for precise analy
ses of large fins, such as those employed on air-cooled engine 
cylinders, this assumption m ay be undesirable. The tip-effect 
correction suggested by H arper and Brown1* is believed to  
offer a  better approximation.

I t  m ay further be w orthy of m ention to  point out th a t F . D. 
B ennett has obtained a  solution to  the case of an annular fin of 
tapered straight-sided form, described by the sectional contour 
equation

y = Vb — const {x — x b)

employing the author’s nomenclature.
This was accomplished through attacking the difficult differ

ential equation by Picard’s method of successive approxima
tions,17 which is an iteration procedure. The details here are 
reasonable bu t tedious, so th a t there is probably little  to  recom
mend for most practical engineering purposes. H arper and 
Brown suggest an approximate treatm en t for this type of fin in 
term s of a taper correction derived for a straight-base fin, and this 
seems the best simple expedient.

Finally, it  m ay be well to  point ou t an aspect of the fin-design 
problem which has been dealt with only by inference in this and 
other recent papers. Fin systems in which the fins are especially 
wide, and where the fluid medium passes through the interfin 
passages for an appreciable length, offer im portant design 
problems. In  these more extended systems the boundary condi
tions and analytical concepts become more involved than  those 
given here. Point-to-point considerations of the un it surface 
conductance h, and of the velocity and tem perature fields in  the 
fluid become quite im portant. Compressible fluids make things 
still more involved.

The fin efficiency then does not rem ain the constant quantity  
a t all positions along the fin which might be assumed from an 
application of the simpler analyses. To aid in appreciating the 
involved features possible, one might visualize this extension of

14 Project Engineer, P ratt & Whitney Aircraft, East Hartford, 
Conn. Jun. A.S.M.E.

14 Reference (3) of author’s bibliography.
17 “The Mathematics of Physics and Chemistry,” by H. Margenau 

and G. M. Murphy, D. Van Nostrand Co., New York, N. Y., 1943, p . 
467.
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the basic fin problem as a peculiar type of cross-flow heat ex
changer, in which a conduction heat stream  has replaced one of 
the fluids. I t  is believed th a t analyses of the problems involved 
in this connection m ay produce some interesting results, for in
stance, in  the question of a  design study to  establish fin dimen
sions for a specified performance.

P . R. T r u m p l k r . 18 The use of extended surface in industrial 
applications is rapidly increasing in scope, and often the eco
nomics of a  design show great advantages to  be gained w ith large 
ratios, such as 20 or 30 to  1, of extended to  prime surface. Fin 
efficiency m ay be a very im portant factor in such cases.

The problem which the author has solved is idealized, as he has 
clearly pointed out. In  m ost commercial installations the fin 
efficiency is 90 per cent or better, and even an appreciable error in 
determining its value is not serious. I t  is, however, pertinent to 
examine the assumptions to  find if they are sufficiently close for 
other applications.

holds. T rue fluid-temperature conditions exist for membrane- 
film coefficients which are finite bu t greater than  zero.

T he proposed mechanism replaces assumption 6 and permits a 
conservative assumption in  place of 7. I t  remains to  be seen 
w hether the mechanism can be handled m athematically.

In  crossflow over finned tube an appreciable variation of 
film coefficient is to  be expected, and the author’s values of ef
ficiency m ust be used w ith particular care.

W ith m ost finned tubes a  therm al resistance of appreciable 
im portance is added when the fin is bonded to  the tube by 
pressure contact, solder, or welding. I t  m ay be noted th a t this 
therm al resistance, often included in the “fin efficiency” of 
engineering terminology, is not included in the term  as used by 
the author.

A u t h o r ’s C l o s u r e

I t  is gratifying to observe the extent of interest in this particu
la r pha;se of heat transfer apparent in  the comments received. 
Several points requiring amplification are discussed in  the fol
lowing.

In  the preparation of this paper it  was necessary, due to space 
limitations, to  eliminate certain sections. Among these was th a t 
dealing w ith heat flow through the fin edge, upon which ques
tions are raised by Mr. N ottage and Commander Dusinberre. 
Assumption 10 is not a t all necessary to  the author’s treatm ent in 
term s of Bessel functions; i t  merely simplifies the expressions 
for /3, Equations [6] and [6a], w ithout introducing, in  most cases, 
any significant error. The proper statem ent of boundary con
dition 2, following Equation [4], is

Let us concern ourselves only w ith the author’s assumptions 6 
and 7. W ith longitudinal or spine fins on tubes, it  is apparent 
th a t w ith transfer of sensible heat from a flowing fluid, the longer 
the fin the wider the variation in film coefficient and the variation 
in tem perature of fluid surrounding the fin. For long fins, how
ever, the efficiency is much more im portant than  for short fins, 
and it  is exactly the condition of long fins th a t stretches the 
assumptions.

Next, let us see if the assumptions give a conservative value of 
fin efficiency in the cases cited. In  general, the film coefficient 
will be less a t  the base than  a t the tip  of the fin, and the fluid 
tem perature will be closer to  the prime-surface tem perature near 
the base than  near the tip . The heat load is therefore greater 
a t  the tip , and less a t the base, than  the author’s equation would 
indicate. Thus the calculated fin efficiency is higher than  it 
should be, and we conclude th a t the calculated values are not 
conservative.

The possibility of changing assumptions 6 and 7 is not w ithout 
interest. W ith much hesitation, the writer proposes a mecha
nism, as yet untried, to  improve the situation for the case of flow 
parallel to  the axis of a  finned tube. The flow is channeled into a 
number of annular spaces separated by  membranes as indicated 
by the dotted lines in Fig. 9 of this discussion. The film co
efficients, fluid tem peratures, and fin efficiency m ay be calculated. 
(The equations for an annulus of differential thickness m ay be 
readily set up if the hydraulic diam eter is taken  as the distance 
between two adjacent fins a t  the annular radius.) If  the film 
coefficient a t the membranes is taken  as infinite, assumption 7

18 Development Engineer, M. W. Kellogg Company, New York, 
N. Y. Jun. A.S.M.E.

H arper and Brown suggest th a t substantially the same result 
m ay be obtained by considering the fin to  be of height, w 4- yt, 
instead of w, and using the simpler equations. The fin surface 
exclusive of the edge area should be used in conjunction w ith the 
fin efficiencies presented in this paper. The gain in  accuracy 
by taking the edge area into account m ay be illusory, since a fin 
of such dimensions as to  make this area an appreciable fraction 
of the to ta l will probably also violate assumption 9. Professor 
K ayan’s electrical analog seems the simplest solution for such 
cases.

The variation of film coefficient and am bient tem perature 
which is ignored by assumptions 6 and 7, is probably most ap
preciable for single annular fins as pointed out by Mr. Nottage. 
For flow across banks of annular finned tubes, the temperature 
change over any one film will be considerably less. Although it is
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certainly desirable to know as accurately as possible each of the 
component parts in the resistance to  heat flow through extended 
surfaces, i t  should be borne in  mind th a t the sum  of these re
sistances (reciprocal heat-transfer coefficients) is the ultim ate 
object. Test data  taken to determine film coefficients on ex
tended surface yield an over-all resistance; the outside film re
sistance sought is obtained by subtracting the other known re
sistances, among them  a m etal resistance derived from the fin ef
ficiency. Any error in 4> due to  the assumptions made is there
fore reflected in  the experimental values of h. However, this 
resistance (1 /h )  will ordinarily be used in combination with other 
different internal film and m etal resistances. I f  the la tte r are 
based on the same assumptions as used in the original analysis 
of the tes t data, much of the error is canceled out in the sum, 
so th a t the net effect on over-all heat-transfer coefficient is not so 
serious as a casual consideration of the points raised by N ottage 
and Trumpler might suggest.

The author has not had an opportunity to  try  either of the 
suggestions for avoiding assumptions 6 and 7 made by N ottage 
and Trumpler bu t will add one further suggestion for considera
tion. If the film coefficient h can be expressed in certain func
tions of x  or 6, Equation [1] can still be solved in  m any cases, 
thus eliminating assumption 6.

The ease and speed w ith which numerical results m ay be ob

tained by Southwell’s “relaxation” method as recommended by 
Commander Dusinberre is certainly impressive; however, its use 
seems to be limited to  the solution of specific numerical problems. 
The choice between such a  solution and an  analytical solution 
appears to  be comparable to  a machine-shop problem: A certain 
operation m ay require one hour setup time for fifteen m inutes of 
actual machining; by spending eight hours on making a  suitable 
jig the setup tim e m ay be reduced to  ten minutes. If  less than  
ten parts are to  be made i t  will no t pay to  make the jig; for any 
greater number it  will. The author believes the fin efficiency 
curves constitute a well-justified jig for the solution of extended- 
surface problems.

The digest of the literature on fin spacing contained in  Mr. 
Gloyer’s comments is a welcome addition to the symposium on 
extended surface. So also is D r. Jakob’s inclusion of Schmidt’s 
equations for the most economical annular fin.

Dr. Jakob’s comment on annular fins w ith triangular or trape
zoidal profile is partially  answered in  Mr. N ottage’s remarks, 
although the solution obtained is no t claimed to  be exact. How
ever, the author has been advised by D r. G. E. T a te19 th a t he 
has obtained an exact solution in term s of M athieu or allied 
functions.

19 Research, Physicist, Foster-Wheeler Corporation, New York, 
N .y .



T ube Spacing in F inned-T ube Banks
By S. L. JA M ESON ,1 SC H EN EC TA D Y , N. Y.

O ne o f  th e  m e th o d s  u sed  to  fu lfill  a p p lic a tio n  req u ire 
m e n ts  in  th e  d e sig n  o f  f in n e d -tu b e  g a s  co o lers for in d u s 
tr ia l u se  m ore a d e q u a te ly  is  to  vary t h e  sp a c in g  o f  th e  
tu b es . In  th e  p a st th e r e  h a s  b een  very l i t t le  in fo r m a tio n  
availab le  o n  th e  e ffec t o f  tu b e  sp a c in g  o n  co o ler  p er fo rm 
an ce . T h is  p ap er covers th e  r e su lts  o f  a  ser ies o f  te s ts  
m a d e to  d e te r m in e  t h e  e ffec t o f  tu b e  sp a c in g  o n  t h e  p res
su re drop  a n d  th e  h e a t- tr a n s fe r  co effic ie n t o f  a ir  flow in g  
acro ss a  b a n k  o f  h e lic a lly  f in n ed  tu b e s . T h e  t e s t s  covered  
a w ide  ra n g e  o f  tu b e  sp a c in g s , b o th  a t  r ig h t  a n g le s  to  a ir  
flow a n d  b e tw e en  row s in  th e  d ir ec tio n  o f  a ir  flow . A ll 
te s t s  w ere m a d e  o n  sta g g ered  tu b e  row s. T h e  te s t s  sh ow ed  
th a t  tu b e  sp a c in g  h a s  a  m ark ed  e ffec t o n  a ir  p ressu re  drop, 
b u t a  n e g lig ib le  e ffec t o n  t h e  a ir -s id e  h e a t- tr a n s fe r  c o 
e ffic ie n t. T h e  n u m b e r  o f  fin s per l in ea r  in c h  o f  tu b e  h a d  a 
s im ila r  e ffec t. B affles in  th e  sp a ces  a t  th e  e n d s  o f  sh o rt  
tu b e  row s w ere fo u n d  to  b e  b en e fic ia l in  m in im iz in g  edge  
effec ts, th e  im p r o v em e n t in  h e a t  tr a n sfe r  g a in e d  b y  th e ir  
u se  m ore  th a n  c o m p e n sa t in g  for  t h e  in c re a se  in  a ir  p res
sure drop.

N OMENCLATURE

T H E  following nomenclature is used in the paper:

A  =  air-side tube and fin surface, sq f t  per linear ft 
B = projected tube perimeter, f t per linear ft 
b — spacing between tube rows in direction of air flow, in. 

cp =* specific heat a t constant pressure, B tu/(Ib)(deg F) 
d =  equivalent diam eter of finned tube, f t =  2A /r B  

D =  equivalent diam eter of tube bundle, as defined by 
Equation [5], ft 

f  =  friction factor =  APpg/2G2N  
g =  acceleration due to  gravity, f t /h r2 

G =  mass velocity, lb /(h r)(sq  ft) free area in a row of tubes 
h  — true air-film heat-transfer coefficient, B tu /(h r)(sq  ft) 

(deg F)
H = fin height, ft
j  — heat-transfer factor =  (h/cpG)(cpn /k  
k  =  therm al conductivity, B tu /(h r)(sq  ft)(deg F )/(ft)

N  =  cooler depth, rows of tubes in direction of air flow 
Ap =  pressure drop over tube bank, in. w ater 
AP  -  pressure drop over tube bank, psf 

r =  diagonal spacing between tubes in  successive rows, 
diameters d 

R =  Reynolds number 
s =  tube spacing across cooler face, diameters d 
t = fin thickness, ft

U =  over-all heat-transfer coefficient, B tu /(h r) (sq ft) (degF) 
V — w ater velocity in tubes, fps
y =  ratio of heat-transfer ra te  from w ater to  tube a t any 

tem perature to th a t a t  90 F average w ater tem pera
ture

p  =  density, lb per cu ft 
m =  viscosity, (lb)/(hr) (ft)

1 Engineer, General Electric Company. Jun. A .S .M .E . 
Contributed by the Heat Transfer Division and presented at the 

Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e r ic a n  S o c ie t y  o f  M e c h a n ic a l  E n g in e e r s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society.

a — spacing between fins, ft 
C, n  =  constants

T e s t  M e t h o d

The range of tube diam eters and tube spacings tested was 
made possible by the use of a flexible-duct construction to  set up 
the tube banks. The over-all size of the duct was determined 
from a study of the capacity of the existing fan and duct equip
m ent, the tes t banks being made as large as possible in order to 
make the results more directly applicable to  commercial air- 
cooler design (see Table 1).

TA B LE 1 PH Y S IC A L  DATA FO B  T U B E S A N D  T E S T  S E C T IO N
T ubes:

D iam eter of bare tubes,
n ro _0.750__' no

F ins:
'  1 . uu —  s

N um ber per linear inch 8 . 7 7. 0 9 .05 8.8 7 .0
Outside d iam eter, in. 1 . 1 2 1 1.463 1.737
Thickness, in .............. 0.010 0.0 12 0.012
H eig h t/2  X spacing. 1. 133 0. 895 1.746 1.751 1.357

Surface, sq ft per f t  tube 1. 138 0. 946 2.049 2.560 2.085
Projected  area, sq in . / f t

8 , 24 8 . 14 10.19 13.19 13.01
Projected  p erim eter, f t /

f t  tu b e .......................... 10 3 8 .,67 14.48 14.54 11.98
E quivalen t d iam eter, f t 0 ,0702 0, 0693 0.0901 0.1119 0.1108
R atio  gas to  w ater-side

surface .......................... 8 . 25 6 .86 12.02 10.85 8 .85
T est section:

W id th  betw een side
plates, in ...................... 23Vs

Length of tubes, in ........ 24
C enters first to  la s t tube

in long row, in ............. 22 . 18 21 .80 21 .55
C en ter o u te r tu b e  to

side of duc t, in ............ 0 ..66 0 .8 5 0.975
H eight of baffle in short

tube  rows, in ............... 0,.40 0 .44 0 .44
T ubes in long tu b e  row 13 to 19 9 to  15 8 to  12

The initial setup provided for making isotherm al pressure-drop 
tests only. Three to six pressure-drop measurements were made 
for each tube-bank arrangem ent, covering about a 10-to -l range 
in air flow. M ost of these tests were run  a t room tem perature. 
A few check tests were made a t 120 to  140 F.

When it became apparent th a t there was considerable variation 
in air pressure drop with tube spacing, the tes t duct was altered 
so w ater could be circulated through the finned tubes and heat- 
transfer da ta  obtained.

Air-pressure-drop readings were taken during all heat-transfer 
tes t runs. In  these tests the air tem perature drop over the tube 
banks varied from 10 to 100 deg F. The average air tem perature 
was taken  as the arithm etic-m ean w ater tem perature plus the log- 
m ean tem perature difference between w ater and air.

All pressure-drop da ta  were corrected to  an average air tem 
perature of 120 F, and a  pressure of 14.7 psia. Correction factors 
for tes t pressure and tem perature were based on constant mass- 
air velocity, assuming th a t pressure drop varied as the 1.75 power 
of air velocity. (An error in the assumed value of this coefficient 
has no effect on the correction factors for pressure, and a 
negligible effect on the correction factor for tem perature, if the 
factors are based on mass velocity instead of on linear velocity.) 
These correction factors are given in  Fig. 5. There was no 
appreciable deviation between the results of the isothermal 
pressure-drop tests and those of the varying tem perature tests 
on a given tube bank.

H eat-transfer tes t runs on each tube bank were made a t  the 
maximum w ater velocity through the tubes obtainable for each 
setup, usually about 4 fps, and a t approximately 1 fps for each
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of a t least two different air flows. In  several cases check tests 
were made a t about 2-fps w ater velocity. Special care was taken 
to  hold the mass-air velocity constant for each set of tests a t 
varying w ater velocities.

The heat-transfer tes t da ta  were correlated by plotting

1/J7 versus 1/j/V0-8

The tem perature drop through the tube wall is negligible and 
special care was taken  to  keep the tubes clean, so the zero inter
cept of this curve is the reciprocal of the effective air-side heat- 
transfer coefficient. The “effectiveness factor” of the fins is 
readily calculated for any effective air-side heat-transfer coeffi
cient, and the true  air-side heat-transfer coefficient obtained. 
This correlation takes into account variations in average water 
tem perature. V ariation of average air tem perature affects the 
heat-transfer coefficient about 1 per cent for each 25 deg F  and 
was neglected since the average air tem perature was m aintained 
within 15 deg F  of the 120 F  correlating tem perature.

T e s t  E q u i p m e n t  a n d  M e a s u r e m e n t s

The tests were m ade in  a duct system especially designed and 
constructed for air-flow testing. The general arrangem ent is 
shown in Fig. 3.

The air-circulating blower was driven by a direct-current 
motor w ith a  10:1 speed range. Fine adjustm ents in air flow 
could be obtained by adjustm ent of a damper in the duct ahead of 
the blower.

Air flow was measured by rounded-approach nozzles of spun 
aluminum geometrically similar to  nozzles calibrated by the 
Bureau of Standards. In  each test enough nozzles were plugged 
to  make the pressure drop over those in use between 0.5 and 1.0 
in. of water. The air pressure drop over the nozzles was meas
ured by an Ellison inclined draft gage w ith 0.01-in. w ater scale 
divisions. •

The air pressure drop over the test section was measured by an 
Ellison draft gage, calibrated in 0.01-in. scale divisions for the 
first inch of water and 0.1-in. divisions for the next 5 in.

The pressure tap  in the inlet duct to  the test section was a 
Vi6-in. hole in  a plate flush w ith the duct wall 12 in. upstream 
from the coil face. All other pressure taps were ’/y in . tubes 
with 1/ 32-in. holes a t  intervals over a 4-in. length. These tubes 
were enclosed in 2 X 2 X 6-in. cages of fine-mesh screen con
taining a ribbon of screening wound back and forth over the 
tubes. Tests have shown th a t this arrangem ent reads true 
static pressures, even in the presence of considerable velocities.

Air tem peratures were measured w ith copper-Copnic therm o
couples on a thermocouple potentiom eter having 1-deg-F scale 
divisions. The thermocouples and potentiom eter were cali
brated  against laboratory standards and all tem perature measure
ments were corrected for calibration errors. R adiation shields 
were used on all thermocouples to  minimize errors.

The w ater circulated through the tes t coil was taken from an 
overhead tank  equipped with an overflow to insure a  constant

F i g . 2 S k e t c h  o f  T u b e  A b b a n g e m e n t

gravity head. Partia l recirculation w ith make-up water from the 
city mains was used to  m aintain constant water tem perature to 
the tes t section.

W ater flow was measured by a  sharp-edged orifice, calibrated in 
place by means of a  weigh tank. Colored carbon tetrachloride 
was used for the m anom eter fluid in order to magnify the deflec
tion.

W ater tem peratures were measured by precision-type ther
mometers inserted directly into the flowing water through packed 
openings. The therm om eter wells were located as close to the 
test coil as possible and the pipe insulated for a distance of 6 in. 
on either side of the well. The thermom eters were marked in 
0.1-deg F scale divisions and were calibrated to  0.01 deg F, 
against laboratory standards.

The test section consisted of a steel framework to support inter
changeable fiberboard tube sheets. Fiberboard side sheets 
were fastened perm anently to the frame. The tubes were 
standard  adm iralty-m etal condenser tubes wound w ith copper 
fins.

The first tests were made for pressure drop over the tube 
bundle only, and for these tests a  length of lU  in. was left bare of 
fins a t either end of the tube for insertion into the tube sheets. 
When the program was extended to  include heat-transfer studies 
the tes t section was modified so the tubes projected through the 
tube sheets about 1 in., Fig. 1. Special w ater headers were 
made up and connected to  the tubes by rubber tubing. Connec
tions between successive rows of tubes in the direction of air flow 
were also made by rubber tubing. M ost of the tests were made 
w ith one row of tubes per pass for w ater flow. The inside of the 
tubes was carefully cleaned before each test.

R e s u l t s  o f  T e s t s

Since the tests covered by this paper were made primarily to 
obtain data  for use in  the design of cooling equipm ent for indus
tria l machines, all d a ta  were corrected to  an average air tem 
perature of 120 F  and a pressure of 14.7 psia.

Pressure-Drop Tests. The test results showed the pressure 
drop over a tube bank of two or more rows depth to  be directly 
proportional to the number of rows of tubes depth. The 
Fanning equation for flow over a  tube bank has therefore been 
set up as

A P  =  2fG W /p g ..................................... [1]

In  general, the  friction factor is a  function of Reynolds number

/  = C, R"-2........................................[2]

The pressure drop over a tube bank a t a  specific pressure and 
tem perature m ay be expressed as

Ap =  10~7CGn in. w ater..............................[3]

For flow through a pipe, the value of n  is about 1.8. The 
value of n for pressure drop over a tube bundle was found to vary 
from about 1.7 to 1.9 in  these tests, the highest values being 
obtained w ith a very wide tube spacing across air flow and closely
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venient to  use an average value of n  for the various tube arrange
ments. Equation [3] then becomes

A p =  10- , C(?1-75.....................................[4]

The values of C for th is approximation and the values of n  in 
Equation [3] are given for the various tube arrangements tested 
in Table 2.

Using the values of C in Equation [4], the curves in Fig. 4 
showing the variation of pressure drop w ith tube spacing were 
plotted. The variation in pressure drop w ith tube spacing across 
the face is nearly enough independent of the spacing between 
rows to  enable using a single curve for each tube diam eter for the 
correction for tube spacing across the cooler face. The same 
condition holds for the correction for variation of the spacing be
tween rows in  the direction of air flow.

The curves for correction factors for tube spacing given in 
Fig. 5 are based directly on the curves in Fig. 4. The one 
exception is the curve for variation in spacing between rows for 
Vi-in. tubes. This curve has been drawn more conservatively 
than  would be indicated by Fig. 4, in order be tter to  line up with 
the curves for 6/s-m. and 1-in. tubes. This m ay not be com
pletely justified, b u t from the design standpoint it was felt th a t 
any error should be on the conservative side.

The correction factors given in Fig. 5 are adjusted for tube 
spacing so a  single curve of pressure drop versus mass-air velocity 
m ay be used for all sizes of finned tubes.

Baffles placed in the spaces a t  the ends of the short tube rows

spaced rows in the direction of air flow. A study of the values of 
n  showed the following:

(a) An increase in value as tube spacing across the face of the 
cooler increased.

(b) A minimum value for the spacing between rows a t which 
the free area through the diagonal openings between two succes
sive rows of tubes equaled th a t in a  single row of tubes.

(c) A decrease in value as the number of rows of tubes in
creased.

A possible explanation of these variations is th a t the pressure 
drop over a tube bundle is a  combination of velocity-head losses, 
due to  the nozzle effect in passing through the minimum spaces 
between tubes, and frictional losses. The indication from the 
tests is th a t the frictional losses would vary  as some power of G 
less than 1.7. The velocity-head loss due to the nozzle effect 
would vary as the square of G. In  the case of close tube spacing, 
the loss is mostly frictional and the value of n  is therefore low. 
As the tube spacing increases, the frictional component of pres
sure drop decreases relative to  the velocity-head component, and 
n  therefore increases. W hen the minimum free area through 
the diagonal openings between two successive rows of tubes 
equals th a t in a single row of tubes, the flow path  is almost 
nearly uniform, the velocity head component is a minimum, and 
the value of n  is therefore a minimum.

From the standpoint of obtaining design information and for a 
general study of the effects of tube spacing it  was found con
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(see Fig. 2, and Table 1) were found to  be of considerable value in 
reducing edge effects, particularly in the case of heat transfer. 
Check tests showed a baffle made up of an angle w ith the open 
side laid against the side of the cooler had the same effect as a 
half-tube. Since an angle-type baffle is convenient from the 
standpoint of production, most of the tests were made w ith angle 
baffles. The effect of the baffles 011 pressure drop was found to  be 
about as the 1.75 power of the ratio of the free area in a  short 
tube row to the free area in a long tube row.

The correlation between field tests of coolers installed in 
machines with the pressure drop calculated by the use of the fac
tors given in Fig. 5 has been very good. The deviation has been 
less than  5 per cent, even with coolers very narrow across air flow 
and with closely spaced rows in the direction of air flow.

A relation of the form of the Fanning equation which would 
correlate the data  for all the tube sizes and arrangements tested 
would be of considerable value in predicting the performance of 
new finned-tube designs and also in improving present designs. 
Considerable tim e was spent trying to obtain such a relation, 
bu t w ithout complete success.

The following empirical relation for the “equivalent diam eter” 
of a  tube bank correlates the data  fairly well for tube banks in 
which the free area in an individual row of tubes is less than  th a t 
in the diagonal openings between two successive rows of tubes.

Equation [4] becomes

Ap =  9.56 X lO -’D -W N O 1-™ in. w ater...............[7]

(This relation applies only for air*at 120 F average tem perature 
and 14.7 psia pressure.)

Although these relations are empirical, they cover the usual 
range of design and give an indication of the effect of some of the 
variables on pressure drop. The relations should not be used for 
Reynolds numbers less than  500 or more than  10,000.

Term /  is plotted against R in Fig. 6 for th e  highest and lowest 
test air flows for all tube arrangements tested in which the mini
mum free area was th a t in a single row of tubes.

If  the tes t values of /  shown in Fig. 6 are approximated by 
the broken line, this line reflects the increase in the value of n in 
Equation [3] w ith tube spacing. An increase in tube spacing in
creases the “equivalent diam eter” of the tube bank, and there
fore the Reynolds number.

Fig. 7 shows a comparison between the friction factor for the 
tube-spacing tests and the friction factors obtained in tests of 
larger commercial units. Curves d and e cover tests made a t 
pressures up to  15 psig. The comparative data  given are for 
coolers having the free area through the diagonal openings be
tween two successive rows of tubes greater than  th a t in an indi
vidual tube row. T est da ta  on a commercial cooler in which the 
minimum free area was through the diagonal openings between 
successive tube rows checked th a t for model tests on a similar 
spacing closely, b u t do not line up with the friction-factor curve. 
Such coolers are definitely outside the range of application of 
Equations [5], [6], and [7], The pressure drop over such coolers 
may be calculated from Fig. 5, however.



JAMESON—TUBE SPACING IN FINNED-TUBE BANKS 637

Heat-Transfer Tests. There was no apparent variation in the 
air-side heat-transfer coefficient w ith tube spacing in any of the 
tests made with baffles in the spaces a t the ends of the short tube 
rows. The mass-air velocity used for heat-transfer da ta  was 
based on the free area in a single row of tubes, regardless of the 
relative magnitude of the free area in the diagonal openings be
tween successive rows of tubes.

W ithout the baffles in the spaces a t the ends of the short tube 
rows, the apparent air-side heat-transfer coefficient was lower, 
especially in the case of tubes spaced close together across air 
flow. In  this case the omission of a tube in the short tube row 
has a slightly greater percentage effect on the free area.

W ith the baffles om itted the air a t the sides of the cooler is only 
partially cooled. This has been checked several times by therm o
couple traverses across the face of a cooler. This partially  cooled 
air has the effect of lowering the apparent heat-transfer coefficient 
much more than  does the decrease in average mass-air velocity 
due to  the increased free area in the short tube rows. The 
baffles almost completely eliminated these “edge effects.”

T he improvement in heat transfer gained by the use of baffles 
in the short tube rows more than  compensates for the increase in 
air pressure drop. In  addition, the use of baffles makes the heat- 
transfer coefficient independent of cooler width and of tube spac-
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F i g . 6  F r ic t i o n  F a c t o r s  f o r  T u b e  B a n k s  T e s t e d  
(P o in ts  p lo tte d  a re  h ig h e s t a n d  lo w e s t a ir - f lo w  te s t p o in ts  fo r  each tu b e  a rra n g e m e n t.)

ing. For these reasons baffles are specified for all coolers less 
th an  2 ft in  face w idth and for m any wider coolers.

Fig. 8 shows th e  air-side heat-transfer coefficients obtained for 
the various tube bundles tested as a  function of mass-air velocity.

T he dimensionless heat-transfer factor j  was plotted against 
Reynolds num ber to  correlate the tests on various sizes of tubes. 
T he best correlation was obtained using Reynolds num ber based 
on the equivalent diam eter of an  individual tube rather than  
by using the diam eter defined by  Equation [5]. The curve of j  
versus R  for all tests made w ith baffles in the short tube rows is 
given in  Fig. 9.

In  all cases the average air-side heat-transfer coefficient de
creased as th e  cooler depth decreased. A study of the results 
indicated th a t for a cooler of N  rows of tubes depth, A’- l  rows 
will have a relative performance of 1.0, and one row will have a 
relative performance of 0.7. Since most coolers for industrial

equipm ent are more than  four rows of tubes deep, the effect of 
cooler depth on over-all performance m ay be neglected in design.

A curve showing the heat-transfer factors obtained in tests of a 
commercial turbine-generator cooler is also given in Fig. 9. The 
discrepancy between this curve and the results of the tube- 
spacing tests is in  line w ith previous model tests. For some un
explained reason tests of sample-size coolers usually give a 
higher air-side heat-transfer coefficient th an  is obtained in tests 
of commercial coolers. On the other hand, pressure-drop data 
usually check closely.

R e l a t e d  D a t a  a n d  S u g g e s t i o n s  f o r  F u t u r e  T e s t s

There are few da ta  available from other sources on the effects 
of varying tube spacing in finned-tube banks.

Pierson, Huge, and Grimison have reported on a  series of tests 
on the effect of spacing of bare tubes on heat transfer and pressure
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drop in crossflow over tube banks in a group of three papers.2 
An expression similar to  th a t for the “equivalent diam eter” of 
the tube bank used to  correlate the finned-tube-spacing tests was 
of no value in correlating their da ta  for bare tubes. The finned- 
tube tests do agree w ith the data  for bare tubes in th a t the varia
tion of heat transfer w ith tube spacing was small, b u t th a t there 
was considerable variation in air pressure drop. In  both cases 
the pressure drop a t a  given mass-air velocity decreased w ith in
crease in tube spacing.

On the basis of the residts of the tests covered by this paper it

2 “ Experim ental Investigation of Influence of Tube Arrangement 
on Convection H eat Transfer and Flow Resistance in Crossflow of 
Gases Over Tube B anks,” by O. L. Pierson,Trans. A .S.M .E., vol. 59, 
1937, pp. 563-572.

“ Experim ental Investigation of Effects of Equipm ent Size on 
Convection H eat Transfer and Flow Resistance in Crossflow of Gases 
Over Tube B anks,” by E . C. Huge, Trans. A.S.M .E., vol. 59, 1937, 
pp. 573-581.

“ Correlation and Utilization of New D ata  on Flow Resistance 
and H eat Transfer for Crossflow of Gases O verTube B anks,” by E . D. 
Grimison, T rans. A .S.M .E., vol. 59, 1937, pp. 583-594.

is suggested th a t any future tests on the effects of tube spacing be 
made w ith half-tubes or bafHes in the spaces a t  the ends of the 
short tube rows. This gives much more consistent and more 
generally applicable data.

A wider range of tube diameters and of the number and height 
of fins would enable a better determ ination of the effect of tube- 
design variables and thereby aid in predicting the performance of 
new designs.

Discussion
A. Y. G u n t e r 3 and W. A. S h a w .1 The author has done an 

admirable job in the presentation of some usable design data  for 
finned-tube gas coolers.

3 Director of Development, Alio Products Division, American 
Locomotive Company, New York, N. Y. Mem. A.S.M.E.

' H eat Transfer Engineer, Research and Development D epart
ment, Alco Products Division, American Locomotive Company, 
New York, N. Y. Jun. A.S.M.E.
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A  G eneral C orre la tion  of F ric tion  
F ac to rs  for V arious T ypes of 

Surfaces in Crossflow
By A. Y. G U N T E R 1 a n d  W. A. SHAW ,2 N EW  YORK, N . Y.

T h is  paper is  th e  e la b o ra tio n  o f  a n  u n p u b lish e d  o n e  by  
th e  la te  E. S . D av is a n d  A. Y . G u n ter , w h ic h  w a s re leased  
o n ly  to  th e  N a tio n a l A dvisory C o m m itte e  for  A ero n a u tic s . 
T h e  p r e se n t w ork, u s in g  th e  fr ic t io n -fa c to r  co rre la tio n  
prop osed  for bare tu b e s  by D avis a n d  G u n te r , d e m o n 
str a te s  i t s  m e r it  a s  a  gen era l m e th o d  for co rre la tin g  o n  a 
s in g le  l in e , pu re  crossflow  fr ic t io n  over b o th  bare  and  
ex ten d ed  su rfa ces . T h is  r e su lt  is  m a d e  p o ss ib le  th r o u g h  
th e  u se  o f  a n  e q u iv a len t  v o lu m e tr ic  h y d ra u lic  d ia m e te r  D„, 
in  b o th  th e  R ey n o ld s n u m b e r  a n d  th e  o r d in a te , p lu s  c o n 
fig u ra tio n  r a t io s  o f  th e  fo r m  (Dv/ S T)n a n d  (SL/ S T)n in  th e  
o rd in a te . F r ic t io n  fa c to r s  for  bare tu b e s  o f  d ia m e ter s  
fro m  0.02 in . to  2 in . are in c lu d e d , w ith  tra n sv erse  a n d  
lo n g itu d in a l p itc h e s  ra n g in g  fro m  1.25 t o  5 d ia m . Ex- 
te n d e d -su r fa ce  crossflow  fr ic t io n  rep o rted  o n  h ere in  
covers e x tern a l ro u n d  a n d  sq u a re  cross f in s , b o th  m esh ed  
a n d  u n m e sh e d , fin n ed  cy lin d er s , ra d ia to r  c o re -ty p e  su r 
face, a n d  o n e  sa m p le  o f  in te r n a l w ir e -m e sh  fin s . I t  is  
sh o w n  th a t  flat p la te s  a n d  c o re -ty p e  su rfa ce  w ith  tu r b u 
len ce  p ro m o ters  do n o t  co rre la te  w ell o n  th e  p rop osed  
curve.

N o m e n c l a t u r e

The following nomenclature is used in this paper:

Dp, Dt = pipe or tube diam eter, f t (except as noted in tables)
Dv =  volumetric hydraulic diam eter =

4 X N et free volume
-----------------------------  ft

Friction surface ’
/ '/2  =  half friction factor corrected by viscosity ratio

(ft/j“t»)0’14, dimensionless
/" /2  =  half friction factor corrected by viscosity ratio

{n/nJ 0-14 and (D ./S f)* '4, dimensionless
f /2 =  half friction factor corrected by viscosity ratio

(m /jO 0'14, (jD»/<Sr )0-4, and (S L/ S T)°-6, dimensionless
g = acceleration of gravity =  4.18 X 10s f t /h r  per hr
G =  fluid mass velocity (based on minimum net free

area), psf per hr
L  =  fluid flow length, ft
n — denotes exponent

AP  =  pressure drop due to  “friction,” psf
S L = longitudinal pitch =  center-to-center distance from

tube in one row to  nearest tube in next transverse
row

S T = transverse pitch =  center-to-center distance from 
tube to  tube in one transverse row

1 Director of Development, Alco Products Division, American 
Locomotive Company. Mem. A.S.M.E.

2 Heat Transfer Engineer, Research and Development, Alco Prod
ucts Division, American Locomotive Company. Jun. A.S.M.E.

Contributed by the Heat Transfer Division and presented at the
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e
A m e r ic a n  S o c ie t y  o r  M e c h a n ic a l  E n g in e e r s .

N o t e : Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society.

I  = in-line tube arrangement (used in tables)
S  = staggered tube arrangement (used in tables)
<t> = denotes function
m =  absolute viscosity a t average main stream  tem pera

ture, lb per ft per hr 
fiw =  absolute viscosity a t surface wall tem perature, lb 

per ft per hr 
P  = fluid density, pcf 

(Dv/ S T)n, (S L/ S T)n =  configuration correction factors, dimen
sionless

(m/mJ0-14 =  viscosity-ratio correction factor (Sieder and Tate), 
dimensionless

I n t r o d u c t io n

Up to the present time, correlations of friction factors for pure 
crossflow over bare tubes have been based on the use of a 
hydraulic diam eter (Dp or D(), representing the pipe or tube’ ou t
side diam eter in the conventional Reynolds number, i.e., Col
burn ( l ),3 Short (2), Bowman (3), Huge (4), Grimison (5), and 
others; or some form of equivalent diam eter based on per
im eter for other types of surfaces, e.g., Norris and Spofford (6).

Sieder and Scott (7) suggested an equivalent hydraulic diam eter 
(.Z)„), b u t did not make a  usable general correlation. Davis and 
G unter (8), in an unpublished paper presented to  the N.A.C.A., 
gave correlations for both heat transfer and pressure drop in 
crossflow over bare-tube banks. These correlations used Dv in 
the Reynolds number and in the conventional ordinate, plus 
correction factors for tube arrangement of the form (Dv/ S T)n and 
(S L/ S T) \

As far as is known, no one has satisfactorily obtained correla
tion of bare tubes and conventional extended surface in pure cross- 
flow on one line. M any investigators have taken a limited range 
and obtained curves describing the results therefrom. I t  was 
felt th a t one curve covering a wide range would be of benefit to  
all.

The present paper, following the lead of Davis and G unter (8), 
proposes a general correlation covering both bare and extended 
surfaces using the correction factors mentioned. This presumes 
th a t fins are relatively smooth, and rows of tubes are three or 
more in depth in conventional arrangements. In  addition, cross- 
flow friction on one arrangement of internal fins is shown to 
correlate in good agreement on the proposed curve.

I t  should be pointed out th a t the following discussions do not 
take into account baffle effects, and for practical use, these factors 
should be allowed for, where applicable.

G e n e r a l  D is c u s s io n

In  the Davis and G unter paper (8), i t  was pointed out th a t most 
investigators have found th a t the classic form of the general 
Fanning equation for flow inside tubes could be adapted to  cross- 
flow outside of bare tubes, using tube sutside diam eter as hy
draulic diam eter (D ,). ‘ Others used perim eter-type hydraulic

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper.

643
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diam eter for special surfaces. HoweveT, these efforts resulted in 
having a  number of friction-factor curves to cover the various 
tube sizes and arrangements, F'ig. 1. The reference paper further 
demonstrated th a t a single curve correlation could be made if 
certain configuration correction factors for the tube bank be 
included.

I t  was found necessary to  employ three characteristic dimen
sions in order to  determine completely a particular configuration. 
This m eant therefore the introduction of two dimensionless 
ratios into any correlation involving the form of the general 
Fanning equation, in order to  produce a complete correlation.

I t  was debated whether a bank might be completely determined 
by three dimensions in a conventional shell-and-tube exchanger 
because of the presence of the shell. This, however, was deemed 
not true because essentially the shell only ends the bank and 
should be considered only a quantity  determining the mass 
velocity a t any point across the bank.

The problem then was to select three characteristic dimensions 
which would give a consistent correlation of all data. The tube 
diam eter and the pitch both transversely and longitudinally 
were one possibility for the three configuration dimensions. 
However, the original work showed th a t a much more satisfactory 
correlation could be obtained if the volumetric hydraulic diame
ter and the longitudinal and transverse pitches be used. The 
next step was to  decide which of these three characteristic dimen
sions should be employed in the Reynolds number, and which- 
other two should appear solely in the configuration ratios.

Inasmuch as m ost authors have found it satisfactory to  use 
diam eter in the Reynolds number for any particular tube ar
rangement, it  seemed desirable to  use volumetric hydraulic diame
ter in the Reynolds number and to  allow the transverse pitch 
and longitudinal pitch to  appear only in the correction ratios. 
This was la ter found to  be justified by the excellent correlations 
which were obtained on this basis.

I t  has been customary for most authors to  measure longitudinal 
pitch as the perpendicular distance from one row of tubes to  the 
next row in the direction of longitudinal flow. However, in 
order to  obtain a correlation which would present da ta  for both 
staggered and unstaggered tube arrangements on the same line, 
it was necessary to  define the longitudinal pitch as the center-to- 
center distance from a tube in one row to  the nearest tube in the 
next row transverse to  flow.

For equilateral arrangements both in-line and staggered, there 
is no difference in the configuration definitions and the (S L/ S T)" 
correction factor becomes unity, disappearing from the equation. 
However, for nonequilateral arrangements, there is a varying 
degree of difference, depending on whether the layout is rec
tangular or isosceles. This is illustrated in F’ig. 6.

Much uncertainty has existed in the past concerning whether 
th e / /2  values vary as a  fixed or variable power of the Reynolds 
number. The present correlation proposed in this paper does 
not exhibit this variation to  any m arked degree and the authors 
have used straight lines as tangents to  a short curve in the transi
tion region. The reason for this is the new Reynolds number 
against which the data  were correlated, and the configuration 
ratios t h a t were introduced.

Various mean tem peratures have been employed by authors in 
evaluating the properties of the fluid flowing over the banks. 
The possibilities include the use of a  film tem perature, an average 
of the wall and main-stream tem perature, the average m ain
stream  tem perature, or some interm ediate combination of these. 
There are m any arguments in  favor of the various possibilities. 
However, the best proof of validity is the experimental data  
agreement in the final correlation. For this purpose, in this 
paper the average m ain-stream tem perature has been used, and a 
correction for the tube-wall tem perature is obtained by using the

well-known Sieder and T ate (9) viscosity correction, This
method appears to give the best correlation and has been well 
substantiated  by checking data  on heavy fuel oils and various 
other petroleum products both for heating and cooling.

The ranges of variables covered in this paper are as follows:
Tube diameter, in ............... ..................................... 0.02 to 2
Reynolds number (DvG/u) ......................................0.01 to  300,000
n/Hw............................................................................0.015 to 8
Transverse pitch, diam .......... ................................. 1.25 to 5
Longitudinal pitch, diam.........................................1.25 to 5

C o r r e l a t io n

The proposed equation for pressure drop in crossflow over both 
bare and extended-surface tubes is

For the viscous range, the function of the Reynolds number is 
f /2 =  90 ( R) ”1 and in  the turbulent region, //2  =  0.96 (R)~0,146.

The transition point from lam inar to  turbulent flow occurs at a 
Reynolds num ber of about 200, although there is a slight curva
ture w ith the m ain straight lines being tangent thereto.

From  inspection of the five m ajor curves, Figs. 1 to  5, inclusive, 
the relative significance of the new correlation will be immediately 
evident. Fig. 1 shows an attem pted  correlation using Dt instead 
of Dv w ithout the correction factors th a t are proposed in this 
paper. This figure shows definitely th a t such a  single-line corre
lation is impossible.

Fig. 2 shows an attem pted  correlation using Dv in the Reynolds 
number and ordinate w ithout the two configuration-ratio correc
tion factors. I t  will be noted again th a t this correlation is not 
satisfactory, although better than  Fig. I. However, it  shows the 
m erit of using Dv.

Fig. 3 uses Dv in the Reynolds number and in the ordinate, plus 
one correction factor, namely, (Dv/ S T)n. This is again better 
than  the first two, bu t still does not take care of wide pitches, 
especially in the isosceles or rectangular arrangements.

Fig. 4 uses Dv in the Reynolds number and both of the correc
tion ratios in the ordinate. I t  will be noted th a t all of the various 
tube arrangements now fall on a satisfactory single plot.

Fig. 5 shows extended-surface da ta  correlated on the proposed 
curve which show surprising agreement.

Friction-factor da ta  are shown in Tables 1 and 2.

B a r e  T u b e s

The extensive data  of Sieder and Scott (7) available for pres
sure drop have been used to  establish the viscous and p art of the 
turbulent regions. The power of the m/ m» ratio  is 0.14 in both 
the viscous and turbulent regions, unlike flow inside tubes. This 
correction is included in all plots, Figs. 1 to  5, inclusive.

Norris’ (6) da ta  on small wires correlate well on the proposed 
line. This is encouraging, as it  establishes the validity of the 
equation down to a very low value of tube diameter. Huge’s (4) 
da ta  for pressure drop also correlate satisfactorily.

Inasm uch as within the possible range of variation in this case, 
the average tem perature is not of too great importance in pres- 
sure-drop calculations, especially on air, it  was possible to  use the 
da ta  of Pierson (10) on 38 different arrangements covering 
transverse- and longitudinal-pitch arrangem ents from 1.25 to  3 
diam, transverse and longitudinal, both  staggered and unstag
gered. These 38 arrangements provide an excellent basis for the 
foregoing correlation.

R. P. Wallis (11) has published extensive friction data  on two 
arrangements. The data  have apparently  been obtained with a 
very high degree of accuracy. They substantiate the proposed 
equation quite exactly.
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Friction data  of Carrier, Allen, Soule, Dehn, Reiher, and 
Reitschel for a great variety  of tube arrangements have also been 
used to  establish the equation, bu t are not shown.

There are certain discrepancies and deviations from the pro
posed m ain line in the data  of Pierson. However, the magnitude 
of these deviations is in general not more than  10 or 15 per cent. 
Another point of importance is th a t no other authors have found 
friction factors which increase with Reynolds number, which is 
reported over limited ranges by both Pierson and Huge. Lind- 
mark, in his discussion of this paper, pointed this out and stated  
th a t he found no such increase in experiments he conducted. A 
certain am ount of these deviations m ay be accounted for by the 
fact th a t entrance and exit losses are contained in the over-all 
pressure drop reported by these authors.

Jakob (12) proposed two equations of ra ther complex form for 
the correlation of Pierson’s data. I t  appears th a t the present

equation is simpler to  use, and probably more accurate as it  is 
substantiated by da ta  from m any other sources.

E x t e n d e d  S u r f a c e

Fig. 5 illustrates how extended surface, both external and in
ternal, will plot on this same proposed correlation.

I t  will be noted th a t some forms of extended surface, namely, 
flat plates and fins with turbulence promoters, do not correlate 
well on the suggested curve as would be expected.

McAdams (13), Colburn (14), Norris and Streid (15), and 
many others have pointed out th a t flat plates and turbulence 
promoters will produce different flow characteristics. F la t 
plates show low f / 2  values, and turbulence promoters give high 
values. The published and authors’ data  included in the paper 
bear out these conclusions.

The authors’ da ta  on meshed round-cross-fin tubes (eight Vi-m.
fins per in.) w ith no turbulence 
promoters, Figs. 6(h) and 7(a), 
show good agreement w ith the 
proposed correlation. They 
cover both heavy lubricating- 
oil and w ater tests.

The N.A.C.A. tests on finned 
airplane-engine cylinders (16), 
Fig. 6n, in an air stream  show 
± 2 0  per cent, which is well in 
line. These results are en
couraging, since fin heights are 
1.22 in. and spacing varies from 
0.057 to  0.166 in.

A uthors’ results on one sam
ple of internal-fin tubes, Fig. 
76, show good correlation. 
This is especially interesting, 
since the tests represent a  com
bination of cross- and internal- 
tube flow.

Tuve and M cKeeman’s tests 
on unmeshed cross-fin tubes 
(17), Fig. 6g, (for only one 
row), show agreement w ithin 15 
per cent, on the proposed curve.

For comparative purposes, 
data  from the Bureau of Stand
ards reports (18, 19), on vari
ous types of aircraft nose ra
diators, are included. These 
data  show flat plates some 80 
per cent low, and round tubes 
and flat plates w ith turbulence 
prom oters approximately 300 
per cent high for friction fac
tors on the suggested basis.

In  addition, manufacturers’ 
da ta  on flat-tube core-type 
radiators are included to  show 
th a t where not too much tur- 
bulence-promoter effect is pres
ent, these too correlate on the 
curve within — 60 per cent.

Reference toT able 2 will show 
th a t for the factor (S L/ S T)n, as 
applied to  some of the ex
tended-surface samples, as
sumptions of unity were made 
in certain instances.
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F ig .  7 A u t h o r s ’ T e s t  S a m p le s  
(a, E x ternal m eshed round cross fins. 

b, In te rn a l wire-mesh fins.)

In  the case of the wire-mesh internal fins, Fig. 76 (Tests No. 
369-411), an 8 X 8 screen wire mesh was used for the inserts. 
I t  was reasoned th a t the symmetrical spacing of the cross-wires a t 
0.125 in. centers was the equivalent of equilateral pitch in a con
ventional tube bank; hence the use of (SL/ S T)0-6 = 1.

For the various samples of radiator core-type surface, using flat 
tubes with relatively smooth plate-type fins, the evaluation of the 
configuration ratio was deemed indeterm inate. Since these sam
ples were included solely for comparative purposes, the factor was 
taken as unity.

Tuve and M cKeeman’s tests on round cross-fin tubes, un
meshed, were for only one row deep in the direction of flow. 
While no finite value of S L is determinable for this arrangement, 
t  was assumed th a t sufficient exit turbulence was present to  give 

a t least some of the effect * of additional rows. Therefore, 
(Sl / S t)0-6 was assumed as 1 for the plot.

W ith the shrouded-finned cylinders reported on by the N.A.
C.A., a variation of the foregoing is found. In  this case, the single 
“tube” is surrounded by a close-fitting baffle just clearing the 
outer periphery of the fins, Fig. 6n. I t  was felt th a t this pro
duced the effect of an equilateral tube arrangement, and there
fore, the configuration factor would become unity.

C o n c l u s i o n s

1 The use of Dv and the configuration factors proposed herein 
is recommended for a general correlation of pure crossflow fric
tion on a single curve.

2 This same type of correlation can be applied to  heat trans
fer, although demonstration of this is beyond the scope of the pres
ent paper.

3 I t  has been shown th a t certain types of extended surface, 
approximating conventional tube arrangements, correlate well on 
the general plot. This statem ent is qualified by the assumption 
th a t fins are relatively smooth and tubes are disposed in three or 
more rows deep, transverse to  flow. I t  is adm itted th a t where 
flat-plate or turbulence-promoter effects become significant, the 
suggested correlation does not apply.

4 I t  should be pointed out th a t additional da ta  for the viscous 
range, on a  greater variety  of tube sizes and surface arrangements, 
are needed to  establish more definitely this portion of the plot. 
This will be evident from an inspection of Figs. 1 to  5.

A c k n o w l e d g m e n t

The authors wish to  take this opportunity of crediting their 
late colleague, Mr. E. S. Davis, w ith his full due for the original 
m athem atical analysis which formed the basis for the correlation 
revealed herein.

As in the unpublished reference work, appreciation is expressed 
to  Messrs. E . N . Sieder and  N . A. Scott, Jr., of Foster-W heeler 
Corporation for making available extensive original crossflow 
data , and to Mr. R. H. Norris for his courtesy in supplying exact 
values of his published data.

In  addition, the authors m ust acknowledge their debt to the 
N ational Advisory Committee for Aeronautics, the Bureau of 
Standards, and to  all the other investigators whose published 
data  were made free use of in this paper.

Finally, thanks are due to Mr. C. P. Byrne, who carried out 
most of the authors’ te s t work; and to  Miss B. L. Samson and 
Mrs. D . G. Davis for their efforts in working up the tes t calcula
tions, tabulations, and plots.

A ppend ix
As mentioned previously, the present paper incorporates data 

from m any diverse sources. The basic bare-tube plots are taken 
directly from the published data  of various investigators, as set 
forth in the Bibliography. Some of the extended-surface plots 
are from published data; the rest from private m anufacturers’ 
data  made available for this work, and from actual authors’ tests. 
The last specifically are the external meshed cross-fin plots and 
those for the internal wire-mesh fins.

Meshed Cross Fins. The meshed-cross-fin-surface sample 
tested is detailed in Fig. 7 a. Conventional spiral cross-fin tubes 
(1 in. OD w ith i y 2-in-OD finSj 0.012 in. in thickness, 8 per in.), 
were arranged on l 6/ie-in. triangular pitch w ith fins intermeshed, 
as shown, in two nests of three rows each. The open tube ends 
were rolled into a tube sheet in the conventional manner, with the 
return  bends disposed as shown. This assembly was enclosed in 
a  rectangular box-type shell w ith suitable inlet and outlet nozzles 
a t the narrow ends for installation in the tes t setup piping. A 
slotted baffle plate was placed a t  the inlet end of the tes t section 
to insure proper distribution of the entering fluid over the full 
face of the tube bundle.

Cooling and isothermal tes t runs, Table 2 (No. 300-368), for 
both lube oil and w ater were made to  fill in as complete a range of 
the curve as possible. I t  will be noted th a t the oil tests fall 
along the viscous portion of the line, w ith those for w ater in the 
turbulent region.

Internal Wire-Mesh Fins. The internal wire-mesh fin-tube 
sample tested is shown in Fig. 76. This was a  1-in. OD, No. 16 
Bwg copper tube w ith tinned wire-mesh inserts (8 X 8 mesh, 
0.04-in-diam wire), disposed inside throughout its length. The 
test sample was then  installed w ith suitable entrance and exit 
straightening tubes in the piping setup, and the water and oil 
tests run as listed in Table 2 (No. 369-411).
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ADDENDA

I t  is recognized th a t the admirable work of Chilton and 
Genereaux (20) was seemingly overlooked in the presentation of 
the present correlation. I t  m ust be explained tha t, while the 
data of all the investigators covered by these authors were 
utilized to  establish the new recommended curve, preprint dead
line limitations prohibited a direct comparison w ith this earlier 
work.
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D iscussion
D . F. B o u c h e r 4 a n d  C. E. L a p p l e . 4 The authors have 

undertaken the formulation of a generalized method for estim at-
4 Engineering Department, Experimental Station, E. I. du Pont de 

Nemours & Co., Wilmington, Del.

ing pressure drop across tube banks, a field in which a  large 
am ount of conflicting da ta  are available and in which correlation 
is sorely needed. The advantages claimed for the proposed 
method are th a t it attem pts to  combine the da ta  for tubes of both 
plain and extended surfaces in a single empirical correlation, and 
th a t the same method of representation is applied to  the stream- 
line- and turbulent-flow regimes, as well as to staggered and in-line 
tube arrangements.

An empirical generalization of th is type is a  useful design tool 
and has much to  recommend it. However, as is usually the case 
in such instances, a  certain sacrifice in accuracy is entailed. For 
banks of plain tubes, the accuracy is fairly good in the range of 
spacings commonly used in practice b u t becomes progressively 
worse as more extreme spacings are approached. Unfortunately, 
this is not made clear by the authors since their plots ascribe al
m ost one half of all the points plotted to an arrangement tested 
by Sieder and Scott, while each of the two Wallis-White ar
rangem ents is given considerably more weight than  each of the 
numerous arrangem ents tested by Huge and Pierson. Figs. 8 

and 9 of this discussion show all the available da ta  on pressure 
drop for tu rbulent flow across plain tube banks on the authors’ 
m ethod of presentation, giving equal weight to  each arrangement 
reported. I t  is apparent th a t the deviation of the da ta  from the 
line proposed by the authors is as much as three- to  fourfold as 
compared w ith less th an  twofold indicated by  their Fig. 4. 
This greater deviation is due to  the additional da ta  of Allen, 
Andreas, B randt and Dingier, Carlson and H urt, Dehn, Jauer- 
nick, Reiher, Rietschel, Soule, and te r Linden, as well as some 
of Pierson’s and H uge’s da ta  th a t had no t been included in the 
original presentation by the authors.

T heir line for streamline flow appears to be based on iso
therm al d a ta  for only a single arrangement. All other points 
are based on heating and cooling runs. In  view of the uncer
ta in ty  as to the proper interpretation of da ta  for banks in which 
heat transfer occurs, it would hardly appear justifiable to  use 
them  for the fundam ental correlation, particularly when iso
therm al d a ta  are available. The isothermal correlation should 
then  be used to  determine the proper way to  handle da ta  for the 
case of heat transfer.

Fig. 10 of th is discussion has been prepared to  compare the 
available isotherm al da ta  on the basis of the authors’ method of 
presentation. The points shown represent all th e  isothermal 
streamline da ta  originally reported by Sieder and Scott as well 
as some additional data  obtained by Sieder and reported by the 
authors. All of the da ta  represent staggered equilateral tube- 
bank arrangements. By reference to  the original Sieder-Scott 
m ethod of presentation, subsequently adopted by Chilton and 
Genereaux for the streamline region, it  becomes apparent th a t 
the authors’ method does not give as good a  representation of the 
data.

I t  is to  be expected th a t the effect of tube spacing will be differ
en t for turbulent and for streamline flow. In  one case, kinetic 
energy or inertia forces are predom inant, while in the other shear 
or frictional forces are controlling. I t  is only by pure coincidence 
th a t tube spacing can affect each to  the same degree. The fact 
th a t the authors obtained a  fairly good correlation for both 
streamline and tu rbu len t flow would appear to  indicate th a t an 
equal effect is closely approximated. However, it  should be 
pointed out th a t the available da ta  for streamline flow, while 
copious, cover a very limited range of spacings (two staggered 
equilateral and no in-line arrangem ents). Consequently, ac
ceptance of the  possibility of a  single correlation for both regions 
m ust be made w ith considerable reservation until more da ta  be
come available.

In  the case of the Wallis-White staggered arrangement, the 
authors apparently  used a  value of £>, of 0.079 ft, whereas it
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should have been 0.0625 ft, which results in their friction factors 
being high by 25 per cent. The original calculations of the Sie- 
der-Scott da ta  reported by the authors also contained some errors, 
which, when rectified, resulted in  most of the values originally 
reported for Reynolds numbers, DvG/n, less than  20 being 
shifted to  a Reynolds number tenfold higher. The corrected 
values are given in Fig. 10 of this discussion. (See page 658).

Summarizing, it would appear th a t the effect of tube spacing

is considerably more complex than  the authors’ method would 
imply. The foregoing discussion largely represents excerpts 
from a forthcoming review paper on the same subject. This 
paper will compare the various m ethods th a t have been proposed 
for the representation of da ta  on pressure drop across plain tube 
banks, using all available data . I t  will be shown th a t other 
m ethods are considerably more accurate and simpler to  employ 
for design calculations in the case of plain tube banks than  th a t
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Re„

F ig . 10 C o m p a r is o n  o p  St r e a m i .in e - F t o w  D a t a  o n  G u n t e r -S h a w  M e t h o d
o f  R e p r e s e n t a t io n

proposed by th e  authors. Extended surfaces 
have not been considered, since da ta  are con
sidered still too meager to  perm it any critical 
comparison.

S. L. J a m e s o n .6 The equation for pressure 
drop in crossflow proposed by the authors is 
very interesting, bo th  from the degree of cor
relation they have obtained, and from the ease 
w ith which it  m ay be used in design. How
ever, a study of d a ta  on the effect of tube 
spacing in staggered banks of helically finned 
tubes6 indicates th a t the equation requires 
further study and refinement before it  can be 
generally used.

In  Figs. 11 and 12 of this discussion, friction 
factors are plotted against Reynolds number, as 
defined by the authors, for the highest and low
est tes t air flows for the arrangem ents re
ported.6 In  all cases the friction factor is cal
culated on the basis of the free area in a single 
row of tubes, regardless of the relative free 
area through the diagonal openings between 
successive tube rows.

Fig. 11 shows the friction factors for vari
ous 3/i-in . tube arrangem ents as calculated 
from the authors’ equation. The points di
verge widely from their curve, and show defi
nite trends of divergence w ith variation of 
either the tube spacing across the face of the 
tube bank, or of variation of the spacing be
tween tube rows.

The authors’ equation revised by in ter
changing S L and S T gave a much better cor
relation of the friction factors for crossflow over finned-tube 
banks. The revised equation is

All symbols are as defined by  the authors. The friction factors

5 Construction Engineering Division, General Electric Company, 
Schenectady, N. Y. Mem. A.S.M.E.

for all tube arrangements tested6 are plotted against Reynolds 
num ber in Fig. 12. The equation of the curve approximating 
the da ta  i s / / 2  =  1.69 ( R ) -0-26.

A factor to  correct air pressure drop for tube spacing in a 
finned-tube bank is very useful in design (see Fig. 5 of the w riter’s 
paper6). Factors based on constant air-mass velocity, pres
sure, and tem perature are plotted in Fig. 13 of th is discussion. 
The factors calculated from the revised equation given previously

check the tes t results satis
factorily. The factors cal
culated using the original 
relation of the authors show 
about double the test cor
rection for tube spacing 
across the face of the tube 
bundle, and a decrease in 
pressure drop w ith a de
crease in spacing between 
row s,ratherthan an increase 
as found in the tests.

The revised equation 
indicates about double the 
effect of change in num
ber of fins on pressure drop 
as was obtained in tests of 
finned-tube banks.

The revised equation cor
relates the da ta  for cross-

6 “Tube Spacing in Finned 
Tube Banks,” by S. L. Jame
son, Trans. A.S.M.E., vol. 67, 
1945, pp. 633-642.

F ig .  11 F r i c t i o n  F a c t o r s  f o r  C r o s s f l o w  O v e r  H e l i c a l l y  F i n n e d  3/4 - In . T u b e  B a n k s  
(P lo t te d  on Dv b a s is  u s in g  G u n te r  a n d  S h aw  fo rm u la .)
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flow across banks of helically finned tubes much better than  does 
the original equation of the authors, bu t both require much 
study and revision before they may be applied to  all types of sur
face in crossflow.

A u t h o r s ’ C l o s u r e

The authors appreciate the contribution, by Messrs. Boucher 
and Lapple and Mr. Jameson, of some thought-provoking dis
cussion m aterial on the subject paper. Although their comments

seemingly refute certain parts of the over-all correlation these are 
welcome, since it  is only by constructive criticism th a t progress 
can be made in  a field in which, adm ittedly, such advances are 
desirable.

W ith regard to  the Boucher and Lapple comments, i t  is agreed 
th a t some over-all accuracy is lost in attem pting a crossflow fric
tion correlation which presumes to  take care of both staggered 
and in-line, bare and extended-surface tubes; a t the same time 
i t  is observed th a t a single curve covering both  streamline and
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turbulent flow is m ost advantageous for practical engineering 
application. I t  m ight be well to point out th a t a m ajority of the 
additional data  cited by Messrs. Boucher and Lapple fall out
side the “ conventional arrangem ent” limitations imposed by the . 
paper, and th a t “ single cylinder” effects predominate.

Further, as originally mentioned under “Bare Tubes” in  the 
paper, “friction data  of Carrier, Allen, Soule, Dehn, Reiher and
Reitschel........... (were) used to  establish the correlation bu t
are not shown.” Recheck of this m aterial against discussers’ . 
Figs. 8 and 9 reveals inconsistencies of their plots here. The 
reference to  Pierson’s and Huge’s da ta  “not included” is refuted 
by the statem ent th a t a m ajority  of the minimum and maximum 
oases of these investigators were reported on in the paper while 
random tests of the rem ainder were made to  check the validity 
of the correlation, b u t were not published.

W ith regard to  the streamline region of the curve, i t  is unfor
tunate th a t only two tube arrangements were available. How
ever, a  num ber of extended-surface arrangements were applied 
which confirm this portion of the plot, in good agreement w ith 
the bare-tube data. Moreover, from a practical standpoint, the 
:i uthors have used a large number of heating and cooling stream 
line flow tests which fall on the suggested line, using the  well- 
known Sieder and T ate viscosity correction ratio. Conclu
sion 4 of the paper adm itted this scarcity of variety  in the data  
available for this range of the correlation, and thereby justified 
the foregoing procedures. In  any case, the authors’ curve is 
found to  be more conservative than  th a t of Chilton and Gener- 
eaux (20).

In  this connection, critical study was made of the evaluation 
of the final AP  values as produced by the two methods. As a 
result i t  m ay be stated  th a t the Chilton and Genereaux correla
tion gives calculated results for the Seider and Scott isotherm al 
data, for example, w ith average deviation of approximately
— 20 per cent, as against approximately + 1 0  per cent for the 
new correlation recommended by the authors. Since practical ap
plications always countenance a certain am ount of safety factor, 
and since, in  the final analysis, it is the ultim ate values of AP  
which should carry the most weight in establishing the validity 
of a  correlation against actual results, it  is felt th a t the proposed 
curve is more acceptable in  this regard.

In Mr. Sieder’s published discussion of the Chilton and Gener
eaux paper (20) he indicated th a t the use of two individual plots, 
covering streamline and tu rbulent flow, might be confusing and 
th a t there definitely is a  gradual transition from one type of flow 
to the other, which is lost in  the separate curve presentation. 
From a practical standpoint as brought ou t previously, a  single 
curve is also very desirable for commercial use. For these rea
sons the development of the present correlation was undertaken.

The authors m ust adm it to  an  error in the published value of 
Dv for the Wallis-White staggered arrangement, (Line No.’ 25- 
38, Table 1). The corresponding in-line data, however, are cor
rectly shown. Further reference to  the original plots of authors’ 
Fig. 4 and corrected replots of these da ta  in  discussers’ Fig. 8 
will show th a t the 20 per cent discrepancy reported by the la tte r 
is of minor significance. Whereas the incorrect plotting first fell 
some 10 per cent above the recommended line, the true replotting 
positions these points an  approximately equivalent am ount be
low. The net result of this shift does not w arrant any change in 
the published curve.

W ith regard to  the tenfold correction reported by the discussers

in certain of the Sieder and Scott data  for Reynolds numbers 
originally less than  20, the authors cannot identify the tests re
ferred to, only one run having been located which contained such 
a change. In  addition, four points appear to have been omitted 
from Boucher and Lapple’s Fig. 10 which fall on the published 
line a t Reynolds numbers between 6 through 20.

W ith reference to  Mr, Jam eson’s discussion, there are several 
items which w arrant comment. In  the first place, his reproduc
tion of the authors’ basic line as given in Fig. 11 is no t strictly 
correct, being slightly high for the turbulent region shown (com
pare w ith Figs. 4 and 5). Moreover, it  is to be noted th a t Fig.
11 is restricted to bu t one tube size, 3/ t in. A more complete 
plotting by the authors, including the 6/ 8-inch and 1-in. tube data  
shown in Fig. 12 transposed to  original basis, falls both above and 
below the published curve, which represents a good average of 
these plots (see Fig. 14).

F ig . 14 C o m p a r is o n  o f  J a m e s o n  F in n e d - T u b e  D a ta  W it h  T u r 
b o l e n t  R e g io n  o f  A u t h o r s ’ R e c o m m e n d e d  L in e

I t  m ust be pointed ou t th a t a minimum of three rows was stipu
lated as the lower lim it of accuracy for the recommended corre
lation. Since some of Mr. Jam eson’s work was on one or two 
rows, it  m ight be expected th a t these points would plot low, which 
they do.

As to  the suggested revision of the basic equation by inter
changing S L and S T, the authors cannot subscribe to this as a 
definitely established, recommended revision of the proposed 
general correlation. Application of this reversal to  bare-tube 
data  destroys the alignment there; hence for general correlation 
of both bare and extended surfaces, the original published ver
sion of the equation and correlation is preferred, a t  least for the 
present. The interchanged factor idea, is, however, m ost inter
esting, and as a demonstration of possible fu ture work toward 
refinement of the basic correlation for more over-all accuracy, has 
much to  recommend it.

I t  is believed th a t when heat transfer and pressure drop can 
each be correlated on a single line for both  tu rbulent and stream
line flow, using dimensionless correction factor ratios, this is a 
m ajor advance in crossflow analysis.

Further development of the basic equation m ust consider the 
following groups of surfaces—round bare tubes and single cylin
ders, round tubes plus flat plates (crossfin tubes), and flat tubes 
plus flat plates (core-type surface).



A ir-C ooled S team  C ondensers
By R. A. BOW M AN,1 PH IL A D EL PH IA , PA.

Ill c o n n e c tio n  w ith  th e  r e h a b ilita t io n  o f  th e  w a r -to rn  
areas o f  th e  w orld , th e r e  is  a  g rea t n eed  for  pow er p la n ts  
w h ich  ca n  be m oved  fro m  o n e  lo c a t io n  t o  a n o th e r  w ith o u t  
d ifficu lty , a n d  w h ic h  c a n  b e  p u t  in to  o p e r a tio n  in  a  sh o rt  
period o f  t im e . In  so m e  o f  th e  lo c a t io n s  w h ere  th e se  
pow er p la n ts  m u s t  o p era te , c o o lin g  w a ter  w ill b e  u n a v a ila 
ble, or o b ta in a b le  o n ly  a t  a  g rea t p r e m iu m . T o  ta k e  care  
o f  su ch  c a se s , a  n u m b e r  o f  pow er tr a in s  h a v e  b e e n  b u ilt  to  
u se  a ir  a s  a  co o lin g  m e d iu m  ra th er  th a n  w a ter . T h e  
tr a in s  in  gen era l have b e e n  w id e ly  d escr ib ed . T h e  p r e se n t  
paper is  devoted  to  a  m o re  c o m p le te  d e sc r ip t io n  o f  th e  
co n d en sers  a n d  to  a  rep o rt o n  th e ir  o p e r a tio n .

POW ER trains are expected to  operate a t tem peratures 
varying from 40 P  below zero to  +  95 F. The prim ary 
purpose of the condenser is to recover condensate and not 

to reduce the heat ra te  of the p lan t by the production of vacuum. 
Back-pressure operation was chosen for design conditions be
cause the condenser size and power requirem ents of the blowers 
would be excessive if a  vacuum  of any m agnitude is to  be main
tained. A t lower air tem peratures or a t partia l loads, vacuum 
will, of course, be practical, and a single-stage ejector is sup
plied to take advantage of these conditions.

D e t a i l s  o f  C o n d e n s e r  a n d  O p e r a t i n g  C o n s i d e r a t i o n s

The condenser for a 5000-kw power tra in  is placed on two cars, 
each car containing eight separate condenser sections, air for 
which is supplied by four propeller-type blowers. Fig. 1 is a 
general view of the'condenser cars. Steam is supplied to  the cars 
through a manifold from the turbine, connecting to a pair of 
longitudinal steam ducts running the length of the car. The 
condenser sections are set on these ducts so th a t steam  enters 
them from the bottom , is condensed, and the condensate drains 
back into the ducts from which it is removed by a condensate 
pump. This counterflow relationship between steam  and con
densate was chosen because it  not only serves to  heat and deaer- 
ate the condensate b u t also prevents its freezing.

The condensing sections themselves consist of ten rows of 
finned tubes, m ounted vertically. Each section contains 370 
tubes, giving 5625 sq ft of finned surface, or a to ta l of 90,000 sq 
ft for the train . The face area of each section is 42.5 sq ft. 
The dimensions of the tubes are given in Fig. 2. They are ar
ranged on a 2-in. staggered pitch. The tubes are constructed of 
steel, with steel fins, and the tube assembly is galvanized inside 
and out. Steel was chosen for the m aterial because it is adequate 
for the service and was more available a t the tim e the design was 
prepared than  were the copper-base alloys.

In all condensing apparatus where the la ten t heat of steam  is 
transferred to  a cooling fluid as sensible heat, there will be 
variations in the condensing capacity of different sections of the 
condenser. In  order to  supply each p a rt of the condenser with 
the steam it requires, i t  is necessary either to  provide a varying

' Manager, Condenser Engineering, Westinghouse Electric Cor
poration. Mem. A.S.M.E.

Contributed by the Heat Transfer Division and presented a t the 
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e r i c a n  S o c i e t y  or M e c h a n i c a l  E n g i n e e r s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society.

pressure drop to the different parts, or to  arrange the flow paths 
so th a t they will have the proper resistance to lim it the steam to 
th a t required by the condensing surface. In  the ordinary surface 
condenser this can be accomplished in a  natu ral m anner by ar
rangem ent of tubes and tube plates. In  those cases where the 
steam  is inside of the tubes, nothing can be done to  vary the re
sistance of the individual flow paths, bu t resistances can be added 
in the form of orifices to  bring about a balance in the steam-flow 
paths.

A section through the individual condensing unit is shown in 
Fig. 3, illustrating the method used in this air-cooled condenser to 
provide balanced steam  flows. T he tube bank is divided into 
five separate groups, each group comprising two rows of tubes. 
T he first four of these groups exhaust into the fifth group 
through orifices. The fifth group of tubes serves as a final con
densing section, or w hat is frequently called an “air-cooler 
section.” The orifices lim it the am ount of steam  which any 
group can supply to  the air cooler, and in order to  pass the total 
steam required by the air-cooler section i t  is necessary th a t steam 
be supplied through all the other four groups of tubes, giving 
an adequate balance of steam  flows.

The requirem ent th a t the condenser operate satisfactorily a t  a 
tem perature of — 40 F  makes it  im perative th a t every possible 
precaution be taken to  prevent freezing inside the condenser. 
The greatest danger of freezing arises in those areas which, be
cause of poor distribution or light loading, are not fully supplied 
w ith steam. Fortunately, the design which leads to  efficient 
use of the condenser surface by supplying steam  to all the  tubes 
in accordance w ith their capacity to  condense it, also serves to 
keep all areas warm and free from ice.

A v o i d i n g  D i f f i c u l t i e s  a t  Lon T e m p e r a t u r e s

Under conditions of light load and cold air the vacuum  deter
mined from heat-transfer considerations will exceed th a t pro
duced by the ejector, and the condenser will begin to  fill with 
air until th e  point is reached a t which the remaining surface 
supplied with steam  is ju s t sufficient to  satisfy the heat-transfer 
equation. As soon as a tube fills w ith air its tem perature will 
drop approximately to  th a t of the air outside the tube. If this 
tem perature is below the freezing point the condensate which is 
formed within the tube or flows into it  from other sections will 
freeze. The first tubes in which this will occur are those in the 
air-cooler section; bu t since th is section is located on the air- 
discharge side, the air will have been warmed up to  a tem pera
ture above 32 F  in almost all cases. Any reduction in load oc
curring after the air-cooler section has been blanked off will 
introduce air a t the top of the tubes in the first row where 
danger of freezing is great.

Each section of the condenser is supplied with a  distant-reading 
thermom eter, the bulb of which is located in the top of the center 
tube of the first row. Since this thermom eter bulb is located a t a 
point where freezing is most likely to occur, the operator is given 
a reliable guide on the danger of ice formation. The operating 
instructions of the tra in  sta te  th a t when the tem perature as 
measured by this therm om eter falls below 150 F, the am ount of 
air circulated should be reduced by closing down one or more 
blowers.

In  the case of extremely low tem peratures and very light loads, 
it  is possible th a t even with only one car in service and one
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F i g . 3 S e c t io n  T h r o u g h  C o n d e n s in g  U n it

blower operating on th a t car, the tem perature as read on the 
thermometer will still tend to  fall to a dangerous degree. To pro
vide for such an eventuality condensers are equipped w ith cover 
plates which can be used to  cover a p art of the surface of each 
section to  reduce the cooling area and am ount of air flowing.

The air-removal system from the sections consists of a  m ani
fold running along the car, connected to  the air off-take from each 
section. This manifold delivers the air to  the suction of a single- 
stage ejector which in tu rn  is served by an air-cooled after con
denser.

C o n d e n s e r  T e s t s  C o n d u c t e d

A t the tim e the entire tra in  was tested, readings were made 
on the condenser. The purpose of these tests was to  determine 
the am ount of heat which could be transferred by the condenser 
under design conditions and were limited to  this objective. Time 
was not available to run tests under carefully controlled condi
tions or to  develop careful instrum entation. T est da ta  were ob
tained on the following items:

1 Ambient tem perature.
2 Barometer.
3 Air tem perature leaving condenser.
4 Steam tem perature.
5 Steam flow to the condenser.
6 Air-pressure drop through condenser.

T he tem peratures were measured w ith glass thermometers, 
except for the tem perature of the air leaving the condenser 
which was measured by means of thermocouples. The steam 
pressure in the duct was measured w ith a mercury column, the 
pressure drop through the condenser w ith a w ater column, and 
the am ount of steam flowing with a calibrated commercial flow
m eter a t the boiler. The test results are given in Table 1.

TABLE 1 TEST RESULTS ON CONDENSER
Test no. 1 2 3

Ambient temperature, deg F 94.25 86.8 70 .3
Barometer, in. H g..................... ............ 28 .95 28.93 28.86
Air temperature from condenser, deg

F ................................................. ..........  202.2 184.2 171.3
Steam temperature, deg F ........ ............ 225.4 217.2 202.4
Steam condensed, lb per hr. . . . ............ 79860 78640 78140
Air-pressure drop, in. H2O ........ ............ 2 .4 2 .53 2.64
Heat load, B tu per h r ............... ............ 75,330,000 74,360,000 75,830,
Heat-transfer ra te ...................... ............ 13.4 11.7 12.0
Face velocity, psf per h r ............ ............ 4300 4700 4640

Tests on the air-cooled condenser for the power tra in  indicate 
th a t such a condenser is entirely practical where conditions 
justify its use. I t  has the advantage th a t no w ater is required for 
cooling and can be pu t into operation w ithout connection to  an 
outside source of cooling medium. Because of the poor heat- 
transfer properties and the low specific heat of air, such a con
denser in general requires higher auxiliary power, greater invest
m ent, and higher back pressure on the turbine than  would the 
usual water-cooled condenser. For this reason it  is no t likely 
to  find m any profitable applications in  the power-generation field, 
and its use will be confined to  those extreme conditions where 
w ater is no t available, and the increased cost and reduced operat
ing efficiencies can be justified.

D iscussion
S. K o p p .2 The air-cooled steam  condenser described by the 

author is an interesting application of extended heat-transfer 
surface to m eet a  wartime need in the power-generation field. 
As mentioned by the author, only in rare cases will such con
densers be used in peacetime for this purpose. The power re
quirements for the blowers is high, although this could be 
reduced by increasing the am ount of heat-transfer surface.

A t the present tim e several companies are m anufacturing 
standardized air-cooled heat exchangers which are being used in 
those sections where w ater is scarce or m ay only be obtained a t 
a  premium. Several of these installations are quite large and 
justify  their installation from an economical standpoint. The 
w riter knows of one case where the cost of installing a w ater line 
plus the cost of a  cooling tower alone far exceeded the to ta l cost 
of an air-cooled heat exchanger.

2 American Locomotive Company, Alco Products Division, New 
York, N. Y. Mem. A.S.M.E.



H eat T ran sfe r  T hrough  Tubes W ith  
In teg ra l Spiral Fins

B y  D . L. K A TZ,1 K. 0 .  B E A T T Y , JR .,1 a n d  A. S. FO U ST 1

H ea t-tr a n sfe r  d a ta  are p r e se n ted  for  a  g ro u p  o f  tu b e s  
havin g  in te g ra l sp ira l fin s. T h e  grou p  in c lu d e s  tu b e s  w ith  
a range o f  fro m  4 t o  24 fin s per in . a n d  fro m  0.05 to  0 .38 in .  
fin h e ig h t . S even  ser ies  o f  m e a su r e m e n ts  w ere m a d e , u s 
in g  s te a m , a ir , w a ter, a n d  o il a s  flu id s . T h e  d a ta  are c o m 
pared , w h e n  p o ssib le , w ith  th e o r e tic a l e q u a t io n s  w h ic h  a p 
p ly  to  th e  p a r ticu la r  h e a t  tr a n sfe r . T h e  p er fo rm a n ce  o f  
tu b e s  w ith  th e  e x ten d ed  su rfa ce  is  co m p a red  in  a ll  ca ses  
w ith  th a t  o f  p la in  tu b e s  te s te d  u n d er  s im ila r  c o n d it io n s .

N o m e n c l a t u r e

The following nomenclature is used in the paper:
Ao = outside area of tube, sq ft per ft 
Ai = inside area of tube, sq ft per ft 
cp = heat capacity of fluid, B tu per lb per deg F  

Do = diam eter of tube over fins, in.
Di = inside diam eter of tube, in.
D e = equivalent diam eter or diam eter of a plain tube which has 

the same longitudinal cross section as the finned tube (in
cluding fins)

D' = inside diam eter of outside wall of annulus minus D e of 
inner tube 

G = mass velocity, lb per sq ft per sec 
h =  film coefficient, B tu per hr per deg F  per sq ft 
k = therm al conductivity, B tu  (ft per h r per deg F  per sq ft)
L — length of tube, ft 
q =  ra te  of heat transfer, B tu per hr 

At =  logarithmic-mean tem perature difference 
Uo =  over-all heat-transfer coefficient, B tu  per h r per deg F  

per sq ft outside surface 
Ul = over-all heat-transfer coefficient, B tu  per h r per deg F  per 

ft length of tube 
V  — velocity, fpm, F m»x =  velocity a t  minimum cross section 
u = viscosity, lb per ft sec

I n t r o d u c t io n

Heat-transfer measurements have been made on eighteen tubes 
with integral spiral fins and two plain tubes. The tubes were 
made of copper and were either of l/ i  or 6/s in. nominal diam eter 
with actual dimensions as given in Table 1. Fig. 1 shows the na
ture ot the integral spiral fins which are formed from a plain thick- 
walled tube. W ith the exception of tubes Nos. 13, 14, and 24, 
the fins have a small uniform taper; the tip  of the fin is from 60 
to 80 per cent as thick as the base. Fig. 1(a) shows the nature 
and magnitude of corrugations inside the tubes.

Seven groups of heat-transfer measurements were made w ith 
steam, air, water, and a m ineral oil as fluids, as follows:

Series A: H eat transfer from steam  inside single horizontal 
tubes to  air in forced convection outside.

1 Department of Engineering Research, University of Michigan, 
Ann Arbor, Mich.

Contributed by the Heat Transfer .Division and presented at the 
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e r ic a n  S o c ie ty  o f  M e c h a n i c a l  E n g i n e e r s .

N o t e :  Statements and opinions advanced in papers are to be un
derstood as individual expressions of their authors, and not those of 
the Society.

F i g . 1 (a) D im e n s io n s  o f  C o r r u g a t io n s  o n  I n s id e  o f  T y p ic a l
T u b e s

r  Series B: H eat transfer from steam inside banks of vertical 
tubes to  air in forced convection outside.

Series C: H eat transfer between cold w ater inside single hori
zontal tubes and humid air in forced convection outside.

Series D : H eat transfer between w ater inside single horizontal 
tubes and steam  outside.

Series E : H eat transfer between steam  inside single horizontal 
tubes and w ater in annular space outside.

Series F : H eat transfer between w ater inside single horizontal 
tubes and ho t oil in annular space outside.

Series G: H eat transfer between steam  inside single horizontal 
tubes and oil in annular space outside.

665
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T A B L E  1 D IM E N S IO N S  O F  T U B E S  T E S T E D
F in R o o t In s id e O u ts id e F in F ace  d e p th

T u b e F in s he ig h t, Ao f t 2 Ai f t 2 d ia m , d ia m , fin d ia m , th ickness , of d u c t  d u rin g  
S eries A, in .no. p e r  in . in . p e r  f t p e r f t in . in . in . in . De , in.°

1 16.1 0 .050 0 .46 0.144 0.640 0.550 0.740 0.016 0.666 1.25
4 24 0.044 0.556 0.143 0.628 0.548 0.717 0 .0 1 2 0.654 1 . 00
7 N one 0 0.163 0.143 0.625 0.547 0.625 1.00
8 7 .5 0 .228 0.964 0.147 0.662 0.562 i ! i i s 0!020 0.730 1.50
9 N one 0 0.131 0 .1 1 0 0.500 0.422 0.500 1.00

10 7 .7 0 .335 1.46 0.141 0.620 0.540 l!291 0^024 0.744 1.291
11 5 .8 0 .300 1.01 0.142 0.622 0.542 1.223 0.024 0.706 1.223
12 8.1 0.320 1.47 0.148 0.640 0.564 1.280 0.024 0.764 1.280
13 4 .0 0 .123 0.281 0.106 0.481 0.404 0.725 0.035b 0.515 1.50
14 4 .0 0 .235 0.505 0 .1 1 1 0.500 0.424 0.970 0.032 0.560 1.50
15 3 .9 0 .380 0.81 0.111 0.500 0.424 1.260 0.027 0.580 1.50
16 8. 0 0.285 1.28 0.149 0.645 0.569 1.215 0.024 0.754 1.215
22 8 .33 0.166 0.617 0.114 0.503 0.436 0.835 0.024 0.569 1.215
23 9.00 0.119 0.471 0.113 0.492 0.432 0.730 0.022 0.539 1.215
24 3 .8 0 .157 0.336 0.102 0 .500 0 .390 0.815 0.037 0.544 1.215
25 3 .8 0 .286 0.594 0.104 0.518 0.398 1.090 0.032 0.588 1.09
26 3 .8 0 .316 0.66 0.104 0.518 0.398 1.150 0.032 0.595 1.15
27 5 . 8 ' 0 .250 0 .74 0.111 0.510 0.424 1.010 0.027 0.588 1.01
28 6.0 0.141 0 .43 0.115 0.521 0.441 0.840 0.027 0.567 1.01
29 6 . 0 0.347 1.09 0.116 0.525 0.445 1 .2 2 0 0.024 0.625 1.22

“ De  is th e  d ia m e te r  of a  p la in  tu b e  w hich  h a s  th e  s a m e  lo n g itu d in a l cross sec tio n  as  th e  finned  tu b e  (in c lu d in g  fins). 
b E s tim a te d . .
N o t e :  Ao =  o u ts id e  a re a . A i =  in s id e  a rea .

Over-all coefficients of heat transfer were measured in  all cases. 
The results for Series A, B, and C have been correlated by gen
erally accepted methods and are presented as correlation curves. 
T he experimental da ta  for the remaining series have been tabu
lated, since no complete correlation has been found.

S e r i e s  A  H e a t  T r a n s f e r  F r o m  S t e a m  I n s i d e  S i n g l e  H o r i
z o n t a l  T u b e s  t o  A i r  i n  F o r c e d  C o n v e c t io n  O u t s i d e

Single tubes 3 ft long were placed in a horizontal position as 
shown in Fig. 2. Air blown norm al to  the axis of the tube was 
controlled by vanes which had a spacing a t  the position of the tube 
as listed in Table 1. Calming was accomplished by six vertical 
vanes 16 in. long, as indicated in  Fig. 2. Inlet- and outlet-air 
tem peratures were measured by mercury-in-glass thermometers.

Steam  was adm itted to  the inside of the tubes a t 10 psig, and 
the condensate was collected in a  calibrated tank . Care was ex
ercised th a t noncondensable gases did not accumulate in  the con
densate receiver.

The observed rate  of steam condensation, corrected for radia
tion losses, was used to  calculate the rate  of heat transfer. The 
air ra te  on a  weight basis was calculated from the measured rise 
in air tem perature and th e  heat-transfer rate.

Over-all coefficients of heat transfer are expressed either as UL 
or Un, as calculated from the following equations

F ig .  2 A p p a r a t u s  U s e d  f o r  H e a t - T r a n s f e r  M e a s u r e m e n t s  o n  
S i n g l e  T u b e s  

(S ection  th ro u g h  d u c t  a n d  to p  v a n e  to  show  tu b e .)

The correlations for the data  on the tubes of Table 1 are pre
sented in Figs. 3, 4, and 5, as plots on logarithmic co-ordinates. 
Fig. 3 includes the da ta  for tubes having outside-surface areas in 
excess of 0.65 sq ft per ft. Fig. 4 shows the da ta  for tubes having 
outside-surface areas less than  0.65 sq ft per ft. In  each figure, 
the tubes included range from those having 4 to  those having 9 
fins per in. The straight line in Fig. 3 has the equation

where q =  heat-transfer rate, B tu  per hr 
L  = length of tube, ft

At, — sq f t of outside tube surface per f t of length 
At = logarithmic-mean tem perature difference between 

steam and air 

The relation between the two coefficients is

UL =  (.VI0.........................................[3]

From  the data  obtained, correlations have been developed be
tween the heat-transfer coefficient Uo, and the air velocity a t the 
minimum free cross section, Vmax. Air velocity is expressed in 
feet per m inute of standard air defined a t 70 F, 29.92 in. mercury 
barom eter, and 50 per cent relative humidity. A t these condi
tions, the specific volume of air is 13.5 cu f t  per lb. In  calculating 
the minimum free cross section, allowance is made for the longi
tudinal cross-sectional area of the tube, including the fins.
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F ig .  4  O v e r - A l l  C o e f f i c i e n t s  o f  H e a t  T r a n s f e r  f o k  S i n g l e  
T u b e s  A g a i n s t  A ik  V e l o c i t y  a t  M in im u m  F r e e  C r o s s  S e c t i o n  

(Data  for tubes Nos. IX, 22, 23, 24, 25, and  28.)

U„ =  0.244 Fmax0,63................................ [5]

Both groups of da ta  agree w ithin approximately =*=7 per cent 
w ith a single line drawn in between the two lines shown. This 
line has the equation

L \  =  0.236 Fma*0-63............................... [6]

Fig. 5 contains the data  on the two low-finned tubes Nos. 1 
and 4 and the plain tubes, Nos. 7 and 9. Equation [6] is plotted 
as a dashed line for comparison. The extended surface of the 
fins for the tubes in Figs. 3 and 4 is slightly more effective per 
square foot than  the surface of the plain tube. The tubes 1 and 4 
are low-fin tubes having 16 and 24 fins per in. The curves show

' W N  f e e t  p e r  m i n u t e  b a s e d  o n  s t a n d a r d  a i r

F i g . 6 H e a t -T r a n s f e r  C o e f f ic ie n t s  p e r  F o o t  f o r  T y p ic a l  
T u b e s  F r o m  T h o s e  T e s t e d

th a t the increase in surface produced by the fins does not cause a 
proportionate increase in the heat-transfer coefficient per foot of 
length. This is probably because the fins are too close together to 
perm it free passage of air between them.

In  Fig. 6 certain of the da ta  have been plotted as TJL, th e  heat- 
transfer coefficient per foot of length, against the air velocity a t 
minimum free cross section. This figure illustrates the wide dif
ferences in fin heights and fin pitches of the tubes tested. The 
consequent variations in outside tube surface per foot of length 
make great differences in the heat-transfer coefficients, based 
on the length of th e  tube.

S e r i e s  B  H e a t  T r a n s f e r  F r o m  S t e a m  I n s i d e  B a n k s  o f  

V e r t i c a l  T u b e s  t o  A i r  i n  F o r c e d  C o n v e c t i o n  O u t s i d e

One single row of 12 tubes and one double-row unit were used 
for heat-transfer measurements on banks of tubes. The dimen
sions of the units and of the finned tubes used in them  are given 
in  Table 2. Fig. 7 is a  sketch of the apparatus used in  testing the 
two finned-tube units. The units were set w ith tubes vertical in a 
duct of cross section equal to  the face dimensions of the unit. 
M easurements of steam  condensed and air-tem perature rise were 
m ade a t  a  variety  of constant air velocities for each of several 
different steam  pressures. Steam pressures used were 5, 25, 50, 
75, 100, and 125 psig. Face air velocities were varied from 200 to 
750 fpm, based on standard air.

Calculations of the data  were made in the same m anner as 
w ith single tubes. The calculated values of Uo are plotted against 
V m a x ,  on logarithmic co-ordinates in Fig. 8 .  No distinction has 
been made between points obtained a t various steam  pressures,
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TABLE 2 DIM ENSIONS OF UNITS TESTED  
Single-Row Unit

Dimensions:
Face, in. high X in. wide........................................24.5 X 17.6
Face area, sq f t ..........................................................3.0
Minimum free area, sq f t ........................................ 1.55
Number of tubes....................................................... 12
Number of rows.........................................................1
Total length of tubes, f t .......................................... 24.5
Total heat-transfer area, sq ft. . ............................ 25.95
Center-to-center tube spacing, in...........................1.41

D ata on tube in single-row unit:
N  = 5.80 fins per in.
H = 0.314 in. =  fin height 
Ao = 1.056 sq ft per ft = outside tube surface 
D = 0.622 in. =  root diam of tube 
Do =  1.250 in. =  outside fin diam 

De  = 0.709 in.
D o u b l e - R o w  U n i t

Dimensions:
Face, in. high X in. wide........................................ 24.5 X 17.6
Face area, sq f t ..........................................................3 .0
Minimum free area, sq f t ........................................ 1.461
Number of tubes....................................................... 24
Number of rows.........................................................2
Total length of tubes, f t ..........................................49
Total heat-transfer area, sq f t ................................75
Tube a rra n g em en t................................................. Staggered 2 rows, 1.5 in.
Center line to center line.........................................12 tubes, 1.41 in., center

to center in each row
D ata on tube in double-row unit:

N  = 7.80 fins per in.
H = 0.347 in. =  fin height 
Ao = 1.056 sq ft per ft =  outside tube surface 
D = 0.621 in. = root diam of tube 

Do = 1.315 in. = outside fin diam 
De  =  0.751 in.

F i g . 8  O v e r - A l l  C o e f f i c i e n t s  o f  H e a t  T r a n s f e r  f o r  T u b e  
B a n k s  A g a i n s t  A i r  V e l o c i t y  a t  M i n i m u m  F r e e  C r o s s  S e c t i o n

since no trend was observed. The straight line in the figure has 
the equation

Uo =  0.308 1 W - 53................................[7]

A comparison of this equation with Equation [6] for similar 
single tubes shows th a t the heat-transfer coefficients a t a given 
air velocity are approximately 30 per cent higher when the tubes 
are arranged in banks than  when they are used singly. This in
crease is probably caused by a greater turbulence of the air around 
the tubes in banks, or could be attributed  partially to the layer of 
condensate accumulating inside the horizontal tube. The effect 
of turbulence has been observed by other investigators2'3 be
tween a single row and a bank of several rows w ith plain tubes. 
I t  appears th a t a  single row of finned tubes causes turbulence 
equivalent to several rows of plain tubes and th a t only minor in
creases in turbulence occur with added rows of finned tubes. 
When tubes are to  be used vertically in banks, the coefficient

2 “Correlation and Utilization of New Data on Flow Resistance and 
Heat Transfer for Crossflow of Gases Over Tube Banks,” by E. D. 
Grimison, Trans. A.S.M.E., vol. 59,1937, pp. 583-594.

8 “Heat Transmission,” by W. H. McAdams, second edition,
McGraw-Hill Book Company, Inc., New York, N. Y., 1942, p. 228.

should be estim ated from the solid line in Fig. 8 and not from 
Fig. 3 or 4.

S e r i e s  C  H e a t  T r a n s f e r  B e t w e e n  C o l d  W a t e r  I n s i d e  S i n 
g l e  H o r i z o n t a l  T u b e s  a n d  H u m i d  A i r  i n  F o r c e d  C o n v e c t i o n  

O u t s i d e

Measurements of heat transfer between humid air and cold 
water were made, using the apparatus in Fig. 2, w ith modifica
tions. Air entering the blower was conditioned to 80 F, with 50 
per cent relative humidity, and held constant. W ater cooled to 
40 F  was circulated through the tube a t a  velocity of about 200 
fpm in the tube. Actual water rates were determined by a  cali
brated orifice, and the rise in w ater tem perature was measured 
by Beckmann thermom eters in the inlet and outlet streams.

W et- and dry-bulb tem peratures of the inlet air and dry-bulb 
tem perature of the outlet air were measured by mercury-in-glass

Vmax in  f e e t  p e r  MINUTE B A SED  ON STA ND ARD AIR

Fia. 9 O v e r - A l l  H e a t - T r a n s f e r  C o e f f i c i e n t s , H u m i d  A i r  t o  
C o l d  W a t e r  f o r  T u b e s  W i t h  E i g h t  H i g h  F i n s  p e r  I n c h

thermometers. The ra te  of heat transfer was computed from the 
measurements on the w ater side. The air rate was computed by a 
heat balance, assuming the air to have been cooled and dehumidi
fied according to the “contact-mixture theory.” 4 This method 
was considered more reliable than wet-bulb measurements on the 
outlet air because of the possibility of condensate from the tube 
being entrained in the air stream.

The over-all coefficients of heat transfer were computed using 
Equation [2]. The results for five high-finned tubes which follow 
the same curve A  are given in Fig. 9. A similar curve was drawn 
for tubes Nos. 15, 25, 26, and 28. I t  is shown in Fig. 10, as curve
B, which figure also includes curve A  of Fig. 9 and the data 
for seven individual tubes. Fig. 11 is a comparison of the plain 
tubes, the low-finned tubes and the curves A  and B . The equa
tions for curves A  and B  are as follows

Curve A  Uo — 0.286 F ma*0'63........................[8]

Curve B Uo =  0.353 ........................ [9]

In  calculating the minimum free cross section of the duct to ob
tain  V max in feet per m inute of standard air, allowance was made 
for a condensate film approximately 0.01 in. thick covering the 
entire outer tube surface in addition to the longitudinal cross sec
tion of the dry tube.

4 “Contact Mixture Analogy Applied to Heat Transfer With Mix
tures of Air and Water Vapor,” by W. H. Carrier, Trans. A.S.M.E., 
vol. 59, 1937, p. 49.
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F i g . 11 O v e r -A l l  H e a t - T r a n s f e r  C o e f f i c i e n t s , H u m id  A i r  t o  
C o l d  W a t e r  f o r  P l a in  a n d  L o w - F i n  T u b e s

The fin shape, height, and pitch appear to  have considerably 
more effect on the heat-transfer coefficients of the tubes when 
they are wet than  when dry. In  general, the  large number of fins 
per inch give lower coefficients w ith the extreme effect shown by 
tube No. 4 w ith 24 fins (0.044 in. high) per inch, Fig. 11. No ex
planation can be given for the high coefficients for plain tube No. 
9. I t  should be appreciated th a t the tem perature rise measured 
for the water was lowest for the plain tubes and rose w ith in
creased surface for the finned tubes.

S e r i e s  D H e a t  T r a n s f e r  B e t w e e n  W a t e r  I n s i d e  S i n g l e  
H o r i z o n t a l  T u b e s  a n d  S t e a m  O u t s i d e

The last four series of tests were made using variations of the 
apparatus shown in Fig. 12. For Series D , the cooler section only 
was used with water flow as indicated in Fig. 12, and steam a t  25 
psig in the annular space outside the tube with condensate going 
to  a  calibrated receiver.

The experimental data  and calculated coefficients are given in 
Table 3. The over-all coefficient is composed of the steam-film 
coefficient on the outside which should remain substantially

constant, the copper resistance, and the water-film coefficient 
on the inside, which should vary as the 0.8 power of the Reynolds 
number. I t  was possible to  select steam-film coefficients for the 
outside by the Wilson m ethod,6’6 which give straight lines of 
slope equal to 0.8 for the water-film coefficient as plotted in Fig. 
13. For many of the tubes no constant value for the resistance 
of the steam film plus the m etal resistance could be found which 
would give straight lines in Fig. 13. A possible explanation could 
be th a t dropwise condensation occurred during the early runs a t 
low w ater velocity and filmwise condensation gradually set in. 
In  several cases the over-all coefficient was reduced for an in
creased w ater velocity, although further increase in w ater ve
locity always gave a net increase in the coefficient.

For all finned tubes the water-film coefficient was greater than  
th a t predicted by the D ittus-Boelter type equation recommended 
by McAdams7

5 “Basis for Rational Design of Heat-Transfer Apparatus,” by E.
E. Wilson, Trans. A.S.M.E., vol. 37, 1 9 1 5 , p. 47.

• Reference 3, p. 272.
? Ibid., 3 , p .  1 68 .
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hD ™  o ( DG\ 0 S (< v A 0,4
T ~ 0023 (V j if) ......1101

This increase is caused by corrugations on the inside diam eter 
which were made during the processing of the tube. Finned tubes 
having lower corrugations would be expected to  have water-film 
coefficients similar to  plain tubes and would follow Equation [10].

S e r i e s  E  H e a t  T r a n s f e r  B e t w e e n  S t e a m  I n s i d e  S i n g l e  
H o r i z o n t a l  T u b e s  a n d  W a t e r  i n  A n n u l a r  S p a c e  O u t s i d e

Series E  was run in a  m anner similar to Series D b u t w ith steam 
inside the tubes and w ater outside. The data  are presented in 
Table 4. Over-all coefficients per foot of tube are plotted for 
some of the tubes in Fig. 14, using w ater rate as the variable.

In  the absence of methods for predicting the film coefficients 
for the steam inside and the w ater outside, no correlation was 
made. For finned tubes the outside area m ay be several times 
the inside area. Therefore, even a  high film coefficient on the 
inside such as for steam m ay become a m ajor portion of the re

W A T E R  R A T E  IN P O U N D S  P E R  M I N U T E

F i g . 14 O v e r - A l l  H e a t - T h a n s f e r  C o e f f ic ie n t s  St e a m  I n s id e  
t o  W a t e r  O u t s id e  f o r  T u b e s  W i t h  S i x  F i n s  p e r  I n c h  a n d  P l a i n

T u b e s

sistance. For example, tube No. 12 a t 162 lb of water per min 
had an over-all coefficient of 453 B tu per h r per deg F  per ft of 
length, or 308 B tu  per h r per deg F  per sq ft outside area, or 3060 
B tu  per h r per deg F  per sq ft of inside area. The steam-film
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coefficient m ust have been in excess of the 3060 B tu per hr per 
deg F  per sq ft.

S e r i e s  F H e a t  T r a n s f e r  B e t w e e n  W a t e r  I n s i d e  S i n g l e  
H o r i z o n t a l  T u b e s  a n d  H o t  O i l  i n  A n n u l a r  S p a c e  O u t s i d e

The apparatus in Fig. 12 was used w ith measurements for 
Series F  on the cooler. The 37-deg A.P.I. mineral-seal oil had vis
cosities of 3.20 centipoise a t 100 F, and 1.03 centipoise a t 210 F. 
T he boiling range was from 525 F  a t 10 per cent to  644 F a t 90 
per cent with a 50 per cent tem perature of 568 F. Two sets of 
heat-transfer da ta  were taken, one for an annulus w ith a diameter 
2.073 in. for the inside diam eter of the outer pipe, and the other 
for an annulus of 1.583 in. The data  are given in Tables 5 and 6.

The measurements on plain tubes Nos. 7 and 9 are the usual 
over-all coefficients for the inside wall of an annulus. In  the case 
of finned tubes, the spiral fins affect the path  of the oil through the 
annulus.

Water-film coefficients inside the tube under conditions similar 
to  these were computed in Series E. These water-film coefficients 
and the assumption th a t  the resistance of the copper m ay be neg
lected were used along w ith the over-all coefficients to compute 
film coefficients for the oil in the annulus.

A comparison between the experimental coefficients and those 
calculated by Nusselt-type equation, Equation [10], requires 
equivalent diameters for the annuli. A procedure for plain tubes 
is to  use the difference between the inside and outside diameters 
of the annulus. For the finned tubes, the inside diam eter of the 
annulus has been taken  as equal to  D E. For the twelve tubes 
which gave essentially straight lines for the water-film coefficients 
in Fig. 13, a  plot was made of the product of hD' versus Reynolds

number, Figs. 15 and 16. If  the P randtl number ( t )  and the

therm al conductivity k are assumed to  be constant over the 
small tem perature range used, Equation [10] m ay be simplified 
as shown by Equation [11]

By using average values for cp, p, and k (Prandtl number =
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21), b was computed to be 0.072. For the No. 7 plain tube and 
the 1.583-in. annulus, the film coefficient was computed by 
Equation [11] and plotted in Figs. 15 and 16 for reference. 
I t  m ay be seen th a t the oil-film coefficients are all above those 
for plain tubes, probably due to  the turbulence caused by the 
fins.

The increase in  turbulence m ay be offset by  the increased re
sistance of the metal, especially for those tubes having high fins 
and thiri fin sections. I t  is significant to observe th a t the higher 
coefficients were for tubes which had 4 fins per in. In  nearly 
all cases the measurements on the larger annulus gave higher 
coefficients for a  given Reynolds number.

S e r i e s  G H e a t  T r a n s f e r  B e t w e e n  S t e a m  I n s i d e  S i n g l e  
H o r iz o n t a l  T u b e s  a n d  O i l  i n  A n n u l a r  S p a c e  O u t s i d e

Series G comprises the measurements in  the heater, while 
Series F  was being made in the cooler in Fig. 12. Only a  portion 
of the tubes was used in Series G, bu t both sizes of annuli, 2.073 
and 1.583 in., were included. The da ta  and calculated coefficients 
are given in Tables 7 and 8. The complexity of the factors in 
the over-all coefficients forbids analysis on the basis of individual 
films. However, the da ta  may be used as a guide for similar con
ditions of heat transfer.

A c k n o w l e d g m e n t

The da ta  presented in this paper were obtained as p art of a 
project a t the U niversity of Michigan for the Wolverine Tube 
Division of the Calum et and Hecla Consolidated Copper Com
pany. The authors wish to  thank the Wolverine Tube Division 
for permission to  publish these results.
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Discussion
C. M. A s h le y .8 This paper is of considerable interest, particu

larly from the standpoint of presenting a correlation of the re
sults of tests on a  number of different sizes of finned tubes. There 
are two specific points which the writer would like to  mention:

1 In Fig. 8 of the paper it is believed th a t the discrepancy in 
the results of tests a t low air velocities can readily be accounted 
for by the fact th a t these are in the streamline-flow region which, 
according to  our experience, begins somewhere near 600 fpm maxi
mum velocity.

2 I t  is presumed th a t the apparatus sketches shown as Figs. 
2 and 7 are schematic in character.

I t  has been our experience th a t great care is necessary to  ob
ta in  superheated steam, uniformity of inlet tem perature and 
velocity, and outlet tem perature, and also adequate accuracy in 
the measurement of air quantity. The apparatus as shown in 
these two figures is scarcely calculated to  accomplish these de
sired results. I t  would be interesting to  learn from the author 
what provisions were made to assure uniformity and accurate 
measurement.

Another point relative to  the test procedure, on which infor
mation might be of interest, is the method of shielding the ther
mometers from the radiant heat.

8 Director of Development, Carrier Corporation, Syracuse, N. Y.

C. T. P a u g i i .9 The w riter can now comment from a disinter
ested standpoint bu t, a t the time of the original development of 
this integral-finned tubing, he personally devised the tools and 
method of m anufacture which made the high-fin type possible 
and practical to  produce and was granted four of the patents on it.

In  the section of the paper, designated as “Series D ,” the au
thors state, “the w ater coefficient was greater than  th a t predicted 
by . . . .equation recommended. . . . ” and, “This increase is caused 
by corrugations on the inside diam eter which were made during 
the processing of the tube.” The writer wishes to  point ou t th a t 
the condition stated  is by no means accidental and th a t the feature 
of wall corrugation was incorporated for two very good reasons, 
one being to  produce turbulent flow inside the tube and thus ac
complish increased heat transfer as here reported, and the other 
being a feature outside the scope of the paper which perm its this 
finned tube to be bent, by simple means, on a  comparatively short 
radius w ithout removing the fins or weakening the tube.

This product is inherently comparatively costly to  produce, bu t 
it  has distinct valuable qualities peculiar to  its being of integral 
metal, and hence w arrants consideration on m any severe applica
tions where its characteristics are of distinct value.

R. G. V a n d e r w e i l . 10 Several film coefficients are mentioned 
in the paper. Working w ith heat-transfer problems, the writer 
has found th a t the task of finding correct film coefficients in litera
ture is most annoying and in m ost cases results in highly ques
tionable data. Have the authors had an opportunity to  check the

9 Utilities Consultant, U. S. Industrial Chemicals, Inc., Baltimore, 
Md. Fellow, A.S.M.E.

10 Office of Consulting Engineer, Chase Brass & Copper Company, 
Waterbury, Conn.
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relations between tem perature of fluids, velocity of fluids, vis
cosity of fluids, etc., and the film coefficient, in th e  course of 
their tests?

A u t h o r s ’ C l o s u r e

T he authors appreciate the comments by Messrs. Ashley, 
Paugh, and Vanderweil.

M r. Ashley states th a t his experience shows th a t the high co
efficient noted a t  low air velocities in  Fig. 8 m ay be “ accounted for 
by the fact th a t these are in stream line flow.” A t 600 fpm the 
Reynolds num ber is approximately 3300, a  value norm ally con
sidered to  be in the critical region between viscous and turbulent 
flow. However, because of the doubt as to  the proper value of 
D  to  use in calculating the Reynolds num ber for banks of finned 
tubes and because other independent da ta  available to  the 
authors showed a stra igh t line for the data  down to a velocity 
of 380 fpm, we were reluctan t to  in terpret the da ta  below 600 
fpm as being in the viscous region. I t  is quite possible th a t the 
da ta  are in the transition region between viscous and turbulent 
flow a t  velocities of 300 to  500 fpm.

In  regard to  Mr. Ashley’s second point, steam  was always 
taken from a line a t 125 psi gage and th ro ttled  directly to  the 
unit. Since m any of the tests were run a t low pressures such as 
5, 25, and 50 lb per sq in. gage it  was felt th a t this thro ttling  
gave adequate assurance of dry steam entering the un it a t  least

for the lower pressures. Concerning the uniformity of air ve
locities and the accuracy of the tem perature measurements, vanes 
were present as shown in the sketches of this paper bu t which 
were not present on the preprint. P itot-tube traverses made of 
the air stream  leaving th e  u n it were used to  check the general 
accuracy of the heat balance. The thermom eter was placed in 
several positions before selecting the one used. The outlet ther
mom eter was always shielded to  avoid errors due to  radiation. 
The inlet therm om eter was no t shielded in the tests reported in 
the paper b u t a  correction was made based on similar tests with 
and w ithout a shielded inlet thermometer.

Mr. Vanderweil asked about film coefficients. In  the case of 
heating a ir w ith steam in series A  and B, the steam film resist
ance is so low th a t the over-all coefficient is substantially equal 
to  the air film coefficient. In  such cases the over-all coefficient 
is used directly for design purposes w ithout investigating the de
tail of the film coefficient. In  other cases such as series E  and F 
an understanding of the da ta  requires th a t the over-all coefficient 
be broken down into the film coefficient for the two sides of the 
heat-transfer surface. I t  m ay be possible to  vary  these film co
efficients independently and so no general correlation is available 
for over-all coefficients bu t only for the film coefficients. The 
.viscosity, velocity, and density of the flowing fluids were corre
lated w ith the film coefficient for the cases of oil and w ater in 
series E  and F.



H eat T ran sfe r and  P ressu re  Loss in Small 
C om m ercial Shell-and-F inned-T ube 

H ea t E xchangers
B y R. M . A R M STR O N G ,1 D OW N ING TOW N , PA.

P re lim in a ry  r e su lts  are su b m itte d  coverin g  h e a t  tra n sfer  
a n d  p ressu re  lo ss  for  flu id s flow in g  th r o u g h  th e  sh e lls  o f  
sm a ll sh e ll  a n d  fin n e d -tu b e  h e a t  ex ch a n g ers  in  crossflow . 
T h ese  r e su lts  are co m p a red  to  th e  c a lc u la ted  p erfo rm a n ce  
o f  s im ila r  ex ch a n g ers w ith  bare tu b e s , a n d  th e  c o m p a r i
so n s  n o te d . I t  i s  b r o u g h t o u t  th a t  th is  ty p e  o f  ex ch an ger  
c a n  n o w  be a p p lied  to  d u t ie s  w h ere  fin n ed  tu b e s  h ereto fo re  
have n o t  b e e n  u sed , n a m e ly , w h ere  o v er-a ll h e a t-tr a n s fe r  
ra tes  for  b a r e -tu b e  serv ice  w o u ld  be fro m  a b o u t 25 to  250 
B tu /(h r ) ( sq  ft )  (deg  F ). I t  is  a lso  p o in te d  o u t  t h a t  th is  
ty p e  u n it  i s  n o t  su ita b le  for m a n y  serv ices . A c tu a l field  
ex p erien ces are re la ted .

N o m e n c l a t u r e

The following nomenclature is used in the paper:
A ,  =  cross-sectional area for flow across tubes, sq ft 

c *= specific heat of fluid a t  constant pressure and average 
tem perature

D, =  inside diam eter of shell, ft 
<2, =  outside diam eter of tube, ft
F  = M TD  correction factor for pass, from TEM A  Standards 

(p. 20)
G, = mass velocity through shell, lb /(h r)(sq  ft) 
hm = heat-transfer rate through m etal wall of tube, B tu /(h r) 

(sq ft) (deg F)
h, = film heat-transfer ra te  on shell side, B tu /(h r)(sq  ft) (deg 

F)
h,d =  scale heat-transfer rate  on shell side, B tu /(h r)(sq  ft) 

(deg F)
h, =  film heat-transfer ra te  on tube side, B tu /(h r)(sq  ft) 

(deg F)
h,d =  scale heat-transfer ra te  on tube side, B tu /(h r)(sq  ft) 

(deg F)

J  = dimensionless number (s)(?r
K  — pass correction factor, from TEM A  Standards, p. 20 
k =  therm al conductivity of fluid a t  average tem perature, 

B tu /(h r)(sq  ft)(deg F /f t)  
n  =  number of tubes in shell of heat exchanger 
R  =  pass correction factor, from TEM A  Standards (p. 20)
S  =  baffle spacing, ft
U =  over-all heat-transfer rate, B tu /(h r)(sq  ft) (deg F)
W  = pounds fluid flowing through shell per hour 
ix =  viscosity of fluid a t  average tem perature, lb /(h r)(ft)

=  viscosity of fluid a t wall tem perature, lb /(h r) (ft

I n t r o d u c t i o n

Several years ago a  new type of finned tube, extruded from the

1 Downingtown Iron Works, Inc.
Contributed by the Heat Transfer Divison and presented at the 

Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e b i c a n  S o c i e t y  o f  M e c h a n i c a l  E n g i n e e k s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society.

base m etal itself and w ith low ratio of outside to  inside surface, 
became available for use in heat exchangers. I t  was decided to 
consider the application of this tube to shell-and-tube exchangers 
for crossflow and liquid-to-liquid service, since the compact 
nature of the tube made it possible to get about 3 times as much 
outside surface w ith the finned tube as with a bare tube, in a given 
shell diameter. No published data  were available for heat trans
fer to baffled banks of finned tubes and experiments were begun 
to obtain such data.

Some advantages and disadvantages were rather obvious from 
the examination of the tube, details of which are shown in Figs. 1 
and 2. These are as follows:

Advantages:
(а) Low ratio of outside to  inside surface, about 3.5 to 1. 

Most previous finned tubes for similar service had run from 7 or
10 to  1. The low ratio makes possible the use of the tube for 
higher film heat-transfer rates.

(б) Low m etal resistance, due to very low fin height, absence 
of any m etal-to-m etal bond. The calculated metal-wall resist
ance for this type tube runs about 0.0004 for adm iralty metal, 
compared to as much as 0.015 for steel, and 0.006 for adm iralty 
in high-ratio tubes with a bond.

(c) Mechanically the tube is stable and due to  low outside 
diam eter gives a large am ount of surface per unit of volume. 
The tube is so built th a t it  can be withdrawn from a bundle and 
otherwise handled the same as a bare tube.

Disadvantages:
(а) The m ost obvious and immediate disadvantage is the 

danger of fouling of the space between the fins, greatly reducing 
the outside area in contact w ith the fluid.

(б) The fins are thin and subject to  a ttack  by corrosion if the 
fluid and m etal used are not entirely suited to  each other. F ortu 
nately, several m etal choices are available.

(c) M any services are not suitable for finned-tube work under 
any circumstances, particularly high-efficiency operations like 
steam  condensing where the compensating effect of finned surface 
is not needed and therefore is an  unnecessary expense.

One of the questions which immediately arises from a heat- 
transfer and pressure-loss standpoint is whether or no t the finned 
surface gives results qualitatively the same as a bare tube, if 
coefficients are based on the outside finned area, as they are in 
this paper. Experim ents on this score are still continuing and 
this paper reports only a small portion of the work done to  date, 
bu t the following statem ents can be made a t  this time, and some 
preliminary data  are shown to bear out the statem ents:

1 The shell-side heat-transfer film coefficient, based on the 
outside finned area, is a t  the very least equal to the rate which 
would be obtained a t  a  like Reynolds number w ith bare tube, a t  a 
Reynolds number of 300 or higher, using the nomenclature and 
units given in this paper. Fig. 5 shows experimental results 
from a set of tests on 8.5-centipose oil. A t Reynolds numbers 
materially above 300 the experimental results are seen to be m a
terially higher than  those predicted by bare-tube data.

675
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2 The crossflow friction is undoubtedly greater for the finned 
tube than  for a bare tube. D eterm ination of the friction loss for 
finned-tube bundles has been run on a research project con
currently w ith bare-tube bundles. While finned tubes show 
greater losses, other features of bundle design are vastly more 
im portant in  determining the over-all pressure loss, so th a t the 
effect of the finned surface alone does no t represent more than  a 
small percentage of the total.

T e s t  P r o c e d u r e

The heat-transfer data  shown in Fig. 5 were developed in 
tests on a  5-in-shell-size unit w ith 6-ft-long finned tubes. 
This is a  full-size standardized un it developed for finned-tube 
work. The tests reported here were run w ith an oil in the shell 
of about 8.5 centipoises average viscosity a t  the tes t conditions. 
The tes t unit is shown in Fig. 3. Baffle height was 3.68 in.

The oil was pumped in a closed circuit, Fig. 4, through the 
exchanger and into  a  reservoir where it was heated. The w ater 
for cooling came in from the supply main and was discharged to 
the sewer after passing through the tubes.

The quantities of oil and w ater were measured by calibrated 
orifices to  which were attached 36-in. mercury manometers. The 
tem peratures were measured a t  the points m arked T  in Fig. 4 
by the use of 1/s deg F therm om eters w ith 15-in. scales. The 
pressure loss of oil flowing through the shell was measured using a

36-in. mercury manometer with taps in the shell nozzles, as shown 
in Fig. 4.

Unfortunately, it  was found th a t the capacity of the  system 
was considerably greater than  had been anticipated, and as a 
result the w ater velocity going through the tubes was neces-

F i g . 4  T e s t  A r r a n g e m e n t s  a n d  F l o w  P a t t e r n s
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sarily slow as the w ater tem perature was low and there was no 
available means of heating the w ater a t  th a t time.

The over-all heat-transfer ra te  was calculated from the test 
results, based on to ta l outside finned surface. The individual 
film rates were calculated from the curves given by the TEM A  
Standards (page 42). Then the metal-wall resistance and the 
water-film resistance were subtracted from the over-all meas
ured resistance, and the remainder was taken  as the oil-sid6 
resistance. This m ethod is somewhat conservative in  one 
respect as it  makes no allowance whatsoever for fouling, and 
the tests took up a  sufficient period of time so th a t it  is likely 
some fouling actually did occur. The m ethod of figuring 
water-film resistance by the TEM A  curves, however, we feel to  
be conservative on the other side, as we found a num ber of tests, 
not reported here, where the calculated water-film resistance 
alone was greater than  the over-all resistance as measured. 
These were mostly a t  very low water-flow rates.

In  several instances we have noted th a t when cooling a fluid 
with w ater in the tubes a t  low velocity, obviously higher results 
are obtained th an  would be predicted by TEM A  curves (page 42). 
Some of this is undoubtedly due to  natural convection, as sug
gested by D r. A. C. Mueller, and could perhaps be evaluated 
further by suggested methods.2 However, from an entirely 
practical viewpoint there are also other factors, notably possi
bility of fouling, which would counteract this factor somewhat 
for the purposes for which these tests were made.

The agreement of the heat balances was quite good throughout 
and since in all bu t two or three cases the w ater heat balance was 
the lower and in general considered the more reliable, it  was used 
as a basis of figuring.

D is c u s s io n  o p  R e s u l t s  o f  T e s t s

d„Gs
The results shown in Fig. 5, as plotted w i th -----versus J  are

M
based on a diam eter of tube taken on a weighted basis referred to 

J/VSLL S/D f T£M SF ££

the outside area of fin across which the flow occurs. The outside 
diameter of the fin is 0.742 in., and the diam eter a t  the base of the 
fin 0.638 in. The weighted outside diam eter works out to  be 
0.656 in., or somewhat below the mean of outside diam eter and 
inside diameter.

The area for flow on which G is based is determined by the 
formula

2 “The Effect of Free Convection on Viscous Heat Transfer in
Horizontal Tubes,” by D. Q. Kern and D. F. Othmer, Trans, of
American Institute of Chemical Engineers, vol. 39, 1943, pp. 517-555.

T his is a modified form of the equation suggested by Bowman,3 
and the m ain difference is th a t the so-called leakage factor is 
eliminated. These data  have been plotted both  w ith and without 
the leakage factor and just as good agreement is obtained w ith
ou t the factor as w ith it. Since the area is much simpler to 
handle w ithout the factor the modified form is used.

It.w ill be seen th a t the data  fall well underneath the “Colburn 
curve” reported in Bowman’s paper, bu t they fall partly  above 
and partly  below a conservative line drawn through the lower 
area of experimental points on Bowman’s plot.

Considerable plotting of experimental points on a  plot of this 
type for both  bare- and finned-tube data, using the modified 
form of G, will show th a t the line given falls in the lower area of 
the m ajority  of points and for this reason the author considers 
it a  fair comparison against which to  consider the finned-tube 
data  reported herewith.

Evidence is shown th a t in the small shell unit w ith finned tub
ing, the flow is not entirely the same as in a  larger unit. The 
shell-side fluid does no t have tim e to  straighten ou t into pure 
crossflow before it is again broken into eddy currents and tu rbu
lence. As a result, we should expect the performance of the unit 
tested to  be better than  the performance of the same tube in a 
larger shell where the crossflow distance is m aterially larger. 
The relatively low performance a t  low Reynolds numbers indi
cates th a t basically the finned tube does not exert a 100 per cent 
quality of surface efficiency when compared to bare tube in pure 
crossflow. The lesser slope of the curve we feel indicates that 
when the flow is reversed a t  frequent intervals and a good deal 
of the flow is quite tu rbulent in nature, the performance is 
greater than  would be predicted by normal bare-tube rating 
methods.

Field experience w ith this type of unit has indicated th a t if 
the flow conditions are such th a t the Reynolds num ber always 
exceeds 300 on the shell side, calculated as indicated here, 
the performance of the exchanger can be conservatively cal
culated by holding to  the bare-tube performance as shown on the 
curve.

As further indication of field performance, in  the Appendix are 
data  and calculations resulting from a spot check on the perform
ance of a 16-in-shell-diam by 8-ft-tube-length compressed-air 
aftercooler which had been in operation about 6 months a t  the 
time of test. Unfortunately, this test was run w ith an extremely 
low w ater velocity in the tubes, only 0.287 fps. This was far 
below the design conditions and resulted in a  very low over-all 
heat-transfer coefficient. However, the actual observed ra te  of 
15 B tu /(h r)(sq  ft) (deg F) was slightly below the calculated per
formance for a bare 6/Vin-OD, 18-gage, copper tube under the 
identical conditions, namely, 16.4 B tu /(h r)(sq  ft)(deg F), and we 
should point out th a t in calculating the M TD , which is almost 
off the scale on the correction curves, the highest possible value 
was taken. As this was on the flat p art of the curve, it  could 
easily be as much as 25 per cent on the conservative side. This 
am ount would be reflected by an increased actual rate on the test 
unit, and in this case the actual ra te  would be greater than  the 
calculated rate for the bare tube.

To give an idea of how this works out in practice Example 1 is 
given in which the film coefficients are the same on the bare tube

3 “Investigation of Heat Transfer Rates on the External Surface of 
Baffled Tube Banks,” by R. A. Bowman, A.S.M.E., Miscellaneous 
Papers, 1934.
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EXAM PLE 1 EFFE C T  OF RATIO OF OUTSIDE TO IN SID E AREAS 
OF TUBES
B a s i c  D a t a

Bare tubes Finned tubes 
Size 6/s-in. X 18-gage 8/<-in* nominal, 16 fins

admiralty per in., admiralty
Ratio outside to inside surface............ 1.19 3 .5
Shell-side-film ra te ................................ 50 50
Tube-side-film ra te ...............................  400 400
Fouling, both sides...............................  1000 1000

C a l c u l a t i o n  o f  H e a t - T r a n s f e r  R a t e

Resistance, shell film...........................  0.02000 0.02000
Resistance, shell fouling...................... 0.00100 0.00100
Metal-wall resistance...........................  0.00002 0.00040
Resistance, tube fouling...................... 0.00119 0.00350
Resistance, tube film...........................  0.00298 0.00875.

Total resistance..................................... 0.02519 0.03365
Over-all heat-transfer ra te .................. 39.7 29.7

as on the finned tube, showing the effect of the ratio of outside to 
inside areas.

While the bare-tube coefficient is Vs greater than  th a t of the 
finned tube, the am ount of surface on the finned tube is roughly 3 
times as great, resulting in a net gain of volume inside the ex
changer of about 2 to 1. As an example, in the case cited, if the 
same size shell is used then the length of the finned-tube unit 
will be roughly one half the length of the bare-tube unit. If the 
baffle pitch m ust be substantially the same on both, then  the 
pressure loss in the finned unit, while somewhat higher per 
baffle, will likely be less over-all since fewer baffles would be 
required.

The finned unit works out most advantageously when the in
side coefficient is fairly high, and a t least 2 or 3 times as groat as 
the outside coefficient.

C o m pa r iso n  o f  R e s u l t s  in  P r a c t ic e

To gain some impression of how the heat-transfer rates compare 
in practice, refer to Fig. 6 which shows a plot of tes t results on

MEAT TBA/VSEEB 8 .S  CP O/L

I
SHELL PRESS DGOP - S  'u/VITS

F i g . 7  S h e l l - S i d e  P r e s s u r e  L o s s  i n  5 - I n . U n i t  W i t h  W a t e r  i n

Sh e l l

(Curve 1: 5-in. X 6-ft unit, 55/«-m. baffle pitch; baffle height 3.68 in. 
Curve 2: 5-in. X 10-ft. unit, 3-in. baffle pitch; baffle height 3.68 in. 
Curvei.3: 5-in. X 8-ft unit, 8-in. baffle pitch, with reduced *egment cut; 

baffle height 3.25 in.)

F i g . 8 Sh e l l -S id e  P r e s s u r e  Loss i n  5-In. U n i t  W i t h  V a r io u s  
F l u id s  i n  Sh e l l  

(Baffle height, 3.68 in.)

/wss y jzo c /rr  //v  sh e il  / b . / m ?./<sq. f e

F i g . 6 C o m p a r is o n  o f  O i l - F i l m  H e a t - T r a n s f e r  R a t e s , B a r e  
V e r s u s  F in n e d  T u b e s  

(Curve 1: Calculated rate for 6/»-in-OD bare tube in conventional shell- 
and-tube exchanger.

Curve 2: Test results for 5-in. shell unit 19 finned tubes, 51/2-in. baffle 
spacing; effective tube length 6 ft; baffle height 3.68 in.)

the 5-in. exchanger against calculated bare-tube results for the 
same conditions. This shows th a t a t  relatively low flow rates 
the finned tube has a lower shell-side heat-transfer rate, while 
when the flow exceeds w hat is about 1 fps, the rate catches the 
bare tube and begins to pull away. From  a‘ practical viewpoint 
it  is desirable to  have a t least a velocity of 1 fps to  keep the 
surface swept clean and also to  get a high enough film factor so 
th a t the unit as a whole is economical. We feel therefore th a t 
the policy of rating the finned-tube unit w ith an outside film 
coefficient equal to th a t used for the bare tube, w ith velocities 
of a t least 1 fps, is conservative and so it has worked out in 
practice.
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P r e s s u r e  L oss  in  Sh e l l  S id e

To pass on to the subject of pressure loss in the shell side, we 
report here the results of a series of tests on small heat exchangers 
w ith both  finned and bare tubes. We can say th a t the results of 
these tests on small units agree rather well w ith a  much more 
extensive set of tests on units of larger size and widely varying 
description as to  tube size, pitch, baffle spacing, etc.

A t the outset we can state  briefly th a t it  seems rather obvious 
th a t one of the main factors in determining the pressure loss of a 
fluid through a baffled shell is the relation of the actual flow 
area to  the by-pass or clearance area. The clearance area is the 
sum mation of cracks between tube and baffle and between the 
baffle and the shell. On close baffle pitches w ith normal toler
ances, as recommended by the TEM A  and the WPB, the am ount 
of crack area m ay easily alm ost equal the normal flow area. In  
such cases our tests have shown th a t the pressure loss calculated 
w ithout regard to  by-pass area m ay be as much as 800 per cent 
high when the equipm ent is new and the effect of fouling has not 
come into play. There are several methods now in use to  com
pensate for the effect of this by-pass area. None of these 
methods, however, can be any more accurate than  the shop 
tolerances and in general we find variations from one exchanger 
to another are enough to upset seriously any exact method of 
compensating for by-pass area. Also we can state definitely th a t 
the relation of the baffle (segment-cut) flow to  crossflow m ay 
have a serious effect on the over-all friction loss. This effect is 
so much greater than  the surface effect of the finned tube th a t 
while the finned tube does have a greater friction loss, i t  is only 
a small p art of the over-all drop in  m ost cases. The shell 
inside diam eter of the experimental unit was 5.047 in., baffle 
outside diam eter was exactly 5 in., and baffle holes were <9/ m 
in.

The tests, Figs, 7, 8, 9, 10, 11, show actual pressure-loss 
measurements taken w ith w ater and w ith oil flowing through the 
shells of the heat exchangers tested. The m anom eter taps were 
located in the nozzles of the exchangers tested a t  an average 
distance of about 3 in. from the shell.

The effect of baffle height is clearly shown in Fig. 7. On curves
1 and 3 the number of baffles in the shell was alm ost the same, 
namely, 11 and 12. The tube length was 2 f t greater on 3 than 
on 1, or 33 per cent. Yet, by merely cutting the baffle height 
from 3.68 in. to  3.25 in. the friction loss was reduced in  the face 
of the greater length. We cannot account for the slight variation 
in slope, although we do find from time to time th a t there will be 
some such minor differences in test results.

The effect of viscosity on pressure loss is indicated in Figs. 8 
and 9, first showing th a t the lines, while a t  slightly different slope 
w ith higher viscosities, in general follow the same pattern . Fig. 9 
shows the effect of viscosity taken a t one flow rate. The test

F iq . 12 T e s t  A ir  A f t e r c o o l e r  W it h  F in n e d - T u b e  B u n d l e
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points are in rem arkably close agreement and we feel th a t the 
effect of viscosity on the particular exchanger tested is definitely 
greater than  the effect on a larger un it of bare-tube design. The 
segment flow of oil passing along the tube perpendicular to the 
fins, introduces a  considerable drag th a t would no t be found in a 
bare-tube unit and it  is possible th a t this effect increases w ith the 
viscosity.

Figs. 10 and 11 are given to  show the trend in  pressure-loss 
measurements on 8-in. and 10-in. units and to  indicate th a t in 
general the same slope applies. The results shown were all 
taken on new and clean units.

From  a practical standpoint we can state th a t finned-type 
shell-and-tube heat exchangers of this type have been in commer
cial use for the following purposes:

Cooling quench oil.
Cooling lubricating oil on Diesel engines.
Cooling circulating oil on hydraulic presses.
Cooling of a ir and compressed gases.
Cooling and condensation of organic vapors.
Condensation and subcooling of propane.
Vaporization of organic solvents.
Cooling of jacket w ater on Diesel engines.

To date, the performance of the finned tube in the-services 
listed has been satisfactory when designed in accordance w ith the 
recommended procedure mentioned before.

As an example of field conditions, a metal-quench-bath oil 
cooler which had been in operation about 6 m onths on a con
tinuous system, w ith oil tem peratures varying from 50 F  to  200 F, 
was taken apart and cleaned. Sludge had formed between the 
fins on the m ajor portion of the bundle, bu t the edges of the fins 
were quite visible. On the baffles and tie rods the sludge had 
bridged over completely, indicating th a t the finned surface does 
not offer a  firm footing for the sludge. The oil was about 0.9 
specific gravity and 100 SSU a t 100 F. The fouled performance 
was about 33 per cent of clean performance. The bundle was 
removed, sludge cleaned off by pouring solvent over the bundle, 
then a w ater hose stream  removed m ost of the foreign m aterial. 
The bundle was blown clean w ith compressed air and reinstalled, 
all in a period of approximately 2 hr. W hen reconnected the 
cooler gave approximately new performance.

Quenching-oil duty is relatively d irty  and, in our opinion, about 
as dirty an application as should be considered for this type of 
finned surface.

C o n c l u sio n

The availability of a new low-ratio (3.5 to 1) finned tube of 
extruded m anufacture opens a new field of application for liquid- 
to-liquid heat transfer for finned tubing.

Prelim inary experimental results indicate th a t the surface is 
active a t  all points and th a t the heat-transfer rate from the 
fluid to  the outside of the finned tube is in general somewhat 
better than th a t to the bare tube. I t  is felt th a t a conserva
tive practice is to  base designs on film -heat-transfer rates used 
for bare tubes for like service, using a  minimum Reynolds num
ber of 300.

The resistance to  pressure loss is somewhat greater than  the 
corresponding loss to a  bare-tube bundle of the same dimensions, 
bu t other factors of design are very much more im portant in de
termining the pressure loss in a given unit.

Commercial heat exchangers incorporating finned tubes of the 
type described, are in service on several types of duty. Field ex
perience with these has been satisfactory.

I t  is recommended th a t in  the interest of furthering the appli
cation of finned tubes to  industrial heat transfer, extreme care 
be applied in choosing the type to  be used. Finned tubes of
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low ratio and close fin spacing should no t be used where the foul
ing is severe, or where the fluid is definitely corrosive to  the tube 
m etal available. There are a  num ber of applications where the 
finned tube is no t m athem atically desirable, principally where 
the film rate on the finned side is equal to or greater than  the film 
rate  on the plain side.

Disc

TABLE 3 PERFORM ANCE DATA AND CALCULATIONS FOR 16- 
IN-SHELL X 8-FT-TUBE-LENGTH FIN N ED -TU B E A IR A FTER

COOLER; AIR IN  SHELL, W ATER IN  TUBES

B a s i c  D a t a

Number of tubes........................................................................154
Length of tubes, f t ................................................................ ....8
Outside surface, s q f t ............................................................ ....616
Inside surface, sq f t ...................................................................176
Arrangement...............................................................................Air-single pass

Water-two pass
Baffle pitch, in........................................................................ ....10
Area for crossflow over tubes, sq f t ......................................0.443
W ater quantity, gpm ............................................................ ....15.0
Water temperature:

Entering, deg F ......................................................................40
Leaving, deg F ................................................................... ....82

Air quantity, lb per h r ..............................................................9000
Air temperature:

Entering, deg F ......................................................................210
Leaving, deg F ................................................................... ....64 .

C a l c u l a t i o n s

Greater temperature difference Lesser temperature difference
210 64

82 40

128 24
Uncorrected M T D ................................. ...............................................  62 deg F
To correct MTD refer to pass-correction plot (TEMA Standards, p. 20)

42
K  =  m  -  0.247 

B = ^  =  3.47

F is on flat of curve. The most conservative estimate gives F as a maximum 
value of 0.55 

Corrected MTD = 62 X 0.55 = 34.1 deg F 
Heat load = 15 X 500 X 42 =  315,000 B tu per hr

Heat-transfer rate =  ■ =  15.0 B tu/(hr)(sq  ft)(deg F)il l . i x  o l o

ussion
R. G. V a n d e r w e i l . 4 I t  seems quite encouraging th a t this 

paper gives the designing engineer a chance to  compare test da ta  
with actual da ta  taken on commercial heat-transfer equipment. 
As to the use of finned and unfinned surfaces, the w riter would 
like to  complement the author’s statem ents w ith the following:

I t  seems th a t the only criterion not only in selecting between 
finned or unfinned tubes, bu t also in selecting the fin spacing, 
thickness, and the w idth of the fin, is the ratio of the two film 
coefficients / j / / o .

In  this connection, the w riter would like to  know if tests have 
been carried out with one fin arrangement only, or by any chance 
a second set of tubes w ith fins of less thickness and pitch bu t of 
the same width has been tested? Finally, it  would be interesting 
to  know how the over-all heat ou tpu t of exchangers compares if 
shells of the same over-all dimensions are used and provided with 
prime surface in one case and w ith finned tubes in another.

A u t h o r ’s C l o s u r e

I t  should be emphasized th a t the tests were made on equip
m ent of commercial scale and m ay no t entirely agree w ith tests 
on single tubes or tests made under conditions which m ight be 
different from commercial practice.

I t  is suggested by Mr. London th a t there m ay be a break in 
the curve in Fig. 5 resulting in a change of slope, a t  the point 
where there m ay be a  change-over from viscous flow to  turbulent 
flow. The available da ta  are found to  be so scattered, however, 
th a t there is no clear-cut line, and frankly a t  this time we feel 
th a t the accuracy of the test da ta  reported so far in the litera
ture would not allow th a t much refinement.

The tests reported cover only one type of finned tube. This 
type is the only type tested and was chosen for a combination of 
mechanical and therm al reasons. I t  is a  question of using an 
available tube which has desirable features mechanically and 
which for a  num ber of uses is also suitable thermally. To cover 
a wide range of applications different ratios can be employed, 
bu t testing these goes beyond the scope of this paper.

Mr. Donahue suggests th a t the da ta  be plotted using the 
N usselt method rather than  Dr. Colburn’s method which has 
been used. This m ay well give a  better agreement and it  is 
regretted th a t the time to  do this has no t been available.

The tests were m ade using comparatively clean city water, 
which is not thought to  have had much tendency tow ard fouling 
in the time the tests were run. The orifices were calibrated by 
separate calibration runs during which the fluid discharged was 
actually weighed.

The question has been raised whether the type of finned tube 
used has given difficulty from cutting tube walls a t  the baffle or 
tube support due to  vibration. So far in normal crossflow service 
we have seen no evidence of this—certainly no greater tendency 
on the part of this tube than  on a bare tube. M ost duties have 
been w ith close baffle pitches where the tendency toward extreme 
vibration is considerably curbed.

Again i t  m ust be stressed th a t this report is preliminary in 
nature and is only a  first indication of w hat m ay be expected 
from shell-and-finned-tube exchangers of this type. A number 
of these are in commercial service and so far have proved satis
factory.

4 Office of Consulting Engineer, Chase Brass & Copper Company, 
Waterbury, Conn.



H eat-T ran sfe r Coefficients and  O th e r  D a ta  
on Ind iv idual S erra ted -F inned  Surface

By E. A. SC H R Y BER .i BROOKLYN, N. Y.

T h e pu rp ose o f  t h is  p ap er is  to  p rovide d a ta  o n  th e  
serrated (se g m en ted ) ty p e  o f  fin n ed  su r fa c e ; a lso  to  sh ow  
th e  ease  o f  fa b r ic a t io n  a n d  th e  f lex ib ility  o f  s iz es , i .e . ,  
th e  a b ility  to  a lter  th e  r a tio  o f  seco n d a ry  to  p r im e  su rfa ce  
w ith o u t d iff ic u lty .

T H E  individual serrated-finned surface under discussion is 
made from relatively th in  flat m etal strip . As the finned 
surface is wound around the tube, each individual fin takes 

the shape, roughly, of th e  le tter L. The foot of the L is the 
shoulder of the fin and is used to  secure a bond between the fin 
and the tube wall. The thickness, width, and length of the fin 
m ay vary  to  suit the need, bu t the general appearance and 
m ethod of m anufacture remain the same. The shoulder, or base, 
of the finned surface is continuous and is wound around the tube 
in a  helical m anner. The individual fins, being perpendicular to  
the shoulder, are caused by this winding operation to  stand out 
from the tube  in much the same manner as spokes from the hub 
of a  wheel. Each individual fin is given a  slight tw ist so th a t its 
flat surfaces do no t follow the helical wind b u t lie in planes 
parallel to  all other fins and perpendicular to  the axis of the tube. 
These details are indicated in Fig. 1.

W ith the serrated form of tube surface, no m aterial is removed 
in forming the fins. The to ta l w idth of all the fins in one row will 
therefore substantially equal the circumference of the tube. The 
fin height times the circumference of the tube, doubled to cover 
the area of both sides of the fin, plus the area of the fin edges, will 
substantially to ta l the area of one row of fins. Where the same 
fin length is used, larger- or smaller-diameter tubes will have a  sur
face area directly in proportion to the diam eter of the* tube. 
Changing the number of rows of fins per inch of tube or using 
longer or shorter fins will give a wide range of ratios of secondary 
to  prime surface.

I t  is not the purpose of th is paper to  go into a  lengthy discus
sion of the relative value of individual serrated surface compared 
with other surface designs. Considerable work has been done by 
others, among them  the interesting paper by Norris and Spof- 
ford.2 Evidence has frequently been presented th a t the design of 
extended surface greatly influences its over-all heat transfer per 
square foot of surface and per foot of tube length. Extensive 
laboratory tests3 were made to  establish the performance da ta  for 
the surface under discussion. An all-copper tube, solder-bonded, 
was used, having a 6/ 8-in. tube, IV 2 in. diam over the fins, 7 
rows of fins per inch. The results, together with a  description of 
the tes t apparatus and procedure, follow.

1 Extended Surface, Inc.
1 “High-Performance Fins for Heat Transfer,” by R. H. Norris and 

W. A. Spofford, Trans. A.S.M.E., vol. 64, July, 1942, pp. 489-495.
3 These tests were made in the laboratory of The Pennsylvania 

State College under the personal supervision of H.A. Everett and
F. C. Stewart, and the results presented in a private report from which 
the data herewith are abstracted.

Contributed by the Heat Transfer Division and presented a t the 
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e r ic a n  S o c i e t y  o f  M e c h a n ic a l  E n g i n e e r s .

N o t e : Statements and opinions advanced in papers are to  b e  
understood as individual expressions of their authors and not those of 
the Society.

D e t a il s  o f  T e s t  Se t u p

The construction details of the test setup should be carefully 
noted, Figs. 2 and 3. They were selected to  give the nearest 
approach to  basic da ta  and take into consideration the fact th a t 
units of this sort are sensitive to  installation details, such as 
rounded versus sharp,edges, and forced versus induced con
vection. Air was drawn through the tes t section, thence through 
the calibrated bellmouth orifice, by which the quantity  of air 
was measured, then through an exhauster fan which was operated 
a t  various speeds. Air tem peratures were taken by thermocouples 
ahead and behind the heater section, all shielded by aluminum 
foil to  minimize radiation errors. The flow of air was measured 
a t the bellmouth orifice by a p ito t tube.

Three assembly units were tested. The first was a single row of 
15 vertical tubes, each 2 f t long, assembled on l l/ 2-in. centers. 
The gross duct area was practically 4 sq ft (2 ft X 2 ft) where 
occupied by the coil. The second assembly consisted of two rows, 
each identical to  the single-row section, bu t placed w ith the 
second row slightly offset so th a t the center line of the rear row 
of tubes was a t the mid-point of the front row (known as staggered 
arrangem ent). The th ird  tes t assembly consisted of three rows 
of tubes, all identical, and also assembled in a  staggered arrange
ment.

Table 1 gives the im portant dimensions of the units tested.

TABLE I U N IT  DIM ENSIONS
Unit 1 Unit 2 Unit 3

Tube inside diameter, in ......................... 0.575 0.575 0. 575
Tube outside diameter, in ...................... 0.652 0.652 0. 652
Outside diameter extended surface, in.. 1.5 1.5 1. 5
Thickness extended surface, in.............. 0.010 0.010 0. 010
No. of fins per inch .................................. 7 7 7
Numbers of rows..................................... 1 2 3
Number of tubes per row ....................... 15 • 15 15
Air-side area, sq ft per ft tu b e ............... 1.245 1.245 1..245
Air-side area of unit, sq f t ...................... 37.4 74.8 112..2
Steam-side area of unit, sq f t ................
Ratio air-side to steam-side area .........

4.51 9.02 13 , 53
8.29 8.29 8 .29

Approach-face area, sq f t ....................... 3.9 3.9 3.,9
Net area between tubes, sq f t ................ 2.03 2.03 2. 03
Length of tubes, f t .................................. 2 2 2

Three sets of curves represent the results of these tests. Only 
the over-all coefficient of heat transfer and pressure-drop4 
curves are shown here, Figs. 4 and 5. Equations for the heat- 
transfer curves are as follows:

Row (1) U = 0.165 G°-m
Rows (2) U = 0.143 G0-642
Rows (3) U =  0.0838 (?“••

U =  B tu  per h r per sq ft to ta l air-side area per deg F, L.T.D .
G =  lb air per h r per sq ft net or free area

C o n d u c t in g  t h e  T e s t s

As the test runs were being conducted, a check was made from 
tim e to  tim e of the heat balance between the air-tem perature rise 
and the steam  condensed. As this balance was found to  be in 
accord, w ithin reasonable tes t limits, the tests were recorded and

4 The schematic drawing of the test layout, Fig. 3, shows an ordi
nary slant gage as the device for determining the pressure drop through 
the test sections. However, to insure utmost accuracy, a manometer 
calibrated in thousandths of an inch was used to determine the exact 
pressure drop as shown on the curves.
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(c)

F ia .  1 D e t a il s  o f  S e r r a t e d - F in n e d  T y p e  o f  T u b e  Su r f a c e

checked using the air-tem perature rise to  calculate the total 
B tu  transfer. Special care was taken to  lim it heat losses so th a t 
the hesit taken up by tho air would equal the heat given up by the 
steam.

Reference to  the schematic drawing of the tes t apparatus, 
Fig. 3, will show five thermocouples, connected in series, ahead of 
the tes t section to measure the tem perature of the incoming air. 
Behind the test section are nine thermocouples, connected in 
three series of three each, to  measure leaving-air tem perature. 
There is an air-mixing and straightening chamber about 4 ft 
long immediately behind the tes t section, a t the discharge end 
of which was placed the nine thermocouples. Checking one series 
of thermocouples against another, on the discharge side, indi
cated an  even tem perature distribution a t th is point.

A ttention is called to  the fact th a t b u t one-, two-, and three- 
row assemblies were tested. The prim ary objective of these tests 
was to  ascertain the heat-transfer characteristics and pressure- 
drop characteristics of the surface desifen. The results of these 
tests therefore are not directly comparable w ith tests of m ulti
ple-row assemblies.

M e t h o d  o f  M a n u f a c t u k e

To build the individual serrated-finned-surface tube, a simple 
bu t complete machine designed solely for this purpose is used. 
The bare tube is fed into the side of the machine and reels of fin 
stock are fed from the rear. The turning and forward progression 
of the tube, the serrating and bending of the fin stock, the wind
ing of th e  fin stock on the tube, are all accomplished simultane
ously and synchronized. The use of wider or narrower fin stock 
will-result, in longer or shorter fins, bu t the fabricating operation 
remains the same. Also, by winding the fins a t a  greater or lesser 
number of turns per inch the ratio  of prime to  secondary surface 
can be altered a t will.

Securing the fins to  the tube is .accomplished in one of two 
ways. E ither the tube, as it  passes through the winding opera
tion, now progresses through a fluxing and soldering bath, or the 
shoulder of the fins is welded to  th e  tube by continuous electric- 
resistance welding simultaneously w ith the winding operation. 
All nonferrous m etals can be easily bonded by the soldering 
method. Capillary a ttraction  causes the solder to  flow under the 
shoulder of the fin creating a  metallic bond w ith an area far 
greater than  the cross-sectional area of the fin itself. M ost metals 
can be readily resistance-welded by knowr> techniques and some 
of the more difficult m etals to  weld, including alum inum and 
copper, are now being welded, and commercially acceptable 
welding techniques are being developed. The joining of metals 
by welding, as it  applies to  extended-surface tubes, opens a new 
field for this product. Subzero tem peratures, as well as very high 
tem peratures, can be handled w ithout thought to  bond rupture or 
disintegration. This development of the resistance-welding 
method of securing a bond is a substantial improvement over 
metallic or mechanical bonds.

For the handling of corrosive fluids or gases on either side of 
the tube, bim etal extended-surface tubes can be fabricated by the 
welding method to  the great advantage of the coil designer. 
Combinations of bim etal tubes using steel, copper, monel metal, 
cupronickel, adm iralty metal, etc., can be fabricated. In  this 
m anner the most durable and satisfactory m etal surface, either 
inside or on the outside of the tube, can be presented to  the 
destructive action of many commonly handled materials, such as 
hot oil, ammonia, acid or alkaline solutions, m any corrosive 
gases, etc. Fin materials would be the same as the outside sur
face of the tube thereby presenting a corrosion-resistant surface 
w ith a welded bond. The structure of the bond would be such 
th a t durability and full flow of heat through this im portant point 
could be expected.
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F i g . 2 V i e w  o f  T e s t  A p p a r a t u s  S e t  U p  i n  L a b o r a t o r y

S p e c ia l  A p p l ic a t io n s  

D istinct and apart from the foregoing tests has been the appli
cation of individual serrated-finned surface in tube-within-tube 
heat exchangers. In  this application the V-shaped openings be
tween the individual fins form a definitely controllable and com
putable free opening in direction of flow. Full test da ta  on the 
performance of this surface in such applications is not presently 
available. While the surface arrangements are not directly com
parable, the paper by G unter and Shaw6 shows the value of many

s “Heat Transfer, Pressure Drop, and Fouling Rates of Liquids for 
Continuous and Noncontinuous Longitudinal Fins,” by A. Y. Gunter 
and W. A. Shaw, Trans. A.S.M.E., vol. 64,1942, pp. 795-802.

short surfaces, instead of long continuous-surface arrangements, 
in direction of flow. Of similar character is the application of ex
tended-surface tubes in standard shell-and-tube heat exchangers. 
Their definite worth is being dem onstrated in many installations; 
however, their comparatively recent widespread use is handi
capped by the lack of generally acceptable da ta  except for specific 
applications.

Individual segmented-finned surface, because of its high heat- 
transfer coefficient, is economical to  use. If higher values of U 
are obtained per square foot of outside surface, it  is axiomatic 
th a t economy of surface, and therefore economy of m etal used, 
will result. For full commercial realization of this economy of de-
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OVERALL C O E FF IC IE N T HEAT TRANSFER VS 
POUNDS OF AIR PER HOUR PER SQ.FT. NET AREA 
D R A W  THROUGH FAN STEAM 5 POUNDS GAGE

G -  POUNDS OF AIR PER HOUR PER 
SQ. FT NET AREA

F ig .  4  O v e r - A l l  C o e f f i c i e n t  o f  H e a t  T r a n s f e r  V e r s u s  P o u n d s  
o f  A i r  p e r  H o u r  p e r  S q u a r e  F o o t  N e t  A r e a  D r a w  T h r o u g h

F an
( S te a m  5  lb  p e r  s q  in .  g a g e .)

sign, i t  is necessary th a t i t  be coupled to  economy of manufacture. 
Rapid autom atic single-purposo machines, building the tube in 
one operation, complete the team  of engineering and technological 
progress. Individual segmented-finned surface which can be 
made w ith a  wide range of fin lengths, w ith a  wide range of fin 
spacings per inch and wound on any size of tube, is therefore an 
extended-surface tube, the design of which gives use and m anu
facturing economy.

D iscussion
R. G. V a n d e r w e i l . 6 Is  it  possible to  apply successfully the 

soldering and welding equipm ent mentioned to  narrowly spaced 
fins, say Vis in. spacing, of a height of 1 to  2 in.? Another ques
tion arises in connection w ith the application of the flux: We 
have found th a t the flux applied between fin and tube will accumu-

• Office of Consulting Engineer, Chase Brass & Copper Company, 
Waterbury, Conn.

P R E S S U R E  DROP THROUGH H EA TER VS POUNDS O F  AIR 
P E R  HOUR PER S Q . FT. NET AREA ISOTH ERM A L FLOW 

6 0 "  AIR DR A W  THROUGH FAN

PO U N D S OF AIR PER HOUR PER SQ .FT. NET AREA 

F ig .  5 P r e s s u r e  D r o p  T h r o u g h  H e a t e r  V e r s u s  P o u n d s  o f  A i r  
p e r  H o u r  p e r  S q u a r e  F o o t  N e t  A r e a  
( I s o t h e r m a l  f lo w , 8 0  F  a i r  d r a w  th r o u g h  f a n . )

late a t  certain spots in the jo in t and thus decrease the effective
ness of the bond. This is particularly true for fins of small spac
ing and where no openings were provided to  accommodate the 
exit of the flux from the joint.

A u t h o r ’s C l o s u r e

In  reply to  the questions by Mr. Vanderweil, the  fabrication 
of narrowly spaced fins, both solder-bonded and welded, has been 
done experimentally. However, there is a practical difficulty; 
the foot of the fin strip  m ust be strong enough to stand the stress 
of fabrication and is usually not less than  7/«  in. wide. There
fore, the building of tubes of more than  8 rows of fins per inch 
necessitates a  partial overlapping of the fin shoulder. This over
lapping brings up new problems and the fabrication of very nar
rowly spaced fins has no t been done in normal production. The 
height of the fin is of no consequence.

I t  has been the practice to  use an  aqueous m ixture of ammo- 
mium chloride and zinc chloride, together w ith a wetting agent, in 
mild solution as a  flux. This is je tted  on the tube after the wind
ing operation, and thoroughly wets all exterior surfaces. The 
surface between the tube wall and the fin shoulder is wetted by 
capillary attraction . The molten solder, applied immediately 
after and in  like manner, apparently  flushes off all acid residue. 
No evidence of acid inclusion has yet been found.



D isk E x ten d ed  Surfaces for H igh 
H ea t-A b so rp tio n  R ates

By G. E . T A T E 1 a n d  JOHN CARTINHOUR,* N EW  YORK, N . Y.

F our ty p e s  o f  d isk -o n -tu b e  e x ten d e d -su r fa c e  h e a t  e x 
ch a n g ers are d isc u s se d  in  t h is  pap er , i .e . ,  in te r lo c k in g  c a s t -  
iro n  se c tio n s  o f  n in e  d isk s  e a ch ; d ie -c a s t  a lu m in u m -a llo y  
d isk s  e a ch  w ith  sh ro u d  a n d  h u b ; tw o  su r fa c es  d ie -p r esse d  
fro m  w r o u g h t-ir o n  sh e e t , e a ch  w ith  a  flue; a n d  o n e  a  six -  
te en -p ro n g ed  s ta r . D a ta  for  b o th  th e  c a s t - ir o n  a n d  
a lu m in u m  su rfa ces w ere o b ta in e d  fro m  t e s t s  o f  fu ll-s iz e d  
e co n o m iz er s  in  c o n ju n c t io n  w ith  b o iler  t e s t s ,  w h ile  d a ta  
o n  th e  w r o u g h t-ir o n  d isk s  w ere o b ta in e d  fr o m  la b o ra to ry  
s tu d ie s . D e ta ils  are g iv en  o f  th e  t e s t in g  p ro ced u re, a n d  
th e  r e su lts  in  te r m s o f  e ffe c tiv e n e ss  o f  th e  v a r io u s su rfa ces  
are a n a ly zed  a n d  co rre la ted .

TH E  advantages of using extended surfaces in commercial
sized heat exchangers have long been generally recognized. 
Convenient proportions, greater compactness, fewer pres

sure joints, ease of arranging counterflow of the heat-exchanging 
fluids, and ease of achieving equal flows in  the parallel circuits 
being traversed are the principal advantages realized. A requi
site of commercial heat exchangers, unless their use is to  be re
stricted to clean fluids, is provision for cleaning the heat-exchang- 
ing surfaces w ith ease and speed. A type of extended surface 
having these features is the disk-oft-tube, four varieties of which 
are illustrated in Figs. 1 to  3, inclusive.

T y p e s  o p  H e a t -A b s o r b in g  S u r f a c e s

The first variety, Fig. 1, consists of interlocking cast-iron sec
tions of nine disks each, shrunk onto steel tubes. Sand molds are 
used in the casting process. The internal surface, which is to  be 
in contact w ith the tube, is broached to  a diam eter slightly less 
than  th a t of the tube; the joint faces are finished on semiauto
m atic machines. The external surface requires neither machining 
nor finishing. The contact between tube and cast-iron section, 
after the la tte r is shrunk on, has a  therm al resistance of the order 
of 0.002 deg F  h r/B tu  per f t length of finned tube. This value 
includes the resistance of the hub metal.

This form of extended surface has been most frequently applied '  
to  superheaters and economizers for stationary  and marine 
boilers, waste-heat boilers, and oil heaters. Another interesting 
application is to gas coolers for chemical processes where the re
sistance of cast iron to highly corrosive gases is utilized. For 
example, cast-iron surface is advantageously used in the sulphur- 
dioxide coolers required after the initial sulphur-burning step of 
the contact process of making sulphuric acid. Here the prim ary 
function of the heat exchanger is to cool the reactan t m ixture of 
gases to  the tem perature required for the next step; the conserva
tion of useful heat is a  valuable secondary function.

The second type, Fig. 2, consists of individually die-cast 
aluminum-alloy disks, each having a shroud and hub. The

1 Research Physicist, Foster Wheeler Corporation.
* Engineer, Foster Wheeler Corporation.
Contributed by the Heat Transfer Division and presented a t the 

Annual Meeting, New York, N. Y.t Nov. 27-Dec. 1, 1944, of T h e  
A m e r i c a n  S o c i e t y  o f  M e c h a n i c a l  E n g i n e e r s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society.

Z’M S  Cast Iron Gi u e d Ring

accuracy of the casting and the condition of its surface are such 
as to  require no machining. In  assembly a  hydraulic ram  is used 
to  force each disk, the internal diam eter of which is less th an  the 
outer diam eter of the tube, onto the tube and against the pre
ceding disk. As m ay be seen from the assembly figure, the tip  
of the shroud of the preceding disk is encased in a groove in the 
leading end (gill) of the disk being p u t in place. A t the same 
time, the steel hoop ring is forced onto the hub underneath the 
shroud. Tubes of particularly close tolerance are used in order to 
insure good contact between hub and tube.

Under service conditions the hoop ring and tube expand less 
than  the aluminum hub, on account of the lower coefficient of 
therm al expansion of steel. The function of the hoop ring is to  
hold the aluminum hub in good therm al contact w ith the tube. 
The therm al resistance of th is contact, including the m etal of the 
hub, is approximately 0.002 deg F  h r/B tu  per f t length of finned 
tube. This value represents a  mean of extensive tests wherein 
tes t elements 1 f t long and comprising 22 disks are heated in a 9- 
kw electric furnace. The element is in effect the heating surface 
of a natural-circulation boiler, and the heat absorbed is obtained 
from the measured electric power as well as from the steam  pro- 

687
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duced. The tem perature of the disks, hubs, and tube are meas
ured w ith thermocouples.

The aluminum disk was developed for application to  econo
mizers of marine boilers where space and weight are of prim ary 
importance. I ts  use obviously is not limited to  this applica
tion. A limit to  the maximum, feasible, heat-absorption rate  does 
exist, however, as the tips of the disks m ust be kept below the 
softening tem perature (approximately 1000 F). By means of 
the theoretical formulas of Schmidt ( l ) ,3 which relate the tem 
perature drop, fin tip  to  base, to  the heat-absorption rate, the 
theoretically safe maximum rate  of heat absorption can be ex
pressed as a function of tube tem perature. In  actual service a 
heat-absorption rate  of 43,000 B tu /h r  per f t length of 2-in. tube 
has been reached w ith a  tube tem perature of 480 F, w ithout im
pairm ent of the tips of the disks.

The th ird  and fourth surfaces are formed from wrought-iron 
sheet by a  series of die-press operations. The resulting shape is 
a  disk w ith a  flue. In  one case portions of the disk are cut ou t by 
stamping, leaving a sixteen-pronged “sta r.”  W rought iron is 
used because of its therm al conductivity and ductility. These 
disks are then attached to the tube by seam-welding the flues to  
the tubes by means of autom atic welding machines. Fusion be
tween the m etal of the flue and th a t of the tube takes place over 
approximately 50 per cent of the flue width. The therm al resist
ance of the flue, including the weld, is found to  be less than  0.002 
deg F  h r/B tu  per ft length of lilined tube. These disks are used 
in economizers where weight and space are a t a  premium.

5 Numbers in parentheses refer to the Bibliography at the end of 
the paper.

T a k in g  T e s t  D a t a

The d a ta  for both the cast-iron and aluminum surfaces were 
obtained from tests of full-sized economizers in conjunction with 
tests of the boilers proper. The' flue-gas tem perature ranged be
tween 1150 F  maximum a t the inlet and 200 F  minimum a t the 
outlet; the inlet feedwater tem perature ranged between 150 F 
minimum and 410 F maximum. In  the aluminum-ring-econo- 
mizer tests the fuel was oil, while for the cast iron several types of 
coal are included, as well as oil.

I t  is recognized th a t the accuracy of some of the da ta  is not of a 
high order. T rue average gas tem peratures are difficult to  meas
ure on large-scale equipm ent, particularly a t  the inlets of econo
mizers placed close to  the boiler outlet, where little  mixing of the 
gas has taken place. R adiation losses from thermocouples also 
add to  the difficulty. Hence a selection from the da ta  obtained 
over a period of several years was made, using the heat balance 
as a criterion in judging the accuracy of the tem perature measured 
w ith thermocouples. Only tests in which the feedwater flow, the 
fuel-consumption ra te , the fuel analysis, and the flue-gas analysis 
were accurately determined are included.

The d a ta  presented on the wrought-iron disks were obtained 
by laboratory tests of air heaters, wherein room air passing over 
the fins was heated by steam condensing inside the tubes. Finned 
elements 1 ft long were arranged in staggered rows, four elements 
in each of the five rows, on 4l/a-in. equilateral centers. Dummy 
half-elements were used a t  each end of a lternate rows in order to 
effect the same flow p a tte rn  around the end elements as obtained 
about the middle ones. The tubes were vertical in order to
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insure free drainage of the condensate. The tem perature of the 
air was measured by means of thermom eters in regions where the 
air was well mixed. S tandard orifices were used to  m eter the air. 
The heat absorbed by the air was in good agreement with the heat 
given up by the steam, as calculated from the measured quantity  
of condensate, steam pressure and tem perature, and condensate 
temperature.

The results of the laboratory tests have been compared with 
tests on economizers used to  cool the flue gas from boilers w ith the 
t'eedwater, and substantial agreement was found. The data  
from the laboratory tests are presented in  preference to  those 
from full-sized economizers for two reasons:

1 Absence of soot.
2 Small variation of therm al properties of the air over the 

small tem perature range obtaining.

As a  m atter of interest results of a  test of unflued disks 43/< in. 
diam and Vw in. thick, silver-soldered to  2-in. tubes, have been 
included. Five staggered rows, each of three tubes 1 ft long, 
comprised the air heater. T he tubes were on 5l/ 4-in. centers.

From the over-all coefficients of heat transfer from the gas to  
the w ater U1, the  corresponding coefficient of heat transfer from 
gas to fin surface h, was computed by means of the relation

1/h  =  l / U '  — (S, +  S 2)XIi

H ere XR  is the sum of the following therm al resistances: Fluid 
inside tube to  inner tube wall; the rust layer on this surface; the 
tube wall itself; contact between tube and flue, or hub; flue or 
hub; disk. N o allowance for soot deposits on the fin and flue 
surface was made in  the case of the full-sized economizers, be
cause of the arbitrary  assumptions th a t would be involved.

In  calculating the resistance of the inner fluid, also th a t of the 
tube wall, the  ample da ta  of various investigators (2) were 
utilized. The resistance of the rust deposit was calculated from 
its measured thickness on the assumption th a t the deposit was 
porous and therefore the therm al conductivity was equal to 
th a t of the w ater filling the .pores.

T he method of measuring the therm al resistance of the contact 
between tubes and aluminum hub, together w ith th a t of the hub, 
in the electric furnace has been described previously. This 
m ethod was applied to  the shrunk-on cast-iron elements and to  
the wrought-iron disks having their flues welded to  the tubes. 
In the la tte r case a more rapid tes t by electrical means was also 
employed, wherein a current of 200 am p was passed into the pe
riphery of one disk, and the voltage drops along the flue and across 
to  tube were explored by means of a  probe and a precision milli- 
voltm eter. The electrical resistivity of the flue m aterial was
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measured, using specimens machined to  accurate dimensions, and 
the therm al conductivity was deduced approximately by means 
of da ta  available in  the literatu re  (3).

The average value of the ratio, length of p a th  to  cross-sec
tional area of path , was calculated from the electrical resistance 
and resistivity. The shape factor so obtained, when divided by 
the therm al conductivity, gave the therm al resistance. How
ever, before comparing w ith the results of the first method 
(measured tem peratures and heat-absorption rate), an allowance 
had to  be made for the heat absorbed by the flue direct from the 
gas. W hen this was done the results of the two methods were 
found to be comparable.

Probably a more satisfactory electrical method, except from 
the standpoint of routine tests of full-sized elements, would be to  
surround a  disk and flue w ith mercury, thus providing an anode 
analogous to  the gas from which heat is transferred in  th e  therm al 
case. In th is m anner the resistance from anode to  the tube, or 
including it, could be obtained from the measured current, voltage 
drop, and resistivity of the fin material. If  the flue were cut 
away the resistance of the disk alone could be obtained; thus the 
adequacy of the theoretical treatm en t of variously shaped disks 
could be checked.

Values of the therm al resistance of the disks were calculated 
by means of theoretical formulas derived by H arper and Brown 
(4). A graphical representation of disk resistance and effective
ness, based on th e  foregoing theoretical analysis, is shown in 
Fig. 5. Here h is the heat-transfer coefficient from gas to  fin 
surface, U th a t from gas to  base of disk, and M  is

^k^tjr \ /D i/ '\ /D %  Di)2

M /h  and M / U  are dimensionless. The derivation is discussed in 
the Appendix.

In  the case of a disk and shroud, e.g., Fig. 2, we have in  effect 
two fins of unequal dimensions in  parallel. I f we assume th a t 
the values of the coefficients of heat transfer from gas to  fin sur
face are the same for both  disk and shroud, the respective heat 
flows are

Qi =  ehSi X tem perature drop from gas to  hub 
Q2 = EhSi  X tem perature drop from gas to  hub 

Defining U and U'  by the relation
Qi +  Q2 =  U(Si +  &) X tem perature drop gas to  hub

=  U'(Si  +  «S'2) X tem perature drop gas to  w ater

we obtain — — (R, +  R r +  R„ +  R c) (St +  S 2) =  —

_ 1 £1 ~t~ £2 

h eSi -(- E S 2

Treating the shroud as a  strip, receiving heat on one side only, its 
effectiveness e, was calculated from the well-known hyperbolic- 
tangent formula, and the disk effectiveness E  was read from Fig. 
5; so a plot of

1 1 Si  -f- Sz
—  versus - ——
JJ h eSi -f- ESz

was prepared. From  th is subsidiary graph values of h, corre
sponding to  tes t values of [ / ',  were easily computed.

C o r r e l a t io n  o p  T e s t  D a ta

The values of h calculated in the m anner described were in
corporated into the dimensionless group (h / c G ) ( c n / k Y and 
plotted against Reynolds number DG/fi, as shown in Fig. 4. 
Here the mass flow of the gas G is th a t through the minimum area 
available. The equivalent diam eter D, used in Re is th a t of a

cylinder having the same projected area as the finned tube. I t  
was chosen somewhat arbitrarily. The particular grouping of 
the heat-transfer factors used here is preferred because the 
diameter, the choice of which is to  be substantiated, appears only 
in the abscissa.

Values of U were plotted in the same manner, as shown in the 
lower plot of Fig. 4. In  Table 1 the various resistances, the

TABLE 1 RESISTANCES, DIM ENSIONS, AND THERMAL 
CONDUCTIVITIES OF VARIOUS SURFACES

Surface Cast iron Aluminum
3»/s-In. 

wrought iron
4*A-In. 

wrought iron Star
Dx 0.208 0.225 0.134 0.167 0.134
D i 0.387 0.417 0.282 0.396 0.292
D 0.275 0.282 0.158 0.201 0.158
S 3.10 4.50 3.29 6.50 2.16
di 0.139 0.139 0.100 0.146 0.100
d i 0.167 0.167 0.125 0.167 0.150
Rr 0.0023 0.0035 0 0 0
R t 0.0030 0.0045 0.0039 0.0046 0.0026
Rc 0.0060 0.0090 0.0061 0.0070 0.0040
k F 29 87 36 36 36
k r 29 29 29 29 29
tF 0.0207 0.0117 0.0052 0.0052 0.0052

sum of which was subtracted from the over-all resistance in ob
taining U, are listed together w ith pertinent dimensions and 
therm al conductivities. U was chosen in preference to the over
all heat-transfer coefficient U', in  order to show the characteristic 
performance of the various disks unencumbered by the particular 
resistances which are imposed by the inner fluid and its conduit 
and which have no general relation to the convective process 
occurring a t the external surface.

T he tem perature a t  which the therm al properties of the gas 
were evaluated was the arithm etic average of the gas and fin 
tem peratures a t inlet and outlet. The viscosity and therm al con
ductivity of the flue gas were assumed to  be the same as those of, 
air. The specific heat was calculated from the known composi
tion of the gas, using current values of specific heats derived 
from spectroscopic data  (5).

I t  will be noted in  Fig. 4 th a t the surface heat-transfer co
efficients h of the cast-iron and aluminum disks are fairly con-
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sistent, and th a t they are approximately represented by curve 
B-B. This curve, which is drawn for purpose of comparison, 
represents a rough average of the results obtained by Pierson (6) 
for banks of staggered bare  tubes. Curve A -A , also shown for 
comparison, represents average values for single bare tubes (7). 
The scattering of the points is a ttributable to  experimental in
accuracy, due chiefly to  nonuniform tem perature distribution in 
the gas stream  to  and from large-scale apparatus, and to  the dep
osition of soot on the fin surface. The rate  and character of the 
soot deposits are believed to  depend on the nature of th e  ash in 
the fuel, the concentration of solid carbonaceous m atter in the 
gas, the gas tem perature, and its velocity. The tendency of the 
points to  converge to  a single curve a t the higher flows is con
sidered to  have a  basis in  reality; for it  is a  common observation 
th a t much less soot is blown free by the soot blowers a t the end of 
tests a t high gas flows than  a t  the end of tests of the same duration 
a t low rates of flow.

A notable feature of the surface heat-transfer group in  the case 
of the solid wrought-iron disks, lines C-C and D-D  in Fig. 4, is its 
independence of Reynolds num ber over the range covered in  the 
tests. Any alternate choice of mean of disk and tube diam eter 
would merely displace the points to  right or left, parallel to  the 
axis of the abscissa, while leaving their ordinates unchanged. 
Obviously, the ordinates of the points represented by C-C and 
D-D require a factor in order to  merge w ith one or the other ex
trem ity of B-B, after suitable modification of the abscissa as well.

In  the case of the sta r disks, disposition of the disk surface in 
the form of prongs apparently  increases the turbulence in  the 
bank of finned tubes to  such a  degree th a t the heat-transfer 
group, line E -E , is increased by 50 per cent. The heat absorbed 
per unit length of finned tube is nearly the same for the sta r disks 
with segments cut out as for the solid disk of the same diameter.

The effect is similar to  th a t found by Norris and Spofford (8) 
for strip  fins. I f  their method of correlation is applied to  the 
prongs of the sta r disks, using 0.56 in. as the average perimeter 
of a prong, the test points form a nearly horizontal line. The 
middle of this line is approximately the point of intersection with 
the sloping line representing their results. An alternate pro
cedure is to  divide the perim eter of the prongs by ir, and seek a 
way of averaging this and the tube diam eter. In  view of the 
complex nature  of the flow, however, probably no such simple 
param eter would suffice.

Two undoubtedly im portant factors are tube spacing and fin 
spacing. The data  presented here are too meager to  w arrant any 
conclusions. However, the persistence of eddies from one row to 
the next and their penetration of th e  passageway between adja
cent fins are undoubtedly involved. A possible basis for extend
ing the correlation to  cover further da ta  m ay be:

1 Incorporation of the square root of the ratio , fin-passageway 
width to height, into the heat-transfer group.

2 Use of some implicit function of tube diam eter and pitch, 
together w ith fin spacing and height, such as hydraulic diameter, 
in the expression for Reynolds number.

3 Use of the ratio  of tube pitch to  diam eter as a separate 
explicit param eter.

The first two are suggested by the results of Ellerbrock and 
Biermann (9) on single-finned cylinders.

No account has been taken of the variation of h locally over 
the surface of a disk. In  the case of single-finned cylinders, con
siderable variation was found by Biermann and Pinkel (10). If 
the therm al resistance of a  disk is appreciably affected by this 
variation, as well as the average value of h, allowance for this 
might change the slope of lines C-C and D-D.

A ppend ix
N  OMENCLATURE

The following nomenclature is used in th is paper.

R f =  resistance of fin, (deg F) (hr) /B tu  
R , =  resistance, fluid inside tube to  inner tube wall, (deg F) 

(h r)/B tu
R,i =  resistance of rust on inner tube wall, (deg F) (hr) /B tu  
R T = resistance of tube wall, (deg F) (h r)/B tu  
R c = resistance of contact and hub of disk, (deg F) (h r)/B tu  
h{ =  heat-transfer coefficient, fluid inside tube  to  inner tube 

wall, B tu /(h r)(sq  ft) (deg F) 
h = coefficient of heat transfer, gas to  fin surface, B tu /(h r) 

(sq ft) (deg F)
U = heat-transfer coefficient, gas to  base of disk, B tu /(h r) 

(sq ft) (deg F)
U ' — over-all heat-transfer coefficient, gas to  fluid inside tube, 

B tu /(h r)(sq  ft) (deg F)
Si = surface of flue per foot length of tube, sq ft per ft 
S ,  =  surface of disk per foot length of tube, sq f t per ft
S  =  S i +  S i 
E  = effectiveness of fin 
e =  effectiveness of flue 

k,r = therm al conductivity of disk m etal, B tu /(h r)(ft)(deg  F) 
k T =  therm al conductivity of tube m etal, B tu /(h r)(ft)(deg  F) 
k g =  therm al conductivity of gas, B tu /(h r)(ft)(deg  F) 

m =  viscosity of gas, lb /(h r)(ft) 
c =  specific heat of gas a t constant pressure 

G = mass flow of gas, lb /(h r)(sq  ft)
W  = weight flow of fluid per tube, lb /h r  
D  =  equivalent diam eter of surface, f t 
Di = inner diam eter of disk, ft 
Dt =  outer diam eter of disk, ft 
di — inner diam eter of tube, ft 
d2 =  outer diam eter of tube, ft 
ti — thickness of fin a t Di, ft 
h  =  thickness of fin a t  D2, ft 
tF — mean fin thickness, ft

T h e r m a l  R es is t a n c e  o f  D is k  F in s

The heat balance for a  differential element of volume of a disk, 
neglecting tem perature gradients in  all directions except the 
radial, is for steady flow

Here 6 is the tem perature difference between gas and the surface 
of the disk a t  radius r, z is the thickness a t radius r, k  is the ther
mal conductivity of the disk material, and h the  surface coefficient 
of convective heat transfer.

If  the disk is tapered, and its thickness varies w ith radius ac
cording to
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T he chart m ay be used directly in calculating the un it resistance 

of a disk when h, k, and the dimensions are specified.(H V
W hen U instead of h is specified, a  subsidiary plot w ith M /U  as 
abscissa is more convenient, and is easily constructed. Correc
tion for the heat flow into the edge of the disk m ay be made 
approximately by adding one half the disk thickness to  (ra — ri), 
following the procedure of H arper and Brown.

In  the case of a disk having a parabolic profile, m ** 1 in 
Equation [4], the Bessel functions of Equation [5] are of order */t 
and reduce to  hyperbolic functions, yielding

the curve labeled D j/D i =  1 m ay be used for the parabolic disk.
Correction for the tem perature gradients other th an  radial 

was trea ted  by H arper and Brown and shown to  be small in 
ordinary cases. In  the case examined in  detail by them  M /h  had 
the value 0.2967, and the correction to  effectiveness 0.6 per cent.

( M  M \
T he corresponding correction to  be added to  ( — -----— J amounts

to 1 per cent.
No account was taken of the local variation of h over the disk 

surface. An influence as great as th a t due to  curvature and shape 
would be anticipated.
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H eat-F lux  P a tte rn  in F in  Tubes 
U nder R ad iation

By A. R. MUMFORD1 a n d  E. M. POWELL,1 NEW YORK, N. Y.

In  th is  p ap er  d a ta  are p r e se n ted  sh o w in g  h e a t-flu x  p a t 
tern s  a s  in d ic a te d  b y  te m p e r a tu r e -d r o p  cu rv es fr o m  field  
m e a su r e m e n ts  a n d  fr o m  a n  e le c tr ic a l a n a lo g y  in  th e  la b o 
ra tory . D a ta  o f  t h i s  k in d  m a y  b e c o m e  o f  so m e  im p o r 
ta n c e  i f  th e  u se  o f  tu b e -s u r fa c e  te m p e r a tu r e s  in  fu r n a c e -  
te s t in g  te c h n iq u e  is  su c c e s s fu lly  d ev e lo p ed .

S EVERAL examples of the use of surface tem peratures to 
indicate the heat-flux variation around the circumference of 
a  tube have appeared in technical publications. Although 

this method is fascinating and gives promise of producing data  
which will aid in a more complete understanding of w hat is 
going on in the furnace and a t the walls, it  is apparent th a t the 
variations caused by slag deposits in coal-fired furnaces are of 
such m agnitude th a t m any more da ta  than  are a t present availa
ble will be required before we can say with assurance th a t this 
condition or th a t condition represents the normal a t a  given 
location and rating.

Fig. 1 shows a  plan section through a furnace having a slag
ging bottom  and fired tangentially w ith pulverized coal. The 
furnace walls are made up of finned tubes, one of which, as indi
cated, was selected for the m easurem ent of surface tem peratures. 
A section of the finned tubes used in the construction of the walls 
of this furnace is shown in Fig. 1. Thermocouples were installed 
a t several points around the circumference of the tube a t an ele
vation of approximately 13 ft from the floor of the furnace. The 
method of installing the thermocouples for measuring the sur
face tem peratures of tubes has been described by C. G. R . H um 
phreys.* W hen couples were installed on the back of the tubes in 
a  position not exposed to  furnace gases or ash, the tem peratures 
indicated were w ithin a degree or two of the saturation  tem 
perature corresponding to  the boiler pressure. I t  is therefore 
probable th a t th is method of surface-tem perature m easurem ent 
provides a means which can be expected to  be accurate w ithin
0.5 per cent of the indicated tem perature.

Fig. 2 gives a num ber of curves showing the difference be
tween the tube-surface tem perature and the saturation tem 
perature around the exposed semicircumference of th a t tube a t 
intervals after the unit was lit-off. Curve a represents the con
dition shortly after lighting-off when th e  load was less than  1/ 2 
normal. Only a  small am ount of coal had been burned up to  
tha t time, and it  is probable th a t the tube surface was clean and 
exposed. The tem perature elevation varies about 50 F w ith the 
peak to  the right of the normal to  the wall. Fourteen hours 
later the boiler was operating a t about 90 per cent of normal 
and no lancing had been done. Some ash had accum ulated on the

1 Research and Development Department, Combustion Engi
neering Company, Inc. Fellow A.S.M.E.

! Engineering Department, Combustion Engineering Company, 
Inc.

s “Thermocouples for Furnace-Tube-Surface Temperature Meas
urements,” by C. G. R. Humphreys, Combustion, vol. 16, 1944, 
p p .53-55.

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e r ic a n  S o c ie t y  o f  M e c h a n ic a l  E n g in e e r s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society.

surface because the surface tem perature of the m etal had dropped 
as shown on curve b, in spite of the fact th a t the ra te  of heat re
lease in the furnace had doubled. I t  may be significant th a t the 
greater drop in surface tem perature occurred in the right quad
ran t of the tube. A t least, from an examination of the geome
try  of the furnace, noting the direction of the fuel stream  and the 
point of highest heat intensity, this quadrant is the point a t 
which we would expect ash to  deposit.

Curve c represents the conditions about 6 days after the boiler 
was lit. The load was norm al bu t apparently a  fairly uniform 
coating of ash had accum ulated which reduced the ra te  of heat 
transfer to  such a point th a t the surface tem perature of the tube 
was only 60-70 F  above saturation.

Curve d represents conditions a  week after the unit was lit-off,

F i g . 1 P l a n  S e c t io n  T h r o u g h  P u l v e r iz e d -C o a l -F ir e d  F u r n a c e

w ith only routine lancing and w ith a  load of about 90 per cent of 
normal. This curve is of particular interest because of the small 
variation around the circumference. The evidence of these ob
servations would indicate th a t the norm al tem peratures would 
be higher in the right quadrant.

Six days later, or 13 days after lighting-off, the conditions are 
represented by curve e. These surface tem peratures are the 
lowest observations a t full load and indicate the existence of a 
heavy coating of slag w ith more heat being transm itted  through 
the right quadrant. This curve represents the condition im
mediately preceding a thorough lancing of the walls.

Curve /  represents conditions immediately after the wall had 
been lanced. The largest tem perature drop, and probably the 
largest ra te  of heat transfer, exists in the right-hand quadrant. 
The comparatively low drop which is shown a t 30 deg from the 
face of the wall in the left-hand quadrant is probably due to  the 
continued adherence of some insulating slag in this region.

P e r io d  P r e c e d in g  a n d  F o l l o w in g  L a n c in g  o f  F u r n a c e

W a ll

A more detailed examination of the  period immediately pre-
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F i g . 3 T e m p e r a t u r e  D if f e r e n c e s  f o r  P e r io d  P r e c e d in g  and  
F o l l o w in g  L a n c in g  o f  W a l l

ceding and following the lancing of the wall is shown in Fig. 3. 
The wall in the region of this particular tube was lanced between
11 a.m. and 11:20 a.m. and the changes in heat transfer are 
indicated by the tem perature differences. A t 10:10 a.m. be
fore lancing, the  average tem perature difference was 50 F, being 
somewhat lower in the left quadrant. A t 11 a.m. a t  the s ta rt 
of lancing, the tem perature difference through the tube  wall on a 
norm al to  the plane of the furnace wall increased to  230 F  with 
lesser increases a t other points. If  the rate of heat transfer is 
taken as proportional to  the tem perature drop, then th e  ra te  a t 
the front face of the tube immediately after lancing is 4.7 times 
th a t before lancing. A t 11:04 a.m. w hat is indicated as the 
cleanest condition was reached, and th is was practically un
changed a t 11:20 a.m. when the lancing had been completed. 
A t noon, 2 p.m., and 4 p.m., the ra te  of accumulation of the 
insulating layer of ash is indicated by a decreasing tem perature 
difference. A better appreciation of the changes taking place 
will be realized by noting the location of this tube in Fig. 1 with 
relation to  the approaching coal stream  and the zone of highest 
heat intensity  off the right quadrant and the lance coming from 
the left.

In  Figs. 2 and 3 zero of the tem perature scale is a t the tube 
surface. The elevation within the furnace a t which these tem
peratures were taken  is in the zone of high heat release and slag 
deposits and therefore, although these tem peratures are not 
representative of the entire furnace, they do serve as a good in
dication of the variations which can take place in the zone of in
tense heat transfer during operation. Conclusive study of the 
heat-flux pattern  in a finned tube would require the collection of 
field data, no t only over a  long period in a coal-fired furnace, bu t 
over m any areas of the furnace in which insulating layers of slag 
are or are no t deposited.

In  Fig. 4 are plotted several curves which show the tem pera
tu re  differences which existed a t various times on the circumfer
ence of the tube and a t the extrem ity of one fin. The tem pera
tu re  scale is th e  same as used in  Figs. 2 and 3. The variations 
of surface tem perature are most pronounced a t the tip  of the 
fin and on the tube wall adjacent to  the fin. Except for the gen
eral rise after 11:30 a.m., th e  variations in the right quadrant 
were comparatively small, bu t in the left quadrant were so great 
th a t th e  m ost feasible explanation is the dropping off of a  fairly 
dense layer of slag. The method of presentation does not 
take into consideration the fact th a t the m etal thickness be
tween the measuring point and the internal fluid is greater by 1 in. 
for the fin-tem perature point. If it were certain th a t the entire 
fin had been exposed, a heat flux proportional to  the tem pera

F i g . 4  T e m p e r a t u r e  D if f e r e n c e s  a t  V a r io u s  T im e s  o n  C ir c u m f e r e n c e  o f  T u b e  a n d  a t  E x t r e m it y  o f  F in
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ture drop per inch of m etal could have been assumed, bu t w ith 
the available da ta  there was no assurance of this, consequently 
no attem pt a t correction was made.

Obviously, the variations occurring in this zone of the furnace 
preclude any short-tim e study of heat-flux patterns by field meas
urements in a  coal-fired furnace. The opinion should be em
phasized th a t the conditions shown in Figs. 2, 3, and 4 are not 
representative of the entire furnace, b u t only of the flowing- 
slag zone of a slagging-bottom pulverized-coal furnace. The 
condition a t other furnace-wall areas is known to  be less variable. 
Evidence of the variation to  be expected in different areas of 
the furnace has been given by H. Kreisinger and R. C. Patterson .4 
The variable conditions in  the slag zone, however, will set the 
requirements for the testing period because the slag zone is about
10 per cent of the furnace area.

L a b o r a to r y  St u d y  o f  H e a t -F l u x  P a t t e r n s

The laboratory approach to  the problem of heat-flux pa tte rn  in 
finned tubes under radiation perm its a  determ ination of tem pera
ture drops by analogy and therefore the determ ination of heat- 
flux patterns w ithout the interference of ash deposits. Fig. 5 
shows a  test setup used for the purpose of studying flux patterns 
w ith particular emphasis on the flow of heat from the base of the 
fin through th e  tube wall. On a  sheet of high-resistance alloy

F i g . 5 D ia g r a m  o f  A p p a r a t u s  f o r  P r o d u c in g  V o l t a g e  D r o p s  
A c r o ss  S im u l a t e d  F i n n e d - T u b e  W all

cut in the shape of a section of a finned tube, a num ber of radial 
and circumferential lines were machine-scribed. Electric cur
rents were passed through the sheet in such values th a t were 
comparable to  the heat flow by radiation. By taking voltage 
drop, amperes, and electrical conductivity as equivalent to  tem 
perature drop, quantity  of heat per un it of time, and therm al 
conductivity, respectively, tem perature drops could be com
puted from the electrical measurements. Voltage drops were 
measured a t th e  intersections of the scribed lines and the analo
gous tem peratures computed.

Fig. 6 shows the calculated tem perature distribution a t  the 
base of a fin 1/ < in. X 1 in. long on a 4-in. X 0.380-in. tube, and 
Fig. 7 shows the distribution a t the base of a  fin 1/ 4 in. X l 7/i« in. 
long on the same tube. In  each case the current flow was ad
justed to  be equivalent to  a uniform ra te  of heat transmission 
for the tube and fin of approximately 50,000 B tu  per h r per sq ft. 
The electrical resistance between the inner face of the tube and 
the inside contact plate was uniform and corresponded to  a 
thermal conductivity of approximately 3500 B tu  per h r per sq 
ft per deg F  tem perature difference. O ther sources have indi
cated this to  be somewhat low.

The distribution of heat-flux density imposed in the form of

4 “Heat Transfer of Water-Cooled Furnace Walls,” by H. Kreis
inger and R. C. Patterson, Trans. A.S.M.E., vol. 66, 1944. Bound 
at back of volume in pamphlet entitled “Furnace Performance Fac
tors,” pp. 71-78.

F ig . 7 T e m p e r a t u r e  D is t r ib u t io n  a n d  H e a t  F l o w  a t  B a s e  o f  
V i- I n . X I V js- I n . F in

current flow was uniform on the circumferential p art of the 
tube and the weld of the fin. The heat picked up by the fin was 
represented by current flow from the end of the fin only. An 
examination of the two figures makes it  quite apparent th a t the 
only m arked difference in tem perature drop occurs in the region 
of the fin, and the greatest tem perature drops occur w ith the 
largest fin. The influence of the fin and the heat it  picks up is to  
change the direction of heat flow from radial to  a combination of 
radial and circumferential. The isotherms, instead of being 
circumferential, dip radially more and more as the circumferen
tia l distance increases a t  or near the fin. Back of the fin, in the 
region where no heat is being added to  the tube, the heat flow 
extends almost 45 deg b u t the m agnitude is very small after 
about 15 deg have been passed. The fanning ou t of the lines 
of flow of the heat, i.e., norm al to  the isotherms, is clearly indi
cated by the movem ent of the peak of the tem perature-differ- 
ence curves from the line of the fin forward tow ard the exposure. 
This forward shift reaches a maximum a t th e  inner face of the 
tube.

For the experiments uniform radial absorption has been as
sumed around the semicircumference of the tube. This is seldom 
realized in actual practice, the ra te  usually being less near the 
base of the fin. This factor would tend to  reduce the heat con
centration ahead of the base of the fin and the tem perature differ
ence calculated a t  th a t point.

The use of tube-surface-tem perature measurem ents in furnace 
technique has been discussed elsewhere. I t  does no t seem out 
of place, however, to  indicate th a t under conditions of parallel 
radiation a t any degree of incidence, a  fin tube will have greater 
exposure than  one of a group of tangent tubes because of their 
spacing, and a t some angles the area of the fin will be very im
portan t in fixing the heat-flux pattern  through the tube because of 
its proportion to  the total.



H eat T ran sfe r and  P ressu re  D ro p  of L iquids 
in D ouble-P ipe F in -T ube E xchangers

By B. D E  LORENZO1 a n d  E. D . A ND ERSO N.8 ELY RIA , OHIO

T h is  p ap er  p r e se n ts  d a ta  o n  t h e  fin  s id e  o f  sta n d a rd  
c o m m e r c ia l-s iz e  lo n g itu d in a lly  f in n ed  d o u b le -p ip e  e x 
ch a n g ers. T h ree  f in -tu b e  s iz e s  w ere in v e s t ig a te d  in  h e a t 
in g  a n d  c o o lin g  for b o th  h e a t  tr a n sfe r  a n d  p ressu re  drop . 
T h e d a ta  in d ic a te  t h a t  th e  tr a n s it io n  b e tw e e n  la m in a r  
a n d  tu r b u le n t  flow  b e g in s  a t  R  <  400 for  b o th  h e a t  tra n sfer  
a n d  p ressu re  drop , c o rro b o ra tin g  r e s u lt s  rep o rted  by  
p rev iou s in v e s t ig a to r s . M e th o d s  o f  e v a lu a t in g  h e a t-  
tra n sfer  c o e ff ic ie n ts  a n d  p ressu re  d rop  for  l iq u id s  in s id e  
tu b es  are a p p lica b le  for  liq u id s  in  th e  fin  s id e  o f  fin n ed  
d o u b le -p ip e  e x ch a n g e rs . F or v a lu e s  o f  R u p  t o  4000 
(a p p ro x im a te ly ), r ec o m m en d e d  cu rves fo r  f in -s id e  h e a t  
tra n sfer  give h ig h er  c o e ff ic ie n ts  th a n  th e  v a lu e s  o b ta in e d ,  
by th e  p ro ced u re  o u t l in e d  by t h e  T u b u la r  E xch an ger  
M a n u fa c tu rers A sso c ia t io n  fo r  l iq u id s  flo w in g  in  tu b e s .  
A m e th o d  is  p resen ted  for  d e te r m in in g  t h e  w e ig h te d  
average te m p e r a tu r e  o f  th e  o u ts id e  su rfa ce  o f  th e  fin  tu b e  
to  be u sed  in  e v a lu a tin g  /iw in  th e  v isc o s ity  g r a d ien t  co rrec
t io n  n/n„-

N o m e n c l a t u r e

The following nomenclature is used in this paper '

A  =  (A f +  A t) =  to ta l fin-side surface area, sq f t 
A c =  net free cross-sectional area for flow on fin side, 

sq ft
A} = surface area of fins only, sq ft 
Af =  inside surface area of tube, sq ft 
A, — outside surface area of tube only, sq ft 

b =  height of fin (see Fig. 2e), f t 
c =  specific heat of fluid, B tu/(lb )(deg  F)

D, = AAJxp =  equivalent hydraulic diam eter of fin side, 
ft

D ' =  inside fin-tube diam eter, in.
/  =  friction factor in Fanning equation, dimensionless 
G = mass velocity of fluid, lb /(sq  ft) (hr) 
g — acceleration due to gravity = 4 .1 7  X 108ft/(h r)(h r) 

hd =  reciprocal of fouling resistance (see Fig. 4), B tu / 
(hr) (sq ft) (deg F) 

hr and hfd = fin-side film coefficient based on A , clean and fouled, 
respectively, B tu /(h r)(sq  ft) (deg F) 

htj and hfdi =  fin-side film coefficient referred to  A it corrected for 
weighted fin effectiveness, clean and fouled, respec
tively, (see Fig. 4), B tu /(h r)(sq  ft) (deg F) 

hi — tube-side film coefficient, based on clean, B tu / 
(hr) (sq ft) (deg F) 

h, =  reciprocal of tube-wall resistance, B tu /(h r)(sq  ft) 
(deg F)
h, /c u Y / ’ /  V 0-14j =  — I — J  ( — J  =  Colburn’s ( l ) 3 heat transfer

1 Manager, Heat Transfer Department, Brown Fintube Company.
* Design Engineer, Brown Fintube Company.
Contributed by the Heat Transfer Division and presented at the 

Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e r i c a n  S o c i e t y  o f  M e c h a n i c a l  E n g i n e e r s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society.

factor modified by Sieder and T a te ’s (2) viscosity 
correction, dimensionless

k and k f — therm al conductivity of fin-side fluid and of fin 
material, respectively, B tu /(h r)(sq  ft) (deg F /f t)

L  =  length of fin section (see Fig. 2), f t 
L , =  to ta l equivalent length of fin side (see Fig. 6), ft 
Q =  to ta l quan tity  of heat transferred, B tu  per h r 

Ap — pressure drop of fin-side fluid, psf 
R =  DeG/n =  Reynolds number, dimensionless 
t =  average tem perature of fin-side fluid, deg F  

T  — average tem perature of fluid inside tubes, deg F 
T, =  average tem perature of tube wall, (see Equation

[7 ]) ,d eg F
T w =  weighted average tem perature of fin surface and 

tube-wall surface, defined by Equation [8], deg F  
U{ =  over-all heat-transfer coefficient (clean), based on 

A it B tu /(h r) (sq ft) (deg F  log M TD )
V -  linear velocity of fin-side fluid (a t A ,), fph 

V ' — linear velocity of w ater inside fin tube, (see Equa
tion [2]), fps

S =  fin thickness (see Fig. 2), f t
rj — effectiveness factor of fin surface only (see Fig. 4), 

dimensionless
n' =  to ta l weighted effectiveness of fin and tube surface, 

(see Fig. 4), dimensionless 
n = viscosity of fin-side fluid, evaluated a t  t, lb /(ft)  (hr)

=  viscosity of fin-side fluid, evaluated a t  T m lb /(ft)  (hr) 
ip =  to ta l w etted perim eter of fin side (fins plus outside 

of tube, plus inner surface of shell pipe), f t 
P =  density of fin-side fluid evaluated a t  t, lb per cu ft 
<t> =  viscosity ratio  =  (m/mJ0-25 and (m/mJ0'11 for pres

sure drop in lam inar and tu rbulent flow, respec
tively (see Fig. 6), dimensionless

I n t r o d u c t io n

Double-pipe heat exchangers, having longitudinal fins attached 
to  the outside of the inner pipe, have come into more and more 
general use in  recent years as the advantages of th is type of ex
changer have become better known. The m ost frequently used 
form of the double-pipe exchanger is the “hairpin” section. This 
design perm its easy connection of the num ber of sections re
quired to  perform the desired heat-transfer duty  into a compact 
bank.

Generally speaking, the best application of the longitudinally 
finned double-pipe hairpin exchanger is in transferring heat be
tween two fluids having unequal heat-transfer characteristics; 
the fluid having the higher ra te  of heat transfer flows through the 
innermost tube, and the fluid w ith the lower heat-transfer rate 
flows through the space between the two tubes, i.e., the fin, or 
shell side. Fig. 1 illustrates a typical installation of this type of 
exchanger. The bank consists of 20 hairpin sections arranged 5 
in parallel by 4 in series. This unit is used for cooling gasoline. 
W ater, used as the cooling medium, passes through the inner 
tube, the gasoline flows through the fin side.

Longitudinally finned double-pipe hairpin exchangers have

* Numbers in parentheses refer to the Bibliography at the end of
the paper.
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also been used extensively, and to  great advantage, in  transferring 
heat between two fluids having similar heat-transfer character
istics. In  these cases the tube-side fluid generally flows a t  high 
velocity, utilizing the maximum allowable pressure drop, so as to  
secure the best coefficient possible, while the fin-side fluid may 
flow a t  m oderate velocities. Also, in  effecting transfers between 
fluids having unequal transfer characteristics, i t  is entirely 
feasible to  pass the fluid having the lower heat-transfer properties 
through the center tube (in cases where the characteristics of the 
fluid makes th is desirable) by using removable turbulence pro
m otors on the inside of the tube. These turbulence promotors 
increase the tube-side heat-transfer coefficient a t  the expense of a 
higher pressure drop (3).

Since the  ratio  of the to ta l outside fin surface A  to  the inside 
tube surface A { is generally 5 to  1 and greater, the fin-side 
coefficient m ay be considerably lower than  the tube-side coeffi
cient, yet, when the factor of relative surface area is introduced, 
the fin-side coefficient, corrected for the weighted fin effective
ness, m ay am ount to  a  higher value th an  the value secured on the 
tube side.

The prim ary purpose of th is paper is to  make available to  
engineers practical proved methods for evaluating the film heat- 
transfer coefficients and pressure drops of liquids flowing in the 
fin side of standard  commercial-size longitudinally finned double
pipe heat exchangers. W ith the exception of the excellent 
pioneer paper by G unter and Shaw (4), design data  on double
pipe fin-tube exchangers are nonexistent. To provide these data 
a series of tests was made on standard  hairpin exchangers m anu
factured by the authors’ company.

I t  is no t the intention of this paper to  present a  theoretical 
analysis of the da ta  reported; nor to  make comparisons w ith ex- 
tended-surface-heat-transfer- and pressure-drop data  reported by 
other investigators. I t  is, rather, the object of this paper to  pre

sent the results obtained clearly and concisely for no t only ex
perienced design engineers bu t also for operating personnel.

T e s t  A pp a b a t u s  a n d  P b o c e d u r e

The te s t apparatus consisted of three standard  double-pipe 
hairpin heat exchangers of the type described, and shown in Fig. 2
(a). One exchanger was used as a heater and two as coolers, see 
Fig. 3. The entire equipm ent including the heater, both coolers, 
and all connecting piping was covered w ith 1-in-thick standard 
insulation to  minimize heat loss.

Tests were run on exchangers using three different fin tubes (see 
Table 1), shown in Fig. 2(6), (c), and (<2). E ach hairpin consisted 
of two identical standard  Brown resistance-welded fin tubes, 
taken  a t  random  from production runs and having 24, 28, and 36 
longitudinal low-carbon-steel fins, l/ t  in. high X 0.035 in. thick 
and 20 ft long, integrally bonded by overlapping spot welds, Fig.
2 (e). The fin channels were evenly spaced around the perime
te r of l l/ 2-in. I.P .S . standard-w eight seamless steel tubing. 
These fin tubes were welded to  180-deg steel re turn  bends thus 
forming hairpins having a to ta l 40-ft of fin length. The shells of 
the double-pipe heat exchangers consisted of two 3-in. I.P.S. 
standard-w eight steel pipes welded to  a  housing which encloses 
the 180-deg re turn  bend of the finned hairpin.

Table 1 gives areas, surface ratios, and other physical data  of 
the three different fin-tube hairpins tested.

The fluids used in  the tests were S.A.E. 40 and 50 lube oils and 
43 deg A PI kerosene. These fluids, in all cases, were circulated 
through th e  finned or shell side of the exchanger. Saturated 
steam, a t  pressures ranging from 10 to  100 psig, was used as the 
heating medium inside the fin tubes of the heater. C ity water 
flowing through the fin tubes countercurrent to  the flow of the
oil on the fin side was used as the cooling medium in the coolers. 
Flow rates, of both  lube oils and water, were measured with
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TABLE 1 PHYSICAL DATA OF FIN -TU BE H A IR PIN  SECTIONS 
TESTED  (SEE FIG . 2)

No. of fins...................................................................  24 28 36
Net free area fin side, Ac, sq f t ..............................  0.0285 0.0280 0.0275
Hydraulic diameter, De, f t ......................................  0.0346 0.0308 0.0251
Ratios:

Fin length L
Hydraulic diameter, De.......................................  578 650 797
Fin surface only______________ A f ....................  0.800 0.824 0.858
Total fin-tube external surface, A
Tube external surface________ A t .....................  0.200 0.176 0.142
Total fin-tube external surface, A 
Total fin-tube external surface, A
Fin-tube internal surface A i ....................  5.93 6.72 8.30
Total fin-side surface per hairpin section, sq ft 101 114 141

calibrated displacement-type flowmeters. No flowmeter was 
used to  measure the kerosene, as the kerosene flow rates exceeded 
the capacity of the meter. I t  was possible, however, to  deter
mine the kerosene flow rate  by a heat-and-m aterial balance on 
the coolers, as a flowmeter was always used to  measure the 
w ater rate. Tem peratures were taken w ith standard  A.S.T.M . 
mercury-bulb glass thermom eters located in thermowells. Check 
thermowells were installed a t  several points, and, as a further 
check, the thermom eters were interchanged a t  intervals. Pres
sure drops across the heater and each cooler were measured by 
differential mercury manometers. Pressure taps were located 
in the inlet and outlet nozzles, thus the pressure drop obtained 
included end losses. No calming sections were use^l as all the 
tests were made w ith standard  commercial-size hairpin sections.

In  all runs the oil tested was pumped from the storage tank, 
through the heater and the two coolers in series, and back to  the 
storage tank, as shown in Fig. 3. Each tes t run lasted from 15 to
20 min after equilibrium was attained. Readings were taken  a t  
5-min intervals. Flow rates and inlet tem peratures of the two 
lube oils were varied over wide limits to  obtain the maximum 
spread of Reynolds numbers for each oil. Steam  tem peratures 
and w ater flow rates were also varied for a fixed oil-flow rate  so 
th a t a  wider range of film tem peratures could be investigated. 
H eat balances to  w ithin 5 per cent were obtained in the different 
tests.

Of the three fin-tube sizes tested, the Reynolds numbers have 
the greatest spread on the runs m ade w ith the fin tubes having 28

fins. Runs w ith R  up to 1000 were made w ith refined S.A.E. 40 
and 50 lube oils and above 1000 w ith commercial kerosene. The 
fin tubes w ith 24 fins were tested in the range from R =  20 to  800 
using refined S.A.E. 40 lube oil. Only a  few runs were made 
with the tubes having 36 fins, and the same S.A.E. 40 lube oil 
was used. The heat-transfer and pressure-drop results of all 
the runs covered by this paper are shown in Figs. 5 and 6, 
respectively. The range of the P randtl num ber was from a 
minimum of 11.0 to a maximum of 1625. L / D  ratios are given 
in Table 1.

The over-all heat-transfer coefficient was obtained by dividing 
the to ta l heat transferred by the log M TD  and the to ta l inside 
surface of the fin tubes
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1500 to  5000 B tu /(h r)(sq  ft)(deg F ). For heating light fluids 
such as kerosene, w ith Reynolds numbers over 1000 where the 
fin-side coefficient would be higher than  th a t for heating lube oil, 
the deviation would be greater. The water-side coefficient was 
calculated by the equation as given by McAdams (5).

_  150(1 +  o . o i i r x y r - 8 
i CD')0-2 ..............................

T he fin-side film coefficient h/1 for the three sizes of fin tubes 
tested was then calculated readily from the equation

1 1 1 1
ft = r +r  + r ....................w[/,• hi h, hji

and the curves shown in Fig. 4 which employ the H arper and 
Brown (6) method of computing fin efficiency.

Evaluation op Tw

The term  ixw as used in this paper to correlate the heat-transfer 
and pressure-drop data, denotes the viscosity of the fin-side fluid 
evaluated a t  the weighted average tem perature of the finned 
surface and the outside bare surface of the tube, herein designated 
by T w. No satisfactory method for evaluating T„ for tubes hav
ing extended surface could be found in the available literature. 
Consequently, the method for determining T„ illustrated subse
quently and the values obtained by using this m ethod were 
used in calculating the results reported in  this paper.

The derivation of the equation for T w is based on a  heat bal
ance between the fluid inside the tubes and the fluid on the fin 
side, and the corresponding surfaces. Thus when the hot fluid is 
inside the fin tubes and the cold fluid in the shell side, the heat 
transferred per un it area of inside tube surface can be defined by 
the equation

£  =  K i . T - T , ) .....................................[4]

also

K iT  -  T t) =  hm'iT, -  t)A/A< .......................[5]

and again

K (T  —  T ,) =  h,(T„ -  t ) A / A t ........................[6]

Solving Equation [5] for T,

=  hjT  +  hfn't A / A t  
‘ h  +  hm 'A /A ,  ................................1 '

Substituting the expression for T, in Equation (6] and solving for 
T w it  is found tha t

■n'hi(T —  t)
, v -,v-/,- + *.................I8!hi +  hfn A /A i

When the cold fluid is in the inside of the fin tube and the hot 
fluid is on the fin side, i t  is found th a t Equation [8] is the same 
and can therefore be used for both heating and cooling.

In  the foregoing derivation the assumption is made th a t there 
is no tem perature gradient across the tube wall of the fin tube. 
This was a reasonable assumption as the equation for T w would 
be more complicated if this assumption were not made and the 
effect on T„ would be small.

Tem perature T w is evaluated by successive approximations of 
hf and finding the corresponding tj'. All the other terms in 
Equation [8] are either known or are previously calculated. 
Generally, a first approximation suffices, as an error in T w is

/ y - /  o *  hf d ,  *■ / 7 / v  s / o £  c o £ - r r / c /* A / r s r £ - r £ - * * r o
7-0 f/VS/0£  V"

F i g . 4 F in -S id e  F ilm  C o e f f ic ie n t s  C o r r e c t e d  f o r  F in -S id e  
S u r f a c e  E f f e c t iv e n e s s  R e f e r r e d  to  I n s id e  S u r f a c e  o f  T u b e

greatly reduced when the corresponding is raised to the frac
tional power of 0.14 or 0.25.

H e a t -Tr a n s f e b  R es u l t s

The heat-transfer data  were correlated by the Colburn (1) 
heat-transfer factory, modified by Sieder and T a te ’s (2) viscosity 
correction (m/ m»)~°-u giving the dimensionless expression

The reason for using this method of correlation is th a t one curve 
can be used for heating and cooling for each fin-tube size. Also 
the same method was used by other investigators (4, 7), reporting 
data  on heat transfer for extended surface.

The results for the 24- and 28-fin fin tubes plotted in Fig. 5 
show th a t good agreement is obtained between heating and 
cooling in the range of R covered, indicating th a t this method of 
correlation is valid.

The results of the heat-transfer data obtained for the 36-fin fin 
tubes are not shown in Fig. 5, since only a few runs were made 
with this fin-tube size. A sufficient number of tests were made on 
this fin tube to  determine the slope of the curve plotted for these 
data. The results obtained were in accord with the findings re
ported for the 24- and 28-fin fin tubes, when allowance was made 
for the higher L /D ,  ratio for the 36-fin fin tube.

Inspection of the plotted results for the 28-fin fin-tube tests 
shown in Fig. 5 indicates th a t the transition between laminar 
and turbulent flow begins between R =  200 to 300. This is also 
indicated, to  a  lesser extent, by the results of the 24-fin fin-tube 
tests also shown in Fig. 5. Additional runs, not reported in this 
paper, made w ith other fin-tube sizes also gave similar results; 
i.e., the transition began a t R <  300.

This phenomenon was also observed by G unter and Shaw (4),
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F i g . 6  P b e s s u b e  D s o p  i n  F i n  S i d e  o f  L o n g it u d in a l l y  F i n n e d  D o u b l e  P i p e s

Sieder and T ate  (2) found th a t the friction factor for liquids 
inside tubes in nonisothermal flow would fall on the isotherm al /  
when multiplied by 1 .1  (m/V « ,)0-25 and 1 .0 2 ( m / m«,)°-14 in the lami
nar- and turbulent-flow regions, respectively. In  this paper 
be tter correlation was obtained by om itting the constants 1.1 and 
1 .0 2 .

Since the pressure taps were located in the inlet and outlet noz
zles of each hairpin section, Fig. 3, end and return-bend housing 
losses were included. I t  was found th a t these losses could be 
adjusted by increasing the actual length from 40 to 45 ft equiva
lent fin length.

Fig. 6 shows excellent agreem ent between the isotherm al line 
and the plotted results for R  <  400. Between R =» 400 to 1000 
the results obtained are slightly higher th an  the isotherm al curve, 
indicating th a t the transition between lam inar and turbulent 
flow m ay s ta r t a t  R  — 300 to 400. A t R  between 3000 and 
12,000 the da ta  are again in  good agreem ent w ith the isothermal 
curve.

Originally the data  were plotted using ( m/ m» ) 0-26 and ( m / mu,)0-14 
for R <  2100 and  R >  2100, respectively. I t  was found, how

who reported the results of numerous tests heating oils in a similar 
double-pipe exchanger, using smaller fin tubes. They point out 
the analogy th a t an increase in the friction factor /  normally in
creases the heat-transfer coefficient h. The pressure-drop results 
reported in this paper (see Fig. 6) show an increase in /o v e r  th a t 
normally expected for the isotherm al /  for circular ducts a t 
Reynolds numbers ranging from 400 to  3000. In  view of this 
it  is not surprising to  expect a  break in the heat-transfer curve a t  
around R =  300 to  400.

The data  presented here are based on clean surfaces. For 
design purposes fouling rates as recommended by T.E.M .A. (8) 
should be used.

P b e s s u r e - D r o p  R e s u l t s

The pressure-drop data  obtained were evaluated by the general 
sothermal Fanning equation, modified by adding the Sieder and 
T ate  (2) function ( m/ m®)0-26 in the laminar-flow region and 
( m/ mJ 0-14 in tu rbulent flow, to  make it  applicable for both heating 
and cooling liquids. The pressure-drop results are shown in Fig.
6 for all three sizes of fin tubes tested.
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ever, the correlation for heating and cooling was improved by 
using the factor (m/mw)0'14 for all values of R above 400. This 
finding provides an additional argum ent th a t the transition be
tween a lam inar and tu rbulent flow, for liquids flowing in  the fin 
side, begins a t  a  Reynolds num ber considerably below 2100. 
B oth the heat-transfer and pressure-drop results substantiate 
this point.

C o n c l u s io n s

1 H eat transfer on the fin side of longitudinally finned double
pipe exchangers for both  heating and cooling is correlated by the 
conventional j  factor corrected by n//t„ for viscosity gradient.

2 Correlation of the pressure drop for three sizes of fin tubes 
tested in both  heating and cooling was in excellent agreement 
w ith isotherm al pressure drop for values of R  below 400 and also 
for R  above 3000. In  the range of R between 400 and 3000, 
pressure drop was greater than  th a t  predicted by the conven
tional Fanning equation.

3 The breaks in  both  the heat-transfer and pressure-drop 
curves indicate th a t transition  between lam inar and tu rbulent 
flow begins a t  R <  400.

4 I t  has been found th a t the usual methods for evaluating 
heat transfer and pressure drop for liquids inside tubes are 
applicable for liquids in the fin side of finned double-pipe ex
changers. The equivalent diam eter used in both  cases was the 
hydraulic diam eter, D c — 4/1 c/i/'.
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D iscussion
A. Y. G u n t e r 4 a n d  W. A. S h a w .6 The authors are to be 

complimented on their paper covering double-pipe longitudinal 
fin-tube heat exchangers.

A fter accounting for slightly different methods of obtaining T w 
and fin effectiveness, their da ta  on heat-transfer and friction fac
tors check very well w ith the results published in a  previous paper 
by the writers.6

I t  is gratifying to  note th a t these data  cover a much wider 
range than  the w riters’ previously published m aterial and should 
be of added benefit to  design engineers in  th is field of equipment 
rating.

I t  is suggested th a t a table giving the range of variables covered 
in their tests be provided so th a t the extent of accurate applica
tion of the data  will be made known to  all concerned.

A u t h o r s ’ C l o s u r e

The table  below gives the range of variables covered in the tests 
reported.

G from 63,800 to  665,000

R  from 7.5 to  12,800

— from 11.0 to  1625
k

—  from 0.274 to  3.45

A statem ent on the effect of using an assumed value' of 2500 
B tu /(h r) (sq ft) (deg F) for the condensing steam  coefficient has 
been added to  the tex t of the paper. I t  m ust be remembered th a t 
the tests reported were made on hairpin sections having 20 ft
0 in. continuous fin. For shorter fin lengths an adjustm ent m ust 

L
be made for the change in — ratio.

*-'9

1 Director of Development, Alco Products Division of the American 
Locomotive Company, New York, N. Y. Mem. A.S.M.E.

5 Development Engineer, Alco Products Division of the American 
Locomotive Company, New York, N. Y. Jun. A.S.M.E.

6 Refer to authors’ bibliography (4).



N um erical M ethods for T ransien t H ea t Flow
B y  G. M. D U SIN B E R R E ,1 BLACKSBURG, VA.

T h is  p ap er d ea ls  w ith  th e  a p p lic a tio n  o f  n u m er ica l  
m e th o d s  for th e  so lu t io n  o f  h e a t -c o n d u c t io n  p ro b lem s,  
th e ir  g e n e ra lity  b e in g  e x ten d ed  in  th e  fo llo w in g  w ays:  
(a) A m o d u lu s  is  d evelop ed  by c h o ice  o f  w h ic h  th e  w orker  
m a y  proceed  m o s t  ra p id ly  to  a  s o lu t io n , or m a y  proceed  
m ore slo w ly  a n d  w ith  g rea ter  p r e c is io n ; (6) cr iter ia  are  
d evelop ed  for  th e  c h o ice  o f  m o d u lu s  to  in su re  con v erg en ce .  
T h is  is  m o s t  im p o r ta n t  a t  a  co n v ectiv e  su rfa ce; (c) a  
m e th o d  is  d evelop ed  for h a n d lin g  k  a n d  c w h e n  th e s e  p ro p 
e r t ie s  vary in d e p e n d e n tly  w ith  te m p e r a tu r e . A co m p r e 
h en s iv e  A p p en d ix  g iv es th e  d e r iv a tio n s , a n d  th e  u se  o f  
e q u a tio n s  a n d  c h a r ts  is  d e m o n stra te d  b y  ty p ic a l ex 
a m p le s .

N o m e n c l a t u r e

T H E  following nomenclature is used in the paper:

k = conductivity 
c =  specific heat 
P — density 
t =  time 

At =  a  small finite tim e interval 
x, y, z = space co-ordinates 

Aa; =  a  small finite distance 
T  =  tem perature
T ' =  tem perature after an interval At 
h =  surface coefficient of heat transmission 

M  =  modulus relating Ax and At 
N  = the  ratio hA x/k  
F  =  a  coefficient 
C =  a  tem perature change 
p =  a ratio  of specific heats 
q = a ratio of conductivities

G e n e r a l

The conventional treatm ent of heat conduction problems, since 
the tim e of Fourier, has been by analytical a ttack  on the general 
equation

given in the bibliography (1, 2, 3).2 These trea t generally of the 
simpler cases. There remains then a  wide range of engineering 
problems for which no analytical solution exists, or for which the 
analytical solution is intolerably complex. M any of these yield 
to  the m ethod of analogous electrical circuits (4), bu t the neces
sary apparatus m ay not be available when and where needed. 
Numerical methods can be used by any engineer a t  any time.

We extend the generality of these methods in the following 
ways:

(а) A modulus is developed, by choice of which the worker 
m ay proceed m ost rapidly to a solution, or may proceed more 
slowly and w ith greater precision.

(б) Criteria are developed for the choice of modulus to  insure 
convergence. This is m ost im portant a t  a  convective surface.

(c) A method is developed for handling k and c when these 
properties vary  independently w ith tem perature.

D erivations will be found in the Appendix. The use of the 
equations and charts will be dem onstrated by examples.

E x a m p l e  1 I l l u s t r a t in g  F l e x ib il it y  o p  N u m e r ic a l  M e t h o d

Example 1 is set up to  illustrate the flexibility of the numerical 
method. A relatively complex situation is analyzed by a  com
bination of simple procedures. The assumptions are to be taken 
as merely typical and perhaps no t the m ost accurate th a t might 
be made.

A large cast-iron slab 1 in. thick lies on a bed of insulating 
material. Slab and surroundings are a t  100 F. A large copper 
slab 2 in. thick, having been heated uniformly to 400 F, is placed 
on the iron slab and sprayed w ith w ater a t  100 F.

Required. The cooling curves a t  V ^in. intervals in the two 
slabs, down to a surface tem perature of 300 F.

This is quite unmanageable as it  stands. Fortunately, the varia
tion of k w ith orientation and tem perature, and of c w ith tem pera
ture, are often negligible w ithin the required accuracy of a par
ticular problem, so these properties are taken as constant. I t  is 
generally necessary also to  impose certain simplifications on the 
boundary conditions. Under these assumptions a literature has 
grown up, too extensive and too fam iliar for detailed reference. 
Solutions arrived a t in this way are known, somewhat strangely, 
as “exact” solutions.

Recently some attention  has been given to numerical and 
graphical methods. A few of the more accessible references are

1 Department of Mechanical Engineering, Virginia Polytechnic 
Institute. Mem. A.S.M.E.

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of T h e  
A m e r ic a n  So c ie t y  o f  M e c h a n ic a l  E n g in e e r s .

N o t e : Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society.

F i g . 1 R e f e r e n c e  P o in t s  f o r  E x a m p l e  1

Assumptions. Edge effects m ay be neglected, making the 
flow one-dimensional. Surface resistance between the slabs is 
negligible. Conduction from iron to  surroundings is negligible. 
The following values of m etal properties may be assumed as con
stan t: Copper, k = 218, c =  0.094, p =  556; Iron, k  =  27, c = 
0.118, p =  442. The surface coefficient h m ay be assumed 500 a t 
400 F , 700 a t 350 F , and 900 a t 300 F.

Solution. Reference points are as designated in Fig. 1. The 
following prelim inary calculations are made, the derivation and 
significance of which are given in the Appendix:

703
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TABLE 1 COEFFICIENTS FOR EXAM PLE 1 
Ti A AT Fn Fn Fn

400 — 375 500 0.096 0.064 0.269 0.667 
375— 325 700 0.134 0.089 0.244 0.667 
325— 300 900 0.172 0.114 0.218 0.667

The calculations are then performed according to the work 
sheet. Results are shown graphically in Fig. 3.

E x a m p le  2, I l l u s t r a t i n g  P r o c e d u r e  W h e n  k V a r i e s  W i th  
T e m p e r a t u r e

Example 2 is chosen to  illustrate the procedure when k  varies 
w ith tem perature, and because an experimental solution is availa
ble for check. This is the subject of a paper by Bradley and 
E rnst (5).

A furnace is operated cyclically, on 8 h r and off 16 hr. During 
operation the hot-side tem perature is as near 1900 F  as possible. 
The am bient tem perature is 100 F . The furnace wall is laid up 
w ith a single course of brick, headed to  the fire, giving a  thick
ness of 9 in.

Required. The tim e-tem perature curves for the outer surface 
and three interior points of the wall, and an estim ate of the daily 
heat loss when the furnace has reached an equilibrium cycle.

Assumptions. The T  —  k relation for the brick is given in 
Table 2, and c =  0.23, constant. Strictly, we should assume the 
furnace airtight w ith no heat losses from the interior while 
secured, or else assume a ra te  of air leakage. B ut to  perm it a 
closer comparison of results we use the experimentally measured 
fire-side surface tem peratures as “ feed-in.” The same was done 
w ith the electric analyzer, as described in  reference (5). A rough 
steady-state analysis shows th a t the outer surface tem perature 
will rise less than  100 deg F  above the am bient, so the fluctuation 
here will no t be great. We estim ate h to  be 2.4 and assume th a t 
its variation can be neglected.

An “averaging” procedure is available for points 2, 3, and 4. 
Coefficients used for other points are calculated and entered on 
the work sheet, Fig. 2. Additional coefficients for point 1 are 
given in Table 1.
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adjacent point. For the outer surface we calculate the auxiliary 
diagonal lines a t  the lower left.

S tarting  w ith the initial distribution and taking Ts from the ex
perimental data , we calculate the succeeding tem peratures. The 
results for three days are shown in Fig. 7. The fourth day was 
practically a  repetition of the third, showing th a t an equilibrium 
cycle had been reached.

The complete work sheet is too long for reproduction b u t we 
show for example how the tem peratures for the 58th hour are ob
tained. At the 57th hour we have

P o in t.......................... 0 1 2 3 4 5
T em perature............ 100 175 620 1075 1440 1500

Using Fig. 6 we find the “ corrections” for each point

These values are entered directly on the work sheet, Fig. 8.
I f  we were not using experimental data  for point 5 and wished to 

assume no air leakage, we should use C« =  —2Cit, whence T s =  
1440.

The calculated heat flow for the equilibrium cycle is 3430 Btu 
per sq ft per day. From the experimental curves the figure is 
3350. This agreement should be satisfactory for most purposes.

A slight overshooting can be observed a t several points in 
Fig. 7. This will occur when the tem perature changes rapidly, 
especially w ith a minimum M .  When greater precision is re
quired, the remedy is to use a larger M ,  and the cost is extra work. 
In  this problem it could be foreseen th a t the T ,  curve would
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overshoot a t  the beginning and end of the heating period, so half
intervals were used as shown in Fig. 7.

C o n c l u s io n

These examples have shown the use of a num ber of the pro
cedures outlined in the Appendix. M any other combinations are 
possible, perm itting investigation of a  wide range of heat-transfer 
problems. Applications suggest themselves especially in metal-
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F i g . 9  C o r r e c t io n  C h a r t  f o r  I n g o t  I r o n

lurgical processes where k, c, and h vary  greatly. Fig. 9 is ex
hibited to show the form the correction chart m ay take for a 
metal in which k has a range of about 4:1 and c about 3:1.

A c k n o w l e d g m e n t s

The author is grateful to his associates, H. G. Elrod, Jr., and 
C. M. Fowler for continued interest, criticism, and advice, and to 
Dr. C. B. Bradley of Johns-M anville Research Laboratory for 
furnishing the large-scale chart from which Fig. 7 was drawn.

A ppend ix
1 Regarding k and c as constant for the present, and flow as 

one-dimensional, we consider Fig. 10 an element of the m ate
rial centered a t  2. The dimension Ax  has some small value con
sistent w ith the practical requirem ents of the problem. The ele
m ent 2 is insulated except where i t  adjoins element 1, which is no 
larger than  2. A t tim e t the tem peratures are Ti and T,  and the 
gradient is (7 \ — jT») /  A*.

F i g . 10  O n e  A d j a c e n t  E l e m e n t

We now make three im portant assumptions:

(а) A tim e interval At can be chosen sufficiently small th a t 
there is negligible error in using the initial gradient (Ti — 7\) /  Ax 
to compute the heat flow during this interval.

(б) Time interval At is sufficiently small th a t there is neg
ligible error in neglecting the effect on 2 of any region beyond 1.

(c) Ax is sufficiently small th a t there is negligible error in

using the tem perature a t point 2 to  compute the heat capacity of 
the element 2.

Under these assumptions we can write the following heat bal
ance

kAt(T! —  T 2) =  c p A x ^ T ^  —  T t ) ....................  [2]

We introduce a modulus defined as

M  = cpAx^/kAt ........................................ [3]

Then Equation [2] becomes

Tx — T* =  M ( T ’t  —  T2) ............................[4]

Under our assumptions, T \  cannot, in any At, a tta in  a  value 
more than  half way between the initial values Ti and T»; th a t is

T \  — Tt ^  and M  g; 2 ................ [5]

This is the first criterion for a valid numerical procedure.
2 Now consider element 2 as lying between two similar ele

m ents, Fig. 11. The heat flow from 3 is additive to  th a t from 1, 
and

(Tt  —  Ti) +  {Ti — Ti) =  M { T \  —  T i ) ............... [6]

! !
7 I *£ \ J

I 1
TT7T7 )■>■/■>;>>>> f ?/ )

F i g . 11 Two A d ja c e n t  E l e m e n t s
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I t  is the quickest and most convenient since i t  involves only two 
arithm etical steps for each computed point, namely, one addi
tion and one division.

Or

T \  =  Fl2T,  +  Fa T* +  F „ T , ..........................[8]

in which

F n  =  F 3, =  1 / M  Fr. — (M  —  2 ) / M  2  F = 1 ........[9]

This defines a  “weighting” procedure. I t  involves three m ulti
plications and one addition.

Or

in which

C„ = {Ti — Tt) /M  Cn  = (T, — T2) / M .......... [11 ]

This defines a  “ correction” procedure. I t  involves two sub
tractions, two multiplications, and an algebraic addition. How
ever, the work can be simplified by the use of a  chart, and th is is 
our best recourse when therm al properties vary w ith tem perature.

In  Equation [7], if we give M  its low limiting value of 2, we get 
the Schm idt3 formula, T \  =  (T, +  T,)/2. This says th a t the 
tem perature a t  a point depends upon the previous tem peratures a t 
adjacent points b u t no t upon its own previous tem perature.4 
S tarting w ith a  constant tem perature in th e  m aterial, this 
method gives rise to  a stepwise tim e-tem perature plot, though by 
“ cranking-in” the initial calculation from an analytical solution, 
th is can be avoided (1, 2). The choice of modulus 3 gives T '2 =  
(7 \ +  T-> +  7 y  /3 , which is about as convenient as the Schmidt 
formula and has a  num ber of advantages.

A further justification of Equation [5] can be had from E qua
tion [8], If  M  <  2, then Fn  <  0, which says th a t T \  depends on 
Ti  in a negative sense. In tu itively , this seems absurd. No for
mal proof can be offered here,5 bu t it  would appear th a t we may 
take as a general criterion

3 A t a surface where convection occurs, the reference points 
may be disposed as in Fig. 12 (a) or (b). Form ulas m ay be de
veloped for (6), and these have certain advantages, bu t as we 
are generally interested in the surface tem perature, we confine 
a tten tion  here to  (a).

The point 0 in Fig. 13 is taken in the adjacent medium a t 
some distance where the gradient normal to the surface has be
come negligible. We make use of a surface coefficient h which 
is to  include the effect of convection and radiation. Tem perature 
To and h m ay vary, so long as they  m ay be regarded constant 
over any At. Under our assumptions the heat balance is

kA t (T i— Ti) + h A x A l ( T ll— T l) =  cP A x ^ T ',— T O / 2 . . [13] 

We define a “Nusselt num ber”

N  =  h A x / k ......................... ................ [14]

Introducing M  and N

(Tt — TO + 1V(r. — T,) = Y — r*>........ I151

3 Max Jakob (Trans. A.S.M.E., vol. 65, 1943, p. 613) states that 
the method should be credited to L. Binder.

4 After the calculation is under way, the temperature at a point 
does depend on the value at the second preceding time interval.

6 In a paper under preparation, C. M. Fowler undertakes a formal 
mathematical investigation of the convergence of these methods.

If  To =s T lf a  very common initial condition, then

T \  — Tx £  ~ ( T t — Ti) and M  ^  3 ............... [16]
o

If  we write Equation [15] in the form of Equation [8]

F 21 =  2 / M ,  Fn =  2 N / M ,  and F n  =  {M — 2 N  — 2) / M .. [171

Then if we are to  meet the condition of Equation [12]

M  ^  2N  +  2 ...................................... [18]

In  choosing M,  we should be guided by whichever of Equations 
[16] or [18] is more restrictive, using of course the largest A" 
which occurs in the problem.

If N  is large, observance of these criteria m ay be inconvenient. 
Provided the surface tem perature does not fluctuate much from 
the steady-state value (but not otherwise), a permissible ap
proximation is to  jum p a t once to the steady-state relations (1)

Fa  =  1 / I N  +  1), Fn =  0, Fn  =  N / ( N  +  1 ).. . [19]

A t a well-insulated surface h, N,  and Foi may approximate 
zero.

4 In  a heterogeneous wall, Fig. 14, materials 2 and 4 have 
different properties. Time interval At m ust be the same for all 
layers. If  it  is convenient to choose

A%z[ A%\ —“ k^CiptjkiC^pi

then  the same modulus applies in both regions. B u t Equa
tion [3] allows more freedom in treating such cases. For ex-

ample, if we wish to  keep Ax  the same in both regions i t  is only 
necessary th a t

M i / M i  —  C iP ih i/C iP ik %

We choose M  for the region in which it is lowest and use an aver
aging procedure here, and weighting procedures elsewhere. In 
this case, for point 3, the weighting formulas become
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If  two materials a t  different tem peratures are placed in  good 
therm al contact, the initial T, m ay be taken as a weighted mean 
with respect to cp Ax  in the two regions, by conservation of energy. 
If there is an appreciable interface resistance, the surfaces are 
treated under section 3.

A homogeneous m aterial may be treated  under varying Ax  and 
M  if we wish to  study  changes more closely in  certain regions.

5 Sensible heat m ay be absorbed within the m aterial by a 
phase change or chemical reaction and m ay be produced by these 
phenomena and  by electrical means. In  the last case i t  is only 
necessary to  add, a t  each point involved, the tem perature rise 
during each At, which is the energy supplied divided by the 
heat capacity of the element.

Where a la ten t heat exists, tem perature clianges are delayed. 
When the calculated tem perature a t  a point passes the phase- 
change tem perature, we sub trac t the excess, making an account 
of it, and continue the calculation using the phase-change tem 
perature. W hen our account of excess degrees reaches the value 
L/c  we discontinue the account and use the computed tem pera
ture.

6 W eighting equations are readily derived for the effectively 
one-dimensional radial flow in a long cylinder, Fig. 15. M Si 4 
and F mn ^  F nm, etc. The uniform Ax shown m ay be prefera
ble to a possible logarithmic spacing when we are interested in 
gradients near the surface.

Referring to  Fig. 11, the heat balance is now

ki2 Al(T,  — T2) +  ku A t(T,  —  T t) =  c2p Ax’( T \  - T2) . .  [22 ]

Double subscripts here indicate a mean value. Using Equations 
[21]

flvi{Ti — T2) +  q32(T> — T2) =  p,M(T'2 — T2) . . . .  [23]

If we pu t this in the form of Equation [10], then, corresponding to 
Equation [11]

C12 “  <7ri( I '1 T 2) /p 2M  and  C#2 =  Q22(2"i — /p 2M . .  [24]

These formulas are the basis of the “correction” chart. The 
trouble of computing and plotting this chart m ay be justified by 
the fact th a t i t  can be used for any problem w ith the m aterial to 
which i t  refers.

Any Cmn can be taken as

F ig . 16 A  T w o - D im e n s io n a l  S y s t e m

7 From  Fig. 16 we can derive equations for two-dimensional 
flow. For the interior, 21/ ^  4 and preferably 21/ =  5. There is 
no great additional difficulty in allowing for a k variable with 
orientation.

8 We now take up methods useful when k  and c vary inde
pendently w ith tem perature. Inspection of E quation [1 ] shows 
th a t the concept of diffusivity is no t applicable here, which is 
why we have not introduced it.

In  order to  continue the use of the modulus already developed, 
it  is convenient to  select a  datum  tem perature to  which the 
subscript d refers.

Then

M  =  cipA xi/ k dAt p n = c j c d qn =  k j k d. • [21]

If the T  — k relation is expressed by a  table, we integrate nu
merically; if by an equation, we can integrate formally. In  
either case, construct a  table of this factor over the required 
range of T m, T n. Introduce the second factor by dividing each 
entry  by p n. This gives a table of Cmn to  modulus 1. P lo t (a) 
horizontal straight lines of T n to  a uniform scale, (6) straight 
lines of Cmn to  a uniform scale, inclined about 30 deg to  the right 
of the vertical, and (c) curves of T m inclined to  the left and non- 
uniform. Erase the Cm„ lines and the chart is like Fig. 5 or 9. 
I t  can be converted to  any desired modulus by drawing new 
diagonal lines to  the appropriate scale.

Table 2 shows p a rt of the calculations for Fig. 5. The T  — k 
data  are from reference (5). In  this case c is constant, p drops 
out, and Cnm =  — Cmn, so only half the chart need be drawn.

9 For a convective surface the equations are analogous to 
those derived in Section 3. We redefine 2V as h A x /k d. As be
fore, we m ust give atten tion  to  the maximum 2V occurring in 
the problem, and also to the maximum q/p  ratio. Referring to 
Fig. 13

C2, =  2qn (T ,  — T l) / VlM  Co, =  22V(7\> — T , ) /PlM . . .  [25]

C21 a t  a  surface is then double the value from the chart.
Criteria corresponding to  Equations [16] and  [18] are

M  fe 3(?2i/p.) 21/ a  2 (2V +  92i)/p i................. [26]

S teady-state approxim ations corresponding to  E quation [19] 
are

C21 =  q2i(T , —  T {) /{N  +  q2I) Co, =  N ( T a—  r,)/(2V  +  ?2,) . . [27]

If  conditions are nearly steady a t  a  surface, we can plot the 
results as auxiliary lines on the correction chart. Otherwise we 
m ust tabulate.
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D iscussion
C. M. F o w l e r . 6 The au thor’s two representative problems 

seem to dispose of the practical side of the theoretically unsolved 
cases where both  therm al properties and transfer coefficients are 
functions of tem perature.

The w riter has had occasion to study heat flow through steel 
specimens for the purpose of determining hardness distributions 
throughout specimens after quenching, and to  his knowledge, the 
work done so far on this problem has been confined to  cases where 
transfer coefficients and therm al properties are assumed constant 
over the quenching range, w ith no account being taken of heats 
of phase change in  the steel. I t  is the w riter’s opinion th a t the 
numerical study of the heat flow in, say, a  circular cylinder or 
slab taking into account the variable properties mentioned 
would be of real value in making more accurate predictions of 
“after-quench” hardness distributions of these specimens.

In  the actual mechanics involved in solving a  problem, the 
author develops a restrictive criterion for the modulus, M  — 2, 
Equation [5], For all practical purposes this is true. How
ever, the assumptions used in deriving this criterion are actually 
more restrictive than  necessary for m any problems, and in a 
paper under preparation the w riter has shown th a t in some cases 
M  m ay be as low as 1 which, as the author points out, is in
tuitively absurd. I t  appears to  the w riter th a t most of the cri
teria developed for both the modulus and the surface transfer 
coefficient N  have been dem onstrated under conditions more 
restricted than  those actually called for in the problems under 
consideration.

The w riter would also be very much interested in seeing some 
problems worked out involving a phase change such as the 
author suggests in  the Appendix, Section 5.

W. A. H a d l e y .7 I t  would appear to  the w riter th a t the 
method described in  the paper would be even more useful in 
evaluating unsteady-state diffusional processes, such as drying, 
carburization of steel, etc., than  heat transfer.' In  general, most 
diffusional processes are not steady sta te  and m ust be analyzed 
mathematically by making untrue bu t simplifying assumptions. 
I t  would appear th a t the paper offers every engineer a  simple bu t 
powerful tool whose use will perm it him  to analyze closely dif
fusional processes which he could only approximate before.

Will the au thor please verify this contention?

V i c t o r  P a s c h k i s .8 The numerical method is a  powerful tool 
and any paper which a ttem pts to  make this tool more acceptable 
is to be welcomed.

In  studying the paper the w riter notes in  particular the fol
lowing observations of the author:

1 T h a t “ . . . under our assumptions T \  cannot in any At 
a tta in  a value more than  halfway between the initial values 
Ti and T % . . .” Whereas this statem ent is certainly correct, it  
would help the reader unfam iliar w ith the basis of this method if 
this point would be clarified.

6 Department of Marine Engineering, United States Naval Acad
emy, Annapolis, Md.

7 Ensign, U.S.N.R., Department of Marine Engineering, United 
States Naval Academy, Annapolis, Md. Jun. A.S.M.E.

8 Research Associate, Department of Mechanical Engineering, 
Columbia University, New York, N. Y.

2 A t another point the author states, “in tuitively it  seems 
absurd th a t T \  should depend on T 2 in a negative sense.” Proba
bly one could establish a  reasoning from which such a depend
ence could be calculated and therefore the formal proof which is 
forthcoming will be of high interest.

3 In  Fig. 3 curve 4 on the left side shows a  rem arkable dis
continuity a t  approximately 0.8 sec. This discontinuity has 
either to be a ttribu ted  to too coarse a  lumping or to  an  error in 
the procedure. Clarification of this point would be helpful.

The author mentions the electric-analogy method in which the 
w riter is particularly interested. H e states, “ the necessary 
apparatus m ay no t be available when and where needed. N u
merical methods can be used by any engineer a t any tim e.” I t  is 
the opinion of the writer th a t each method (numerical and electric 
analogy) has its useful applications. The fact th a t a “heat-and- 
mass-flow analyzer” is available in only one or two places does 
no t appear to be a  legitim ate reason against the method. For all 
cases where the electric method is a  more powerful tool i t  should 
be  applied, and when the numerical method is better, i t  should be 
applied. I t  appears th a t the refinements presented in the paper 
make the last p art of the au thor’s sta tem ent a b it doubtful. 
The rules and procedure become so complicated th a t m any engi
neers in the field m ay not have the tim e to  familiarize themselves 
w ith the necessary steps. Moreover, it  appears to  the writer th a t 
the electric-analogy method has unusual educational values in 
showing the observer, on instrum ents, w hat is going on in the 
pieces subject to  heat flow.

Finally i t  should be noted th a t the numerical method and 
the electric-analogy method have in common the necessity of 
lumping. B u t the electric method does no t in m ost instances 
call for any lumping of time, and in  those cases where lumping 
of tim e is required it  is never an entire lumping. The numerical 
m ethod is of course based entirely upon lumping in time as well as 
in space, which is obviously a disadvantage as against the analogy 
m ethod.

In  the presentation, the author brought up the problem of con
s tan t properties of m aterials, and in problems dealing w ith 
m etals, the desirability of working w ith the actual specific-heat 
and conductivity curves which show a  tem perature dependency.

T he w riter feels th a t the practicing engineer will by and large 
m ake use only of such engineering knowledge as is reduced to 
charts and graphs or to  m aterial available in handbooks. Often 
he has no t the tim e to work ou t numerically any type of prob
lem.

Now, if curves w ith dimensionless param eters should be used, 
the introduction of changing properties increases the necessary 
num ber of charts very considerably. For example, in quenching 
the introduction of each phase change adds three param eters to  
those necessary for representation in dimensionless units. The 
consequence is the necessity of a vast num ber of charts too un
wieldy for use. For m any purposes the charts w ith constant 
properties, as for example those by Gurney and Lurie, are suf
ficient.

This of course should no t imply th a t i t  is no t desirable to have 
m ethods which perm it the solution of problems considering the 
change of properties, bu t i t  is the opinion of the w riter th a t such 
m ethods will be more helpful to  the research worker than  to  the 
practicing engineer and th a t i t  is m ost im portant to  help the 
la tte r by development of easily usable curves and charts.

A u t h o r ’s  C l o s u r e

L ieutenant Fowler’s discussion is welcome in supporting the 
author’s opinion th a t the methods m ay be of use in  metallurgical 
research. The phase change of principal in terest to  L ieutenant 
Fowler, and perhaps to  other metallurgists, is th a t occurring in 
steel around 723 C. There are many examples of this; for a



DUSINBERRE—NUMERICAL METHODS FOR TRANSIENT HEAT FLOW 711

recent one we may cite a paper by Hess.9 By the numerical 
method, good qualitative agreement has been obtained with 
experimental heating and cooling curves. B etter quantitative 
results depend on better determinations of physical properties. 
If merely a mean value of specific heat is used, the true shape of 
the curves is not obtained. W hen qualitative agreement does 
not exist, quantitative accuracy can be only accidental.

Where tem perature changes are small and the principal phe
nomenon is freezing, the author recommends the analysis of 
London and Seban.10

Lieutenant Fowler suggests th a t the criteria for choice of 
modulus are unduly restrictive, and it  is to  be hoped th a t his 
studies on th is subject will be published soon. In  the meantime, 
the author can only say tha t, in practice, observance of the 
criteria will avoid divergence and the oscillating type of con
vergence. The worst one gets is a poor result a t the first com
puted point, such as occurs in Fig. 3 of the paper, a t  0.5 sec a t 
point 4. This was noted by Professor Paschkis. If  this is not 
satisfactory for the purpose a t hand, the remedy is to  use a 
closer network or a larger modulus.

Mr. H adley’s discussion is welcome, as it  brings out the point 
th a t these methods m ay be used for any physical situation which 
gives rise to the same form of differential equation. The tre a t
ment of diffusion, however, involves some features which are 
worth illustrating by an example.

The problem chosen11 concerns the drying of clay slabs. We 
have the following data  and notation:

Diffusivity, D ......................................................  0 .4  sq cm per hr
Density (bone dry), p ......................................... 1.55 g per cc
Initial concentration, To....................................  0.27 g per g
Drying rate, a .....................................................  0.20 g per sq cm hr
Half-thickness of slab, L .................................... 0 .4  cm
Equilibrium concentration, T,c.......................  0.05 g per g

The constant drying ra te  a will obtain until the surface concen
tration reaches the equilibrium value. We are required to  find 
the time a t which th a t will occur, and also the average concen
tration a t th a t time.

We express T0 and on a  volume basis as 0.418 and 0.078 g 
per cc, respectively. We choose reference point 1 a t  the surface,
3 a t the center line, and 2 halfway between. Then Ax — 0.2 cm. 
If M  =  3, At =  Ax2/D M  =  0.04/0.4 X 3 =  1/30 hr. For 
points 2 and 3 the formulas are: Ti — (Ti +  T 2 +  T 3) / 3 and 
Ti = (2 r 2 +  T»)/3.

The treatm ent of the surface point is somewhat different, as we 
use the ideas of section 5 of the Appendix, ra ther than  section 3. 
Considering the effect of the interior alone, we would have the 
formula T[ =  (Ti +  2T2)/3. We use this, b u t concurrently we 
have the effect of the constant drying rate. Applying this to  the 
half-element a t the surface, and calling the result AT, we have: 
A T  =  a A t/1/ i  Ax — 0.2 X 2/0.2 X 30 =  0.067 g per cc.

We are now ready to  calculate Table 3 of this closure. In  the 
numerical work, all concentrations are multiplied by 1000 to 
avoid decimals.

By interpolation, the tim e of reaching the equilibrium concen
tration a t the surface is (16 +  7 /17)/30  =  0.55 hr. The solution 
given in the reference11 is 0.545 hr.

When Tt =  0.078, T 2 = 0.153, and T z =  0.178. The mean 
value, T c = 0.141 g per cc =  0.091 g per g. The reference solu
tion is 0.094 g per g.

* “Fuel-Fired Techniques and Their Possibilities,” by F. O. Hess. 
Mechanical Engineering, vol. 67, 1945, p. 442.

10 “Rate of Ice Formation,” by A. L. London and R. A. Seban, 
Trans. A.S.M.E., vol. 65, 1943, p. 771.

11 “Principles of Chemical Engineering,” by W. H. Walker, W. K. 
Lewis, W. H. McAdams, and E. R. Gilliland, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1937, p. 656.

B ut now, assuming no vapor forms in tlie m aterial, suppose we 
w ant to go on and find the tim e required to bring the eenter-line 
concentration down to 0.70 g per g =  0.109 g per cc. To do this . 
analytically requires shifting to  a new formula. B ut we can do it 
numerically merely by continuing the calculation with a fixed 
value of Ti, as in Table 4. The solution is 22/30 hr.

As a final illustration, suppose the equilibrium concentration is 
less than  0.078 g per cc, so th a t it  is possible to go below this value. 
B ut suppose this figure represents a concentration below which 
we do not wish to go. Then the lines such as (c) in Table 4 give 
the drying rates which we m ust m aintain in order to get this re
sult. In  other words, the method enables the prediction of a 
schedule for controlled drying.

I t  adds to the paper to  have a discussion by Professor Paschkis 
who has done so much w ith the electrical analyzer. In  reply to 
his comments, we note first th a t if elements 1 and 2 are brought in 
contact and isolated, the steady-state tem perature will be the 
weighted average of the initial tem peratures, and each element 
can approach this steady-state tem perature from only one direc
tion.

As to  T '2 depending on jT2 in a negative sense, this would 
am ount to saying th a t the hotter a body is a t  a given instant, the 
colder it  m ust be a t  some selected future instant.

The discontinuity in  Fig. 3 of the paper has been noted in reply 
to L ieutenant Fowler’s discussion. I t  is due, not to  error in the 
calculations, which are easily verified, bu t to  the crude “lum ping” 
chosen to  make the example simple.

Professor Paschkis states th a t “ lumping in  tim e . . .  is obviously 
a disadvantage as against the analogy m ethod.” The author is 
unable to  agree. If a method can be made “sufficiently” accurate 
for the engineering purpose a t hand, then no further refinement is
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necessary or justified. If  i t  cannot be made sufficiently accu
rate, then it  m ust be discarded upon th a t ground, and no t for any 
hypothetical reason.

As to  w hat constitutes “sufficient”  accuracy, th a t is a m atter of 
engineering judgment. A good engineer will use all refinements 
which the job demands and will skip any refinements which the 
job does not w arrant. In  fact, m any problems in heat conduc
tion are too complicated for any sort of analysis and are best 
solved by trial-and-error experiment.

Finally, in favor of the numerical method, there is a  sort of 
accuracy not subject to reasoning. This lie8 simply in  human 
fallibility—the chance of making a mistake. The author finds 
th a t in simple arithm etic, which is all th a t this method demands, 
it  is hard to  make a mistake and easy to  detect and remedy one 
when made. The opposite is true when working w ith param eters 
which have no obvious physical significance, or w ith the series 
which arise in  analytical solutions.



A n E lectrical G eom etrical A nalogue for 
C om plex H ea t F low

By C. F. KAY AN,1 N EW  YORK, N. Y.

T h ro u g h  th e  m e d iu m  o f  th e  r e s is ta n c e  c o n c ep t , th e  
g en era l s im ila r ity  o f  " c o n to u r  m a p s”  fo r  h e a t  flow  a n d  
e lec tr ica l flow  m a y  b e  v isu a lize d . T h e  e le c tr ica l a n a lo g y  
p e r m its  read y  s tu d y  o f  s im p le  a n d  c o m p lex  h e a t-flo w  
c o n d it io n s  w h ic h , b e c a u se  o f  d is to r te d  te m p e r a tu r e  c o n d i
t io n s ,  w o u ld  d e fy  o r th o d o x  m a th e m a t ic a l  or g ra p h ica l 
a n a ly s is . In te r n a l-te m p e r a tu r e  l in e s  ( iso th e r m s) o b 
ta in e d  b y  r e la tiv e ly  s im p le  e q u ip m e n t  w ith  a  g e o m etr ic a l  
ty p e  o f  a n a ly zer  are sh o w n  for o n e  c o m p lex  ca se  o f  flow  
c o n d it io n s .

P r e v io u s  E l e c t r ic a l  A n a l o g ie s

USE of the electrical analogy to  study heat flow for different 
shapes is no t new. Herein electrical potential differences 
(voltages) are equivalent to  the therm al (temperatures). 

Because of ready manipulation and prospect of accurate measure
ments, the electrical analogy is regarded as a  very useful tool. 
Whereas the electrical-conduction effect is more usually thought 
of in this connection, still it  is not the only electrical effect availa
ble; for example, electrical capacity for steady-flow studies has 
also been used. B ut the electrical-conduction effect so well 
parallels the heat-conduction effect th a t in terms of the so-called 
resistance concept, inherently involving Ohm’s law of electrical 
flow extended to  heat flow, the problem of flow m ay be readily 
visualized.

Langmuir, Adams, and Meikle (1)! in 1913 described the use of 
an electrical bath  in a shallow tan k  for model study  of different 
heat-flow shapes, as, for example, a  thick comer. Here the inside 
and outside surfaces of a thick corner in two-dimensional heat 
flow were represented in  the model by m etal corners forming the 
vertical walls of the tank . Beyond the comer for each wall were 
set up boundary partitions; these and the tank  bottom  were 
made of nonconducting m aterial. A conducting liquid electro
lyte represented th e  single isotropic homogeneous m aterial of the 
heat-flow comer. W ith an  alternating-current electrical poten
tial established between the parallel wall electrodes, the equiva
lent of steady-state heat-flow conditions between constant- 
tem perature walls was set up. By means of an electrical probe, 
isopotential lines representing isotherm al lines in  the solid body 
could be established. This was tru ly  a  geometrical heat-flow 
analogue. The same type of analysis for two-dimensional flow 
could be made by replacing the liquid bath  by a solid conductor of 
uniform electrical characteristics, using th in  m etal or other 
conductive sheet cu t to  the p a tte rn  desired, with isopotential 
electrodes connected a t the boundary for isothermal conditions. 
This has been used by m any as a simplification of the Langmuir 
liquid bath. W ith direct-current electrical flow established 
between boundary edges, isopotentials could be probed and

1 Department of Mechanical Engineering, Columbia University. 
Mem. A.S.M.E.

* Numbers in parentheses refer to the Bibliography a t the end of 
the paper.

Contributed by the Heat Transfer Division and presented a t the 
Annual Meeting, New York, N. Y., Nov. 27-Dec. 1, 1944, of The 
A m e r i c a n  S o c i e t y  o f  M e c h a n i c a l  E n g i n e e r s .

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society.

plotted to  represent conditions for a simple homogeneous m a
terial between isotherm al surfaces.

Another form of electrical analogue, the network analyzer, 
primarily devised for transient heat flow, was described by 
Paschkis and Baker (2) in  1942. Here the heat-flow path, 
whether one-, two-, or three-dimensional, was represented by a 
number of electrical resistors arranged in  the form of built-up 
network to  simulate through the resistance concept the thermal 
resistance of the original heat-flow form. A direct-current elec
trical-potential difference established across the boundaries of 
the network set up the flow conditions equivalent to  the heat- 
flow conditions. The network type of analogue also perm itted 
handling of transient conditions. This was tru ly  the outstanding 
point basic to  the design. Here heat-storage effects of solid-wall 
structures were simulated by electrical condensers which could 
be charged or discharged, during a  transient process. For steady 
flow the condensers were no t required.

Of additional interest is th e  electrical analogue as based on 
conductive sheet. This has been used to  some extent for flow 
analysis by different experimenters, principally foreign. I t  has 
received scant attention  in the American literature, more in the 
European literature; particularly recent work by Bruckmayer 
(3) has come to  light and should be cited. Using metallic foil to 
represent a  wall of composite m aterial between isopotential 
boundaries, Bruckm ayer cut the sheet to  include straight thin 
strips of foil to  represent a  layer of insulating m aterial. This was 
a  step in the right direction, bu t it  obviously had limited applica
tion and could handle only simple cases of one-dimensional flow 
between isothermal faces, w ithout surface-boundary effects, such 
as due to  air “films.”

Finally should also be mentioned, in passing, the heat-flow 
version of the Southwell relaxation method, the numerical pro
cedure of Emmons (4). This is often cited by its proponents as 
having preferential features over the analogical methods. I t  is a 
useful tool. For certain work it  has adm itted advantages, but 
since it  does no t fall into the classification of electrical analogies, 
i t  will no t be discussed any further here.

The geometrical analogue of the Langmuir type, w hether fluid 
or solid, has the advantage of simplicity in obtaining the direct 
geometrical patterns occurring in flow; i t  has certain shortcom
ings: (a) L im itation to a single homogeneous m aterial between 
the  two potential levels; (6) requirem ent of isopotential boun- 
dary>-surface wall conditions. There are also some practical 
objections to  working w ith a  bath. On the other hand, th e  net
work type of analyzer has the advantage of full utilization of the 
resistance concept w ith extension to  m ultiple materials in a com
plex heat-flow path . I t  is very flexible. I t  has the advantage 
of perm itting change of physical properties readily, and above all 
of being able to  handle transient conditions, which is its par
ticularly outstanding feature. However, its equipm ent is ad
m ittedly extensive and since i t  is no t a  direct geometrical ana
lyzer, the determ ination of the  geometrical pa ttern  of isothermals 
is no t readily made.

P r e s e n t  G e o m e t r ic a l  A n a l y z e r

To m eet some of these shortcomings, the present electrical 
“ analogger” employing conductive sheet has been devised. I t  is



714 TRANSACTIONS OF TH E A.S.M.E. NOVEMBER, 1945

of the geometrical type and primarily for steady-state one- and 
two-dimensional studies. I t  perm its inclusion of fluid boundary 
conditions for m ultiple homogeneous materials in the heat-flow 
path . Thus it  is no t lim ited to  isotherm al conditions a t  the 
boundary walls, and to  one single material. Broadly considered, 
it  is founded on the basic principles of the electrical analogy; 
equivalent tem perature conditions for a  heat-flow p a th  can be 
determined through analysis of an  electrical flow path  in which 
the component resistances have the same relationship between 
themselves as the therm al resistances. In  both types of flow 
the potential difference is equal to  the product of flow rate  and 
resistance.

where
L w = thickness of wall material, ft

=  therm al conductivity of wall material, B tu /( f t2)(hr)(deg 
F /ft)

Thus for a  given value of ha there is a  corresponding value of 
resistance R a. For a given conductivity of wall material, there 
is some equivalent length or thickness L, of m aterial th a t would 
give the same resistance R , to  heat transfer as the air boundary

The analogger is best understood by considering a particular 
case. Fig. 1 represents conditions for a given building structure. 
One set of rooms is a t 0 F, another a t 100 F, w ith a concrete floor 
between the two tem perature zones, and a concrete wall between 
the adjoining rooms a t one given tem perature. The floor and the 
cold wall in addition carry insulation as indicated, w ith con
crete surface added for physical protection. Dimensions are 
indicated in the figure. Since opposite conditions are similar 
(m irrored), only one side need be analyzed as set up by the center 
line. (This is equivalent to  considering perfect insulation a t  the 
center-line boundary.) I t  is desired to  obtain the steady-state 
internal-tem perature lines, as well as the underside floor and wall- 
surface tem peratures in the 100 F  room, to  study possible con
densation under humid conditions.

The boundary condition produced by the still air in both rooms 
is readily interpreted through the “film” concept of heat transfer, 
added and coupled to  the resistance concept. Considering re
sistances on the unit-area basis, the  air boundary resistance R a, 
deg F /[B tu /( f t2) (hr) ], m ay be defined as

where ha =  air-side surface conductance, B tu /( f t2) (hr) (deg F). 
The resistance R m deg F /[B tu /( f t2)(hr)], of the wall m aterial is

Hence if there were involved only an air boundary and a wall 
thickness, the equivalent electrical resistances to  represent the 
conditions would be proportional to  L , and L w. For conductive 
sheet of uniform un it resistance therefore these resistances could 
be represented by proportional lengths directly on the sheet. 
This takes care of the fluid boundary conditions, in term s of 
equivalent length of solid m aterial to  produce the same resistance 
effect. (Though not so apparent, the same general result would 
be produced by direct consideration in  terms of the resistance con
cept.)

The next point to be considered is the problem of insulation, or 
of different m aterials in the heat-flow path . Considering the 
solid wall as the basic m aterial in the problem, lengths of the ac
tua l heat-flow path  are directly represented on the conductive 
sheet. However, insulation in  the geometrical electrical analogy 
requires increased unit resistance in the sheet m aterial to  repre
sent increased therm al resistance: this is brought about by 
modifying the electrical characteristics of the sheet.

T he effective electrical un it resistance of a  given section may 
readily be altered by cutting the sheet carefully into a  mesh p a t
tern  (perforating). This alteration m ay be made in progressive 
steps during an investigation, thus covering different values of 
equivalent therm al resistance in  insulation, and enabling progres
sive study as well as interpolation for exact value. One type of 
mesh th a t m ay readily be used is the square mesh shown in Fig. 2 
w ith progressive alteration. T he transverse (edge-to-edge) 
resistance of mesh sheet as compared w ith equivalent solid sheet 
increases as the am ount of cutout area increases. The resistance 
characteristics m ay be determined by direct comparative elec
trical measurements. (For a 1-in. nominal mesh, 0.80-in-square 
holes and 0.20-in. web, the resistance ratio  was measured and 
averaged about 4.6.) Of course it  is essential th a t one continuous 
sheet be used and th a t the webs of the mesh be in  no way cut 
through. I t  is further to  be noted th a t the mesh may be adjusted 
to  handle m aterial w ith differing conductivities depending on the 
direction of heat flow, as, for example, in wood with-the-grain 
vs. across-the-grain conductivity.

D e t a il s  o f  C o n s t r u c t io n  f o r  M o d e l

Based on the principles outlined, a geometrical model repre
senting th e  insulated structure in  Fig. 1 has been constructed 
and is shown in Fig. 3, w ith its electrical connections for the one- 
half section of the symmetrical layout. In  accordance w ith the 
geometrical-model requirements, the proportions are to  scale; 
as a m atte r of fact the model is full size and of the actual structure 
dimensions. I t  is made from one large continuous sheet of metal
lized paper.
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th e  basic m aterial is represented by a 3-in. w idth on the sheet as 
measured from the center-line edge. As shown a t the bottom, an 
additional 3.63 in. represents the air-boundary effect on the bare 
concrete wall. The 4 in. of interposed insulation on the upper 
wall are represented by a  4-in. strip  of modified sheet as produced 
by cutting a  mesh pattern  in the original sheet. To account for 
the 0.30 in. of concrete facing as well as the air boundary, the 
additional solid m aterial beyond the insulation on th e  upper wall 
is 3.93 in. Similar treatm ent is arranged for the floor conditions,
6 in. of insulation being represented by 6 in. of modified sheet, the 
floor slab and air boundary together represented by 7.63 in. of 
solid sheet. The treatm ent for the different parts is clearly 
shown in the diagram. An electrode making good line contact 
with the sheet is fastened down a t the limiting positions as shown. 
Thus isopotential conditions are established for the air. Elec
trical connections are made according to  the diagram. D irect 
current from a storage battery  supplies the electrical needs, the 
voltage required being relatively small, a  m atter of a few volts. 
Proportional electrical potentials over the entire field are ob
tained using the slide wire, a  detecting galvanometer for balance, 
and a  probe for point contact a t different locations.

The results are best illustrated by a  “contour m ap” of relative 
electrical potentials w ith equivalent tem peratures shown. Thus 
the 90 per cent isopotential line (0.900) is equivalent, for an over
all value of At =  100 F to 100 X 0.900 =  90 F. Fig. 4 represents 
such a contour m ap for the 1-in. mesh, th a t is, for insulation hav
ing a  resistance ratio  of about 4.6, i.e., km, = 0.109 B tu /( f t2)(hr) 
(deg F /f t) .

I t  m ust be pointed out th a t the method is dependent on the 
uniformity of the sheet electrical conductivity in all directions. 
This has been a problem and various m aterials have been studied 
from this point of view. In  addition, an analysis by this method 
can be no better than  the original assumed data  and physical 
properties. Also receiving further consideration is the require
m ent th a t the resistance ratio  for mesh in all directions should 
be the same. This is somewhat dependent upon the accuracy of 
cutting and duplicating th e  mesh. Present investigations show

In  addition to  the dimensions shown in Fig. 1, the following 
basic da ta  have been assumed for the problem: ha,.representing 
still air, has been taken a t  1.65 B tu /( f t2)(hr)(deg F) for all of the 
air boundaries. This could readily be varied for different condi
tions. The conductivity of the concrete floor and wall, taken  as 
equal, has been assumed as 0.50 B tu /( f t2)(hr)(deg F /f t) .  Thus

^  =  ^  =  0 5 0  =  Q g03 =  3 63 .n 
ha 1.65

Using continuous metallized conductive sheet for the geo
metrical model, one edge of the conductive sheet is assumed to  
represent the center line of the wall, Fig. 3. The wall proper as
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an apparent deviation of less than  5 per cent. I t  should further 
be noted th a t the model for m ultiple therm al conditions m ay also 
be built up by using different component materials such as sheet 
of different un it resistance, w ith or w ithout mesh. Experi
m ental studies are also being continued, for comparative 
purposes, on the application of the fluid model to  this type of 
problem.

M u l t ip l e  M a t e r ia l s  by  T a n k  M e t h o d

The extension of the geometrical analogy in steady-state flow, to 
cover fluid boundary resistances as well as m ultiple m aterials of 
different relative conductivity, has been undertaken for the tank  
(electrolyte) method and will be reported on in detail a t another 
time. Here the solid boundaries of the structure are associated 
with a thermal-film resistance. This is represented by tank-wall 
electrodes, having electrical resistances interposed between them 
and the electrical potentials representing the fluid tem perature 
levels.

The problem of altering the electrical resistance of the liquid 
bath according to  the fixed pattern  of the actual structure is quite 
im portant and accordingly has been studied in  detail. The 
liquid bath , it m ust be remembered, is conductive by virtue of its 
behavior as an electrolyte. Salt solutions such as NaCl, etc., 
take care of this requirem ent. B ut for different un it resistances 
in different parts of the tank , in effect a  different m aterial m ust 
be present. This can be realized to  some measure by using sand 
or other porous m aterial for the more resistive sections of a 
structure, the electrolyte penetrating the porous m aterial in its 
fixed location.

More promising results have been obtained in another manner. 
The goal in the ideal is to  have m aterial combinations whose pro
portional resistances can be adjusted a t will, to  cover different 
physical characteristics of structural materials. The use of a 
solidified-jelly ba th  (about 1 in. deep) w ith different am ounts of 
dissolved salt is proposed for this purpose. The jelly is liquid a t 
tem peratures somewhat above atmospheric, and different 
amounts of salt m ay be dissolved in i t  while it  is in the liquid 
form.

As a  practical operation, different m aterial combinations 
may readily be made up by using plain salt solution against a 
solid-jelly mass. Different shape configurations m ay be cut out 
of the solidified-jelly mass to  conform to the actual structure 
shapes. The jelly, a  semirigid solid mass, is still soft enough to 
permit the penetration of an exploring potential probe.

Fig. 5 shows alternating-current results (potential versus length 
of path) for a  tes t cell originally containing one solid-jelly mass 
between its end electrodes, as well as the results w ith the middle- 
third solid section cut ou t and replaced by a liquid electrolyte of 
different conductivity from the solid. The sharp change of slope 
clearly shows the differing possibilities in the analysis of complex 
flow systems.

The present method offers possibility in handling numerous 
complex flow problems in different fields of stable flow on a simple 
basis. One problem of interest in this connection is th a t of ex
tended surface.

Another is th a t of diffusion. Still another is involved in some 
aspects of fluid flow. The equipment required is not complex, 
and the general advantage of geometrical similarity to  actual con
figurations makes it an attractive working tool.
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D iscussion
G . M . D u s in b e r b e .3 The w riter has favored the “relaxation” 

method for solution of m ost steady-state heat-conduction prob
lems. B ut where the geometry is complex, a  close network is 
needed and the work becomes rather tedious. Also, if a plot of 
the isotherms is required, we m ust interpolate over the network. 
Though this last step is not difficult, the electrical analogue avoids 
the necessity for it. Thus the ingenious methods developed by 
the author have certain definite advantages in this field of applica
tion.

One m ay question the accuracy of the use of a  thick layer of 
isotropic conducting m aterial to  represent the effect of a  convec
tive air film. The model perm its a heat transfer parallel to  the 
surface, equally w ith the normal direction, and th is would not 
appear to  be'correct for the actual film.

M a x  J a k o b .4 The paper under discussion shows th a t th e  
possibilities to develop or modify analogy methods for heat-flow 
determ ination are not exhausted as yet. However, th e  author 
-------- *
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KAYAN—AN ELECTRICAL GEOMETRICAL ANALOGUE FOR COMPLEX HEAT FLOW 717

seems to  have overlooked th a t Awberry and Schofield6' •*7 have 
previously used the electric resistance of a  th in  m etal sheet, cut 
geometrically similar to  the cross-sectional area of a wall, to  find 
the therm al resistance of th a t wall. An ingenious modification 
of this method is also due to  Schofield.6,7 Since the flow and 
equipotential lines cross each other perpendicularly, he measured 
the electrical resistance of the model in the direction of the equi
potential lines of the original in  cases where the resistance along 
the flow lines of the original was much smaller th an  perpendicular 
to them and would have been difficult to  measure exactly.

In general, the writer would prefer continuous sheets of differ
ent thickness to  mesh sheets. An advantage of the model method 
with solid sheets, compared to  the relaxation method, is the per
fect geometrical similarity between object and model, whereas a 
web approaches geometrical sim ilarity less well th an  the ideal 
web used in the relaxation method. However, if local differences 
in the therm al resistance of a wall are to  be im itated, this m ay be 
done efficiently by punching holes of appropriate size a t corre
sponding places of the model. A wall built up from hollow 
bricks would be such a case although the m erit of the method 
should be greatest when irregular and singular differences in the 
resistance are to  be im itated. The change of therm al conduc
tivity of the m aterial of a  wall w ith tem perature through the 
wall m ay also be dealt w ith in this way.

In  addition to  the previous electrical analogies quoted in the 
paper, the w riter would like to  mention th a t he used a magnetic 
analogue8 as early as 1914. An electromagnet was made having 
a core of sheets which were cut to  size so th a t the poles im itated the 
shape of the surface of the object. Cardboard, cut geometri
cally similar to the cross-sectional area of th e  object, was placed 
between the m agnet poles and covered w ith iron filings. The 
magnetic-force lines formed by the iron filings, after excitation 
of the magnet, im itated the therm al flow lines and were used to 
determine the heat conduction.

Vi c t o r  P a s c h k i s .9 T he author should be commended for 
bringing into literature a tool which is so frequently used today 
but of which little has been w ritten in American literature.

The use of electrical analogy between heat flow and electric 
current for the analysis of steady-state problems, based on a 
geometrically similar model, has undergone a long development 
between its inception by Langmuir and the present status. I t  m ay 
be of interest to  review briefly some of the interm ediate steps. 
In  so doing it  should be kept in mind th a t the analogy holds for 
any field to  which the Laplace equation m ay be applied.

In  1922 N . N. Pavlovski (Leningrad) applied this method to  a 
study of the flow of water under hydraulic constructions. Also in 
1922 Puppini (Bologna) used electric models for the same purpose.10

In 1933, C. B. Biezeno and J . J . Koch described the application 
of the geometric analogue to  stress analysis.11 This method was

6 “Effect of Shape on Heat-Loss Through Insulation,” by J. H. 
Awberry and F. H. Schofield, 5th International Congress on Re
frigeration, 1928.

* “The Heat-Loss From a Plate Embedded in an Insulating Wall,” 
by F. H. Schofield, Philosophical Magazine, series 7, vol. 10, 1930, 
pp. 480-500.

7 “The Heat-Loss From a Cylinder Embedded in an Insulating 
Wall,” by F. H. Schofield, Philosophical Magazine, series 7, vol. 12, 
1931, p. 329.

8 “American Heat Flow Measurements Using the Twin-Plate 
Method,” by Max Jakob, Zeilschrift fur die gesamte KMte-Industrie, 
vol. 29, 1922, pp. 83-87.

9 Research Associate, Department of Mechanical Engineering, 
Columbia University, New York, N. Y.

10 “Modelli Elettrici per lo Studio Della Acqua Filtranti,” by 
Puppini, Bologna, Monitore Tecnico, vol. 28, 1922, p. 209.

11 Uber einige beispiele zur elektrischen Spannunggsbestimmung,” 
by C. B. Biezeno and J. J. Koch, Ingenieur Archiv.. vol. 4, 1933, pp. 
384-393.

again described by H. M eyer and F. T ank .1’ In  1937, B. Finzi- 
Contini (Milan) published an article on the application of this 
method to heat flow.18

In  the same year C. L. Beuken (M aastricht, Netherlands) pub
lished some work on development based on Langmuir’s tank  
m ethod.14 Finzi-Contini and Beukon, apparently working inde
pendently of each other, developed a m ethod allowing the intro
duction of boundary conductance. The continuous electrode as 
applied by Langmuir is replaced by a num ber of individual elec
trodes, each connected w ith a  resistor which m ay be equal if the 
boundary conductance is to  be assumed constant or can by the 
trial-and-error method be adjusted to  the potential a t the elec
trode; it  then simulates a tem perature dependency of the bound
ary conductance. I t  should be noted th a t Finzi-Contini men
tions work w ith India ink, w ith mixtures of carbon and graphite, 
and w ith a gelatin containing electrically conducting powders. 
W ithout giving details, he states th a t these methods did not give 
so good a result. H e also tried to  reproduce different conduc
tivities by applying tanks of different depths b u t found th a t if 
the depths were too different the analogy to  heat flow was no 
longer close enough; or to  be more precise, replacing change of 
conductivity by change of cross section is permissible only within 
limits.

The author mentions meshing in order to  represent a  higher 
thermal resistivity. His method is a definite im provem ent as 
against Bruckmayer. From Bruckm ayer’s paper it  would appear 
th a t the conductivity perpendicular and parallel to  the direction 
of main heat flow are no t the same, a t least in  the “ cork p a rt.” 
K ayan’s method provides for equal conductivity in  both  direc
tions of flow. Bruckm ayer’s method m ay be simpler and m ay be 
acceptable if conductivity in  one direction can be neglected. 
Otherwise K ayan’s method seems preferable. Bruckm ayer uses 
copper connectors for introducing the current to  the tinfoil and 
places the tinfoil and the copper connectors on linoleum, and 
finally the entire assembly on a  board. By bolting the m etal to 
the board he claims to get intim ate contact between copper and 
tin.

I t  m ay be of interest to  note th a t Bruckm ayer16 recently de
scribed the application of his method for a problem quite closely 
related to  th a t dealt with in the paper, namely, the investigation 
of therm al short circuits in  refrigerated spaces.

The author points out two dangers inherent in the geometric- 
analogy method. One is the possibility of uneven thickness of 
resistivity of the metallized paper. I t  is mentioned th a t the re
sistivity across the paper was measured in length and width and 
th a t the difference was 5 per cent. If  irregularities do occur, i t  is 
not sufficient to measure over-all resistance in two or three direc
tions, because a local change in thickness a t critical points may 
spoil th e  entire measurements. The other is the necessity of 
cutting the perforations very accurately. In  the example men
tioned, the web was 0.2 in. wide; a change in thickness of 0.02 in., 
which certainly is w ithin possibility, would cause an error of 10 
per cent. I t  appears dangerous to  represent high resistivity by a 
m aterial of low resistivity using very small cross sections.

The author of the present paper mentions also the “heat and

12 “Uber ein verbessertes elektrisches Verfahren zur Auswertung 
der Gleichung A <£ =  o und Seine Anwendung Bei Photoelastischen 
Untersuchungen,” by H. Meyer and F. Tank, Helvetica Physica. Acta, 
vol. 8, 1935, pp. 315-317.

13 "Un modello elettrico,” by B. Finzi-Contini, Milan, II Politec- 
nico, vol. 85, Sept., 1937, pp. 291-298.

14 “Die Warmestromung dureh die Ecken von Ofenwandungen,” 
by C. L. Beuken, Warme- und Kdltetechnik, vol. 39, 1937, issue 7, 
p. 1.

15 “Elektrisches Modellmessverfahren zur Warmehruekes im 
Kiihlraumbau,” by F. Bruckmayer, Zeitschrift des Vereines deutscher 
Ingmieure, vol. 88, May 13, 1944, pp. 270-272.
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mass flow analyzer” a t Columbia U niversity and gives a  brief 
description of it. The network analyzer and the geometric 
analyzer both have their useful fields of application. For in
vestigations of one single problem probably the use of the geo
metric analyzer is less expensive, provided the necessary measur
ing equipm ent is available and provided the afore-mentioned diffi
culties can be overcome. If, however, a  series of investigations 
has to be carried out w ith only minor changes either in properties 
or in geometry, then the circuit set up on the network analyzer 
(heat and mass flow analyzer) remains almost the same and the 
only necessary changes are settings of the resistors. In  th a t case 
work on this type of equipm ent would appear preferable because 
the actual measurements are a t least as fast on the network 
analyzer as on the geometric analyzer and the change of setting of 
resistors is certainly faster th an  the preparing of new geometric 
analogues.

In  comparing the two methods of electrical analogy it  should 
be kept in mind th a t the accuracy of the elements of the circuit 
in the case of the lumped (network) method is easily measurable 
and no t subject to change from one experiment to  the next, 
whereas in the geometric-analogy method the accuracy (even 
thickness and precise cutting) has to  be ascertained in every 
case anew.

R. G. V a n d e r w e i l . 16 We m ade a thorough investigation as 
to the behavior of building structures heated by tubes (panel 
heating); and the tim e required for building and testing the 
panels would have been reduced to a fraction if the panels could 
have been “cut ou t of paper,” and the readings taken in volts. 
There is one point, however, the w riter would like to  note. The 
boundary layer in th is system is replaced by a  layer of “building 
m aterial” of constant thickness (author’s equation)

L . = k„/ha.......................................... [4]

Now, we have found in tests th a t the equivalent thickness of 
the actual boundary layer does no t only vary  w ith the average 
surface conductance of the film ha, b u t also w ith the direction of 
the heat flow near the surface of the slab. W herever the heat flow 
a t the slab surface is essentially perpendicular to  this surface 
Equation [4] of the paper is in excellent agreem ent w ith panel 
test results, b u t a t  points where the heat-flow lines w ithin the 
panel intersect the slab surface under an  angle much smaller than

16 Office of Consulting Engineer, Chase Brass & Copper Company, 
Waterbury, Conn.

90 deg, the actual equivalent thickness of the boundary layer 
seems to  be smaller than  the computed thickness L,. Applied to 
Fig. 3 of the paper, this would indicate th a t all readings along 
the center p a rt of ceiling and floor will be in good agreement with 
actual conditions b u t readings taken near the intersection of 
ceiling and wall as well as floor and wall m ay be off for 10 per cent 
or more. By comparing the measurements on the actual slab 
and on the electrical analogue i t  may be possible to  compensate 
for this inaccuracy by changing the thickness L , near the corner.

A u t h o r ’s  C l o s u r e

The author wishes to acknowledge, w ith appreciation, the con
tributions of the discussers, particularly those of Dr. M ax Jakob 
and Dr. V. Paschkis in providing the additional citations for am
plification of the brief list of fundam ental references given in the 
paper. They round out the history of the electrical analogy for 
the American literature.

As pointed ou t directly a t  the beginning of the author’s paper, 
the general method is not new and stems from the Langmuir de
velopm ent cited. However, the additional references, dealing in 
the main with relatively simple cases, serve to  emphasize the point 
brought out in the paper th a t the present treatm ent was particu
larly devised to m eet some of the shortcomings of earlier electrical 
analogies, i.e., to  perm it “geometrical” analysis of complex 
cases involving multiple materials and also boundary conditions.

Commander Dusinberre properly brings up a point on which 
the author gave some considerable thought, having been £>f the 
same opinion as to the possibility of crossflow in the boundary 
m aterial, particularly a t  the comers. Nevertheless, upon slitting 
the conductive sheet a t  the corners after the final experiments, no 
perceptible changes in values could be detected, w ith the conclu
sion therefore th a t whereas the possibility of crossflow still exists, 
no ultim ately great error need be expected.

Likewise the point of Mr. Vanderweil, w ith respect to  the non- 
uniform character of the film conductance ha, has m erit. In  the 
paper the value was assumed constant over the surface, and 
through the use of a constant value for L , a  fixed distance was as
signed as the corresponding value of wall resistance. I t  is sug
gested th a t if more specific information is available for the varia
tion of ha over the surface, the variation m ay be handled by using 
the correspondingly varying value of L , along the surface.

Finally, the author has pointed out the need for care in  dealing 
w ith the conductive sheet method. Dr. Paschkis’s observations, 
in concurring w ith the au thor’s viewpoint, serve to  emphasize the 
need for diligent procedure in using the described analogue.
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